> restart: with (linalg):with(liesynm:w th(difforns):

> setup(x,y,z,t):defform x=0, y=0, z=0, t =0, Vx=0, V=0, Vz=0, D1=0, D2=0, D3=0, Ax=0, Ay=0, A
z=0, C=0, Phi =0, phi =0, t het a=0, r =0, a=const, b=const, c=const, Lx=0, Ly=0, Lz=0) ;

Warni ng, new definition for norm

Warni ng, new definition for trace

Warni ng, new definition for close

Warni ng, new definition for ~ &\’

Warni ng, new definition for d

Warni ng, new definition for m xpar

L Warni ng, new definition for wdegree

Spheres in 3D space and Cartan Connections

R. M. Kiehn
last update February 25, 2000
rkiehn2352@aol.com

Introduction:

The Cartan connection coefficients will be computed for both the map of cartesian coordinates into
spherical coordinates, (Partl)
and the map from spherical coordinates into cartesian coordinates (Part2)

Part 1 The map is from {x,y,z} into spherical coordinates
{r,theta,phi}.

> r:=(x"2+y"2+z72)~(1/ 2);cos(theta):=z/(r); cos(phi):=x/(x"2+y"2)"(1/2);sin(theta):
=(1-cos(theta)”2)~(1/2);sin(phi):=(1-cos(phi)”2)~(1/2);rho:=(x"2+y"2)"(1/2);

>

A
N ey
COS(f) = in—f
_ 7
sin(q) := 1- ;;:;;:;?

in(f):=-/1 X
sin(f) = Cry
L ro=a/xX+y
[ Compute the induced "dribeins" (they are not exact differentials, but they are closed)
> d(r); Dz =solve(d(r)=0,d(z));

Xxd . ydy) | zd@)
R+P+Z AR HPHE Aty Z
xd(x) +yd(y)

z

DZ :=-

> “dphi “:=factor(d(cos(phi))/sin(phi));
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y (yd(x) - xd(y))

(312) y2

[ > “dtheta :=factor(subs(d(z)=Dz, (d(cos(theta))/sin(theta))));
xd(x) +yd(y)

dtheta := - Y
=+
I «/x2+y2+zzzA/—Xz+yz+z2

[ The Frame matrix of functions on x,y,z that causes the differential structures dr,dtheta,dphi to be

dphi :=

| created linearly in terms of dx,dy,dz is the Frame matrix [FF] below:
> FF:=(array([[x/r,ylr,z/r],[-z*x/ (rho*r"2),-z*y/(rho*r”2), (x"2+y~2)/ (rho*r"2)],|[-
y/ rho”2, x/rho”2,0]])); GG =eval m(i nver se( FF)) : DETFF: =f act or (det (FF));

e X y z U
& e (v
& R+y+Z IR +yP+ 2 X+ + 2]
e u
- ::g Zx ] zy X +y* b
§ ey (rye?) Xy (CayieZ)  KayaZ
: . ” I
& X+y X+ Y 0
1
DETFF := -
Xy ARy +Z

[ Note that the Frame matrix has a singularity along the z axis and at the origin (excluded) points.
The next equation checks to see that the specified frame produces the desired differential structures:

| [FF]|dR>

> zz:=eval m(i nnerprod(FF, [d(x),d(y),d(z)])); zzb: =i nnerprod( GG zz);

gxd(x) +yd(y) +zd(z) zxd(x)+zyd(y)- dz)¥- dz)y° yd(x)- xd(y) Y

VE+y@+z VXY (R4 +7) L Xy
zzb 1= [d(x), d(y), d(2)]
Note that each component (except the first) is not exact, but is closed. Each component in terms of xyz

77 =

(DD

has an infinity at the origin and along the Z axis. The induced spherical coordinate "differentials" are not
exact , but are closed and obey the Frobenius integrability theorem.
> d(zz[1]);d(zz[2]);d(zz[3]);

0

0

0
The metric on the domain xyz is the unit matrix of constants, by assumption. As such the Christoffel
symbols will be zero. The pushed forward metric on the spherical coordinate range is (but with
arguments on the domain x,y,z) is
> pushednetric:=sinplify(innerprod(transpose(G5, G5 );inducednetric:=innerprod(tra

nspose( FF), pushednetri c, FF):

pushedmetric:zg) X¥+y+Z 0 a
L €0 0 X+ yU

Now check to see if the Frame matrix is normal and find the Left and Right representations P2R=[FF][
transpose FF]
P2L~= [transpose FF] [ F]. Conclusion: the Frame matrix is not normal!!! Note that P2R is the
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L pushedforward inverse metric on {r,theta,phi} but with arguments on {x,y,z}
> P2R =sinplify(innerprod(FF, transpose(FF))); P2L: =si nplify(i nnerprod(transpose(FF)

FF));
el 0 0 u
€ u
€ 1 u
& 0 i
P2R:=& X+y+7 4
g 1 4
£ %
P2L .=
§x8+3x6y2+3x4y4+x2y6+x Z+2X' 2y +X 2y + 72X +3Z2 Xy +X Yy +2Xy +y + 27y +yzz
e (R+y +7) (£+y)
Xy(XC+3xX'yV+3X Yy +Y+ 22X+ 272y + 7y - ZX- Yy Z-X-2X Y-y -7 zx(x2+y2+zz-1)a
(¢ +y+2) (R 4y Coerye)
gxy(x +3X' Y +3X Y+ + 22X+ 272X Y+ 2y - X - YL - X - 22Xy - y-z)
e (C+y2+2) (E+y)

XY XY XYY X ZY H2X 2y +f 232X+ 2y 42Xy R 22X 4 XY+ X
(C+y+2) (C+y?)

zy(C+y +7Z-1)u

0

(X2+y2+zz) u
zx(E+y+Z-1) zy(E+y+Z-1) ZX+y'Z+7+x+yl
E (Cry+Z) | (CryeZ) | (Eryrd) 0

P2L is complicated algebracially. But the bottom line is that it is NOT equal to P2R,

hence the Jacobian matrix is NOT NORMAL

Now any matrix with an inverse can be composed as a product of a symmetric matrix and an orthogonal
matrix.

