[ > restart: with (linalg):with(liesymm):with(difforms):

> setup(x,y,z,t):defform(x=0,y=0,z=0,t=0,Vx=0,Vy=0,Vz=0,D1=0,D2=0,D3=0,Ax=0,Ay=
0,Az=0,C=0,Phi=0,phi=0,theta=0,r=0,a=const,b=const,c=const,Lx=0,Ly=0,Lz=0);

Warning, the protected names norm and trace have been redefined and

unprotected

Warning, the protected name close has been redefined and unprotected

Warning, the names &”, d and wdegree have been redefined
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Introduction:

The Cartan connection coefficients will be computed for both the map from spherical coordinates into
cartesian coordinates (partl) and the map from cartesian coordinates into spherical coordinates,
(Part2)

Part 1: The map is from an initial "spherical state"
{r,theta,phi} to a final "Cartesian state" {x,y,z }.

> x:=r*cos(theta)*sin(phi);y:=r*sin(theta)*sin(phi);z:=r*cos(phi);
> “dx:=d(x); dy :=d(y); dz":=d(2);

X :=rcog0) sin( )

y :=rsin(0) sin(@)

z:=rcogq Q)
dx:=cog0) sin(@) d(r) —r sin(@) sin(6) d(B) +r cogB) coq @) d( )
dy :=sin(8) sin(¢) d(r) +r sin(@) cog0) d(B8) +r sin(B) cog ) d(P)
dz:=coq @) d(r) —r sin(@) d(®)

The linear map from the differentials of the spherical coordinate domain (initial state) to the
differentials of the cartesian coordinate range (final state) is the Jacobian matrix of co-variant row
vectors. Each row is a "gradient"” of the given mapping functions. Each component of the Jacobian
matrix is a function of the cylindrical coordinates, NOT the cartesian coordinates. The columns of the
Jacobian matrix can be interpreted as a set of contravariant vector columns. When the Jacobian
matrix has an inverse, the matrix of columns can serve as a basis FRAME [FF] for the space, with
inverse matrix [GG]. The differentials of the column basis vectors of the Jacobian FRAME matrix are
linear combinations of the column basis vectors. The differentials do not produce vectors outside of the
basis set. This concept is called differential closure. The linear mapping of differentials is defined as a
connection (the right Cartan connection of 1-forms). The elements of the connection are functions of
variables and their differentials (spherical coordinates in this case) on the initial state..
d[F] = [F] [C (right)]
NOte that the FRAME is on the target range, but the arguments of the Frame functions are on the
initial domain.



**

When the Frame [FF] is constructed from the JAcobian matrix of the mapping to the Euclidean space,
then the Cartan right connection coefficients are exactly equal to the Christoffel coefficients computed
from the induced (pullback) metric on the initial state.
> R:=[x,y,z]:"Position Vector :=R;FF:=jacobian(R,[r,theta,phi]): Cartan
Frame™:=evalm(FF);GG:=simplify(inverse(FF)): Inverse
Frame :=evalm(GG);DETFF:=simplify(det(FF));
Position Vector=[r cog0) sin(®), r sin(8) sin(®), r cog ®)]

og0) sin(p) -rsin(B) sin(p) r coqB) coqp)
Cartan Frame= gir\(e) sin(@) rcog0)sin(p) rsin(0) cos{(p)g

coq @) 0 =1 sin(¢)
og0) sin(@) sin(B) sin(p)  cog )
~ sin(0) cog0) 0
Inverse Frame= r sin( @) r sin( @)
0g6) cog@) sin(6) cogp)  sin(p)
r r r

DETFF := —sin( @) r’
NOte that the Frame has a zero determinant at r= 0, and at the poles.
It is possible to rescale the columns of the Frame matrix to produce a Frame with a constant
determinant value ( such as one or zero).
IF the scaling is such that det = 0, then the Frame is not a basis for the 3D space.
The next equation checks to see that the specified frame produces the desired differential structures: "a
contravariant column of components” = |sigmaF> =[FF] ] d(r),d(theta),d(zz)>
[ > sigmaF:=innerprod(FF,[d(r),d(theta),d(phi)]);
>
sigmaF:=[cog0) sin(®) d(r) —r sin(@) sin(8) d(0) +r coq ) coq @) d( ),
sin(8) sin(@) d(r) +r sin(@) cog0) d(B) +r sin(B) coq @) d(®), cod®) d(r) —r sin(@) d()]
The resulting 1-forms on the final state as expressed in terms of the variables of the initial state are
not exact.
There are no singularities for sigmaF,
BUT each 1-form is closed:
> d(sigmaF);
[0,0, 0
[ Itis also true that the "vector" of 2-forms, d]sigmaF> - [C (right)] | sigmaF> =0.

The metric on the target xyz is the unit matrix of constants, by assumption.
>

> metricf ;= matrix([[1, O, 0], [0, 1, O], [O, O, 1]]);

)
0
metricf:=% 1 %
0

The induced pulled back metric on the cylindrical coordinate initial state is:
> pullbackmetric:=simplify((innerprod(transpose(FF),metricf,FF)));

1T T

1

0 0
pullbackmetric.:= % —r? (-1 + cog@)?) Og
L 0 r?
[ >
' Now Compute the Right Cartan Connection Matrix [C
(right)]
:




[ Computation by matrix method:
I > cartan:=simplify(innerprod(inverse(FF),d(FF)));

0 d(8)r (-1+cog@)) -rd()
d(8) sin(@) d(r) +r cof @) d(p) cog ) d(8)
cartan:=p r r sin( @) sin( @)
d d
'g -d(6) sin(¢) cog ) %

[ The matrix elements of the Right Cartan connection matrix (indices and values on the initial

| non-cartesian state) using the matrix methods:

[ > Gammall:=wcollect(cartan[1,1]);Gammal2:=wcollect(cartan[1,2]);Gammal3:=wcolle
ct(cartan[1,3]);

r11:=0
r12:=d(0) r (-1 + co¢))
| r13:=-rd(o)

> Gammaz21l:=wcollect(cartan[2,1]);Gamma22:=wcollect(cartan[2,2]);Gamma23:=wcolle
ct(cartan[2,3]);

d(e

rop =28
d(r) , cog@) d(¢)

r sin( @)

co d(e
g o 0@ A(O)
L sin()
[ > Gamma3l:=wcollect(cartan[3,1]);Gamma32:=wcollect(cartan[3,2]);Gamma33:=wcolle
ct(cartan[3,3)]);

r22.:=

d
[31:= —(:p)

r32:=-d(6) sin(¢) cog )

[ The 3-index right Cartan connection Coefficients are:

> CR(11,1):=getcoeff(cartan[1,1]&"d(theta)&*d(phi));CR(11,2):=getcoeff(cartan[1
,1]&"d(phi)&"d(r));CR(11,3):=getcoeff(cartan[1,1]&"d(r)&"d(theta));CR(21,1):=
getcoeff(cartan[2,1]&" d(theta)&"d(phi));CR(21,2):=getcoeff(cartan[2,1]&"d(phi
)&™d(r));CR(21,3):=getcoeff(cartan[2,1]&"d(r)&"d(theta));CR(31,1):=getcoeff(c
artan[3,1]&"d(theta)&"d(phi));CR(31,2):=getcoeff(cartan[3,1]&"d(zz)&"d(r));CR
(31,3):=getcoeff(cartan[3,1]&" d(r)&"d(theta));

> CR(12,1):=getcoeff(cartan[1,2]&"d(theta)&*d(phi));CR(12,2):=getcoeff(cartan[1
,21&d(phi)&~d(r));CR(12,3):=getcoeff(cartan[1,2]&"d(r)&"d(theta));CR(22,1):=
getcoeff(cartan[2,2]& d(theta)&"d(phi));CR(22,2):=getcoeff(cartan[2,2]&"d(phi
)&™d(r));CR(22,3):=getcoeff(cartan[2,2]&"d(r)&"d(theta));CR(32,1):=getcoeff(c
artan[3,2]&"d(theta)&"d(phi));CR(32,2):=getcoeff(cartan[3,2]&"d(phi)&"*d(r));C
R(32,3):=getcoeff(cartan[3,2]&"d(r)&"d(theta));

> CR(13,1):=getcoeff(cartan[1,3]&"d(theta)&”"d(phi));CR(13,2):=getcoeff(cartan[1
,31&"d(phi)&d(r));CR(13,3):=getcoeff(cartan[1,3]&"d(r)&"d(theta));CR(23,1):=
getcoeff(cartan[2,3]&"d(theta)&"d(phi)); CR(23,2):=getcoeff(cartan[2,3]&"d(phi
)&"d(r));CR(23,3):=getcoeff(cartan[2,3]&"d(r)&"d(theta));CR(33,1):=getcoeff(c
artan[3,3]&"d(theta)&"d(phi));CR(33,2):=getcoeff(cartan[3,3]&"d(phi)&"*d(r));C
R(33,3):=getcoeff(cartan[3,3]&"d(r)&"d(theta));

