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0.1 Preface

This monograph is the second volume of a series in which topological methods
are applied to the study of diverse Non Equilibrium Systems and Irreversible
Processes. The three topics considered in this monograph are "Falaco Soli-
tons, Cosmology and the Arrow of Time". These topics, although seemingly
unrelated in terms of geometric properties of size, shape and continuous geo-
metric dynamics, appear to have an extraordinary universal equivalence from
the perspective of Continuous Topological Evolution (See Vol 1 of this Series,
"Non-equilibrium Thermodynamics"). Non-equilibrium systems undergoing
irreversible processes most often consist of a collection of diverse, but syner-
getic and topologically coherent, components of more than one species. The
components can consist of atoms, or they may consist of galaxies. The topol-
ogy of interest in this monograph does not depend upon geometric properties
such as size or shape. If the number of components change then topological
evolution has taken place. Condensation or merging together is one form of
topological evolution, where the number of components changes; such evolu-
tionary changes can be described by continuous processes. These dynamical
systems often "self organize" by irreversibly evolving to collective long-lived
states, far from equilibrium. They then sustain themselves by "feeding" and
delivering "waste" to their environments, but (apparently) will ultimately
decay to an equilibrium state of inactivity or death. From a topological
point of view, these non-equilibrium thermodynamic systems have an under-
lying (topological, not geometrical in the sense of size and shape) dynamical
theory that makes them appear to be universally equivalent.

Classic equilibrium thermodynamics utilizes statistical methods in-
fluenced by the predictable and observable properties of continuous geometric
evolution. Historically, the theory of continuous geometric evolution can be
used to describe the evolutionary dynamics of particles and fluids. There
exist categories of continuous geometric processes of translation and rota-
tion whereby geometric invariant properties of size and shape can be used
to encode the "particles". There also exist other categories of continuous
geometric processes of deformation (which do not preserve size and shape)
but where by topological (deformation) invariant properties can be used to
encode the "fluid". Continuous geometric evolution implies that the process
can be described by a diffeomorphism (a C1 differentiable map, with a C1
inverse), a constraint which permits the deduction of a unique final state
neighborhood from given initial data.

For Non Equilibrium Systems and Irreversible Processes, the concept
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of continuous geometric evolution must be replaced by the concept of contin-
uous topological evolution (See chapter 5 of Vol. 1). Topological change is a
necessary feature of continuous irreversible processes. Irreversible processes
can not be described by diffeomorphisms. Hence, the concept of tensor fields
(which are defined with respect to diffeomorphisms) must be replaced by
other mathematical objects which are functionally well behaved with respect
to processes which are not diffeomorphisms and which can be used to describe
topological change. In this series of monographs the objects which are used
to encode the physical system are taken to be "exterior differential forms" as
developed and exploited by E. Cartan. Exterior differential forms behave as
scalars (or scalar densities) with respect to tensor diffeomorphisms, so they
work well when the domain of interest is restricted to the equivalence class
of diffeomorphisms and geometrical evolution. More importantly, exterior
differential forms are well behaved, in a functional neighborhood sense, with
respect to C1 mappings that are not homeomorphic. Recall that most ten-
sor fields are not well behaved in a predictive functional neighborhood sense,
relative to non-homeomorphic maps. In this monograph it is demonstrated
that fundamental thermodynamic principles can be extended to describe Non
Equilibrium Systems and Irreversible Processes - when physical systems are
encoded in terms of exterior differential forms, and subjected to continuous
topological, not geometrical, evolution.

The historical use of a geometric diffeomorphic approach (tensor
analysis), with emphasis on uniqueness, symmetries and conservation laws,
to solve problems in physics has heretofore constrained, if not eliminated, the
stated objective of understanding Non Equilibrium Systems and Irreversible
Processes. However, geometric methods, borrowing the words of Eugene
Wigner, have been "unreasonably effective" in understanding physical phe-
nomena - at least for phenomena that can be approximated by isolated-
equilibrium systems and statistical averages. The geometric methods de-
veloped historically (and based upon geometry) are time reversal invariant.
Although the geometric dimension of such "isolated" systems can be much
larger than 2, Caratheodory has demonstrated that the Pfaff Topological di-
mension is not greater than 2, However, non equilibrium thermodynamic
systems undergoing irreversible continuous processes require that the Pfaff
Topological dimension must be greater than 2. The topology of the initial
state and the topology of the final state are not the same if the process is
irreversible.

Paraphrasing Eddington, and due to the insistence of predictive
uniqueness (Pfaff topological dimension equal to 2 or less):
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The concepts of aging and the arrow of time have slipped through
the net of geometric analysis.

Most of the references to my earlier publications have been compiled
for convenience in Vol 7 "Selected Publications", which is available in paper
back form, or in PDF file download format. See www.cartan.pair.com.

0.2 Points of Departure

From the outset, it is assumed that the presence of a physical system induces
a topology on a set of base variables (say space time). The dynamics of the
system refines the topology. This idea is similar to, but different from, the
assumption that the presence of matter establishes a metric on a set of base
variables.