There are in general two ways to construct this representation, which will be denoted as the Lefthanded
and the Right handed formulations. [SR] is the symmetric matrix of the "right handed" formulation, and
[OR] is the orthogonal matrix for the right handed formulation. (If the matrices are complex, the notions
symmetric and orthogonal translate to Hermitean and Unitary)

The two formats are:

[F]= [SR][OR]=[OL] [SL]

If [G][F]=1, then

[SR]={[FF].transpose[FF]}*(1/2)

and

[OR]=[SR].transpose[G]

The Left handed representations

[SL]={transpose[FF].[FF]}*(1/2)

and

[OL]=transpose[G].[SL]

The representations are distinct if the Frame [FF] is not a normal matrix.

*%

So the first step is to find the square roots of these matrices P2R and P2L above.

This is easy to do for the Right Handed P2R, for it is diagonal.

The symmetric component of the right handed representation: F = [SR][OR]
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> SR =array([[1,0,0],[0,2/r,0],[0,0,1/rho]]);

el 0 0 u
g U
e 1 u
& ¥
R:=é X+y +7 u
& U
b0
é 2 +y2 U

[ Compute the orthogonal factor [OR] of the right handed representation.
[ > GS: =transpose(inverse(FF)): OR =i nnerprod(SR, GS); si nplify(innerprod(transpose(OR)
, OR)): " Shoul d_be_zero : =eval n{i nner prod( SR, OR) - FF) :

e X y z ¥

g —— —_— —

g AX+Y+ 7 ANXC+Y + 7 X+ +Z 0

& ¥

_& ZX zy A +y U
OR.—e’ - Ui
§ X+ +Z X +y WXy +y ey 2
- : o |

é X+ Y X+ ¥

[ Find Omega, the right Cartan matrix of [OR], which should be an anti-symmetric matrix

| and Delta the left Cartan matrix for [SR]

[ > dOR =d(OR):

> Orega_RR =sinplify(innerprod(transpose(OR),dOR));Delta_RL: =i nnerprod(d(SR),inver
se(SR));

¢ -y d(x) +xd(y) (-2Xd(x) - zy d(y) +d(2) X +d(2) ¥) X}
g)' X+ yP ' (x2+y2)(x2+y2+z)2(g yzﬁ
& -yd(x) +xd(y) y (-zxd(x) - zyd(y) +d(2) ¥ + d(2) y) U
Omega_RR.—gr X+ Y ' 0. (C+Y) (C+y +7) ﬁ
g (zxd(x)- zydy) +d2) X +d@)y)x _y(-zxd(x)- zydy) +d2) X +d2)y) 4
g (% +y) (C+y2+7) a (€ +y2) (% +y2+7) H

& 0 0 !

& xdx)+yd(y) +zd(2) 0 u

Delta RL:=§ X +y+7 4

& xd(x) +y d(y)

g 0 T ey o

[ Or one can find the Left Cartan matrix for [OR] and the right Cartan matrix for [SR]
> Orega_RL: =sinplify(innerprod(dOR transpose(OR))); Delta_RR =i nnerprod(d(SR),inver
se(SR));

Omega_RL =
g 0 -zxd(x) - zyd(y) +d(z) X +d(2) ¥ -y d(x) +xd(y) E
: ey (E ey +2) e +y ey |
g -zxd(x)- zyd(y) +d(z) X +d(z) ¥’ 0 __(yd(x) +xd(y)) z 4
g X+ (C+y+7) (C+y) A +y+ 2
e U
g ) -y d(x) +xd(y) (-yd(x) +xd(y)) z 0 u
§ X+ ARy + 7 (C+y) X +y +7 i
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0
xd(x) +y d(y) +zd(z)
_ X +y +7

0

o

Delta RR:

1

CDCBFDFDFDF@FDFDB

X

[oR

—~

e

T ©

<

[oR

—~

<

~

CCCCCCCC

‘ry G
Note that the matrix elements of Delta are perfect exact differentials, and the matrix elements of Omega
are closed but not exact differentials.
It is possible to write the differential of the Frame field in several ways:
d[FF] = [FF][CR] = [CL][FF]
= {[DeltaRL][FF] + [FF][OmegaRR]} = {{OmegaL][FF]+[FF][Deltal]}
= d{[SR][OR]} = d[SR][OR] + [SR]d[OR] = [SR]{[DeltaRR] + [OmegalLR]}[OR]

Note that appropriate linear combinations can be constructed to represent d[FF]

such as is done in polarization of light.
*

Now Compute the Right Cartan Matrix [CR]

[

[ > cartan:=sinplify(innerprod(inverse(FF),d(FF))):

[ The matrix elements of the Right Cartan connection matrix using the matrix methods:

> Gammall: =wcol | ect (cartan[ 1, 1]); Ganmal2: =wcol | ect (cartan[ 1, 2]); Gammal3: =wcol | ect (
cartan[ 1, 3]);

QY XC+3Y X7+ X+ XL +YX+X 7+ 2y X Z) d(X)

Gll:= 2 .
(€+y) (€+y’+2)
(YZ+y +y X +yxX' Z2+2y X +3X Y Z+2y’ Z)dly) (X'Z+XZy)d(2)
(C+y) (C+y*+2) (C+Y) (CHy+2)
arp o (YXZ-YX-3XYZ- 29X 2y 2y Z) d(X)
| (¢ +y) (€ +y +2)
.\ (2XZ+4y X +X +5yV X Z+5y' X +2y’x+xX3 7 +3y'xZ+ 2y x7) d(y) .\ (-xy’Z- XZy)d(2)
(C+y) (C+Y+7) (C+y) (C+Y+7)
— Z X d(x) ] yZ xd(y) (X 42Xy r2Z¢ 2y’ Z +y) xd(2)
I ) (CHY D) (RHY) (YD) (¢ +y) (C+y'+7)

> Gamma21: =wcol | ect (cartan[ 2, 1]); Ganma22: =wcol | ect (cart an[ 2, 2] ) ; Ganma23: =wcol | ect (
cartan[ 2, 3]);

(-5y’X' - 5X Y Z-2yZX- 4y X-3yx'Z-2yxX- V7 -y -2y 7)d(x)

