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WARNING: STILL UNDER CONSTRUCTION
At least six definitions of "torsion” appear in the physics literature complicating the
utilization and understanding of the concept. Inthisarticle, the differences and similarities
of the various definitions are compared, and their relationships to spaces of absolute
parallelism with applications to irreversible thermodynamics, coherent structures in plasmas
and fluids, and general relativity are described.

| ntroduction

In this article the concept of torsion and torsion fields will be investigated. There are at least Six
different definitions of torsion to be found in the literature. They include:
The Frenet Torsion of a space curve.
The Frenet Hdlicity Torsion of aBernoulli fluid flow.
The Torsion described by the anti-symmetric components of a Cartan right connection.
The Torsion described by the anti-symmetric components of a Cartan |eft connection.
The Cartan Torsion 2-forms.
The Topologica Torsion of a 1-form.

Each of these types of torsion will be defined and discussed in that which follows. All are related
in one way or another to the idea of Cartan’s Repere Mobile, which was devel oped from the
Frenet-Serret theory of singly parameterized space curves. At apoint p on aspace curve Cin3
dimensional euclidean space, a basis frame of orthonormal vectors (unit tangent, normal and binormal)
can be constructed by metric and differential processes. As the point p moves along the space curve,
the basis vectors so defined are not constant, but change direction (and magnitude if not normalized) as
the parameter of the curve varies. The functions that define the components of these unit basis vectors
form amatrix of differentiable functions, [F]. Thismatrix is defined as the Repere Mobile. The
method (in 3 dimensions) generates 3 intrinsic parameters (arc length, s, Frenet curvature, k, and
Frenet torsion, 7) that characterize the space curve. The Frenet torsion cannot be zero for space
curves that are intrinscally 3 dimensional and can not be confined to a plane. Thisisthefirst clue that
torsion has something to do with topological dimension 3 or greater. The details of the method are
explained below.

From aphysical point of view torsion also has numerous manifestations. First consider a string
attached to the middle of atoothpick placed at each end of the string. Place the string on a overhead
projector table to display the stable image of the string and its endpoint toothpicks. The string lies flat
on the projection surface. Next place a similar string and toothpick combination on the overhead
projector, but thistime twist the string through severa turns before placing it flat on the projector
surface. The projected images appear to be congruent. However, carefully pick each string by using
one toothpick as a suspension point. The opposite toothpick on one of the strings rotates, and the other
does not. One of the strings had torsion, the other did not. For those old enough to have constructed
rubber band powered model airplanes with propellors, another topological effect of torsion is observed



as the propellor rubber band is wound more and more. At a certain point the rubber band startsto
"knot” or "bead”. Asmore and more energy is put into the twisted rubber band, these quantized knots
continue to appear, until the entire length of the rubber band is”knotted”. Then as the process
continues a second layer of knots appears. | know of no mathematical analysis of this observable effect
of torsion.

As asecond example, consider a piece of thick-walled rubber tubing, It has anatura elastic state
as acylinder which will support parallel generators as long straight lines on the outer surface of the
tube. Assume that there are 4 such generators painted on the tube, 90 degrees apart. Next bend the
elagtic tube into a circle and fasten the ends together such that the end of each generator is matched (A
sawed off bolt inserted into each end of the tube will due nicely as afastener.) The bending operation
has introduced curvature (stress energy) into the system, but each of the generators (now curved) form
aring which is paralé to aplane and to the other rings formed by the other generators. In fact, the
bent (internaly stressed) ring will lie flat on this plane. The stressed tube has curvature, but it is
torsion free. Next assemble the tube into acircle, but this time rotate the tube through some multiple
of pi/2 before attaching the ends together. The generators are no longer paralel to a plane, and
moreover, the assembled structure will not lieflat on aplane. If the twist is 90 degrees the four
generators reduce to ond single closed curve. If thetwist is 180 degrees, the generators reduce to 2
linked space curves. There is more than one stable state for the twisted configuration. In one state the
tube encircles the oblate axis of the assembly, once, and in another state the tube encircles the oblate
axistwice. Thetwisted assembly has both curvature and torsion stress-energy. Riemannian spaces
with curvature have been associated with the stress-energy of matter, but Riemannian spaces are
torsion free. Assuch physical systems have torsion they are not describable by a classic Riemannain
geomtry. An objective of torsion theoriesisto include the stress energy due to torsion into the analysis.

Although the Frenet-Serret theory is generated from a single parameter mapping s into a euclidean
space of three variables {x,y, z}-, the ideas can be extended to multiple parameter mappings. One and
two parameter mappings into higher dimensiona spaces always lead to integrable systems of ordinary
differential equations. The first occurrence of non-integrability occurs for 3 parameters. The explicit
mapping from one set of (coordinate) variables {y?} to another set of variables {x*} in terms of
differentiable functions ¢

§ Yt = X = gh®),
induces a linear relationship between the coordinate differentials,

dg : [dy?) = |ox) = [04"(y")/ay™)] ldy?)
Working backwards, the differential equations ( ref: d1) are said to be integrable to exactness. They

have a unique solution ( ref: f1) whose differentials reproduce the differential equations. For the
integrable situations, the Jacobian matrix of functions

[FA(Y")] = [0¢*(y)/oy™)]
can play the role of abasis set for a vector space, at least on subspaces of (y°) where the determinant

of the Jacobian matrix does not vanish. In four dimensions, the elements of the basis frame are vector
columns of four components where each column vector is presumed to transform as a contravariant
tensor. The set of four columns are often described as tetrads. While the Frenet theory (using

metrical constraints) devel oped the basis frame in terms of an orthonormal set, the Jacobian mapping
provides neither anormalized nor an orthogona basis frame.

Once abasisframe, [F], isestablished, it is often possible to construct other objects in the theory,
called connections, [C]. The connections are matrices of differential 1-forms, that linearly connect
differentials of the basis vectors to linear combinations of the basis elements. The idea can be
interpreted as one of closure, where the differential of the set remains within the set and does not create




something that is outside the set. On the domain of support of the determinant of the basis frame, it is
possible to construct the elements of the connection by one differential process, and other, algebraic,
processes. Recall that the domain of support implies that an inverse matrix of functions, [G], can be
determined agebraicaly, such that

[F]-[G] = [l].
Differentiation of this matrix egquation leads to alinear relationship between the differentials of the
functions that define the basis frame, and the functions themselves. As

d[F] - [G] +[F] - d[G] = [O],
post multiplication by [F] yields either

dF]-[F]o[C]=0 or dF]+[A]e[F]=0.
where [C] = —d[G] o [F] and [A] = [F] - d[G].

