fresnel.html Page 1 of 11

> restart:with(linalg):with(plots):
Warning, new definition for norm

Warning, new definition for trace

Fresnel Kummer WAVE Surfaces

fresnel.mws R.M .Kiehn 11/15/97

fresnd.mws

This program will compute and plot the Fresnel WAVE surfaces for a generalized Hermitean
constitutive matrix. The surfaces are speciaizations of a Kummer quartic surface, and are related to
the Clifford algebra Cl(3,3). Specialized forms have been selected for easy visuadization. The formulas
can be modified to handle the general case.

For details see http://www.uh.edu/~rkiehn/pd2/pd2fre10.htm for a downloadable reference.

The congtitutive tensor isa 6 x 6 complex hermitian matrix partitioned into 3x3 matrices.

>

The on-diagonal upper 3x3 matrix is the epsilon matrix. The epsilon matrix real part describes
birefringence. The lower on-diagona 3x3 matrix is the reciprocal mu matrix. The complex part of the
mu matrix represents magnetic Faraday effects. The sign convention of Post is used below:

> constitutive tensor:=matrix([[-epsilon,GD],[GH,1/mul]);

-£ G0

caxsiituiive tensor = 1
07 —

LL

\%

DV =[-epsilon]* (-E)+[GD]*B;

\%

HV=[GH]* (-E)+[/mu]*B;

DV =—-[-e]E+[GD] B

HY = —[GH]E+[HB
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The Maxwell Faraday and Maxwell Ampere equations become as an ideal annihilated by the exterior

product of awave vector, nm1 or nmz2.
> MF:=nm1*EV-BV;MA:=nm2*HV+DV;
ME =i BV — BV
MA =t HV7+ D
> DV=[-epsilon]*(-E)+[GD]*B,;

> HV=[GH]*(-E)+[muin]*B; B:=solve(MF,BV);E:=EV,

>
DF=—[-2]lE+[GD]E
HVY = [GH]E+ [muin] B
B=nmi BV
E =RV
> MA:=subs(DV=epsilon*E+GD*B,HV=-GH*E+(muin)*B,MA);
MA =l (—GH BV 4 min pend BV 42 BV + G weml BV

> MATRIXEQ:=factor(MA/EV);restart:with(linalg):with(plots):

MATRINED = —nm2 GH + neel poin woml + £+ G e ]

Warning, new definition for norm

Warning, new definition for trace

The matrixeq is to be solved for its rea eigen values which represent the effective index of refraction

in the chosen direction.

The off-diagonal 3x3 matrix has area part which represents Fresnel-Fizeau effects, and a complex
part which represents optical activity. The fundamental reference for the constitutive matrix is

E.J. Post "The Formal Structure of Electromagnetics' Dover 1997

Typica Constitutive Matrix entries are shown below. The elements have been scaled such that the
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"position vector" to a Fresnel surface point in this space has a value equal to the "effective"

Page 3 of 11

index of

refraction in that direction. The "phase velocity" in that direction is c/n, where c is defined as 1/sgrt
(epsilon*mu). The "phase velocity” should be viewed as at the speed of the momentum flux (DxB) in

the direction of the position vector.

For the Fresnel Ray surface which defines the propagation speed of the energy flux (ExH) (usually

described as the "group” velocity) see

http://www22.pair.com/csdc/maple/fresnelr.zip

Note that when the mediais dispersive, the energy flux and the momentum flux do not propagate at
the same speed, but the product of the group speed times the phase speed is always 1/(epsilon.mu).

The epsilon (per mittivity) matrix

> eps.=(matrix([[A*epsilon,l*fd,0],[-1*fd,B*epsilon,0],[0,0,C*epsilon]]));

Ag ifd 0
gps=|-Ifd EBg 0
0 0o Ce

The real (symetric) part of the epsilon matrix (above) is the permittivity matrix and leads to
bifrefringence;

the complex antisymmetric part represents dielectric Faraday effects.

The Gamma matrix (Real and Imaginary Parts)

> GR:=matrix([[0,r,0],[-r,0,0],[0,0,0]]);

0 F 0
GE=|—-r D ]
o0 o0

The real part of the off-diagona gamma matrix is given above.

The Fresnel-Fizeau and Sagnac effect is contained the real part of the off diagonal gamma matrix.

> Gl:=matrix([[1*9,0,1*p],[0,1 *g,0],[1*p,0,I *q]]);

fg 0 Ip
=0 Jg 0
fp 0 ig
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The optical activity is due to the complex part of the off diagonal submatrix above.

> GD:=evalm(GR+Gl); GA:=evalm(transpose(+GR+Gl));

JO=|-r [fg 0

JA=|r Ig 10

Lip 0O gl

The complex conjugate transpose of the Gamma Matrix

> GH:=evalm(transpose(GR)-transpose(Gl));

g - -Ip
FH=| r =g 1
-fp 0 -ig

The Gamma matrix need not be Hermitian. It can be anti-hermitian as well.