CR(11,1):= 0
CR(11,2):= 0
CR(11,3):= 0




CR(21,1):= 0

1
CR(21,2) ::?
CR(21,3):=0
CR(31,1):=0
CR(31,2) :=%
1
CR(31,3) :=?
CR(12,1):=0
CR(12,2) :=r (-1 + coq®)*)
CR(12,3):=0
CR(22,1) :=%
CR(22,2):=0
CR(22,3) := c9s(cp)
sin(@)
CR(32,1):=0
CR(32, 2) :=—-coq @) sin(®)
CR(32,3):=0
CR(13,1):=0
CR(13,2):=0
CR(13,3) :=-r
CR(23,1):=0
CR(23,2) := c9s(cp)
sin(@)
CR(23,3):=0
CR(33,1) ::%
CR(33,2):=0
CR(33,3):=0

| Compute the Cartan matrix of curvature 2-forms based on the Frame FF and the

| right Cartan Connection.
[ > cartanR:=cartan;

cartanR:= cartan
> CRwedgeCR:=array([[wcollect(factor(cartanR[1,1]&" cartanR[1,1]+cartanR[1,2]&"c

artanR[2,1]+cartanR[1,3]&" cartanR[3,1])),(wcollect(factor(cartanR[1,1]&" carta
nR[1,2]+cartanR[1,2]&" cartanR[2,2]+cartanR[1,3]&" cartanR[3,2]))),wcollect(fac
tor(cartanR[1,1]&"cartanR[1,3]+cartanR[1,2]&"cartanR[2,3]+cartanR[1,3]&" carta
nR[3,3]))].[wcollect(factor(cartanR[2,1]&" cartanR[1,1]+cartanR[2,2]&" cartanR|[
2,1]+cartanR[2,3]&" cartanR[3,1])),(wcollect(factor(cartanR[2,1]&" cartanR[1,2]
+cartanR[2,2]&"cartanR[2,2]+cartanR[2,3]&"cartanR[3,2]))),wcollect(factor(car
tanR[2,1]&"cartanR[1,3]+cartanR[2,2]&" cartanR[2,3]+cartanR[2,3]&"cartanR[3,3]
)], [wcollect(factor(cartanR[3,1]&" cartanR[1,1]+cartanR[3,2]&" cartanR[2,1]+ca
rtanR[3,3]& cartanR[3,1])),(wcollect(factor(cartanR[3,1]& cartanR[2,1]+cartan
R[3,2]&"cartanR[2,2]+cartanR[3,3]&"cartanR[3,2]))),wcollect(factor(cartanR[3,
1]&" cartanR[1,3]+cartanR[3,2]&"cartanR[2,3]+cartanR[3,3]&"cartanR[3,3])]]);

CRwedgeCR=




(sin(@) cod@)* - sin(g)) (d(8) & d(r)) (-1 cog@) +r cog9)*) %1

Sin(0) +r cog @) sin(@) %2+ Sin(0)

-(d(cp)&“d(r))a
Ed(r)&" d 6) . coq Q) %2+ coq ) %1 0

r? sin(@) r sin(@)r
o cog(@) (d(r) & d(8)) = cog@)* %2 COS((D)(d(G)&"OKr))%
—9%1 + - + + -

sin(@) r sin(@)? sin(@) r

Ed(r)&“d(cp) %2 cog @) sin() (d(6) & d(r)) 2 0pq _ COS®) sin(@) (d(r) & d(6))

r2 T2 - r —coq )" %l- ] ,0

%1:=d(0)&" d @)

L %2:=d(p)&" A 6)

[ >

[ > “CartanCurvature2forms™:=(simplify(evalm(CRwedgeCR+d(cartanR))));CMC:=evalm(C
RwedgeCR+d(cartanR)):CMCJ1,1];wcollect(simplify((CMCJ[1,2])));

>

CartanCurvature2forms=
[0, —sin(¢@) (r co{ @) %1 +r cog @) %2+ sin() (d(6) & d(r)) +sin(e) (d(r) & d(8))),
=(d(e) & d(r)) = (d(r) & d ¢))]
ECOS((P)(%1+ %2) 0 ‘%ZSin((P)f+COS(<P)(d(f)&"OKG))+COS((P)(d(9)&"OKf))-%lfSin(CP)%
sin(@) r o sin(@) r
[0, = (-%1+ cos(@)(d(8) & dr)) sin(®) r + cog ®)* %2r? + cog @) (d(r) & d 8)) sin(@) r — %1 r?
+2%1r2 cog 9)?) / 1%, 0]
%1:=d(9)&" d 6)
%2:=d(0)& d o)

0
-sin(@)” (d(8) & d(r) ) —r cog ¢) sin(@) (d(@) &" d(8)) - sin(e)* (d(r) & o 6))
L = sin(@) r co{®) (d(6) &" d ¢))
[ >
- The components of the matrix of Cartan curvature 2-forms vanish (First
structural Equation)
i d[C]+[C]"[C]=0
| Compute the Cartan vector of torsion 2-forms based on the Frame FF and the right
| Cartan Connection.
[ > “Cartan_Torsion
“:=array([[wcollect(factor(cartanR[1,1]&"d(r)+cartanR[1,2]&"d(theta)+cartanR[
1,3]&"d(phi)))],[wcollect(factor(cartanR[2,1]&"d(r)+cartanR[2,2]&"d(theta)+ca
rtanR[2,3]&"d(phi)))],[wcollect(factor(cartanR[3,1]&"d(r)+cartanR[3,2]&"d(the
ta)+cartanR[3,3]&"d(phi)))I]);

>
0
(8)&rdr) dr)& de) coge)(d(9)& d8)) coge)(d(6)&" dq))
Cartan_Torsion:= r r sin( @) sin( @)
d(e) & d(r)  d(r)&rd 9
r r

- The components of the vector of Cartan Torsion 2-forms vanish




(Second structural Equation)

I [C]"(sigmaF)>+[C]"|d(sigmaF)>=0

' The Cartan Torsion is NOT THE SAME as the Affine torsion, but BOTH
are zero for this example.

>
Now the components of the right Cartan matrix will be computed by the tensor method, as a check
> dim:=3;coord:=[r,theta,phi];GG:=simplify(inverse(FF));
dim:=3
coord:=[r, 6, @]

o9 0) sin(p) sin(B) sin(p) coq®)
sin(0) coq0)
GG:= r sin(@) r sin(@)
0g6) cof@) sin(6) cof@)  sin(p)
r r r
[ First compute the differentials of the inverse matrix [GG]
[ > forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do
d1GGJi,j,k] := (diff(GGJi,j],coord[K])) od od od:
Compute the elements of the matrix product of - d[G][F]
> for b from 1 to dim do for a from 1 to dim do for k from 1 to dim do
ss:=0;for m from 1 to dim do ss := ss+(d1GG[a,m,k]*FF[m,b]);
CCla,b,k]:=simplify(-ss) od od od od ;

1 T

0

1 T

L >

> for b from 1 to dim do for a from 1 to dim do for k from 1 to dim do if
CCJa,b,k]=0 then else print('Cartan_RIGHT (a,b,k)=factor(CC[a,b,k])) fi od od
od;

THE non zero CARTAN RIGHT CONNECTION

coefficients.
CC(abk) index (1,-1,-1)

Cartan_RIGHT2 1 2) =

e

Cartan_RIGHT3 1 3) :T
Cartan_RIGHT1 2 2) =r (cog¢) - 1) (cog@) +1)

1

Cartan_RIGHT2 2 1) :T

codg)
sin()
Cartan_RIGHT3 2 2) = -coq ¢) sin(®)
Cartan_RIGHT1 3 3)=-r
codg)
sin( )

1
Cartan_RIGHT3 3 1) :?

Cartan_RIGHT2 2 3) =

Cartan_RIGHT2 3 2) =

[ These results agree with matrix method.
Next check for Affine Torsion using the tensor methods by looking for anti-symmetry on the C(i, j, k) -




| C(i, k, j) components of the right Cartan connection matrix.

> for jfrom 1 to dim do for i from 1 to dim do for k from 1 to dim do ss :=
(CCliyj,k]-CClik,jD/2; CCTTSJi,j,k]:=ss od od od ;

>

> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do if
CCTTY]i,j,k]=0 then else print(RIGHT _AffineTorsion (i,k,j))=CCTTS]i,k,j]) fi
od od od ;

IF NO ENTRIES APPEAR ABOVE, THE AFFINE TORSION IS ZERO
For the given example, the Cartan Torsion vanishes, and there is no Affine assymetry torsion of the
Cartan right connection.