The matrix [C] is defined as the right Cartan matrix of connection 1-forms.  The matrix [A] is
defined as the |eft Cartan matrix of connection 1-forms. The matrix elements of the right Cartan
connection matrix, [C], are differentia 1-forms, C{.dy°. For a holonomic mapping of an integrable
differential system, the coefficients of C{. are symmetric: C3. — C3, = 0. Inamore generd case, the
anti-symmetric components are not zero and permit the definition of the (right Cartan affine) torsion
coefficients, Tj. = Ci. — C4, # 0. Theintegrable holonomic system is said to be free of affinetorsion,

gc =0.

However, note that although the concepts developed above started from a set of differentials that
were uniquely integrable, the method of deriving a connection depends only on the fact that thereis at
each parametric point of adomain a matrix of functions [F] with a non-zero determinant. The last
three equations above are applicable even though the differential equations defined by the basis frame
are not integrable. For such non-integrable basis frames, the matrix elements of the right Cartan
matrix have a certain asymmetry such that the affine Torsion components do not vanish.

B =Ca-Cg =0.
C bc cb

The details of this method with examples are described below. The key ideaisthat affinetorsion is

associated with situations where the differential equations are not integrable to exactness.

The anti-symmetric parts of the right Cartan connection [C] are possibly the most common of the
definitions of torsion used in current field theories. Although Eddington, in 1921, used the idea of
anti-symmetric connection coefficients in attempts to unify gravity and el ectromagnetism, and Cartan
about the same time devel oped the theory of spaces with torsion, and communicated these ideas with
Einstein over the next 10 or more years, not much was accomplished with the concept of torsion.
Schroedinger in the 30’ s thought that the inclusion of torsion would infuse new blood into general
relativity, but hiswork stimulated very little response, relatively speaking. Just before WWII, L.
Brillouin wrote (1938):

”If one does not admit the symmetry of the (connection) coefficients, Cg. (inthe notation
above) , one obtains the twisted spaces of Cartan, spaces which scarcely have been used in
physics to the present, but which seem to be called to an important role.”

During and just after WWII Kondo in Japan and Bilby in the UK devel oped an application of the
concept of torsion to the analysis of didocations in solids. However, it took the hype of elementary
particles, quantum gravity and string theory to rgjuvenate interest in torsion. On the other hand, in
1997, Chandiaand Zandlli (hep-th/97081380) wrote (apparently disregarding the didocation theories)

" Despite many years of research and a host of scattered and suggestive results, torsion has
remained a curiosity in differential geometry which seems to have no consegquences for the
real world.”

The attempts of the last twenty five years have led to many statements which do not apply outside




of the now forgotten constraints that were used to generate them. They are statements which now have
become propaganda. Examples are ”the source of torsion is spin” and " the torsion field does not
propagate’ are not universally true, and are valid only relative to rather severe constraints made by
their originators. On the otherhand, researchers ” measuring anomalies’ have grasped for the straws of
"torsion” to explain their results, giving, in many cases, the concept of torsion somewhat of a”bad
name”.

Throughout the many attempts to incorporate torsion into physical theories, it is almost universaly
true that a certain fundamental concept isignored or forgotten: that fact isthat the torsion of an
uniquely integrable system is zero; hencetorsion is something that should be associated with lack of
unique integrability. Besidesthe notion of ”&ffing’ torsion, there are field theories that use aternate
definitions of torsion (such the Cartan Torsion 2-forms, and topological torsion) to be described below.

Successive exterior differentiation of the equations defining parallel transport ( ref: parallel ) lead
to what are called Cartan’ s first equations of structure, and Cartan’ s matrix of Curvature 2-forms, [®].
dF] - [C] + [F] - d[C] = [FIK[CI"[C] + d[C]} = [F]°[®]
Factoring out the basis frame leads to
Cartan's 1% equations of structure : {[C][C] +d[C]} = [O]
Further exterior differentiations of the equations of structure lead to what are called the Bianchi
identities, but that is not of immediate utility to the purpose of thisarticle.

Cartan’s 1% equations of structure were available to differential geometers through the metric
theories of tensor calculus that were devel oped after Riemann’ s disclosures. The metric tensor itself is
asuitable Frame Field [F] and can be utilized to generate a Cartan Matrix of Connection Coefficients.
In this case, the Cartan connection isidentical to the Christoffel connection which istorsion free. All
Riemannian spaces (which support a symmetric Frame field defined as the metric tensor) have a metric
induced connection that is (affine) torsion free.

However there are frame fields that are not symmetric, and yet support connections. It isthese
anti-symmetric Frame Fields that may support non-zero ” affine” torsion. Suppose that a Frame Field
exists, or can be constructed by some reasonable argument, and |eads to a system of differentia
equations. It isnot known that the system can be generated from an integral map. It isnot obvious
that the map of perfect differentials on the initial domain y# map uniquely into perfect differentials on
the domain x. For example, given [F], it is not obvious that the Frame matrix maps perfect
differentials dy? into perfect exact differentials, dx*. Let’s study those cases where

[F&] o lay*) = Io%)
such that the components of the vector |o*) are formally linear combinations of the dy?. Itisnot

obvious (nor true) that each component of the RHS can be represented by a perfect differentia. If the
RHS objects are perfect differentias, then d(|o*)) = 0 and it follows that

d[F§)"dy?) = [FE] o [C]dy* dy? = djo*) = 0.
Such constraints require that

a—-Cd =0
bc cb
Hence the Cartan matrix is free from affine torsion, when each component of |o*) is an exact single
differential of afunction.

The statement is also true if the vector of 1-forms, |o*), isclosed, but not exact, as would be the
case if the domain was not smply connected. As an example of such a closed but not exact situation,
suppose the frame matrix was such that
ok = dy+yi{y'dy! —yldy){(y)* + (¥)?}
Then the harmonic terms with constant coefficients yi‘j have zero exterior derivative, and are therefor




non exact but closed. In fluid dynamics language, each harmonic term can be associated with a
circulation integral related to rotation, but the vorticity generated by each harmonic termiszero. An
example of such a situation occurs in the map to spherical coordinates (see below). The bottom lineis
that such complications still yield aright Cartan matrix that istorsion free, but introduce ”internal”
degrees of freedom associated with each coordinate pairing. In 3 dimensions, the number of rotation
degrees of freedom is 3; in 4 dimensions the number of rotation degrees of freedom is6; in generdl,
n(n— 1)/2. (The comparison of these terms to linking integrals, angular momentum and spin orbit
coupling will be deferred.)