Theinverse mu matrix (reciprocal permeability matrix)

> mmu:=matrix([[a/(mu),|*fm,0],[-I*fm,b/(mu),0],[0,0,c/(mu)]]);

y -
— Ifm 0

L
s = —{ fim — 0
c
0 0 —
L R

The real (symetric) part of the mu matrix is the magnetic birefringence part;
the complex antisymmetric part represents magnetic Faraday effects.

> muinv:=evalm(inver se(mmu));
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& ffmuz 0
—ab+fm2|.1. —ab+fm2|.l.2
2
muiny = I fm L B @ H 0
—ab+fm2|_J. —czb+fm2|_1.
0 0 L
L o

The matrices are now scaled for ease of computation. Values of n = [x.y.z] > 1 imply a phase velocity
less than ¢ =L/sgrt(epsilon*mu). Vaues of n < 1 imply phase speeds greater than c.

The N matrix (Index of Refraction Operator)

> cc:=1/smplify((epsilon)™ (1/2)* (mu)” (1/2),sgrt);N:=matrix([[0,z/cc,-y/cc],[-z/cc,0,x/cc] [ y/cc,-
x/cc,0]]);

T e

0zl e
No= —zﬁﬁ 0 xﬁﬁ
ylefu —xqfedu 0

The N matrix above is the scaled "index of refraction matrix" which acts like a cross product operator.
The N matrix has three components which form the position vector to the Kummer surface. The
magnitude of N isthe"index" of refraction, n, in the direction of the vector N. The phase speed is then
related to 1/n.

The elements of the constitutive matrix have been scaled (below) for algebraic reduction purposes.

> fd:=fda*epsilon;p:=pa*epsilon” (1/2)/(mu)" (1/2);g:=ga* epsilon”™ (1/2)/(mu)*
(1/2);r:=ra*epsilon™(1/2)/(mu)*(1/2);fm:=fma/mu;

Jd =fda s

_payfe
2 ‘JE
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_gavyEe

£ ‘JE
mx/g

F=

Ju

e

dj

g o=

Now compute the various matrices whose determinant create the Kummer equation.
> eps.=(matrix([[A*epsilon,lI*fd,0],[-1*fd,B*epsilon,0],[0,0,C*epsilon]])):

> M:=innerprod(N,mmu):MM:=innerprod(M,N):

The Fresnel Hamiltonian M atrix

> HHH:=evalm(eps)+inner prod(GD,N)-inner prod(N,GH)+evalm(M M);

As ffdas 1) —racz+lpacy fgacz—-ipacxy —Jgacyv+racx
HHH =|-ifdae F= 0|+ —fgaez —ra gz racy+igacx
0 ] e fgacy ipacz—Jlgacx —fpacy
_mth+fpczEy —fgnez fgacy
—|fgagz—Jipacx Fa gz Ipacz—Jlgacx
|—igacy—racxy —racsy+igacx —fpacy
—zzEb—yEEc —fzzafm.:z+yEcx Ilzefmav+zebx
+] .2 2 2
Iz efmat+yeex -z Ea@—Xx £¢ zeav—fzefmax
2 2
le{-fyvfmatxbiz civat+ixfma)z -2y a—-gx &

The Kummer Fresnel WAVE Quartic Polynomial

> HAMILTONIAN:=factor (det(HHH)/epsilon” 3);

HAMILTONIAN = A xzcy2a+ﬂ xqcb—ﬂzzfma2x2+4ﬂga xzzfma+4ﬂg.:z xpazr—2Apa:

—2?@23C+2m23}f2a+2m23aC’+22E:'m2y2—y2c3if+y4c3a+y2r:_8x2b+2yzcn:
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+y2c:22a:C+y2r:pat222+ra2x222a+4mx3paga—2mx2pazz+2rax2fdazfma—4fcfa
2 3 2 2 2 2 2
+lfdaparxC—2fdapary a-2fdaparx  b-2paxzfmay rat+dparxgay ratpa 2y a
2 3 2 2 2 2
—2paxz fmaC+dgazpaxCHdgaz fimaC—-Adfdagay ra+lfdaz fimaC—-4dga” y B+
—4ﬂga:zxz—Hpczzzz—ﬂmzy2+4mzzzC’+Erczzgpaz+2m32y2+z4bpaz+y4cm2+.
—mzx23+2mgxzz—24ﬁna2C—pa2x20+pa2x4b—4ga222C+fc£cz2y2cz—2225:'x2pcz
2 t 2 2 2 2 2 I
+lraxfdapaz—drax fdaga—2rax pazima Y2y cx ra Yifdazimay ra—z fina”y
2 2 2 2 3 2
‘dgay zfmaB+lz bxfdapatirazr cC—-draz gazxpatiraz pafmarx—z BHC+:

+223meC+z4E}aC+22bxzcC—ﬂﬂyza—ﬂﬂxzb—2&rczzC+2ﬂmzxzb—ﬂzzaC—

2

—szcC'+fd.:z2x E:'—f.:f.:zzif,’

Now choose values for the matrix elements. A,B,C are numeric factors times epsilon. a,b,c are
numeric factors times mu. The Optical Activity part is scaled by the impedance of "free space” or sgrt
(epsilon/mu). The agebraic method presented permits symbolic factorization. The dielectric Faraday
fd is scaled by epsilon. The magnetic faraday is scaled by mu. The example below isfor a chird
Optical Activity coefficient gamma of sgrt(2)/2. Note that the phase velocity of one of the
polarization states is faster than the speed of light and the other is slower.!!!