Q21 = 2 2
(X +y) (X+y +2)
(2XZ+2y X +X +y'xZ+y' X+ X7 +3y D) dly)  (xy’Z+XZy)d(2)
(€+y) (C+y’+7) (R +Y) (C+y+Z)
— 22X Z+2y X+ X +Y'xZ+y' X+ 7+ 3y X 7) d(x)
| (C+y) (R +y+7)
(yX+Y Z+yX+2yXZ2+yZ2X+3X Yy Z+2y ) dly) (X¥Z2y+Z2y)d(2)
(€+y) (C+y’+2) (C+Y) (C+y+Z)
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] y Z x d(x) ] v Z d(y) +(x4+2x2y2+222x2+2y222+y4)yd(z)
] (C+Y) (R+yY+7)  (R+Y) (R +Y+7) (¢ +y?) (C+y +7)

[ > Ganmma31l: =wcol | ect (cartan[ 3, 1] ) ; Ganma32: =wcol | ect (cart an[ 3, 2]) ; Ganmma33: =wcol | ect (
cartan[ 3, 3]);

] (-2zx3- 2zxy*- Z2x) xd(x) ] (-2zyX- 2zy*- yZ) xd(y) ] (xX*+2xXy +y) xd(z)

&3 =

G&31 =

(€+y)) (C+Y+2) (CH+P)(C+y¥+Z)  (C+y) (Cry+2)
— (-22zX- 2zxy’- Zx)yd(x) (-2zyx-2zy’- yZ)ydly) (X+2xXy+y")yd(z)
) (YD) (C+P) (C+y¥+Z)  (C+y) (Cry+2)

Sy dx) (XYY dly)  (2y+X2) d(2)
(C+y+7)  (R+y+7)  (RHy+7)

[ Now the components of the right Cartan matrix will be computed by the tensor method, as a check
[ > dim=3;coord: =[ X, Y, z]; GG =i nver se( FF) ;

dm:=3
coord =[x, Y, 7]

G33:=

] X ZX H

A - -

;:-4/x2+y2+z2 AX+Y ﬁ

GG'—% Y R XH

' §:.4/x2+y2+z2 AX+Y ﬁ

G z u

E—2 sy o0

L & X +Y + 7 E

[ First compute the differentials of the inverse matrix [GG]

> for i from1l to dimdo for j from1l to dimdo for k from1 to dimdo d1&{i,j, K]

= (diff(Gdi,j],coord(k])) od od od:
[ Compute the elements of the matrix product of - d[G][F]
> for b from1lto dimdo for a from1l to dimdo for k from1 to dimdo ss:=0;for
mfroml to dimdo ss := ss+(d1Gd a, mk]*FF[mb]); Ca, b, k]:=sinmplify(-ss) od
od od od ;
>

> for b fromltodimdo for a froml to dimdo for k from1l to dimdo if
Cd a, b, k] =0 then el se print( CCabk" (a,b, k)=factor(Ca,b,k])) fi od od od ;

THE non zero CARTAN RIGHT CONNECTION

coefficients.
CC(abk) index (1,-1,-1)

(XY +Zx+2X Y +3Z2 XY +2Z2y +y 7 +y) x

OC+y) (C+y2+2)
Yy(X*Y+ZX 42X Y 432XV + 27 Y +y 7 +Y0)
OC+y) (C+y+2)

e
OC+yP) R+ +2)
y(2xX*+5X' Y +4xXYy +3Zx +572 XYV +2X L +y+ 27y +y* 7)
(C+y) (C+y+7)

CCabk(1,1,1) =-

CCabk(1, 1, 2) =-

CCabk(1, 1,3) =-

CCabk(2,1,1) =
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(C+2X P 422X + 32 RV + 3y + X2 7+ 2 ) x

CCabk(2, 1, 2) = - : :
(C+Yy) (C+y +7)
Zxy
CCabk(2, 1, 3) = - )
(C+y +7) (C+Y)
CCabk(3, 1,1) = X'z(2x +§y2+22)
(C+y +7) (C+Y)
CCabk(3, 1, 2) = ny(2X2+22y2+22)
(C+y +7) (C+Y)
CCabk(3, 1, 3) =- (><2+—y2)><2
(X +y +7)
CCabk(1,2,1) =- y (X y2+22X +2X2y +2322X2y2+2§2y +y22 +yb)
(C+Yy) (C+y +7)
Ccabk(1-2'2)=X(4X4y2+5xzy4+2yb+522X232/2"’322y4+22y224+x6+222x4+x224)
(C+Y) (C+y+2)
Zxy
CCabk(1, 2, 3) =- )
(C+y +7) (C+Y)
CCabk(2, 2, 1) = - (X6+2><“y2+2z2x4+32z2x2y2+xzy42+xzz4+zzy4)X
(C+Y) (X +y+7)
CCabk(2, 2, 2) =- (X6+2X4y2+2zzx“+32z2x2y2+xzy42+xzz4+zzy4)y
(C+Y) (X +y+7)
Zy
CCabk(2, 2, 3) =- :
(C+y +7) (C+Y)
CCabk(3, 2, 1) = ZXV(2X2+22y2+22)
(C+y +7) (C+Y)
CCabk(3, 2, 2) = Zy" (2x +§y2+22)
(C+y +7) (C+Y)
CCabk(3, 2,3) =- (x2+—y2)y2
(X +y +7)
Zx
CCabk(1, 3, 1) =- :
(C+y?) O +y +7)
Zxy
CCabk(1, 3, 2) =- )
(X +y +7Z) (X +Y)
CCabk(L, 3, 3) =LX2+Y§)
(X +y +7)
Zxy
CCabk(2, 3, 1) = - )
(C+y +7) (C+Y)
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Zy

CCabk(2, 3,2) =- .
(X +y +2Z) (C+Y)
ccak(2, 3, 3) = LEZRXEY)
(XC+y +7)
CCabk(3, 3,1) =- (X2+—y2)X2
(XC+y +7)
CCabk(3, 3,2) = - (X2+—y2)y2
(XC+y +7)
CCabk(3, 3,3) =- (X2+—y2)22
(XC+y +7)

[ These results agree with matrix method.

| Next check for Affine Torsion using the tensor methods:

> for j from1l to dimdo for i from1l to dimdo for k from1l to dimdo ss :=
(cqi,j,kl-cdi,k,jl1)/2; CCITS[i,j,k]:=ss od od od

>

> for i from1lto dimdo for j from1l to dimdo for k from1l to dimdo if
CCTTS[i,j,k]=0 then else print( RIGHT_AffineTorsion (i,k,j)=CCTTS[i,k,j]) fi od
od od ;