In this monograph certain physical systems and processes will be
studied in terms of a top down topological method, rather than a bottom
up method. That is, the physical system will be presumed to have started
as a non-equilibrium fluidic system in a turbulent state and subjected to
irreversible processes. The Pfaff Topological dimension (See Vol. 1) of the
initial state for such systems must be an even number equal to 4 or more.
The turbulent system will irreversibly decay to produce topological defects,
which are collective, observable, long lived states far from equilibrium (often
with an odd Pfaff Topological dimension of 3 or more). In the sense of the
Cartan topology, such long lived objects are represented by closed exterior
differential forms, which are deformable integral invariants (hence topological
properties independent from geometrical properties of size and shape. As
the exterior derivative of such closed objects vanishes, they do not have limit
points with respect to the Cartan topology. This method is the opposite of
the bottom up technique, which assumes the system is in equilibrium (Pfaff
Topological dimension of 2 or less), and then examines the possibility that
observables are generated by perturbations of the equilibrium state to create
defect structures.

The major difference is that the bottom up method starts with a
connected topology (Pfaff Topological dimension of 2 or less), while the top
down method starts with a disconnected topology (Pfaff Topological dimen-
sion of 4 or more). It is possible by continuous maps to evolve from a
disconnected topology to a connected topology, but it is impossible to evolve
from a connected topology to a disconnected topology in a continuous man-
ner. It is here, via the axiom of topological continuity, where the arrow of
time becomes well defined. From a cosmological point of view, the universe
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will be presumed to be a dilute non-equilibrium turbulent gas (deformably
equivalent to of the van der Waals gas and of Pfaff Topological dimension
4) near its critical point. Hence large fluctuations in density are to be ex-
pected. These fluctuations in density are presumed to be stars and galaxies
that cause the night sky to be inhomogeneous. Certain universal classes of
topological defects of odd Pfaff topological dimension will be investigated.
One universal class of such objects, Falaco Solitons, can be easily created
in a swimming pool. The Falaco Solitons are topologically coherent, but
deformable structures, which appear to self organize themselves during ther-
modynamically irreversible processes of topological change into long lived
states far from equilibrium.

As developed in Vol 1, the Cartan topology for such non-equilibrium
systems, of Pfaff topological dimension greater than 2, is a disconnected
topology, which can support many components (mixed phases). Another
way of describing such a topologically disconnected system (of topological
defects) is that if solutions exist, there may be more than one solution (non
uniqueness) at any geometric point, leading to the notion of envelopes, Huy-
gen wavelets, tangential discontinuities, and edges of regression representing
stability limits and the possibility of thermodynamic phase change. Indeed,
an important topological property is the number of disconnected parts, which
in the treatment of non-equilibrium thermodynamics will be related to the
mole number n.

0.3 Results

It is remarkable that by using a topological perspective and the axioms for
continuous processes (given in detail in Vol 1. and summarized in the fol-
lowing chapters) non-equilibrium systems and irreversible processes can be
studied without the use of probability or statistical methods, and without the
use of geometric metric constraints and linear connections. The topological
method, constructed on a Cartan system of exterior differential forms which
are inherently anti-symmetric, emphasizes the anti-symmetric properties of
a physical system, where the more geometric and statistical methods, based
upon quadratic metric forms and symmetric averages, tend to obscure the
anti-symmetry properties.

It is further remarkable that the Jacobian matrix of the coefficients
of the 1-form of Action - for those non equilibrium turbulent physical systems
of Pfaff topological dimension 4 - leads to a universal thermodynamic phase
function represented by a polynomial equation of 4th degree. The universal-
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ity is related to the singularity theory of non degenerate systems which are
equivalent under (small) deformations. The Phase function is constructed
in terms of the symmetric similarity invariants of the Jacobian matrix of the
component functions that encode the 1-form of Action, A. The envelope of
the universal Phase function is deformably equivalent to a van der Waals gas.
This universal resultant Phase function brings attention to thermodynamic
phases that have equivalent (symmetry) structures other than those depend-
ing upon size and shape. In general, the exterior differential form method
focuses attention on thermodynamic phases that have equivalent deformable
topological structures (equivalent Pfaff topological dimension), and which
are the result of continuous topological evolution.

Indeed, this resultant universal fourth order Phase function result
matches the concepts of Landau Ψ4 mean field theory and phase transitions
on one hand , and on the other hand makes contact with the non equilibrium
expansion of the universe described by "inflation", and dark matter and dark
energy concepts due to a "Higgs" quartic potential below the critical point
of a deformable van der Waals gas. The concepts of surface tension (or
string theory) can be related to the mean curvature (induced by the mo-
lar density) of the universal phase surface, the concepts of temperature and
entropy are related to the quadratic or Gauss curvature (induced by the mo-
lar density), while the concepts of pressure (of either sign) and interactions
are related to the cubic curvatures (induced by the molar density). The
theory as presented herein is far from being complete, yet the methods of-
fer a new perspective for analyzing thermodynamic problems. Moreover,
the techniques appear to solve the problem of making a marriage between
mechanical dynamics and thermodynamics; the methods can be quite use-
ful in the design of new applications previous excluded by assumptions of
equilibrium and uniqueness.