IT is possible to compute the matrix elements of
the
CARTAN LEFT CONNECTION

> for a from 1 to dim do for j from 1 to dim do for k from 1 to dim do
d1GGla,j K] := simplify(diff(GG[a,j],coord[k])) od od od:

[ Compute the elements of the matrix product of [F]d[G]

[ > forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do

ss:=0;for m to dim do ss := ss+FF[i,m]*(d1GG[m,j,k]); DDI[i,j,k]:=simplify(ss)

L odododod;

r > forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do if

DDJi,j,k]=0 then else print("Cartan_LEFT (i,j,k)=factor(DD]i,j,k])) fi od od

od;

1

1-cog0)*+ cog08)? coq ®)*
r
sin(@) cog @) (cogB) —1) (cogB) +1)
(cog@) - 1) (cogg) +1)
cog6) (cog@) — 1) (cog@) +1)sin(6)
r
Cartan_LEFT1 2 2)=1
sin(0) sin(@) cog ) coq ®)
(cog9) —1) (cogg) +1)
cog6) cog ) sin(¢)
r
Cartan_LEFT1 3 3) =-cogq0)
cog6) (cog @) — 1) (co@) +1)sin(6)
r

Cartan LEFT1 1 1)=-

Cartan LEFT1 1 3)=-

Cartan_LEFT1 2 1)=-

Cartan LEFT1 2 3)=-

Cartan_LEFT1 3 1) =

Cartan LEFT2 1 1)=-

Cartan LEFT2 1 2)=-1
sin(6) sin(¢) cog 8) cog @)
(cof@) - 1) (cog9) +1)
—cog(8)’ - cog ¢)° + cog8)” cog ¢)°
r
cog(8)” sin(¢) cog¢)
(cof@) - 1) (cog) +1)
sin(6) cog ) sin(p)
r
Cartan_LEFT2 3 3) =-sin(8)

Cartan_ LEFT2 1 3)=-

Cartan LEFT2 2 1) =

Cartan_LEFT2 2 3) =

Cartan_LEFT2 3 1) =




cog 8) cog@) sin(¢)
r
Cartan_LEFT3 1 3)=cos(0)
sin(6) cog ) sin(p)
r
Cartan_LEFT3 2 3)=sin(0)
(cof@) —1) (cogp) +1)
r
The LEFT CARTAN Connection components are not the same as the right Cartan connection
components.
Check for assymetry (LEFT Torsion)

Cartan_ LEFT3 1 1) =

Cartan_LEFT3 2 1) =

Cartan_LEFT3 3 1) =

> for jfrom 1 to dim do for i from 1 to dim do for k from 1 to dim do ss :=
(DDIi,j,k]-DDIi,k,j1)/2; TTS]i,j,k]:=simplify(ss) od od od ;

>

> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do if

TTS]i,j,k]=0 then else printCLEFT_Torsion (i,k,j)=TTS]i,k,j]) fi od od od ;

LEFT Torsiof1,2,1) = _; cog8) (-1 + cros((p) ) sin(6)

LEFT_Torsior{1 ,3 ,1) zi ) skl (1 2 r(f;iec)os(_(:)g)s(re) reode) coO)

LEFT _Torsior{1 ,1,2) =§ cog8) (-1 + CrOS(CP) ) sin(©)

1 sin(8) sin(¢) cog6) cog )

LEFT Torsior{l ,3,2) =

2 ~l+codey
LEFT_Torsior{1 1 ,3) = _i cod @) sin(@) (- + r( f(l)i( 623; ;)Sj( re) +cog@)* cog6))
LEFT Torsio1 2 ,3) = _i sin(6) 31”1( T)Cz:(i(:;z) cog @)

1 r-cog0)?-coq®)*+ cog ) co ®)?
LEFT Torsior{2 ,2 ,1)=§ 1) 19) 19) 19)

r

1 cog@) sin(8) sin(¢) (cog8) r - 1 + cog@)’)

2 (-1+cog(@))r
1r-cog0)?- cog )+ cog0)? cog ®)°

LEFT_Torsiorf2 1 2) =~
r

1 cog6)*sin(¢) cog @)

2 -1+ cog@)’

1 cog @) sin(8) sin(¢) (cogB) r - 1 + cog@)’)
2 (-1 +cog(@))r

1 cog8) sin(¢) cog @)

2 -1+ coq @)

1 sin(6) cog @) sin(¢)

2 r

1 cogB)r+1-coq )
LEFT_Torsiorf3 ,3,1) = 5 19) @)

LEFT_Torsiorf2 ,3,1) =

LEFT_Torsior{2 3 ,2) = -

LEFT_Torsior{2 ,1,3) = -

LEFT Torsiorf2 ,2 ,3) =

LEFT Torsiorn{3,2,1) =

r



1 sin(8) cog @) sin(g)
2 r

LEFT_Torsior{3 ,1,2) = -

1
LEFT_Torsior(3 3 2) =~ sin(®)

1co9d0)r+1-cogo)
LEFT_Torsior{3,1,3) =§ 19) 19)

r
. 1
LEFT Torsiorf3 ,2 ,3) =Esm(6)

The Cartan Left connection exhibits asymmetry that could be described
as a form of AFFINE torsion,
but not Cartan torsion.

For this example from cylindrical to cartesian coordinates, there is no assymetry for the [CR], but there
is assymetry for [CL]

(The physical implication is not clear to me)

Next the Christoffel symbols will be computed for the metric on the initial state.

Christoffel Connection coefficients from the pullback
(induced) metric

r>

> metric:= evalm(pullbackmetric);

0 0
metric:= % —r? (-1 + cog@)?) Og
0 r?

[ > metricinverse:=inverse(metric):

> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do
d1gunli,j,k] := (diff(metricJi,j],coord[k])) od od od:

> #for i from 1 to dim do for j from 1 to dim do for k from 1 to dim do if
d1gunli,j,k]=0 then else print("dgun’(i,j,k)=d1gun(i,j,k]) fi od od od;

> forifrom 1 to dim do for j from i to dim do for k from 1 to dim do
C1S]Ji,j,k] := 0 od od od; for i from 1 to dim do for j from 1 to dim do for
k from 1 to dim do C1SJi,j,k] :=
1/2*d1gunli,k,j]+1/2*d1gun[j,k,i]-1/2*d1gunli,j,k] od od od;

> for k from 1 to dim do for i from 1 to dim do for j from 1 to dim do ss :=
0; for m to dim do ss := ss+metricinverse[k,m]*C1S][i,j,m] od; C2S[k,i,j] :=
simplify(factor(ss),trig) od od od;

> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do if
C29]Ji,j,k]=0 then else
print("Christoffel_Gamma2’(i,j,k)=simplify(C2S]i,j,k])) fi od od od;

The non zero Christoffel Connection coefficients 2nd
kind on the initial space (domain)
Gammaz2(i,j,k) index (1,-1,-1)

Christoffel_Gamma@L 2 2) =-r +r cog @)



Christoffel_Gamma@l 3 3) =-r

1
Christoffel_Gamma@2 1 2)27

1
Christoffel Gamma@ 2 1) =—
r

Christoffel_Gamma@ 2 3) =_M
—1+cog)

Christoffel_Gamma@ 3 2) =_M
~1+cog)

1
Christoffel_ Gamma@ 1 3) =7
Christoffel_ Gamma@B 2 2) = -coq @) sin(®)

1
Christoffel Gamma@@ 3 1) =—
r

The Christoffel metric based connection
equals the Cartan right Frame field
connection in this example

The Right Cartan matrix is often defined as the sum of Christoffel
Symbols and Ricci Rotation coefficients, T(i,},k)

CartanRight(ijk) = ChristoffelGammay(ijk) + T(ijk)

| Compute the T(i,j,k):
[ > forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do ss:=0;
ss := (CCli,j,k]-C2S]i,j,k]); SHIPTRYi,j,k]:=simplify(ss) od od od ;
>
[ >
> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do if
C25]Ji,j,k]=0 and CCJi,j,k]=0 then else
print(C"T"(i,j,k)=simplify(SHIPTR]i,j,k])) fi od od od ;

T(ijk) index (1,-1,-1)
T(1,2,2)=0
T(1,3,3)=0
T(2,1,2)=0
T(2,2,1)=0
T(2,2,3)=0
T(2,3,2)=0
T(3,1,3)=0
T(3,2,2)=0




| T(3,3,1)=0

Right Cartan(ijk) = Gamma(ijk) + T(ijk)

" In this example the RICCI rotation coefficients on the domain space of
cylindrical coordinates vanish.
The Cartan (right) connection matrix is exactly equal to the the
Christoffel symbols on the initial state.