E IF NO ENTRIES APPEAR ABOVE, THE AFFINE TORSION IS ZERO
[ >

' Now compute the CARTAN LEFT CONNECTION

> for afroml1lto dimdo for j from1l to dimdo for k from1 to dimdo d1&{a,]j, K]
| =simlify(diff(Gda,j],coord k])) od od od:

[ Compute the elements of the matrix product of [F]d[G]

> for i from1l to dimdo for j from1l to dimdo for k from1 to dimdo ss:=0;for
mto dimdo ss := ss+FF[i,n*(d1Gd mj,k]); DYi,j,k]l:=sinplify(ss) od od od od

>1,‘or i froml to dimdo for j from1l to dimdo for k from1 to dimdo if
DD{i,j,k]=0 then else print( Cartan_LEFT (i,j,k)=Di,j,k]) fi od od od ;
zZXx
Xty 47X 4y
zy
X+ Z Aty
Cartan_LEFT(1,2,3) =- ﬂ
- N+ +Z

Yy
Cartan LEFT(1,3,1) = —\/7
X+y +7

X

Cartan_LEFT(1, 3,2) =- %
X+y +7

ZX
(€+y+2) "o ry?
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Cartan_LEFT(1,2, 1) =

Cartan_LEFT(1, 2, 2) =

Cartan LEFT(2, 1,1) =-




zy
e+y+2) e+ y
A+ Y

Cartan LEFT(2,1,2)=-

Cartan LEFT(2,1,3) =

(3/2)

(X +y +7)
Cartan_LEFT(2, 2, 1) =ﬁ
Cartan_LEFT(2, 2, 2) =ﬁ
Cartan_LEFT(2, 2, 3) =Wz+zz
zy
Cartan LEFT(2,3,1) =- S (R4y+ D)
caten LEFT(2. 3.2 = ey (Zx)2(+f +7)

R R F s pyewy

A
Cartan LEFT(3,2,1) = s (3/2)
(¢ +y)
ZX
Cartan LEFT(3,2,2) =- (312)
(¢ +y)
X
Cartan LEFT(3,3,1) =
LEFT(E 3. D) =7
Cartan_LEFT(3,3,2) = 2y
X+ Y

[ The anti-symmetric part of the LEFT CARTAN Connection appear above.
Check for assymetry (LEFT Torsion)

> for j from1lto dimdo for i from1l to dimdo for k from1l to dimdo ss :=
. (Di,j,kl-DDli,k,j])/2; TT9i,j,k]:=sinplify(ss) od od od

>

> for i from1lto dimdo for j from1l to dimdo for k from1l to dimdo if

TTS[i,j,k]=0 then else print( LEFT Torsion (i,k,j)=TTS[i,k,j]) fi od od od ;

_ 1 Zx
LEFT_Torsion(1,2,1) ==

2\/x2+y2+221/x2+y2

. 1 y
LEFT Torsion(1,3,1) = = —
2 x2+y2+Z2

ZX

1
2,4y + Z Xty

LEFT Torsion(1,1,2) =-
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LEFT Torsion(1, 3, 2) = LooXty X
. 1 y
LEFT Torsion(1,1,3)=- —
2.8 +y+7
LEFT Torsion(1, 2, 3) LAy ex
2 [P+ + 7

LEFT Torsion(2, 2, 1) =§ X:;X:;zj:xzj \/;2 +Z)2/:(;22)y
X+ +y +
1 X+ +zy X +y+7
2 ,—x2+y2(x2+y2+22)(3/2)
XA +Y+Z | +y +2
X+ +Z X4y +2y
ey (ry+2)
LEFT Torsion(2, 3, 2) =§1/sz *Y )
X+y (X +y+7)
_ 1 X+ 42y +y+7
LEFT Torsion(2, 1, 3)=§J2—f(% ¥ Zz)(a/a
X"+ +y +
LEFT Torsion(2, 2, 3) =- iin—-fx(;f;j)f)

1-xyX+y +zy X +y'+7
e+ eyt e ?

1 X
LEFT Torson(3,3,1)=———
- ( ) 2X+y

LEFT_Torsion(3, 1, 2) = i s j::yi’;;,jf/‘%zz

. 1 y
LEFT Torsion(3,3,2)=-—"—

LEFT Torsion(2, 3,1) =-

1
LEFT Torsion(2, 1, 2) =- 5

LEFT Torsion(3,2,1) =

2X+y
) 1 X
LEFT _Torsion(3,1,3)=- -,
2 X+
: 1y
LEFT_Torsion(3,2,3)=- -,
2X+y

[ For this example from cartesian to spherical coordinates, there is no assymetry for the [CR], but there is
assymetry for [CL]

| (The physical implication is not clear to me)

[ Next the Christoffel symbols will be computed for the metric on the initial state.

| As the metric on {x,y,z} is presumed to be the unit matrix, all the Christoffel symbols should be zero

' Christoffel Connection coefficients from the induced
metric
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>
> nmetric:= array([[2,0,0],[0,1,0],[0,0,1]1);
8’1 0 OH
metric:=g) 1 OH
€ 0 1u
> metricinverse: =inverse(netric):

>for i from1lto dimdo for j from1l to dimdo for k from1l to dimdo
digunf[i,j,k] := (diff(netric[i,]j],coord[k])) od od od:

> #for i froml to dimdo for j from1l to dimdo for k from1 to dimdo if
digun[i,j,k]=0 then else print( dgun (i,j,k)=dlgun[i,j,k]) fi od od od;

> for i froml1lto dimdo for j fromi to dimdo for k from1l to dimdo C1S[i,j, k]
=0 ododod; for i from1l to dimdo for j from1l to dimdo for k from1l to
dimdo CL1S[i,j,k] := 1/2*dlgun[i, k,j]+1/2*dlgun[j,k,i]-1/2*dlgun[i,j,k] od od
od;

> for k froml to dimdo for i from1 to dimdo for j from1l to dimdo ss := 0;
for mto dimdo ss := ss+netricinverse[k, mM*CLS[i,j,mM od; C9S[k,i,j] :=
simplify(factor(ss),trig) od od od;

> for i from1lto dimdo for j from1l to dimdo for k from1l to dimdo if
C29[i,j,k]=0 then else print( Christoffel_Gamm2  (i-1,j-1,k-1)=C2S5[i,],k]) fi
od od od;