If the vector of 1-forms, |o¥), isnot closed, djo) + 0, then there exist anti-symmetric components
to the Cartan matrix inthe sensethat C{. — C3, # 0. That is, if the Frame matrix maps perfect
differentialsinto linear combinations of differentials which are not closed, the Frame matrix will
generate " affing” torsion coefficients. (Recall that the anti-symmetry being discussed is not the matrix
anti-symmetry, which is defined as Cg, — C5..). Thedifficulty isthat there are certain classes of
problems where the form ¢ * is not closed, but admits an integrating factor, such that the product is
closed, and there are cases where an integrating factor does not exist. The integrating factor does not
exist if the topological torsion of the form ¢* is not zero. The topological torsion of each ¢ is defined
as

Topological Torsion of each o : o¥*dok + 0

When the topological torsion 3-form vanishes, the Frobenius integrability theorem is satisfied and an
integrating factor exists. When the topological torsion is not zero, there is no integrating factor, and the
criteriafor a symmetric torsion free connection is not satisfied. Examples of frame fields for which the
topological torsion of one or more of the o* are given below for the Hopf map and the Instanton map.

The components of the vector of 1-forms constructed from a frame matrix acting on a set of perfect
differentials forms a set of n-biens (vierbeinsin 4D). The origina concept of ”n-beins” was defined in
terms of alocal coordinate system of geodesics, where, as in the Frenet analysis, the "n-beins’ or base
vectors were metrically defined as unit orthonormal vectors. Herein, the term anholonomic vierbein is
used to describe anholonomic representations (linear differential forms) of coordinate differentials. No
metric isrequired at this stage. The anholonomic vierbeins need not be normalized nor do they need to
be orthogonal. They can be used in projective spaces where a metric does not exist.

A complication arises from the fact that there are many ways to construct vierbeins from the matrix
[F&], itsinverse, [G], or the induced symmetric metric frame [g] = [F]"™"=[][F]. For example, if
the position vector r on y? is mapped viaframe matrix to avector on X* on x¥, then X* = [F] o |y?).
Differentiation on both sides leads to

dX* = d[F] o y*) + [F] o dly?) = [FI{[C] © y*) + diy*)}
If the frame matrix [F] is constructed as an element of the orthonormal group, then the Cartan matrix is
an antisymmetric matrix of differential forms. In 3D, the anti-symmetric components of the Cartan
connection for a vector Qds such that [C/ds] o [y?) = Q x r. Divison by ds leadsto the classic
"relative” velocity formula,

V = [F{Qxr +V}
A second differentiation leads to the Acceleration formula.

dVk = [FI{[C]M[Clds] o ly?) + 2[C/ds] o V@) + d[C/dS] V) + dv@)}
Symbolic substitution leads to the expression

A =[F{Qx (Qxr)+2(Q xV)+dQ/dsxv + a}

For the orthonormal frame, it is apparent that the formulainvolves the centripetal acceleration, the
Coriolis acceleration, terms due to rotational acceleration, and finally the local acceleration. The point
to be made isthat asimilar 4 part decomposition occurs for Frame fields that are NOT orthonormal.




In addition to the basis frame at the point p, it is sometimes necessary to define a position vector
from an origin, or from a perspective point in projective geometry, to the point p. The basis frame
may be used to define the position vector [y?) (or the definition of the ”origin” from a point p) and the
differential position vector, |dy?), interms of possibly non-exact differential 1-forms called
anholonomic vierbeins, [02), (in 4 dimensions). The key ingredient of the vierbein concept isthat of
the action of the reciprocal matrix [G] on the coordinate differentials. (It is aso possible to describe a
(different) metric set of anholonomic vierbeins - see below).

The identity,

dy?) = [F] o [G] o |dy?) = [F] e |o®)
defines a set of anholonomic vierbein(s) as

lo?) = [G] o [dy?)
In ageneral setting it isnot at al clear that the exterior differential of the anholonomic vierbeinsis zero,
asit would be if they were integrable to exactness. Exterior differentiation of the definition

(‘ref: anholvier ) leads to the equation,

diF]clo®) + [Flodjc®) = [FI{[C] e |o®) + dlo®)} = [F] ° [£%).
Factoring out the basis frame leads to the format,

Cartan's 2™ equations of structure : {[C] o |03) + djo?)} = [£?)
which isknown as” Cartan’s Second Structural Equation”. The vector of two forms [22) are defined
as Cartan’s Torsion 2-forms. The relationship of this definition of torsion and the previous definitions
of torsion is presented in detail below.

Thefirst equations of structure depend upon the basis system, and the second equations of
structure relate to the definition of a origin, or a (non transitive) point of "rotation” or "focus’.
Interweaved with these ideas is the concept of topological torsion, which is related to the concept of
non-existence of a unique integral equivalent to a system of differential equations.

The Frenet theory is constrained by both a metric (euclidean) idea and an orthogonality idea. The
two concepts are separate and can be individually relaxed. 1n the more general situation, the question
arises as to how the basis frame, [F], isto be selected or constructed, and how various basis frames
can be classified. The most important feature of the Cartan right connection is that it defines the
differential of any basis vector in terms of linear combinations of the original basis vectors. The
concept is one of closure. The basis frames so generated can be classified by their group structure,
forming equivalence classes often called gauge groups by physicists. However, the choice of a gauge
group is arbitrary, and to insist that the gauge group is preserved under evolution is a constraint that
may be interesting, but is a constraint that is not necessary.

Methods of constructing the Frame Field, the connection, and the vierbiens will be explained
below. The bottom lineisthat care must be taken to define what type of torsion is being employed in
physical applications. Each of the six definitions of torsion given above will be examined in detall, in
hopes of clarifying intuitive and perhaps prejudice positions about torsion fields.

Frenet Torsion of a Space Curve

The classical Frenet analysis of a space curveis based on a map (a contravariant position vector,
R(t)) from asingle parameter, t, (in physics called time) to a point, p, on the curve, C, in a space of
N=3 dimensions. The method assumes the topology of kinematic perfection, in that the differential or
Pfaffian expression, dR(t) — V (t)dt is constrained to be zero, without fluctuations, on the domain of
interest. In addition, the classical method presumes a geometrical constraint of isometry, where by itis
possible, by reparameterization, t = s, to define a unit tangent vector t(s) everywhere along the curve.