>
>

AEEEEAEAAA A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A AAAAAAAAAAAAAAAAA AR AR A A A AR A A A A AR AL AKX

1 1

> restart: with (linalg):with(liesymm):with(difforms):

> setup(x,y,z,t):defform(x=0,y=0,z=0,t=0,Vx=0,Vy=0,Vz=0,D1=0,D2=0,D3=0,Ax=0,Ay=
0,Az=0,C=0,Phi=0,phi=0,theta=0,r=0,a=const,b=const,c=const,Lx=0,Ly=0,Lz=0);

Warning, the protected names norm and trace have been redefined and

unprotected

Warning, the protected name close has been redefined and unprotected

Warning, the names &", d and wdegree have been redefined

- >
Part 2 The map is from initial Cartesian state {x,y,z} into
the target cylindrical final state, {r,theta,zz}. The

constant (Cartesian) metric, g, on the initial state (x,y,z)

Is pushed forward to the non-constant metric, G, on the
final state (r,theta,zz).

- > r:=(x"2+y"2+z"2)\(1/2);cos(theta):=x/(x"2+y"2)"(1/2);cos(phi):=z/r;sin(theta)
=y/(xN2+y"2)N1/2);sin(phi):=(x"2+y"2)N1/2)/r;

>
>
r=a X +y +2
cog0) = X
X +y
cog ) =———
X+ + 2
. _ y
sin(0) = ety
sin( @) := iy ez
>
>




[ The map from x,y,z to r, theta, phi is not given explicitly. Yet the differentials can be well defined.

[ > dr:=d(r); dtheta :=factor(-d(cos(theta))/(sin(theta))); dphi*:=factor(-d(cos(
phi)/sin(phi)));
___xd(x) yd(y) zd(z)
dr:= + +
AR+ 47 R+ +2 R4y +7
-y d(x) + xd(y)

dtheta:= ety
. —d(2) X —d(2) ¥ +z xd(x) + zyd(y)
dphi:= @r2)
(¢ +y?)

[ The Frame matrix of functions on the initial state (x,y,z) that causes the differential structures
dr,dtheta,dphi to be created linearly in terms of dx,dy,dz is deduced from the linearmapping above. An
L explicit form for the mapping is not used. The Frame matrix [FF] so deduced is given below:
[ > FF:=(array([[x/r,y/r,zI],[-y/(x"2+y"2) X/ (x"2+y"2),0],[2*X/ (x"2+y"2)\(3/2),z
*y[(x"2+y"2)N(3/2),-1/(x"2+y"2)N(1/2)]]));GG:=evalm(inverse(FF));DETFF:=facto
r(det(FF));

O X y z ]
E\/x2+y2+z2 «/x2+y2+z2 «/x2+y2+225
__Z y X 0 N
FF._E iy ey :
B ZX zy ~ 1 ]
§X2+y2)(3/2) (X2+y2)<3/2> m H

- 5 (3/2)

1 X _zx(¥+y)  h

E\/x2+y2+22 Y %1 =

coH Y . zy(ery) D

1z e+

O/ +y+ 7 %1 O

%l =x'+2XV+Yy +y 72+ X%

DETFF:=-—————
(X +y)

[ TO check to see if FF does indeed map the Cartesian variables to the desired 1-forms on the final state,
construct sigmaF. The Push forward of the initial state differentials to produce 1-forms on the final
state (in terms cylindrical coordinates) is given by:
> sigmaF:=innerprod(FF,[d(x),d(y),d(z)]); dsigmaF:=factor(d(sigmaF));
maF EX d(x) +yd(y) +zd(z) -yd(x)+xd(y) —d(z) ¥ -d(2) y +zxd(x) + zyd(y) E
sigmaF:= ) ,
A+ + 7 X +y (x2+y2)(3/2)
dsigmaF:=[0, 0, O]
Note that each component of the sigmakF is closed, but not necessarily exact. In particular note that
there is a singularity at x*2+y”~2 = 0 for d(theta) and d(phi) and a singularity at the origin for dr.

[ > SCALE:=array([[(x"2+y"2)"(1/2)/r,0,0],[0,(x"2+y"2)"(1/2),0],[0,0,(x"2+y"2)"(1
12)11);




L 0 A +Y
[ > FFN:=innerprod(FF,SCALE);DETFFN:=det(FFN);GGN:=inverse(FFN);

XA/ X2+ Y y«/x2+y2 z«/x2+y2
%1 M Y%L

\I\IIIII.IIIIII

FFN := T+ N T+ 0 :
W(xﬂyﬂ ey 0
%l=X+y+7
DETFFN:=-1
H X ya/ %1 zx H
2 A X +Y 4/x+ M 2
GGN:= 5 Y X 2y A
Z\/x2+y2M A+ %l O
N z X +y [
L %Nl:=xX+y +7

NOte that it is possible to scale each vector such that the determinant has a fixed value. Such cases

will be examined later.
*hkkhkhkhkkkhkhhkkhkhhkhkhik

>
>

The metric on the domain xyz is the unit matrix of constants, by assumption. As such the Christoffel
symbols will be zero. The pushed forward metric on the spherical coordinate range is (but with

| arguments on the domain x,y,z) is
[ > pushedmetric:=simplify(innerprod(transpose(GG),GG));inducedmetricinverse:=inn
erprod(FF,transpose(FF));

[ R |

0 0
X+ Y 0
pushedmetric= 2
;)
X+y+7
0 0
1
5 0
inducedmetricinverse= X+ Yy
X+y + 7
I ¢ +y)

Now Compute the Right Cartan Matrix [CR]

r> evalm(GG):factor(d(FF)):

-
[
(> cartan:=(factor(innerprod(GG,factor(d(FF)))));



cartan:=
E—(z“ySd(y)+224x2yd(y)+z“d(x)y2x+224d(x)x3—x423d(z)— Z2Xd(z) y+Zd(x) ¥ +2Zy d(y)

+3 XY Zd(y) + X Zyd(y) +3X Zy*d(x) +2x Zy d(x) + d(x) x Y + 2y d(y) ¥ +y" d(y) + y’ d(y) X'
+2x3y“d(x)+x5y2d(x))/(%12(x2+y2)2),(—224x2yd(x)—Z‘ysd(x)+24x3d(y)+fyd(z) X
+ 2y d(z) x+3xZd(y) Y +5X Y Zd(y) -3xXZ Yy d(x) +2xX° Zd(y) - ¥ Zyd(x) -2y’ d(x) Z
+2xd(y))f3+5x3d(y)y‘—y7d(x)+4x5d(y)y2—2x2y5d(x)—>(‘y3d(x)+x7d(y))/(%12(x2+y2)2),
(Zd(x) x+ Zyd(y) +d(z) Y +2xd(z) ¥ +x'd(2)) XE

%2 %1

E—(Zz“xyzd(y)—i‘ysd(x)+24x3d(y)—fyd(z) X -2y d(z) x+ xZ2d(y) Yy + 3V Zd(y)

—-5XZyd(x)+2xXZd(y) -3xX Zyd(x) -2y’ d(x) Z+2xd(y) YV +x2d(y) Y -4 X y* d(x) + X d(y)
—y7d(x)—2x6yd(x)—5x4y3d(x))/(%12(x2+y2)2),—(224y3d(y)+z4d(x)x3+z4x2yd(y)
+2Z2d(X) ¥x- 2y d(z) - Z2xXd(z) Y+ Z Y d(y) + 32 Z Y d(x) + 2X* Zyd(y) + x Zy* d(X)
+3X Y Zd(y) +2Z d(x) X +x d(x) + Xy d(x) + 2 y* d(x) + yd(y) X +y* d(y) ¥ + 2 y* d(y) X4)/(

ooz e vypy FXAZY AN + AV 12 da) VX ) v

%2 %1
%323d(x)x+323yd(y)—222d(z) Y—2Zxd(z)+2zd(x) ¢+2zd(x) Yx+2zXyd(y)+2zyd(y)

-x'd(2) - d(2) Y- 2X2d(2) V) x/ (%2 %1), (32 d(x) x+3Zyd(y)-27d(z) ¥ -2Z % d(2)
+2zd(x) X +2zd(x) ¥x+2zXyd(y)+2zy d(y)-x¥d(z) -d(z) ¥ -2xd(2) V) y/ (%2 %1),
~ d(x)><3—x22d(z)+><2yd(y)+2xd(x)22+d(x)y2x+2yd(y)zz—zyzd(z)+fd(y)E

%1°

%l:=x+y +7
%2:=X'+2X° YV +Y' +y 7+ X
[ The matrix elements of the Right Cartan connection matrix (indices and values on the initial Cartesian

| state) using the matrix methods: positive = upper index, negative = lower index.
[ > Gamma(l,-1):=wcollect(cartan[1,1]); Gamma(1,-2):=wcollect(cartan[1,2]);Gamma(1
,-3):=wcollect(cartan[1,3]);