The non zero Christoffel Connection coefficients 2nd
kind on the initial space (domain)
Gamma2(i,j,k) index (1,-1,-1)

If no entries appear above the Christoffel symbols on the domain space vanish
The Right Cartan matrix is often defined as the sum of Christoffel Symbols and Rotation coefficients,
T(@,).k)

CartanRight(ijk) = ChristoffelGammal(ijk) + T(ijk)

Compute the T(,j,k):

> for i froml1lto dimdo for j from1l to dimdo for k from1l to dimdo ss:=0; ss
= (Cdi,j,kl-Cc29[i,j,k]); SHPTR[i,j,k]:=sinmplify(ss) od od od

>

>

> for i from1lto dimdo for j from1l to dimdo for k from1l to dimdo if
C29[i,j,k]=0 and CJi,j,k]=0 then else print("T (i,j,Kk)=sinmplify(SH PTR[i,]j,Kk]))
fi od od od ;

T(ijk) index (1,-1,-1)
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(X4y2+22X4+2X2y4+322X2y2+222y4+y224+y5)X

T(l,l,l):- - :
(C+Y) (C+y +7)
T(L,1,2)=- y(X'Y+Zx +2Xy + 32Xy +27y +y 7 +Y°)
y 4y (X2+y2)2(X2+y2+22)2
T(1,1,3) =- Zx :
(C+y) (X +y +7)
T(1,2,1)=- y(Xy+Zx +2Xy' +3ZXy +2Z2y +y 7 +y)
y & (X2+y2)2(X2+y2+22)2
T(122)—X(4x4y2+5X2y4+zyﬁ+522X2y2+322y4+2y224+X6+222X4+Xzz4)
- OC+y) (C+yP+2)
T(1,23)=- ZsXZ
(X +y +7Z) (X +Y)
T(1,3,1) =- Zx :
(X +y) (X +y*+Z)
T(1,3,2)=- ZsXZ
(C+y+7Z) (X +Y)
T(133)=M
o (X2+y2+22)2
T(2, 1 1)_y(2x6+5x4y2+4x2y4+322X4+522X2y2+2X224+y6+222y4+y224)
h OC+y) (C+yP+2)
T(2 1 2)__ (X6+2X4y2+222X4+322X2y2+xzy4+x224+22y4)X
1 =y (X2+y2)2(X2+y2+22)2
T(2,1,3)=- ZsXZ
(C+y +7) (C+Y)
T(2,2,1)=- C+2xX P +22 X+ 32 R+ Ry + R 7+ 2y x
- (C+Y) (C+y+2)
T(2,2,2)=- (X6+2X4y2+222X4+322X2y2+x2y4+xzz4+22y4)y
- (C+Y) (C+y+Z)
T(2,2,3) =- ZSYZZ
(C+y+7Z) (X +Y)
Zxy
T(2,3,1):- °
(C+y+7Z) (X +Y)
T(2,3,2) =- ZSYZZ
(C+y +7Z) (C+Y)
T(233)=M
)y O (x2+y2+22)2
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Xz(2X+2y +7)

T(3,1,1) = .

(XC+y+2Z) (X +Y)

T(3,1,2) = ny(2X2+22y2+22)

(XC+y+2Z) (X +Y)
T(3'1'3)=_(X2+—y2))(2
(XC+y' +7)

T(3,2,1) = ny(2X2+22y2+22)

(XC+y+2Z) (X +Y)

(3.2,2) = zy2(2x2+§y2+zz)

(XC+y+2Z) (X +Y)
T(3’2’3)=_(X2+—y2)y2
(X +y' +7)
T(3,3,1)=-(X2+—y2)X2
(XC+y +7)
T(3'3'2)=_(X2+—y2)y2
(XC+y' +7)
T(3'3'3)=_(X2+—y2)22
L (XC+y' +7)

Right Cartan(ijk) = Christoffel Gamma(ijk) + T(ijk)

These computations agree with Shipov on page 217, except for the T(3,3,2), T(3,3,1) and the T(2,2,1)
| terms given above.

[

> restart: with (linalg):with(liesynm:w th(difforns):

> setup(x,y,z,t):defform x=0, y=0, z=0, t =0, Vx=0, V=0, Vz=0, D1=0, D2=0, D3=0, Ax=0, Ay=0, A
z=0, C=0, Phi =0, phi =0, t het a=0, r =0, a=const, b=const, c=const, Lx=0, Ly=0, Lz=0) ;

Warni ng, new definition for norm

Warni ng, new definition for trace

Warni ng, new definition for close

Warni ng, new definition for ~ &\’

Warni ng, new definition for d

Warni ng, new definition for m xpar

Warni ng, new definition for wdegree

"Part 2: The map is from {r,theta,phi} into {x,y,z}

C > x:=r*sin(theta)*cos(phi);y:=r*sin(theta)*sin(phi);z:=r*cos(theta);
>
x:=rsin(q) cos(f)
y:=rsin(q) sin(f)

L z:=rcog(q)
> R =[x,y, z]; FF:5jacobian(R [r,theta, phi]); DR =d(R): "dx :=DR[1]; "dy :=DR[2]; "dz : =

DR[ 3] ;
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R:=[rsin(q) cos(f ), rsin(q) sin(f), r cos(q)]
&sin(q) co(f) rcos(q) cos(f) -rsin(q) sin(f )d
FF:=Ssin(q)sin(f) rcos(q) sin(f) rsin(q)cos(f)H
e cos(q) -rsin(q) 0 u
dx :=sin(q) cos(f) d(r) +r cos(f ) cos(q) d(q) - r sin(q) sin(f) d(f)
dy :=sin(q) sin(f) d(r) +r sin(f ) cos(q) d(q) + r sin(q) cos(f) d(f )
L dz:=cos(q) d(r) - rsin(q) d(q)
[ > GG =eval n(inverse(FF)): DETFF: =si npl i fy(det (FF));
L DETFF :=sin(q) r*
[ Note that the Frame matrix has a singularity at values of theta equal to multiples of pi, and at r=0.
The next equation checks to see that the specified frame produces the desired differential structures:
| [FF]|dR>
> zz:=sinplify(eval n(innerprod(FF,[d(r),d(theta),d(phi)]))); zzb: =i nnerprod(GG zz);
zz:=[sin(q) cos(f ) d(r) +r cos(f ) cos(q) d(q) - r sin(q) sin(f ) d(f ),
sin(qg) sin(f ) d(r) +r sin(f ) cos(q) d(q) + r sin(q) cos(f ) d(f ), cos(q) d(r) - r sin(q) d(q)]
L zzb = [d(r), d(q), d(f)]
[ Note that each component is exact (by construction)
> d(zz[1]);d(zz[2]);d(zz[3]);
0
0