Sdlect the effects to be studied agebraicaly by elimating al effects but one or two of the scalars,
fmafdara,pa,ga

The example studies optical activity algebraically, by setting all factors to zero, except ga:

> HAMIL :=subs(fma=0,fda=0,pa=0,ra=0,HAMILTONIAN);eval (%);

HAMIL :=f21xzcyzcz+H;*:4.:'E:'—y2cBC+y4cBa+ychxzb+y2c'zzaC—4gﬂ2y25’+ﬂ£
—4Hgﬂ2x2—4ga222C—ZEE:'BC+ZEE:'B}:2¢:+Z4E:¢:C+zszzcC—Hﬂyza—ﬂﬂxzb—
+H22axzb—ﬂxzcc
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Hx2cy2cz+ﬂx4r:E:'—yzcBC+y4cBa+ychxzb+y2c:zzaC—4gﬂ2y23+ﬂ36’—4ﬂg

—4gcz222C—zszC+zzbﬂy2cx+z4baC+zsz2c:C—ﬂﬁyza—ﬂﬁxzb—ﬂzzaC+fi

—_r'ixzcif

Reduced Fresnel Kummer quartic polynomial

> HAMRED:=HAMIL;
E*EIMRED:=f21xzcyzcz+J1x4cE:'—y2cBC+y4cBa+ychxzb+y2c'zzaC—4gﬂ2y25’+x
—4Hgﬂ2x2—4ga222C—ZEE:'BC+ZEE:'B}:2¢:+Z4E:¢:C+zszzcC—Hﬂyza—ﬂﬂxzb—
+H22axzb—ﬂxzcc

Set anisotropic coefficients.

> HAMA:=subs(A=1,B=1,C=1,a=1,b=1,c=1,HAMRED):eval (% ):HAM A:=factor (HAM A);

>
Eﬂﬂﬁ:=2y2x2+x4—2y2+y4+222y2—4ga2y2+1—4ga2x2—4zzga2—222+z4+222

Set the numeric valuesfor the coefficients

> HAM :=subs(fma=0,fda=0,ra=0,pa=0,ga=2" (1/2)/2,HAMA);eval (%);

EQM:E_}JEx2+x4—4y2+y4+222y2+1—4x2—422+z4+222x2

2y2x2+x4—4y2+y4+222y2+1—4x2—422+24+222x2

Coefficients were chosen to display chiral vacuum effect.
> KUMM :=factor (HAM);LORENT Z:=(x" 2+y" 2+z" 2)" 2-1;factor (K UMM -LORENT 2);

KUMM:2y2x2+x4—4y2+y4+222y2+1—4x2—422+z4+222x2
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LORENTZ = (y° +x° +2°) -1

—4y2+2—4x2—422

Now for an x=0 section to get more detail.

> KUMM X:=subs(x=0,K UM M);

KUMM&’:I—4y2+y4+222y2—422+z4

2

Page 9 of 11

X=0 section of Fresnel Kummer Wave Vector Surface

> implicitplot(KUMM X=0,y=-2.0..2.0,z=-2..2,numpoints =

5000,scaling=CONSTRAINED, title="OPTICAL ACTIVITY ga=sqrt(2)/2);

OPTICAL ACTIVITY ga=sqrt(2)/2

Now for ay=0 section.

> KUMMY :=subs(y=0,KUMM);

KUMM:1+x4—4x2—422+z4+222x

Y =0 section of Fresnel Kummer Wave Vector Surface

> implicitplot(KUMMY =0,x=-2.0..2.0,z=-2..2,numpoints =

5000,scaling=CONSTRAINED, title="OPTICAL ACTIVITY ga=sqrt(2)/2);

file://C:\rmk\MapleS5\ntmi\fresnel 1.html

3/13/00



fresnel.html Page 10 of 11

OPTICAL ACTIVITY ga=sqrt(2)/2

Now for aZ=0 section

> KUMMZ:=subs(z=0,KUMM);

>
KUMM:=2y2x2+x4—4y2+y4+1—4;':2

Z=0 section of Fresnedl Kummer Wave Vector Surface

> implicitplot(KUMMZ=0,x=-2.0..2.0,y=-2..2,numpoints =
5000,scaling=CONSTRAINED, title="OPTICAL ACTIVITY ga=sqrt(2)/2);

OPTICAL ACTIVITY ga=sqrt(2)/2
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It would appear that the propagation velocity exceeds c for the inner sphere?

3-D Plot of Fresnel Wave Vector Surface

> implicitplot3d(KUMM =0,x=-0..2,y=-2..2,2=-
2..2,shading=zgreyscale lightmodel=light4,axes=sNORMAL ,style=PATCHCONTOUR,scaling=CC
ACTIVITY ga=sgrt(2)/2°,numpoints=9000,orientation=[142,62)]);

OPTICAL ACTIVITY ga=sqrt(2)/2
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