This (Lagrangian) technique will be devel oped below, and compared to a different (Eulerian) method
which does not depend upon the concept of kinematic perfection, or normalization. Thislatter (more
hydrodynamic) method presumes that a vector field, \VV (x, Y, z) is specified on the domain, but does not
claim a priori that the three Pfaffian constraints, dR(t) — V(t)dt = AX, are without fluctuations

(AX # 0). The method appears to be applicable to problems which involve deformation and
dissipative phenomena, and can be extended to include the topological evolution of fields. Although the
topology of the field is not subsumed to be constrained by either a set of kinematic or a dynamic
neighborhood conditions free from fluctuations, the topologica constraint of continuous ( but perhaps
dissipative and henceirreversible) evolution relative to a single parameter of time does impose an
integrability condition, which, surprisingly, constrains the fluctuation domain of the dynamics, but does
not constrain the fluctuation domain of the kinematics.

| sometry vs. Deformation

Latent in the development of the classic Frenet theory is the concept of isometry, in which a
neighborhood constraint is assumed over the domain of interest. That is, isometries define that subset
of all possible transformations which preserve "size”. Recall that isometries include rigid body motions
which preserve both size and shape, but isometries permit changes of shape induced by bending
without deformations associated with the concepts of stretching, compression or torsion twisting. An
isometric transformation preserves the inner or DOT product of vectors, and, more generaly, the
distance between any pair of points. The DOT or scalar product permits the geometric definition of the
two distinct ideas: orthogonality and normalization. ” Size” is usually defined in terms of the distance
concept. Recall that such constraints on evolutionary processes lead to the notion of the covariant
derivative of tensor calculus, which is defined to preserve the line element.

However, physical systems admit awider class of evolutionary process. Of special interest to this
article are those evolutionary processes in which deformations are permitted. Such processes are
impossible to describe by covariant transplantation processes. However, Cartan invented the concept of
the Lie derivative which can be applied to non-isometric processes of deformation, and in particular to
topologicaly changing processes which admit irreversible dissipation. An objective of thisarticleisto
extend the Frenet Cartan theory of curves (based on intrinsic geometrical properties which are
invariants of isometries) to a Cartan-Frenet theory of fields (in which the invariants are topological
properties, or invariants of deformations). The transplantation law to be utilized isthe Lie derivative, a
process that admits domain deformation. In addition, the Grassmann product is used to define the
notion of orthogonality. Normality invariance of a scalar product is replaced by the measure invariance
of apseudo-scalar or density invariant. The fundamental invariant is presumed to be ameasure, not a
metric.

Fluctuations

To preview what isto be discussed, realize that the concept of an isometry is an equivalent class of
mappings that preserve length. (Recall that the definition of a covariant derivative was based on
preserving the infinitesimal distance between a pair of points). Once the constraint of isometry is
relaxed, then the notion of ”invariant” distance can be extended to include variations or fluctuationsin
the distance between pairs of points. Herein, these fluctuations will be treated in terms of deformation
processes. In particular, the limiting processes that are often used to define the kinematic concept of
velocity and the dynamic concept of force will not be assumed to constrain the system topology, a
priori. Instead, the kinematic concept of velocity will be viewed as a constraint on the neighborhoods,
and the constraints are not presumed to be exact in an isometric sense. That is,

dR - Vdt = AX, with AX =+ O identically ,and
dp — fdt = Ap, with Ap # O identically.




Thefluctuations, Ap, AX , are vectors of 1-forms whose arguments are not necessarily closed nor
integrable. The now classic Langevin method presumes that the fluctuation 1-forms are functions of
time aone. Such an assumption is not employed herein, and is a point of departure from the Langevin
developments.

A classical Frenet immersion. The motion of a particle
The usual derivation of the Frenet equations for the moving trihedron (Mobile Repere) subsumes
an immersion from a 1 dimensional manifold of time, t, into the space {x, y, z} over which is created a
vector field, V (t). The methods implicitly depend upon the existence of an invariant inner or DOT
product to build a basis frame, which starts from the concept of a unit tangent vector, T . Theideaof a
1-dimensional immersion effectively constrains the space kinematically such that

dR(t) - V(t)dt =0
without fluctuations, where R(t) is the classic position vector from the origin. In terms of a Euclidean

inner product or norm on {x,y, z}, the unit tangent field can be defined as T (t) = V(t)/(V o V)"?such
that,

T= [Tx(t),Tx(t),Tx(t)]-
The usual assumption is that there exists a parameter, s, defined to be the arclength, such that
dR(s) — T(s)ds = 0 without fluctuation.

Thisresult follows directly from the assumed mapping. Multiply the equation above by T (s) to yield
the differential 1-form (in the euclidean space T(s) = t(s))

Substitution of the definition of t(t) = V(t)/(V o V)2 and the expressions for dR(t) without
fluctuations, yields the formula:

ds— (V o V)Y2dt = 0 without fluctuation.

Thisviewpoint isthat of aclassic ”particle’, where V (t) defines the kinematic tragjectory of some
infinitesmal " point” particle. Successive derivatives of the position vector with respect to the
parameter of time can be converted by the Gramm-Schmidt process into a set of orthonormal base
vectors, T(s),N(s), B(s). The derivatives of these base vectors with respect to arclength generate the
classic Frenet equations:

dT(s) = N(s)ekds
dN(s) = —T(s)ekds + B(s)ezds

dB(s) = —N(S)ezds
where k(s) isthe Frenet curvature, 7(s) isthe Frenet torsion, and s is the arclength of the space curve.
Recall that Cartan was the champion of the Repere Mobile, of which the Frenet basis frame,
[F] = [ T(s),N(s),B(s)] istheclassic example. The derivatives of the basis vectors are presumed to
be closed globally, which implies that the basis frame is an element of some group constraint placed
upon the base space. (This group is often called the gauge group, but it should be considered as a
topological constraint on the domain.). For the Frenet system, the group is the SO3, the normalized
orthogonal group in three dimensions. Aswill be described later, the group constraint permits the
exterior derivatives of the basis frame to be linearly connected to the elements of the basis frame itself.
Symboalicdly,

dlF] = [F] ~ [C]
where [C] isthe Cartan matrix of connection 1-forms. For the Frenet system,




0 kds | O
[Cl]=| |-kds| O |zds
O |—zds| O

The entire Frenet construction is based on a” scalar” product concept preserving the unit norm of each
basis vector. This assumption constrains the Frenet development such that the basis frame [F] must be
an element of the orthonormal group. The assumption that [F] is orthonormal forces the Cartan matrix
to be anti-symmetric. The classical Frenet analysis of the space curve is restricted therefor to isometric
transformations! Later on, the development will be in terms of a projective basis, where by going to 1
dimension higher, the concept of an invariant inner product on N space is not needed.

Itisaclassic problem of vector analysisin euclidean 3 space to presume that the position vector is
agiven function of time, t, and then to compute the three parameters of the Frenet theory [Brand].