L 0

| The metric on the target xyz is the unit matrix of constants, by assumption. As such the Christoffel
| symbols will be zero. The induced pulled back metric on the spherical coordinate range is

[ > inducednetric:=sinplify(innerprod(transpose(FF), FF));

a0 oy
inducedmetric:zg) r? 0 u

L &€ 0 r*-r cos(q)zﬁ
[ Now check to see if the Frame matrix is normal and find the Left and Right representations P2R=[FF][
transpose FF]
P2L~= [transpose FF] [ F]. Conclusion: the Frame matrix is not normal!!! Note that P2R is the
| pushedforward inverse metric on {r,theta,phi} but with arguments on {x,y,z}
[ > P2R =sinplify(innerprod(FF, transpose(FF))); P2L: =si nplify(i nnerprod(transpose(FF)
FF));
P2R =
[cos(f)*- cos(q)” cox(f)* +2r” cos(q)” cos(f )* + r* - co(f )" r*- r* cox(q)’,
cog(f ) sin(f) - cog(f) sin(f) cos(q)*+ 2 r* cos(q)? cos(f ) sin(f) - r*sin(f) cog(f),
sin(q) cos(f ) cos(q) - r*cox(q) cos(f ) sin(q)]
[cos(f) sin(f) - cos(f) sin(f) cos(q)*+ 2 r* cos(q)> cos(f ) sin(f ) - r’sin(f) coy(f ),
1- cog(f)*- cos(q)”+ co(q)” cos(f )* + r* cos(q)” - 2r* cox(q)” cos(f )* + cos(f )" r*,
sin(q) sin(f) cos(q) - r* cos(q) sin(f ) sin(q)]
[sin(q) cos(f ) cos(q) - r* cos(q) cos(f ) sin(q) , sin(q) sin(f ) cos(q) - r* cos(q) sin(f) sin(q) ,
cos(q)" +r°- r* cog(q)’]

e 0 0 u

g u

P2L .= g) r 0 a

L €@ 0 r’-r’cos(q)



P2R is complicated algebracially. But the bottom line is that it is NOT equal to P2L,
hence the Jacobian matrix is NOT NORMAL
Now any matrix with an inverse can be composed as a product of a symmetric matrix and an orthogonal
matrix.
There are in general two ways to construct this representation, which will be denoted as the Lefthanded
and the Right handed formulations. [SR] is the symmetric matrix of the "right handed" formulation, and
[OR] is the orthogonal matrix for the right handed formulation. (If the matrices are complex, the notions
symmetric and orthogonal translate to Hermitean and Unitary)
The two formats are:
[F]= [SR][OR]=[OL] [SL]
If [G][F]=1, then
[SR]={[FF].transpose[FF]}*(1/2)
and
[OR]=[SR].transpose[G]
The Left handed representations
[SL]={transpose[FF].[FF]}*(1/2)
and
[OL]=transpose[G].[SL]
The representations are distinct if the Frame [FF] is not a normal matrix.
*%
So the first step is to find the square roots of these matrices P2R and P2L above.
This is easy to do for the Right Handed P2R, for it is diagonal.
| The symmetric component of the Left handed representation: F = [OL] [SL]
> SL:=array([[1,0,0],[0,r,0],[0,0,(r*sin(theta))]]);
g0 oy
S = r 0 H
€0 0 rsin(gq)u
[ Compute the orthogonal factor [OL] of the Left handed representation.
[ > GS:=sinplify(transpose(inverse(FF))):OL:=innerprod(GS, SL); sinplify(innerprod(tra
nspose(QOL), OL)): Shoul d_be zero™: =eval nm(i nnerprod(CQL, SL) - FF) :

&sin(q) co(f)  cos(f) cos(q)  -sin(f )u
OL:= gn(q) sin(f)  sin(f) cos(q)  cos(f) U
L cos(q) -sin(q) 0 u
Find Omega, the right Cartan matrix of [OL], which should be an anti-symmetric matrix
| and Delta the left Cartan matrix for [SL]
> dOL:=d(QL);

geos(f) cos(q) d(q) - sin(q) sin(f) d(f) - cos(q) sin(f ) d(f ) - cos(f) sin(q) d(q) - cos(f) d(f )u
doL : ‘gm(f)COS(q)d(q)+sn(q)COS(f)d(f) cos(q) cos(f) d(f ) - sin(f) sin(q) d(q) -Sin(f)d(f)H
L -sin(q) d(q) -cog(q) d(q) 0 u
> Omega_R. =sinmplify(innerprod(transpose(OL),dOL)); Delta R =i nnerprod(d(SL),inverse
(SL));

e 0 -d(q)  -sin(q) d(f)u
Omega R := S d(q) 0 -cos(q) d(f )u
esin(q) d(f) co(q) d(f) 0 0
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o o 0
e d(r) 0 u
Delta_R:zg) r 4
& sin(q) d(r) * r cos(a) d(a) §
L e rsin(q) u
[ >
> Orega_L:=sinplify(innerprod(dC,transpose(QL))); Delta_L: =i nnerprod(d(SL),inverse
(SL));
g O -d(f) d(q) cos(f )u
Omega L :=g d(f) 0 d(q)sm(f)H
€ d(q) cos(f) -d(qg)sin(f) 0 u
o o 0
> 0 o :
Delta L:=§& r 4
& sin(q) d(r) +r cos(q) d(a) §
L e rsin(q) u

Note that the matrix elements of Delta are perfect exact differentials, and the matrix elements of Omega
are closed but not exact differentials.