(2% +X°Z+2xZ2Y' +xyY+3XC Y Z+Z xy +2X Yy + X y?) d(X)

r(,-1):=- ; >
(C+y +Z) (X +Y)
_(x“y3+2y522+z4y3+224x2y+y7+3x222y3+x422y+2x2y5)d(y)_ (X' Z-2xy") d(2)
(% +y+2) (€+y) (% +y+2) (€+y)
r1 2)__(—2y522—3x222y3—22“x2y—)(‘zzy—Z‘ys—2x2y5—x4y3—y7)d(x)
T (x2+y2+22)2(x2+y2)2
+(4)5’y2+z“xs+2x522+3x22y4+5x3y222+2xy‘5+5x3y4+x7)d(y)+ (Zy X +Z2y’x) d(2)
(x2+y2+22)2(x2+y2)2 (x2+y2+22)2(x2+y2)2
Z x* d(x) Zyxd(y) (X*+2xy* +y") xd(2)

rei, -3) = + 5 + 5
NLC+Y +Z) %LC+Yy +7) %1 (C+y +7)

i Nl=x'+2X Yy +y' +y 7 +7X

[ > Gamma(2,-1):=wcollect(cartan[2,1]); Gamma(2,-2):=wcollect(cartan[2,2]);Gamma(2

,-3):=wcollect(cartan[2,3]);




(Y -5XZy-3xXZy-2y’Z-4xXy -y -2Xy-5X'y’) d(x)

M2 -1):=

(R +y+2) (C+y)
~ (22X +ZXC+xZ2Y' +3XC YV Z2+2X Z+2XyV+ Xy +X) d(y) ~ (-2yX-2y’x)d(2)
(R4 +2) (R+Y) (R4 +2) (R+Y?)
r2,2) = (224xy2+z4x3+xz"y4+3x3y22242-2x522+22x5y2+x3y4+x7) d(x)
(C+yV+7) (X+Y)
~ (ZXy+ Xy +2Zy+2XV+y Z+xXy+2xX' Zy+3xXZy) d(y) B (-Z2y' -2 X y?) d(z)
(R+y+2) (R+yP) (R4 +2) (R+Y)
Z'y xd(x) Zy* d(y) (X'+2Xy+y") yd(2)

) S ey +2)  WL(Cry+2) WLy +7)

L %l:=x'+2X YV +y' +y 72+ X%
[ > Gamma(3,-1):=wcollect(cartan[3,1]);Gammay(3,-2):=wcollect(cartan[3,2]);Gamma(3
,-3):=wcollect(cartan[3,3]);

(3Z2x+2zX+2zyx) xd(x) . (3Z2y+2zXy+2zy)xd(y)

r3-1):= %1 (XC+y +7) %1 (C+y +7)
.\ (X'-2yZ-27X -y -2Xy)xd(z)
%1 (¢ +y +7)

%l:=xX'+2X YV +y' +y 72+ 2%
(3Z2x+2zX+2zyx)yd(x) . (3Z2y+2zXy+2zy)yd(y)

r(3-2):= %1 (XC+y +7) %1 (C+y +7)
. (X'-2yZ-27ZX-y'-2Xy)yd(z)
%1 (C+y +7)

%l:=xX'+2X YV +y +y 2+ 2%
(C+y'x+2x7Z)d(x) ~ (Cy+y+2yZ)d(y) B (=X*z-z¥)d(2)
(X2+y2+22)2 (x2+y2+22)2 (x2+y2+22)2

re3,-3):=-

[ >

> CR(11,1):=factor(getcoeff(cartan[1,1]&"d(y)&"d(z)));CR(11,2):=factor(getcoeff
(cartan[1,1]&"d(z)&"d(x)));CR(11,3):=factor(getcoeff(cartan[1,1]&"d(x)&"*d(y))
);CR(21,1):=factor(getcoeff(cartan[2,1]&"d(y)&"d(z)));CR(21,2):=factor(getcoe
ff(cartan[2,1]&"d(z)&"d(X)));CR(21,3):=factor(getcoeff(cartan[2,1]&"d(x)&"d(y
));CR(31,1):=factor(getcoeff(cartan[3,1]&"d(y)&"d(z)));CR(31,2):=factor(getc
oeff(cartan[3,1]&"d(z)&"d(x)));CR(31,3):=factor(getcoeff(cartan[3,1]&"d(x)&"d
)

> CR(12,1):=factor(getcoeff(cartan[1,2]&"d(y)&"d(z)));CR(12,2):=factor(getcoeff
(cartan[1,2]&"d(z)&"d(x)));CR(12,3):=factor(getcoeff(cartan[1,2]& d(x)&" d(y))
);CR(22,1):=factor(getcoeff(cartan[2,2]&"d(y)&"d(z)));CR(22,2):=factor(getcoe
ff(cartan[2,2]&"d(z)&"d(X)));CR(22,3):=factor(getcoeff(cartan[2,2]&"d(x)&"d(y
)));CR(32,1):=factor(getcoeff(cartan[3,2]&"d(y)&"d(z)));CR(32,2):=factor(getc
oeff(cartan[3,2]&"d(z)&"d(x)));CR(32,3):=factor(getcoeff(cartan[3,2]&"d(x)&"d
()}

> CR(13,1):=factor(getcoeff(cartan[1,3]&"d(y)&"d(z)));CR(13,2):=factor(getcoeff
(cartan[1,3]&"d(z)&"d(x)));CR(13,3):=factor(getcoeff(cartan[1,3]&"d(x)&"*d(y))
);CR(23,1):=factor(getcoeff(cartan[2,3]&"d(y)&"d(z)));CR(23,2):=factor(getcoe
ff(cartan[2,3]&"d(z)&"d(x)));CR(23,3):=factor(getcoeff(cartan[2,3]&*d(X)&"d(y
)));CR(33,1):=factor(getcoeff(cartan[3,3]&"d(y)&"d(z)));CR(33,2):=factor(getc
oeff(cartan[3,3]&"d(z)&"d(x)));CR(33,3):=factor(getcoeff(cartan[3,3]&"d(x)&"d
(D)




X(2Z X +ZX+2y' 2+ +3Z2 XV +ZyV+2X Yy +X'y)

CR(11,1) = : 2
O¢+y+2) (X +yP)
CR(11, 2) ::_Y(224x2+22x4+2y422+y6+3222)( Y2+§4y2+2x2y“+x4y2)
(C+y +Z) (€ +Y)
Zx
CR(11,3) := :
(C+Y) (C+y+7)
CR(21, 1) ::Y(Z4Y2+522x2y2+322x4+2y4222+4x2y‘2‘+y6+2X6+5X4y2)
(X +y +7) (X +Y)
CR(21,2) 1=‘X(224yz+24xz+y422+3zzxzyz+zzzx42+2x4y2+x2y4+x6)
(C+Yy+7Z) (+Y)
Z2yx
CR(21,3) := :
(C+y) (C+y+2)
CR(31,1) :=— 2(3Z +2X +2y2)2
(C+y) (C+y+2)
CR(31, 2) ;:Xzy(322+2>< +2y22)
(C+y) (C+y +2)
CR(31, 3) := _m
(X +y +72)
CR(12, 1) ;:_y(224xz+22X4+2y422+y6+32zzx2y2+i4y2+2Xzy4+X4f)
(R +y+7) (X +Y)
CR(12,2) ;:X(4X4y2+Z4X2+222X4+3y422:522x2y22+2y6+5xzy4+xe)
(X +y+2Z) (¢+Y)
Zyx
CR(12, 3) := :
(C+y?) (C+y+7)
CR(22,1) :=- X(2Zy +ZX+y' Z+37X yz+222X4:-2x V232V +xE)
(C+Yy+7Z) (F+Y)
CR(22,2) ::_Y(224y2+Z4x2+y422+3222x2y2+222X4:_2X4y2+X2y4+X6)
OC+Y) (R +y +2)
CR(22,3) := 233'22
(X +y+7Z) (X +Y)
CR(32,1) _Xzy(3Z +2x +2y22)
(C+Y) (C+y+7)
CR(32,2) = y22(322+22>< +2y)
(C+Y+7Z) (E+Y)
CR(32,3) := _w
(C+y +7)
Zx
CR(13,1) :=

(X +y?) (x2+y2+22)2



Z2yx

CR(13,2) :=

(R +Y) (@Y +7)
CWE&@F—QLDQl;
OC+y +2)
Zyx
CR(23,1) = -
(C+Y?) (C+y+7)
CR(23,2) = fi
(e +y+2) (2 4y)
cmzasy:—giizll;
(2 4y +2)
cm3&1y=-£iif13325
(2 4y +2)
cm3&2y=-£iifiﬁigl
(C+y*+2)
cm&aa:—ig:ilz
, O+ +2)