A most illugtrative example is given by the twisted cubic,

R(t) = {2t,1?,t3/3},

for which
dR(t) = V(t)dt = {2,2t,t%}dt,
such that
(V(O)V ()2 = Ja+ 412+t = 2412
It follows that
s(t) = 2t + t3/3 + constant,
k(®) = V() x AQJ(V DoV ()32 = 2/(2+1)2

and

7(t) = dA(D/dt o V() x A)/{KE(V o V)3} = 2/(2 +12)2.
Note that if the functions that define the position vector are less that cubic in time, the Frenet
torsion coefficient vanishes. The twisted cubic permits the differential arc-length, ds, to be integrated
in terms of the parameter, t. Note that if the velocity field islinear in t, then the Frenet torsion

vanishes. If the motion istorsion free then the space curve residesin a plane.
TO BE ADDED
1. Darboux vector and the left Cartan matrix for a Frenet system

Intrinsic Space Curves

An interesting result of the Frenet analysisis that when the three parameters s, k, and 7 have been
computed, these functions are independent from the particular coordinates used to describe the space
curve. These parameters are intringic to the space curve. Space curves that admit the same single
values of Frenet curvature, k and Frenet torsion, z, as functions of s, are congruent. Theideais that the
variables of arc length, Frenet curvature and Frenet torsion may be used as”intrinsic” coordinates to
describe a space curve, very much like the Cayley-Hamilton invariants of matrix theory.

Planar Examples: Coordinatesin the plane are curvature k and arclength s
1. The Space CurveisaEuclidean Straight line:
The equivalent inthe k, s planeisa straight line along the s axis, k = 0

2. The Space CurveisaEuclidean circle:

The equivalent inthe k, s planeis astraight line parallel to the s axis. k = s = 1

3. The Space CurveisaLogarithmic spiral:

The equivalent inthek, s planeisahyperbola: k = s
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. The Space Curveisa Spird:
The equivalent inthe k, s planeisastraight line. k = s.
. The Space Curveisa Cornu spiral:
The equivalent inthe k, s planeis aquadratic k = s?
The Space Curve isaMushroom spiral:
The equivalent inthe k, s planeisacubick = s®
The Space Curve emulates a Rayliegh-Taylor instability:
The equivaent inthe k, s planeis aharmonic k = cos?(s)
The Space Curve emulates a Kelvin-Helmholtz ingtability:
The equivaent inthe k, s planeis aharmonic k = cos?(s)/sin(s)
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The Frenet Helicity Torsion of a Bernoulli flow.

The Frenet theory of a space curve is useful for describing the ”Lagrangian” evolution of a point
particle, but for afluid a bit more must be involved. The " particle’” evolves along a curve, wherein a
fluid oneisinterested in evolution and variation in three spatia directions, not just one. In particular,
for an Eulerian view of afluid, the constraint of kinematic perfection without fluctuations must be
abandoned, appearing as a useful result only in specia cases (streamline flows). Thefluidisaso a
compressible, deformable media, so the metric constraint of isometry in the Frenet theory of a particle
also must berelaxed. A three dimensiona variety will be subsumed at first.

In particular, the differential arc length (ds in the Frenet analysis) is no longer an exact differential.
To prevent misinterpretation, the inexact differential of arc length will be defined by the symbol o for

the 1-form with coefficients from a covariant vector field, t(x,y, 2)
o = txdx+tydy + t,dz
Thefluid system is presumed to support a volume element, 2, with density p such that
Q = pdx*dy*dz
Note that this volume element is zero if the constraints of kinematic perfection are presumed to be

valid. Substitution of dx = V*dt, dy = \Vdt, dz = Vdt into the formulafor Q yields zero.

Next consider avector field T (x,y, z) such that the 2-form density T exists as
T =i(T)Q = pT*dy*dz— pTYdx*dz+ pT“dx"dy.
Congtrain this vector field such that 3-form a"T is the unit volume element:
GAT = {thX + tyTy + tzTZ} L4 Q = 1 L4 Q
This congtraint is similar (but not exactly equal) to the normalization constraint of the classical Frenet
method.

If T and t are defined asbefore, t = T = V/(VyV* + VWY + V,V?) Y2 the congtruction for the
arclength 1-form, o, isalmost identical to that used for the Frenet analysis of a point particle.
However, there is one major difference. The Eulerian viewpoint specifies the components of velocity
as functions of three parameters, {x,y,z}, and not of the single parameter, t. (Time dependent flows
will be discussed later by using a4 dimensiond variety). The arclength is no longer, necessarily, a
perfect differentia, nor isit necessarily closed, do + 0. Infact for agiven velocity fidd, V, itis
necessary to compute the class, or Pfaff dimension, of the differential of arclength, o. There are three
classes in three dimensions (herein vorticity is defined as the curl of the unit tangent field, t) :




Pfaff Dimensonl| o + 0,do =0 Potential flow, vorticity = O
Pfaff Dimension 2 | do + 0,6”"do = O | vorticity L velocity, helicity = 0
Pfaff Dimension 3 o™do # 0 Beltrami component, helicity + O

In principle, the Pfaff dimension defines the minimum number of functions required to describe the
differential form in the sense of a submersion (recall that the Frenet particle approach was based upon
animmersion.) Thekey point isthat in the Frenet theory, Frenet torsion implied that the space curve
was immersed in three dimensions and could not be mapped to atwo dimensional set. In thefluid,
when ¢”*do # 0 then the minimum domain for the tangent field is three dimensional.
Frenet theory torsion, 7 + 0 O three dimensions
Topologica Torsion, 6*de + 0, > three dimensions.

For the Frenet case, the vanishing of the Frenet torsion implies that the tangent to the curve resides
in aplane surface. When the topological torsion for the cotangent field vanishes, the cotangent vector
is orthogonal to a surface (not necessarily aplane).

It will be demonstrated below that the 3-form of topological torsion (in three dimensions) is given
by the expression

oo =tecurl(t) Q= <{Vecurl(V)/(V «V)}Q

When the 1-form o of arc length isintegrable, the topological torsion vanishes. The function

{V «curl(V)/(V « V)} isdefined as the Hdlicity dendity in hydrodynamics. The Hdlicity function

(equivalent to the topological torsion function in 3 D) is closely related to the Frenet Torsion function

of the previous section, but it is not precisely the same as Frenet Torsion without further constraints.
From the field (fluid) point of view, it is possible to define a covariant field in terms of the

functions that makeup a given contravariant Vector field, V (x,y, 2).

t(X,Y,2) = {txty,tzp = VSV, Va3 P,

where y"P(x,y,z) isascaling function yet to be specified, but will be one of the possible Holder
norms,

y"P(xy,2) = {ax(V)P +ay (V)P + a,(V9)P}"P.
If the domain isisotropic, a specia choice for the Holder norm is the quadratic form, p=2,n=1
yP Xy, 2) = {(V)2+ ()2 + (V)% 12 = {9112
This classic choice will be presumed for thisarticle. The features of other norms will be described
elsawhere.