It 1s possible to write the differential of the Frame field in several ways:

d[FF] = [FF][CR] ={[DeltaR][FF] + [FF][OmegaR]} = [CL][FF] = {{OmegaL,][FF]+[FF][Deltal]}

Note that appropriate linear combinations can be constructed.
*

Now Compute the Right Cartan Matrix [CR]

[
[ > cartan:=sinplify(innerprod(inverse(FF),d(FF))):
[ The matrix elements of the Right Cartan connection matrix using the matrix methods:

> Gammall: =wcol |l ect (cartan[ 1, 1]); Ganmal2: =wcol | ect (cartan[ 1, 2]); Gammal3: =wcol | ect (
cartan[ 1, 3]);
Gl1:=0
Gl2:=-rd(q)
L GI3:=(-r +rcos(q)’) d(f)
> Ganme21: =wcol | ect (cartan[ 2, 1]); Ganma22: =wcol | ect (cartan[ 2, 2]); Gamma23: =wcol | ect (
cartan[ 2, 3]);
d
&1 :=—(Q)
r
d
&2 :=ﬂ
r
L (23 :=-cos(q) d(f ) sin(q)
> Ganma31: =wcol | ect (cartan[ 3, 1]); Ganma32: =wcol | ect (cart an[ 3, 2]); Gamma33: =wcol | ect (
cartan[ 3, 3]);
d(f
. b
r
Cco d(f
- CIL)
sin(q)
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3= cos(q) d(a) , d(r)
L sin(q) r
[ Now the components of the right Cartan matrix will be computed by the tensor method, as a check
> dim=3;coord: =[r,theta, phi];Ga =sinmplify(inverse(FF));
dm:=3
coord:=[r,q, f]

gsin(q) cos(f)  sin(q) sin(f)  cos(q) U
Scos(f) cos(q) sin(f) cos(a)  sin(a)d
GG:=§& r r ro
& sin(f) cos(f ) 4
VN NN u
L € rsin(q) rsin(q) u
[ First compute the differentials of the inverse matrix [GG]
> for i from1l to dimdo for j from1l to dimdo for k from1 to dimdo d1&{i,j, K]
| = (diff(&di,j],coord[k])) od od od:
[ Compute the elements of the matrix product of - d[G][F]

> for b froml1l to dimdo for a from1 to dimdo for k from1l to dimdo ss:=0;for
mfroml to dimdo ss := ss+(d1Gd a, mk]*FF[mb]); Ca, b, k]:=sinmplify(-ss) od
od od od ;

>

> for bfromlto dimdo for a froml to dimdo for k from1l to dimdo if
Cd a, b, k] =0 then el se print( CCabk" (a,b,k)=factor(Ca,b,k])) fi od od od ;

THE non zero CARTAN RIGHT CONNECTION

coefficients.
CC(abk) index (1,-1,-1)

1
CCabk(2,1,2) ="

1
CCabk(3,1,3) =
CCabk(1,2,2)=-r

1
CCabk(2,2,1) =

cos(q)

sin(q)

CCabk(1, 3,3)=r (cos(q) - 1) (cos(q) +1)
CCabk(2, 3,3) =-coqq) sin(q)

CCabk(3, 2, 3) =

1
CCabk(3,3,1) =

CCabk(3, 3,2) = M
L sin(q)
These results agree with matrix method.
| Next check for Affine Torsion using the tensor methods:
> for j from1l to dimdo for i from1l to dimdo for k from1l to dimdo ss :=
(ci,j,kl-cdi,k,j1)/2; CCTTS[i,j,k]:=ss od od od
>
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> for i from1l to dimdo for j

od od ;

[ >

> for afroml1l to dimdo for j
> for i from1l to dimdo for j

mto dimdo ss : = ss+FF[i

> for i from1l to dimdo for j

CCTTS[i,j,k]=0 then else print( R GHT_AffineTorsion (i

n] *
DDi,j,k]=0 then else print("
Cartan LEFT(1,1,1)=-

Cartan LEFT(1,1,2) =-

Cartan LEFT(1,2,1) =-

Cartan_LEFT(1,2,2) =-

Cartan LEFT(1,3,1) =

Cartan LEFT(2,1,1) =-

Cartan LEFT(2,1,2) =-

Cartan_LEFT(2,2, 1) =
Cartan_LEFT(2,2,2) =

Cartan_LEFT(2,3,1) =

Cartan LEFT(3,1,1) =

froml to dimdo for k from1l to dimdo if

,k,j)=CCTTS[i,k,j]) fi od

E IF NO ENTRIES APPEAR ABOVE, THE AFFINE TORSION IS ZERO

Now compute the CARTAN LEFT CONNECTION

from1l to dimdo for k from1 to dimdo di1GH a,j, k]

= sinplify(diff(Gda,j],coord[k])) od od od:
Compute the elements of the matrix product of [F]d[G]

froml to dimdo for k from1l to dimdo

(dicdmj, k]);

ss: =0; for
DD{i,j,k]:=sinplify(ss) od od od od

froml to dimdo for k from1 to dimdo if
Cartan_LEFT (i,j,k)=DDi,j,k]) fi od od od ;
co(q)* cos(f )*+ 1 - cos(f)*
r
sin(q) (- 1 +cos(f)*) cog(q)
-1+ cog(q)*
co(f) sin(f ) (- 1 + cox(q)*)
r
sin(q) sin(f') co(f ) cos(q)
-1+ cog(q)*
Cartan LEFT(1,2,3)=1
cos(q) cos(f ) sin(q)
r

Cartan LEFT(1, 3,2) =-cog(f)

cos(f) sin(f) (- 1 + cos(q)?*)
r
sin(q) sin(f ) cos(f ) cos(q)
-1+ cos(q)®

Cartan LEFT(2,1,3)=-1

- cos(q)” + cos(q)* cos(f )* - cos(f )
r

sin(q) cos(f ) cos(q)

-1+ cos(q)*

cos(q) sin(f) sin(q)

r

Cartan LEFT(2, 3,2) =-sin(f)

cos(q) cos(f) sin(q)
r

Cartan LEFT(3, 1, 2) = cog(f)
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cog(q) sin(f ) sin(q)
r
Cartan LEFT(3, 2,2) =sin(f)
-1+ cos(q)°

Cartan_LEFT(3,2, 1) =

Cartan_LEFT(3,3,1) =

[ The anti-symmetric part of the LEFT CARTAN Connection appear above.
Check for assymetry (LEFT Torsion)

> for j from1lto dimdo for i from1l to dimdo for k from1l to dimdo ss :=

| (DD{i,j,k]-DD{i,k,j]1)/2; TTS[i,j,k]:=sinplify(ss) od od od
>

> for i from1lto dimdo for j from1l to dimdo for k from1l to dimdo if
TTS[i,j,k]=0 then else print( LEFT Torsion (i,k,j)=TTS[i,k,j]) fi od od od ;

LEFT Torsion(1,2,1) =
1-sin(q) cos(q) r +sin(q) cos(q) r cos(f )* - cos(f ) sin(f ) + 2 cos(f ) sin(f ) cos(q)” - cos(f ) sin(f ) cos(q)*
2 r(-1+cos(q)?)