The historical limitations of geometric (metric-size-and-shape) and
topological (deformation) invariance usually imposed upon theoretical de-
scriptions of nature (especially in relativity theories) are abandoned herein
in favor of studying those properties that are homeomorphic invariants, and
yet permit description of topological, as well as geometric, change relative to
continuous transformations. The methods which are presented herein are
based upon Cartan’s calculus of exterior differential forms [64], [35]. Exterior
differential forms are objects, which, in contrast to tensors, are well behaved
with respect to differentiable (continuous) mappings that do not have an in-
verse (and therefor do not preserve topological properties), and are also well
behaved with respect to diffeomorphisms, which are differentiable invertible
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continuous mappings (and which preserve topological properties). Evolu-
tionary processes will be defined in terms of the action of the Lie differential
with respect to vector direction fields acting on differential forms [133]. The
Lie differential acting on differential forms is not confined by the diffeomor-
phic constraints of tensor analysis, and can treat problems of topological
change. The method goes beyond the more standard "extremal" techniques
based upon the calculus of variations. In most of that which follows, the
functions used to define the physical systems will be assumed to be C2 differ-
entiable. The functions that describe processes most often will be assumed
to be C2 differentiable as well, but certain C1 processes (inducing tangential
discontinuities and wakes) and C0 processes(inducing shocks and first order
phase transitions) are of physical interest.

A fundamental result of non equilibrium thermodynamics can be
expressed by the statement:

Topological change is a necessary condition for a continuous ther-
modynamic process to be irreversible. .

Irreversible processes, related to the arrow of time and the biological
aging process, require topological evolution and topological change. Current
physical theories that describe evolutionary processes (for example, Hamil-
tonian or Unitary dynamics) usually are formulated in terms of homeomor-
phisms that emphasize geometrical properties, but do not permit topological
change. Hence all such homeomorphic continuous processes are thermo-
dynamically reversible and are inappropriate for the study of continuous
topological evolution.

0.4 Monograph Site Map

The monograph starts with an experimental observation that highly moti-
vated and sustained the author’s research interest in Non Equilibrium Sys-
tems and Irreversible Processes. The experiment is easily performed (and
has won prizes at state fairs for science projects conducted by high school
students in the USA). Chapter 1 goes directly to a discussion of the extraor-
dinary topological defects (known as Falaco Solitons) that can be (and have
been) created and studied in a swimming pool. The ability to create Falaco
Solitons gives a high level of credence to the fundamental theory of contin-
uous topological evolution. These Falaco Solitons turn out to be locally
unstable, but globally stabilized, long lived objects, that are far from equi-
librium. Both the experiment and the theory are developed in Chapter 1,
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where it becomes evident that the Falaco Solitons appear universally among
the dynamical system governed by equations of the Navier-Stokes type.

Several challenges were thrown to the "String Theorists" to solve
the problem using their methods. There were no replies. Yet it appears
now that the solutions given in Chapter 1, without use of String Theory,
seem to give an understanding of the problem in terms of non equilibrium
thermodynamics.

Chapter 2 begins with a top down model for the universe. The
initial motivation came from an argument presented by Landau, in terms of
correlations of fluctuations. Herein, the statistical method is overwritten in
terms of a cosmology that presumes the universe is deformably equivalent
to a non equilibrium van der Waals gas near its critical point. Most of the
mathematical development is detailed in chapter 2. Certain mathematical
terms and a few useful theorems may be new to some readers. They are
introduced without apology or tutorial description, but are sufficiently de-
tailed in Vol 1. For those who need to be brought up to speed with Cartan’s
concepts of exterior differential forms, a number of textbooks are available
[64], [12], [124], [6].

Chapter 3 describes how the concept of (topological) continuity can
be used to formulate what has been called the arrow of time. It is demon-
strated that homeomorphic physical theories, with evolutionary results that
preserve topology, can not describe the details of the arrow of time. No
such orientational structure exists for Hamiltonian systems. Recall that
non-diffeomorphic maps cannot be used predict functional forms for neigh-
borhood of tensor fields. However exterior differential forms are functionally
well defined with respect to continuous, but non-homeomorphic maps, in a
retrodictive manner. There is a logical difference in continuously evolu-
tionary processes. When topology changes continuously, tensor fields and
exterior differential forms are not uniquely predictable in a functional neigh-
borhood sense. However, differential forms are retrodictable in a functional
neighborhood sense with respect to such non-homeomorphic processes.

Chapter 4 gives a summary of the basic ideas used to describe non-
equilibrium thermodynamics (details appear in Vol 1.).
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