Note that the Affine Torsion of right Cartan matrix is ZERO.
Next compute the Cartan matrix of curvature 2-forms, based on the Frame and the Cartan right

connection.
> cartanR:=cartan;

cartanR:= cartan

> CRwedgeCR:=array([[wcollect(factor(cartanR[1,1]&" cartanR[1,1]+cartanR[1,2]&"c
artanR[2,1]+cartanR[1,3]&"cartanR[3,1])),(wcollect(factor(cartanR[1,1]&" carta
nR[1,2]+cartanR[1,2]&" cartanR[2,2]+cartanR[1,3]&"cartanR[3,2]))),wcollect(fac
tor(cartanR[1,1]&"cartanR[1,3]+cartanR[1,2]&"cartanR[2,3]+cartanR[1,3]&" carta
nR[3,3]))],[wcollect(factor(cartanR[2,1]& cartanR[1,1]+cartanR[2,2]& cartanR]
2,1]+cartanR[2,3]&" cartanR[3,1])),(wcollect(factor(cartanR[2,1]&" cartanR[1,2]
+cartanR[2,2]&"cartanR[2,2]+cartanR[2,3]&" cartanR[3,2]))),wcollect(factor(car
tanR[2,1]&"cartanR[1,3]+cartanR[2,2]&" cartanR[2,3]+cartanR[2,3]&"cartanR[3,3]
)]:[wcollect(factor(cartanR[3,1]&"cartanR[1,1]+cartanR[3,2]&" cartanR[2,1]+ca
rtanR[3,3]& cartanR[3,1])),(wcollect(factor(cartanR[3,1]& cartanR[2,1]+cartan
R[3,2]&" cartanR[2,2]+cartanR[3,3]&"cartanR[3,2]))),wcollect(factor(cartanR[3,
1]& cartanR[1,3]+cartanR[3,2]&"cartanR[2,3]+cartanR[3,3]&"cartanR[3,3]))]]):

r>
[ > "CartanCurvature2forms :=wcollect(factor(evalm(CRwedgeCR+d(cartanR)))):
[ > C2F:=evalm( CartanCurvature2forms”);simplify(C2F[1,1]);

C2F:=
%ZBYZX(C'(Z)&"CKX)) _2x(yZ-Xy-ZXy-y'Z-2Xy -y) (d(y) & d %))
(€ +y?) %12 (€ +y?) %12
_2x(Zxy+zXy+zxy) (dy) & d2) 2x(zxX+zXy") (d(x) & d2))
(€ +y?) %12 (€ +y?) %12
. 2(Z-x¥-y)zXy(d2) & dy)) 2 Z+x'+xXy)zx(d(z) & dx))
%12 (¢ +y?) %12 (2 +yP)

L2XY(K=ZR-2XY -y -2+ A) [dW) &0 dX) _ (FR+ZYX) ([dD) & )
%L (2 +y?) ’ (¢ +y?) %12




%3 (d(x) & dy)) (2zxy+2zXy’) (dy) & d2))
(€ +?) %12 (€ +y?) %12
_(—zgxzy+z°'y3+22x2y3+22>(‘y)(d(x)&"c{z))_(zzxz—y222+2x2y2+2y“)zx(d(z)&"dy))
(2 +y?) %l %12 (X +y2)
+(22X2—)/222—2X4—2X2y2)ZY(O'(Z)&"O(X))_‘%)3(0|(Y)&"OKX)) _Zy(d(x) & dy))
%12 (5 +yP) %l (2+y)  O¢Hy)wl
_(Zxy-2Xy-2xy) (dy)& d2)) (Zx+y'-x") (d(x) & d2))
(¢ +Y?) %12 (¢ + V%) %12
_yX(f—ZXZ—ZYZ)(d(Z)&AOKY))_(22X2+y4—><4)(d(2)&"d(><))_ZSV(d(y)&"OKX))E
(3 +y?) WL (¢ +y?) %1 %1 %2
%3(d(x)&"c{y))_(z3x3—23y2x+22x°’y2+22xy‘)(d(y)&"cKz))
E (O +y?) %L (O +y?) %L
_(—zgxzy+z"y3+22x2y3+22>(‘y)(d(x)&"c{z))_(zzxz—y222+2x2y2+2y“)zx(d(z)&’\dy))
(€ +y?) %12 %12 (¢ +y?)
+(22X2-y222-2><4-2><2)/2)ZY(d(Z)&"OKX))_‘V03(0|(Y)&"OKX))
%12 (2 + V) %L (R+y)
2y(XZ4-22X3—22Xy2—X5—Xy4—2X3y2)(d(Y)&"OKX))+ZY(-ZSXZ-Y4Z—Z>3YZ)(G(Y)&"d(Z))
(€ +y?) %12 (€ +y?) %12
+2y(-ZX)7'+23XY-va)(d(x)&"dz))_2(22X2+X2y2+y4)ZY(d(Z)&"OKV))
(€ +y?) %L %12 (3¢ +y?)
+2(22-X2—y2)23fx(d(2)&"dx))_2XY(—X4-22X2—2X2y2—y4—y222+24)(d(y)&"OKX))
%12 (2 +y?) %12 (¢ +y?) ’
_(Zxy-Xy-Xy)([d@2) & dx) (Zy'x+2x)(dy) & dX))
(R +Y) %L (R +Y) %L
(ZXY Y ZeX Y XY X -y (dy) & A7) (ZXy-2xy-5Xy -3Xy) (d(x) & d2))
(C+Y) %L (C+Y) %L
_(yzzz-f+x4)(d(2)&“0(y))_yX(ZZ-ZXZ-Zyz)(d(Z)&"d(X))+X23(d(Y)&"0KX))E
(¢ +y?) %12 (¢ +y?) %1° %1 %2
(xy’+x’y) (d(2) & dly)) (3Zy+2zXy+2zy)(d(x)& dy))
(¢ +Y?) %12 (¢ +Y?) %12
_(BZxy+Xy+xy)(dy) & d2) (ZxX-2yZ-y'-2xy -x)) (d(x) & d2))
(¢ +V?) %12 (¢ +y?) %12
_3Zxy(d(z)&"dy)) (ZX-2yZ-y'-2x'y -X') (d(z) & d %))
%2 %1 %2 %1
_zy(3Z+2X+2y) (dy) & dX)  (Xy +Y') (d(z) & dy))
%2 %1 ’ (¢ + V%) %12
(3Zx+2zxX+2zyx) (dx) & dy)) (2ZxX+y'Z+x'+xXy) (d(y) & d2))
B (X +Y) %L B (X +y) %12
_(—zzxy—2x3y—2xy3)(d(x)&"c{z))+(222x2—y222+x4+2x2y2+y“)(d(z)&"dy))
(¢ +Y?) %12 %1 %2




_ 3Zxy(d(z) & d X)) .\ ZX(3Z+2X+2y?) (d(y) & d X))

%2 %1 %2 %1
5 zy(d(y) & d2)) . 2z(d(x) & d2)) X, 2y z(d(z) & dy)) . 2xz(d(z) & dx)) E
%1° %31° %1° %1°
%l:=x+y +7

%2:=X'+2X° YV +Y' +y 7+ 7%
%3 =X -V -ZX+YV 2+ Y -+ XY
22X (yZ (d(y) & d2) - Xy (d(y) & d2)) - ¥ (d(y) & d ) - ¥ (d(x) & d(2) )
~YX(d(x) & d2)) +y 2(d(2) & d ) - ¥y (d(2) & d(y)) - ¥ (d(2) & d(y) ) - ¥ (d(2) & A X))
L XA 8 dN)) (R +Y) (R +Z))
> (C2F[3,1]&d(x)+C2F[3,1]&"d(y)+C2F[3,1]& d(2));
0

>
The components of the Cartan curvature 2-forms vanish.

1 T

> CTOR:=array([[wcollect(factor(cartanR[1,1]&" d(x)+cartanR[1,2]&"d(y)+cartanR[1
,3]&"d(z2)))],[wcollect(factor(cartanR[2,1]&" d(x)+cartanR[2,2]&"d(y)+cartanR[2
,3]&"d(2)))],[wcollect(factor(cartanR[3,1]&*d(x)+cartanR[3,2]&"d(y)+cartanR[3

L 31&rd@))):

[ > “Cartan_Torsion2forms™:=evalm(CTOR);
Cartan_Torsion2forms=

w2(d(z) & dy)) (Xy+2y’Z+Zy+2ZxXy+y +3xXZy +x' Zy+2xy) (d(x) & dy))
E (€ +y?) %12 (€ +y?) %12
(XZ-ZXY) (d(z) & dX))
(€ +y?) %12
(XY 2y Z+ 2y 22Xy + Yy +3X 2y + X Zy+2X ) (d(y) & A X)) %2 (d(y) & d D) )
(€ +?) %12 (€ +y?) %12
_ (‘X423—23X2Y2)(d(x)&ACKZ))E
%L (¢ +y?)
(-Zy'=ZXy) (d(z) & dy))
(€ +y?) %12
B (2Zxy+Z2 X +xZY'+3X3 YV Z+2XZ+2X YV +Xy +X) (d(x) & dy)) %2 (d(z) & d X))
(€ +y?) %1 (€ +y?) %L
B (2Zx Y+ X +xZ2Y' +3XC YV Z2+2xX Z2+2X YV + Xy +X) (d(y) & d X))
(¢ +y") %2
(ZY-ZXY)(dy) & d2)) %2 (d(x) & d 2 )E
(€ +y?) %12 (€ +y?) %12
E(‘YS‘X4Y‘2X2Y3‘2Y322‘222X2)/)(d(Z)&"CKV)) N (3Zxy+2zxy+2zxXy) (d(x) & dy))
%12 (X% +y?) %12 (X + Y?)
.\ (22X Y -xy' =X -2Zx-2Zxy) (d(2) & d X)) . (3Zxy+2zxy+2zXy) (d(y) & d x))
%12 (X +y?) %12 (X +y?)
. (v =-x'y-2Xy-2y'Z-2Zxy) (dly) & d 2)
%1 (X +y?)