Use the scaled covariant field t(x, Y, z)to create a differentia 1-form of arclength o (o is not exact,
nor even integrable in the sense of Frobenius):

The domain of interest is presumed to support a measure N-form, QO = pdx*dy*dz in 3 dimensions.
Use the velocity direction field, V = [V*, V7Y, V?], to construct arescaled tangent vector, T = \V/{¢} V2,
and then use this rescaled vector to construct the adjoint N-1 form (density), T, such that

T =i(T)Q = p{T*dy*dz— T*dx*dz + T“dx dy}.
(Inthe more general case, the two scaling functions of the cotangent and tangent vectors need not be
the same.) It follows, however, that the 3-form s"T creates the N=3 measure, or Grassmann norm,
T = p{(V)2 + (V)2 + (V?)2}(¢) dx dy dx = Q.
In other words, choose the exponents such that the zero form i(T)o = 1.

If the measure Q) is an invariant with respect to \, then the Lie derivative of (2 with respect to V
must vanish.




Loy = d(i(V)Q) = {div(pV)}Q
In other words for an invariant measure relative to the direction field V, the divergence of pV must
vanish. recall that given V, thereisa unique direction field, W, with an infinite number ”integrating”
factors, p, such that the current, J = pW is divergence free.

The contravariant scaled field T playsthe role of areciproca vector to the covariant, t, but the
”Grassmann norm”, o\ T, as a pseudoscalar density, is independent from metric, and does not
transform as a scalar under functiona substitution. The transformational properties of all p-formsare
well defined in terms of the Jacobian pull-back, and therefor this concept of a” Grassman norm” isan
idea free from metric or connection constraints.

The Lie derivative of the action, o, with respect to the reparameterized Veocity field, T, (the
convective derivative of o dong T ) becomes:

Lo = i(T)do +d(i(T)o) = i(T)do + 0 = k(X,y,2) n,
and istransverse (orthogonal) to the direction field. That is, the Lie derivative creates anew 1-form, n,
which satisfies the equation, i(T)n = 0. It follows that the Grassman product also vanishes:

MT = (T*ny + TYny + T?n,) pdx*dy*dz = {i(T)n} Q =0« Q=0
The Lie derivative process is the analog of the Frenet procedure where differentiation of the unit
tangent vector creates the normal vector. The result permits the creation of the N-1 form

N = i(N)Q, and the normal vector from the normalization constraint: n*N = 1Q.

In three dimensions there exist 3 functionally independent 1-forms, which are named {c,n,b}. In
three dimensions, b may be constructed from the components of the N-1 = 3 form created from the
product o”*n = i(B)Q2. Thisconstruction is analog to the Gibbs cross product construction in Frenet
theory. The scaling components of b are deduced from the equation, b"c”*n = 1Q. Itisaso possible
in 3 dimensions to decompose every 2-form, such as do into three parts:

do = As(c”n) + B, (n"b) + C,(b"o)
The coefficients are evaluate from the 3-forms

oo = B;(c”"n'b) = B,Q
Mdo = C,(c"nb) = C,Q

brdo = A, (6™nb) = A,Q
The Lie derivative of the arclength with respect to the direction fields {T, N, B} become
L(T)G = |(T)d0 = A(yn— C(yb

L(N)G = |(N)d0 = —A(;G + B(;b

L(B)G = |(B)d0 = —B(;n + C(;G
Note that the Lie derivatives are with respect to 3 different direction fields, where in the Frenet
anaysis, the differentiations were performed relative to the same direction (second and third order
differentiations.)

The components of the 1-form n have an interesting interpretation in 3 dimensions, because the
components of the 2-form, do, can be put into correspondence with the Gibbs curl of the covariant
fied, t . Infact, thecurl of t generates the ” Darboux vector” of the field:

Darboux vector field : curl t = {~1/2 V¢ x V +¢ curl V}/¢3?

In classic Frenet theory, the dot product of the Darboux vector and the unit tangent field defines the
torsion coefficient, T = t ocurl t = V ocurl V/¢ =V ocurl V/(V o V), and is equivalent to the three
form density coefficient of the topological torsion created from the 1-form of arc length:




oNdo = 7 pdx*dy™dz = (t ocurl t) pdx*dy™dz
The topological torsion can aways be evaluated for any 1-form on any domain, and is equa to the
Frenet torsion of afiber for the special constraints of normalization that correspond to the orthonormal

group.
The N-1 form dengity, N, adjoint to the 1 form n is defined by the Grassman equation,

N = pdx*dy™dx = Q,
and has a representation as the contravariant vector N, such that N = i(N)Q. Thedirection field of N
is presumed to be proportional to the components of n but scaled by the factor, y, such that
yn{{NZ+ni+nZp =1
A third contravariant vector is produced in 3D by the Gibbs product of V and N , and more
generdly in terms of the exterior product:
B = i(V x N)pdx*dy*dx = o”*n.
The " hydrodynamic Frenet equations are deduced by forming the convective Lie derivative of
1-form of action arclength, o, with respect to the three ” orthogonal directional fields T,N,B .

L(V)G = kn.

L(N)G = ko + wh.

L(B)G = —wn.

@ isdefined as the abnormality of the field,
@ =VocurlV/(VoV) =tocurlt.

Note that the abnormality, @, may differ from the Frenet torsion, z, for the vectors

These results are to be compared with the usual Frenet analysis in which successive derivativesin
the same direction of the Tangent field, T , are use to generate the classical Frenet structure.
Successive Lie derivatives of the action, a, in the same direction of the tangent field , T , field do not
yield the Frenet results.

Thethree 1-forms, o, n, b, form a natural volume element and a basis of 1-forms on the space

{x.y.z}.

oMb = pdx*dy*dz = Q.
The fundamental Grassman relations are:

c"T=0Q o"N=006"B=0
MT=0 MN=Q nB=0
bA"T=0 b® N=0 b"B=Q

where QO = pdx“dy"dz.

The concept of orthogonality becomes the idea of measure zero! By forming the Lie derivative of
the Grassman relations, a set of necessary conditions can be derived that preserve the Grassman norm
relative to the Lie derivative. These equations are written below in 3-vector form, but it should be
remembered that these equations are all pseudo scalars in which the dengity factor, p, has been
suppressed.