LEFT_Torsion(1, 3, 1) % cos(q) cos;(f ) sin(q)

LEFT Torsion(1,1,2) =
1 -sin(q) cog(q) r +sin(q) cos(q) r cos(f )° - cog(f ) sin(f) + 2 cos(f) sin(f) cos(q)” - cog(f ) sin(f ) cos(q)*
2 r(-1+cog(q)°)
LEFT Torsion(1, 3,2) =- icos(f ) - i

LEFT _Torsion(1, 1, 3) =- i cos(q) COSr(f ) sin(q)

11
LEFT Torsion(1, 2, 3) =§+§ cos(f)

LEFT Torsion(2,2,1) =
1 sin(q) cos(f ) sin(f) cos(q) r + cos(q)*- co(q)* - 2 cog(q)” cos(f )* + cog(q)* cos(f )* + cog(f )*
2 r(-1+cog(q)°)

1r+sin(q)sin(f) cos(q)
2 r

LEFT Torsion(2, 3,1) =

LEFT Torsion(2,1,2) =

_1sin(q) cos(f) sin(f ) cos(q) r + cos(q)” - cos(q)* - 2 cos(q)” cos(f )° + cos(q)* cos(f )° + cog(f )*
2 r (-1+cos(q)?)

1
LEFT Torsion(2, 3, 2) =- Esin(f )

r +sin(q) sin(f ) cog(q)
r

1
LEFT Torsion(2, 1, 3) =- 5

1
LEFT Torsion(2, 2, 3) =§ sin(f)
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cog(f) r - sin(q) sin(f ) cos(q)
r
LEFT Torsion(3,3,1) = il"'%ﬂ((])

1 cos(f)r - sin(q) sin(f) co
LEFT Torsion(3, 1, 2)=§ 1) (?) (f) cos(a)
1-1+cogq)’
L 2 r
[ For this example from cartesian to spherical coordinates, there is no assymetry for the [CR], but there is

1
LEFT Torsion(3,2,1) =- 5

LEFT Torsion(3, 1, 3) =-

assymetry for [CL]

| (The physical implication is not clear to me)

[ Next the Christoffel symbols will be computed for the metric on the initial state.

| As the metric on {x,y,z} is presumed to be the unit matrix, all the Christoffel symbols should be zero

' Christoffel Connection coefficients from the induced
metric

1T
\%

> metric:= eval n(i nducednetric);

metric :=

[ > nmetricinverse: =inverse(netric):
> for i from1l to dimdo for j from1l to dimdo for k from1 to dimdo
digunf[i,j,k] := (diff(netric[i,]j],coord[Kk])) od od od:
> #for i froml to dimdo for j from1l to dimdo for k from1 to dimdo if
digun[i,j,k]=0 then else print( dgun (i,j,k)=dlgun[i,j,k]) fi od od od;
> for i froml1lto dimdo for j fromi to dimdo for k from1l to dimdo C1S[i,j, k]
=0 ododod; for i froml1lto dimdo for j from1l to dimdo for k from1l to
dimdo CL1S[i,j,k] := 1/2*dlgun[i,k,j]+1/2*dlgun[j,k,i]-1/2*dlgun[i,j,k] od od
od;
> for k froml to dimdo for i from1 to dimdo for j from1l to dimdo ss := O;
for mto dimdo ss := ss+netricinverse[k, mM*CLS[i,j,mM od; C9S[k,i,j] :=
simplify(factor(ss),trig) od od od;
> for i from1lto dimdo for j from1l to dimdo for k from1l to dimdo if
C29[i,j,k]=0 then else print( Christoffel_Gamma2  (i-1,j-1,k-1)=C2S5[i,j,k]) fi
od od od;

The non zero Christoffel Connection coefficients 2nd
kind on the initial space (domain)
Gamma2(i,j,k) index (1,-1,-1)

Christoffel_Gamma2(0, 1, 1) =-r
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Christoffel_Gamma2(0, 2, 2) =-r +r cos(q)’

1
Christoffel_Gamma2(1, 0, 1) = T

1

Christoffel_Gamma2(1, 1, 0) = T
Christoffel_Gamma2(1, 2, 2) =-cos(q) sin(q)

1

Christoffel_Gamma2(2, 0, 2) = T

cos(q) sin(q)

Christoffel_Gamma2(2, 1, 2) = - 5
-1+cogq)

1
Christoffel_Gamma2(2, 2, 0) = T

cos(q) sin(q)
L -1+cos(q)°
[ If no entries appear above the Christoffel symbols on the domain space vanish

Christoffel_Gamma2(2, 2, 1) = -

The Right Cartan matrix is often defined as the sum of Christoffel Symbols and Rotation coefficients,
T(@,).k)

CartanRight(ijk) = ChristoffelGammal(ijk) + T(ijk)

| Compute the T(,j,k):
> for i from1l to dimdo for j from1l to dimdo for k from1l to dimdo ss:=0; ss
= (Cdi,j,kl-Cc29[i,j,k]); SHPTR[i,j,k]:=sinmplify(ss) od od od
>

>

> for i from1lto dimdo for j from1l to dimdo for k from1l to dimdo if
C29[i,j,k]=0 and CJi,j,k]=0 then else print("T (i,j,Kk)=sinmplify(SH PTR[i,j,Kk]))
fi od od od ;

T(ijk) index (1,-1,-1)
T(1,2,2)=0
T(1,3,3)=0
T(2,1,2)=0
T(2,2,1)=0
T(2,3,3)=0
T(3,1,3)=0
T(3,2,3)=0
T(3,3,1)=0
T(3,3,2)=0

Right Cartan(ijk) = Gamma(ijk) + T(ijk)
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exactly equal to the the Christoffel symbols.

Note the differences between the map from cartesian space and the map to cartesian space.

L

{ In this example the rotation coefficients on the domain space vanish for the Cartan right matrix is
[ >

[ >
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