. (—2x3y2—x3/‘—x”’—222x3—222xy2)(d(x)&’\dz))%
%12 (X +Y)
%l:=xX+y +7

i %2:=-Z2y X -2y X
- > CTOR[3,1]&"dz;

L 0
| THE CARTAN TORSION 2-FORMS VANISH
[ >
[ >
[ Now the components of the right Cartan matrix will be computed by the tensor method, as a check
[ > dim:=3;coord:=[x,y,z];GG:=inverse(FF);
dim:=3
coord:=[x,, 4
E X zx(x2+y2)(3/2)z
/5 +y + 7 Y %1 B
6G=H—Y , e +y) 1
O/ X+ + 7 %1 0
O/ +y + 7 %1 O

%Nl =x'+2XV+Y +y 72+ X%
>

>

First compute the differentials of the inverse matrix [GG]

> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do

d1GGli,j,k] := (diff(GG]i,j],coord[K])) od od od:

[ Compute the elements of the matrix product of - d[G][F]

[ > for b from 1 to dim do for a from 1 to dim do for k from 1 to dim do
ss:=0;for m from 1 to dim do ss := ss+(d1GG[a,m,k]*FF[m,b]);
CCla,b,k]:=simplify(-ss) od od od od ;

>

> for b from 1 to dim do for a from 1 to dim do for k from 1 to dim do if
CCJa,b,k]=0 then else print('Cartan_RIGHT (a,b,k)=factor(CC[a,b,k])) fi od od
od;

THE non zero CARTAN RIGHT CONNECTION

coefficients.
CC(abk) index (1,-1,-1)
X(2Z X+ Z2X+2y' 2+ +3Z2 X3V + 2V +2xX Yy +X' V)

1 T

Cartan_ RIGHT1 1 1) =-

(C+y+7) (C+y?)
Cartan_RIGHT1 1 2):_y(zz4x +22X4+2)/422+y6+3222x y2+§4y2+2x v+ X y?)
(X +y +2) (X +Y)
Zx
Cartan_RIGHT1 1 3)= -
(¢ +y) (X +y +2)

y(ZY +5Z2Xy+37X +2y'Z+4Xy +y° +2X +5X'y)
(€+y?+2) (C+y)

Cartan_RIGHT2 1 1) =




X(RZY+ZX+Y' Z+3Z2X Yy +2ZX +2X' Y+ Xy +X°)

Cartan_RIGHT2 1 2) =-

(C+Y+2) (C+y)
Zyx
Cartan_RIGHT2 1 3) = :
(¢ +Y) (¢ +y +7)
Xz(3Z+2X +2Y)
Cartan_RIGHT3 1 1) = )
(R+Y) ($+y +7)
Cartan_RIGHT3 1 Z)ZXZV(322+2XZ+2y22)
(C+V) (P +y+7)
Cartan_RIGHT3 1 ,3)=_L+222)2X
(X +y +7)
2 ) ,
Cartan RIGHT1 2 1y = - LZXHZX42Y 244322V + 242 X'y
(X2+y2+22) (X2+y2)
4 . ; i 2 6
Cartan_RIGHT1 2 2) = X(AXy' +Z X +27X +3y4222+522x yZ+2y +5x2 Y +x°)
(C+y +7Z) (E+Y)
Zyx
Cartan_RIGHT1 2 3) = :
(C+V) (C+y+7)
Cartan_RIGHT2 2 ,1):_X(22 Y+Z X +y' Z+32X yZ+2ZZX :2x Py + )
(X2+y2+22) (X2+y2)
Cartan_RIGHT2 2 Z)Z‘y(zz YLy 22+3222X Y +27X :2X Y+ XY+ %)
(¢ +Y) (X +y'+7)
Zy
Cartan_RIGHT2 2 3) = .
(R+y +7) (R+y)
Cartan_RIGHT3 2 1) = XZY(322+2x2+2y22)
(E+Y?) (E+y +2)
Cartan_RIGHT3 2 2) = y22(322+22x2+2y2)
(R +y+2) (R+y)
’ 27
Cartan_RIGHT3 2 3):_L+)2y
(X +y +7)
'S
Cartan_RIGHT1 3 1) = :
(¢ +y) (¢ +y +7)
Zyx
Cartan_RIGHT1 3 2) = 2
(R+Y) (R+y +7)
Cartan_RIGHT1 3 3)=(x2+—y2)x2
(X2+y2+22)
Zyx
Cartan_RIGHT2 3 1) = 2
(C+y) (C+y+2)
Zy

Cartan_RIGHT2 3 2) = .
(R +y+2) (R+y)



(X+y)y
(€+y+2)
(C+y +27)x
(x2+y2+22)2
(C+y+27)y
(x2+y2+22)2

2(X+¥)
Cartan_RIGHT3 3 3)=—
L (C+y+7)
[ These results agree with matrix method.
| Next check for Affine Torsion using the tensor methods:
[ > for jfrom 1 to dim do for i from 1 to dim do for k from 1 to dim do ss :=
(CCJi,j,k]-CCJi,k,j])/2; CCTTS]i,j,k]:=ss od od od ;
>
> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do if
CCTTS]i,j,k]=0 then else

printCRIGHT _AffineTorsion(i,k,j)=factor(CCTTS]i,k,j])) fi od od od ;

Cartan_RIGHT2 3 3) =

Cartan_RIGHT3 3 1) =-

Cartan_RIGHT3 3 2) =

t IF NO ENTRIES APPEAR ABOVE, THE AFFINE TORSION IS ZERO
- THE AFFINE TORSION OF THE RIGHT CARTAN MATRIX IS ZERO

: Now compute the CARTAN LEFT CONNECTION

> for a from 1 to dim do for j from 1 to dim do for k from 1 to dim do
d1GGJa,j,K] := simplify(diff(GG[a,j],coord[K])) od od od:
Compute the elements of the matrix product of [F]d[G]
> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do
ss:=0;for m to dim do ss := ss+FF[i,m]*(d1GG[m,j,K]); DDJi,j,k]:=simplify(ss)
| odododod;
> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do if
DDJi,j,k]=0 then else print("Cartan_LEFT (i,j,k)=DD]i,j,K]) fi od od od ;

y
Cartan_LEFT1 2 1) =—F——=
artan_ 120 iy 7

X
Cartan_LEFT1 2 2) =-——F———
- T ) AN+ + 7
A X
Cartan_LEFT1 3 1) = _)(2—4-3:23/2)
(X +y +7)

(C+y+7)

(C+y))
(¢ +y+7)

Cartan LEFT2 1 1) =- Jﬁuuw%

Cartan_LEFT2 1 2) = m(x“yz)
X

Cartan LEFT2 2 1) =

1 T

Cartan_LEFT1 3 2)=-

Cartan_LEFT1 3 3) =

(3/2)

X2+ Y



y
X+ Y
Cartan_LEFT2 3 1) Yz
artan 1) =-
- (e ry+2) ey

Zx
Cart LEFT2 =
artan _LEFT2 3 2) (x2+y2+zz)m

Cartan_LEFT2 2 2) =

Cartan_LEFT3 1 1) = 2 (3/2)
AR+ +Z (R +YP)
zy
Cartan_LEFT3 1 2) = (312
AR+ +Z (R +YP)
1
Cartan_LEFT3 1 3)=-
LEFT ) «/x2+y2+22«/x2+y2
zy
Cartan LEFT3 2 1) = 312
(< +¥)
zZX
Cartan_LEFT3 2 2)=-———5/&/
(X +y’)
Cart LEFT3 3 1) = X(X2+y2+222)
artan_ T ’)_X4+2x2y2+y4+y222+22X2
_ y(E+y +27)
Cartan_LEFT3 3 2) = XA 2R AV Y 2+ 2R
z
Cartan_LEFT3 3 3) = TRy Z2