Lr{o”"N} =0 =divN +TocurlB +No (curlT xT)
L{o”"B} = 0=divB-TocurlN+Bo (curlT xT)
Loy{n"*B} = 0 =divB + NocurlT + B o (curlN x N)




Loy{MT} = 0=divT —NocurlB+T o (curlN x N)
Le){0 T} = 0 =divT + BocurIN+T o (curlB x B)

Le){0"N} = 0 = divN —B o curlT + N o (curlB x B)

The equations above are similar to the integrability conditions that lead to the Codazzi equationsin
the isometric setting. However, the set of transformations (Vector fields V) that satisfy the above
congtraints admit deformations and topological change.

In Frenet theory, when the Frenet torsion, z, vanishes, the Tangent vector and the Normal vector
resdein aplane. Hence the Binormal vector isrepresentable by a gradient field and isintegrable. The
analog for the Eulerian fluid would be the requirement that

brdb = 7Q

The Torsion described by the anti-symmetric components of a
right Cartan Connection.

In this section the focus is on the equation
d[F] = [F] - [C]

where given aframe field of functions, [F] and aninverse [G] the right Cartan connection can be
constructed in two ways.

[C] = —d[G] - [F] = [G] ~ d[F]
The Cartan (right matrix) of connection 1-forms impliesthat the differential of any column basis
vector isalinear combination of al column basis vectors of the set.

el e} e e} el
2 2 2 2 2
e2 e} €3 €3 e 4
d . = Cl.dy® + 5 Ca.dy® + 5 C3.dy® + . Ca.dy®
es e} e3 e} e
et e} e3 e} el

Thisisaconcept of closure, a concept which isinherent in much of Cartan’swork. The formulation is
related to a” passive’ interpretation of the action of the total differential on any basis column vector.
The "affing’ torsion of the Frame field is defined as the anti-symmetric combination

Ta. = C& —Cg + 0.

The Frame matrix can be associated with a map into a euclidean space or amap from a euclidean
space. If the differentials of the domain are presumed to be exact and differentials of the range are
presumed to be closed (exterior differential is zero) then the right Cartan matrix relative to the frameis
torsion free. If the range space differentials are exact then the right Cartan matrix is the same as the
Christoffel connection for the induced metric on the domain space. If the map is to a euclidean space,
then the right Cartan matrix is symmetric in the lower two indices. In the other hand if the map isfrom
a euclidean space, the connection on the range space is not equal to the Christoffel connection, for the
metric is constant on the range, and the Christoffel symbols are zero.

To cement theideas it useful to give several examples. Thefirst example will be for amap from
spherical coordinates to euclidean coordinates in 3 space. The Frame matrix will be constructed from
the Jacobian of the mapping. The second example will consider the map from a euclidean 3 space to
spherical coordinates. Again the Frame matrix can be deduced easily. The third example will




construct the frame matrix from a given 1-form of Action on a4 dimensional variety. The fourth
example will be based on the Hopf map where one of the vierbeins is not integrable but the other 3
vierbeins are integrable. The fifth example will correspond to the instanton system, where 3 of the
vierbeins are not integrable, but one isintegrable. Maple programs are available to do the
computations.

Spherical Coordinatesto Euclidean 3 Space.
An exampleisgiven by themap ¢ from &2 = {r,0,¢} tox* = {x,y,Z} giveninterms of spherical
coordinates :

¢ 4r,0,0r =>{XY,Zy = {rsin(e)cos(d),rsin(p)sin(d),rcos(p)}
The induced differential map is given by the expression

dg : Jdg?) = Jdx*) = [O¢*(EP)/0E?] o |dE?)

dx sin(p)cos(0) | —r sin(e) sin(@) | r cos(e) cos(f) dr
dy = | sin(p)sin(®) | rsin(e)cos(@) | rcos(e)sin(®) | o || do
dz cos(¢) 0 —rsin(e) do

The matrix of partial differentiasis the Jacobian matrix of functions with arguments on the initial state
with independent variables, {r,0,¢}. No metric and no domain of support has been specified. In that
which follows the domain of support is defined as that set of values £° on the initial state, where the
Jacobian determinant does not vanish (r?sin(9) + 0). The Jacobian matrix can be viewed as a matrix
of contravariant vectors (on the final state, x ) in columns, and can be used as a basis frame (with
arguments on the initial state £°) on the domain of support (where det[0¢*(£P)/0£2] + 0). That s,
assume the basis frame is given by a set of contravariant columns with row index k and column index a
and with arguments on &°

sin(p)cos(0) | —r sin(e) Sin(@) | r cos(e) cos(f)
[F&] = [0¢*(E)/0%] = | sin(p)sin(6) | rsin(p) cos() | rcos(p) sin(h)
cos(p) 0 —rsin(p)

As yet there has been no metric imposed upon the space, but even without specification of ametricitis
possible to use the general formulas given above to define a Cartan connection

d[F] = [F] > [C] = [F] o [-d[G] ~ [F]] = [F] = [[G] ° d[F]]

The right Cartan matrix becomes:

0 —rd(9)(sing)? —rd(e)
[C] = | d(@)Ir | d(r)/r + cosed(p)/sing | cosed(f)/sing
d(p)Ir —Ccosp Sned(h) d(r)/r
The individual components to the connection C5. can be read off from the matrix above to yield
0 C3 = —r(sing)? Ci=-—

C2, = Ur | C3, = 1r, C%; = cosp/sing | C%, = COS(p/SIr‘I(p

Cs=1r C3, = —cose/sing Ci=1Ur

It is apparent that

Tgc - Cgc - Cgb * 0,
hence the Frame is torsion free (as expected for an integrable map).




In classical tensor analysis, the concept of an affine connection is associated with the (right) Cartan
matrix (ref. L. Brand) as follows: (Remember, al the functions have arguments &€ of theinitial
domain of definition.)

d[F] = [F] o [CBdE®] = [FK] o [[GP]od[Fh]]
= [F§] o [[G} ] o [{0%¢) (§™/0& 07 ydg°] ].

Asthe system isintegrable and (assumed) twice differentiable, it follows that the coefficient functions

of the connection are symmetric

Ch = Cl = [G) ] o [{0%¢)(§™)/05 05} d5°].

The assumption that the order of partial derivativesis not important eliminates any lower index

antisymmetry in the Cartan connection coefficients.