[ The anti-symmetric part of the LEFT CARTAN Connection appear above.
Check for assymetry (LEFT Torsion)

> for j from 1 to dim do for i from 1 to dim do for k from 1 to dim do ss :=
(DDIi,j,k]-DDIi,k,j1)/2; TTS]i,j,k]:=simplify(ss) od od od ;

>

> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do if

TTS]i,j,k]=0 then else print(LEFT_Torsion (i,k,j)=TTS]i,k,j]) fi od od od ;

1 y
LEFT Torsioff1 2 ,1) = = ———=——
2,2+ + 2

] 1 XzZyX+Y
LEFT_Torsion{1 ,3,1) =-= e
2(X+y+7)

: 1 y
LEFT Torsiof1 1 ,2) = -~ ——=2——
2,/ ¢+ +7
1 yiX+yz

LEFT Torsionfl ,3,2)=-—=
2 (X2 +y2 + 22)(3/2)
1 xzyX+y

LEFT _Torsiorfl 1 ,3) ==
2(R+y’+7)

1 yX+yz

LEFT Torsiof1 2 ,3) =—y—y2(3,2)
2(¢+y2+2)

(3/2)




LEFT_Torsion2 2 ,1)=}x(_1+ Xty +Z)
24/x2+y2+ (¢ +y?)
yz
LEFT T 231)=-
orsiort : 2(x +YP + )X+ Y

LEFT _Torsiorf2 ,1,2) = ;D(HT “X+(y2+y2;
X+ + 72 (C+

LEFT_Torsior{2 3 2)——

2 (X +y2+22)4/x2+

1
LEFT_Torsiorf2 1 ,3) ==
2(x +y2+22)4/x2+

LEFT _Torsion2 2 ,3) = - 2(x +y2+22) F
1 yz(-1+4/X+y+2)
g e
LEFT_Torsior(3 3 ,1) =

1)(4+2x2y2 V+ 2+ 2% +XSM4/%+ +x«/%4/x2+ y2+2x«/701 X +y 7
Mq/x+ V(X +2X YV +y +yY 2+ 7 X)

1 yz(-1+4X+y+7)
2y z vy’

1 y(x2+y2+222)
LEFT_Torsior{3 ,3, 2)—2X 1 2R AY Y2+ 2K

LEFT_Torsior{3,2,1) ==

%1:=x2+y2+z2

LEFT_Torsiorf3,1 2) =

LEFT Torsion{3,1,3) =
_1x“+2x2y2+y“+y222+22x2+x34/%14/x2+y2 + XA/ %1 A+ Y VP +2X4 %L A+ Y P
2 N%LA R +Y (X + 23V +Y + YV 2+ 2 X)

%l:=xX+y +7

y(C+y+27)
2 X +2X YV +Y +yY 2+ 72X
For this example from cartesian to spherical coordinates, there is no assymetry for the [CR], but there
is assymetry for [CL]
L (The physical implication is not clear to me)
[ Next the Christoffel symbols will be computed for the metric on the initial state.
L As the metric on {x,y,z} is presumed to be the unit matrix, all the Christoffel symbols sould be zero

' Christoffel Connection coefficients from the induced
metric

LEFT Torsion{3 ,2,3) =

>
> metric:= array([[1,0,0],[0,1,0],[0,0,1]]);

11T

metric:= %

or o
B3

[ > metricinverse:=inverse(metric):

-



> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do
d1gunli,j,k] := (diff(metric[i,j],coord[k])) od od od:

> #forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do if
d1gunli,j,k]=0 then else print("dgun’(i,j,k)=d1gunli,j,k]) fi od od od;

> forifrom 1 to dim do for j from i to dim do for k from 1 to dim do
C1S]Ji,j,k] := 0 od od od; for i from 1 to dim do for j from 1 to dim do for
k from 1 to dim do C1S]Ji,j,k] :=
1/2*d1gunli,k,j]+1/2*d1gunlj,k,i]-1/2*d1gun(i,j,k] od od od;

> for k from 1 to dim do for i from 1 to dim do for j from 1 to dim do ss :=
0; for m to dim do ss := ss+metricinverse[k,m]*C1S][i,j,m] od; C2S[k,i,j] :=
simplify(factor(ss),trig) od od od;

> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do if
C25]Ji,j,k]=0 then else print("Christoffel_Gamma2(i-1,j-1,k-1)=C2S]i,j,k])
fi od od od;

The non zero Christoffel Connection coefficients 2nd
kind on the initial space (domain)
Gammaz2(i,j,k) index (1,-1,-1)

If no entries appear above the Christoffel symbols on the domain space

vanish

The Right Cartan matrix is often defined as the sum of Christoffel Symbols and Rotation coefficients,
T(i,j,k)

CartanRight(ijk) = ChristoffelGammay(ijk) + T(ijk)

Compute the T(i,j,k):

> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do ss:=0;
ss := (CCli,j,k]-C2S]i,j,k]); SHIPTRYi,j,k]:=simplify(ss) od od od

>

>

> forifrom 1 to dim do for j from 1 to dim do for k from 1 to dim do if
C25]Ji,j,k]=0 and CCJi,j,k]=0 then else
print(C T (i,j,k)=simplify(SHIPTR]i,j,k])) fi od od od ;

T(ijk) index (1,-1,-1)
X(2ZX+ZX+2Y' 2+ +3Z2X YV +ZyV+2Xy +X'Y)

T(1,1,1)=-

X+ 28V +y + Y 2+ 25
T(1,1,2) =~ (224x2+22x4+2y422+y6+322x2y2+z4y2+22X2y4+X4y2)y
(X +2X P +V +V 2+ 2 X)
Xz
T(1,1,3)=

(C+y+Z) (X +2XV+Y +yV 2+ 7 X)



(22X +ZX+2Y' 2+ +3Z7 Y+ yV+2X Y + X' y)y
(x“+2x2y2+y4+y222+22x2)2
(AXYV+ZX+27X+3Yy' Z+5Z2X Y +2y+5X Yy +x°) x

(X + 28+ V2 2+ 23
XZy
(C+yV+Z2) (X +2XV+Y +V 2+ 7X)
Xz
(C+yV+Z2) (X +2XV+Y+V 2+ 7X)
XZy
(X +y+2) (X +2X Y +y +y 2+ 2 X)
(¢ +y*) x
(& +y+7)
(ZY+5Z2XV+3Z2X+2y' Z+4X Y +y"+2xX°+5X'y)y
(X + 28+ V2 2+ 23
X(2Z Y +ZX+y' Z+3Z2XV+2Z7x +2X Y+ Xy +X°)

T(1,2 1) =-

T(1,2 2) =

T(1,2 3) =

T(4,3 1) =

T(1,3 2) =

T(1,3,3) =

T(2,1, 1) =

T(2,1,2)=- -
(X + 2V +Y +y 2+ 2 X%)

XZy
(C+yV+Z2) (X +2XV+Y+V 2+ 7X)
X(2ZY+ZX+y' Z+3Z2Xy+2Z2X' +2X' Y +Xy +X)

T(2,1,3) =

T(2,2 1) =- )
(X + 2P +y +y 2+ 2 xP)

V(2ZYV+Z X +y' 2 +3Z2 Xy +2Z2 X +2X' YV + Xy +X°)

T(2,2 2) = .
(X + 2P +y +y 2+ 2 xP)

vz
(X +y +Z) (X +2X Y +y +y 2+ 2 X)
XZy
(X +y +Z) (X +2X Y +y +y 2+ 2 X)
yZ
(X +y +Z) (X +2X Y +y +y 2+ 2 X)
(X+y)y
(x2+y2+22)2
Xz(3Z+2X+2V)
(X +2X YV +Y + Y 2+ X3) (X +Y +7D)
Zxy(3Z+2X+2Y°)
(X +2X YV +Y + Y 2+ X3) (X +Y +7D)
(C+y+27)x
(x2+y2+22)2
Zxy(3Z+2X+2Y°)
(X +2X° Y +y +y 2+ ZX) (X +y + Z)
ZV (3Z2+2X+2Y)
(X +y +Z) (X +2X Y +y +y 2+ 2 X)

T(2,2, 3)=

T(2,3 1) =

T(2,3,2) =

T(2,3,3) =

T(3,11)=

T(3,1,2)=

T(3,1,3)=-

T(3,2 1) =

T(3,2 2) =



111 1T

(C+y¥+22)y

T(3,2 3) =- -
(¢ +y+7)
3.3 1)=- (x +y2+222)2x
OC+y+2)
ﬂ&&a:fgjziagg
OC+y+2)
— 3):Lf>2
(C+y+2)

Right Cartan(ijk) = Christoffel Gammay(ijk) + T(ijk)

These computations agree with Shipov on page 217, except for the T(3,3,2), T(3,3,1) and the T(2,2,1)
terms given above.
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