If one computes the pullback metric ga, on theinitia domain {£¢} induced by the quadratic form
on the final state, n;cdx dx*

[9an(£9)] = [Fh ] o [mad © [FE],
and then uses the classic Christoffel formulas for deriving a connection from a metric,
Christoffel : {5} = g™{0gce/0E? + 0Qeal OEC — 0QaclOEC}.
it follows that, for a Jacobian basis frame, the Cartan connection is the same as the Christoffel
connection, and the connection is (affine) torsion free:

If [F&] = [04"(£")/0&?], then Cl = {&}-
For later comparison to Shipov’ s ideas note that in thisintegrable case,

Cgc - {gc} = 0.
Euclidean 3 spaceto Spherical Coordinates.

The map from a Euclidean space to the space of spherical coordinates yields much different
results. Asthe metric on the domain of definition is a set of constants, the Christoffel symbols must
vanish. It ispossible to generate a Frame matrix from the differentials of the coordinate mappings. It
is to be expected that the Affine torsion of the right Cartan matrix is zero. Howeve, the components of
the right Cartan connection are not zero. Hence, on the intitial domain, the difference between the

Cartan connection and the Christoffel connection is equa to the Cartan connection, and is not equal to
zero asin the previous example.

The Frame matrix generated from a 1-form of Action

later
The Frame matrix associated with the Hopf map.

later

The Frame matrix associated with the I nstanton map.
later

The Cartan Torsion 2-forms.
later

The Framefield and Topological Torsion of a 1-form.

Onan+1 dimensiona variety that supports adifferential 1-form A it is possible to construct
algebraically a Frame field that consists of n vectors orthogonal to the components of A. If the 1-form
was a perfect differential, its components represent the ”normal” field, n, to asurface, and then



orthogonal vectors are called "tangent” vectors e to the surface. Keep this concept (of implicit
surfaces) in mind, but now expand the idea to situations where the 1-form is not a perfect differential.

The objectiveis to construct the projective frame field from a given 1-form, and call attention to
the fact that two types of torsion defects (both rotational and trandational) can be generated on a
projective manifold. Although the affine trandational torsion has a growing literature, the projective
rotational torsion has been ignored. Y et, the suggestion of this article is that rotational torsion,
intuitively, seemsto be of more importance for hydrodynamic situations.

Consider a 1-form of Action on a4 dimensional domain of definition given by the expression,

A = {vi(x,y,z,)dxk — cdt}/p(x, Y,z t)

At any point p of the domain, there exists 3 vectors e, of four components that are orthogonally
transversal to the form in the sense that i(e,).A = 0. These vectors (to within an arbitrary factor) may
be used as column vectors of a basis frame at the point p. The coefficient functions of the one form
itsef (to within an arbitrary factor) form the 4 elements of abasis frame at the point p. Following the
work of H. Flanders, a useful but not unique choice for abasis set at the point p is given by the
expression,

1 0 || 0| —w¢
0 1 || 0| —wl¢
0 0 || c ||—Vvi¢
VilC || WlC || Viez || +Cl¢p

F =[ex,n] =F =

The determinant of thismatrix isequal detF = (c? + A7 + A7 + AZ)/cg, which is never zero for
bounded coefficients. Hence this basis frame has an inverse amost everywhere.

The existence of the inverse matrix, of course, guarantees that the differential of every basis vector
is decomposable into a linear combination of the original elements of the basis set, independent of the
partition. The matrix of coefficients of this linear expansion defines the (right) Cartan matrix of
connection 1-forms, C,,

dF = Fo {dF o F!} = Fo {~dF1F} = Fo C,
over the domain of support for the basis frame (where F* exists).
It is convenient to partition the (arbitrary) basis frame I in terms of the associated (horizontal,

interior, coordinate or transversal) vectors, ey, and the adjoint (normal, exterior, parametric or vertical)
fied, np,

F =[ex,n] = [e1,€2,€5,N].
The corresponding Cartan matrix has the partition,

el el ... nt riiri !
dF - d e e3|..|n? CFoC=Fo s rs 2
el ey .. n hy [ hy| .. Q

The Cartan matrix, C, isamatrix of differentia 1-formswhich can be evaluated explicitly from the
functions that make up the basis frame if they admit first partial derivatives. Moreover, the differentia
of the position vector can be expanded in terms of the same basis frame and a set of Pfaffian 1-forms:



dx dx H

dR=Tol||..| )=FeFto| .. )=Fof .| )

dt dt ©
o

where the vector ! isa (4 component) vector of 1-forms that can be computed explicitly.

By the Poincare lemma, it follows that
ddF = dF*C + FAdC = F o {C"C +dC} = 0,

>+IFo j: >-Fo{(€" >+ j: >}_o.

These eguations indicate that the Cartan curvature 2-forms and the Cartan torsion 2-forms vanish for
the specified Frame.

Asthe Frame matrix and the Cartan matrix are partitioned relative to the tangent (or interior)
vectors e and the normal (or exterior) vectors, n, the Poincare lemma breaks up into linearly
independent factors, each of which must vanish. The results are:

ddR = e{dlo) + [['"o) — @™y)} + n{dw + Q"0 + (hPlo)} = 0
dde = e{d[I"] + [[]"I'] + ty)"<h[} + n{dh|+ QXh[+ (NI} =0
ddn = e{dly) + [['1"ly) — Qy)} + n{dQ + Q*"Q + (h*ly)} = 0

By reasons of linear independence, each of the curly bracket factors must vanish, leading to the results
on the interior domain (coefficients of e):

and

ddR = dF”

COAj/l
dio) + [[%o) = o™ly) = E) = || 0™y?
COAJ/S

[Z) = theinterior torsion vector of didocation 2-forms.

71Ah1 J/lAhz 71Ah3
dil'] + [TINL] = —ly)"(h| = [®] =| | y2~hy | y2~hy | y2~hsg
73Ah1 73Ah2 73Ah3

[®] = the matrix of interior curvature 2-forms

QAj/l
diy) + [T1%My) = Q%) = [¥) = || Q"2
QAJ/S

[¥') = the exterior torsion vector of disclination 2-forms.

Thefirst two equations are precisely Cartan’s equations of structure (on an affine domain). It isthe last
equation of exterior disclination 2-forms, dly) + [I"'|*ly) = [¥), that appears to be a new equation of
structure valid on a projective domain, when Q + 0. Further exterior differentiations lead to the



Bianchi identities.

(later)

It isimportant to note that the method of construction leads to a Frame field such that the Cartan
curvature 2-forms and the Cartan Torsion 2-forms both vanish. Such spaces are defined as spaces of
absolute parallelism. The example demonstrates that an arbitrary 1-form of class 4, will generate an
A4 space of the type studied by Shipov. The curvature of the subspaces and the torsion of the
subspaces is not (necessarily) zero.

(Maple programs for computing these things will be attached later.)



