| > restart:with(linalg) :with(plots):
Warning, the protected names norm and trace have been redefined and unprotected

Warning, the name changecoords has been redefined

Fresnel Kummer WAVE
Surfaces

CHIRALITY

spie07fresnel2.mws R.M.Kiehn 11/15/97 updated 2/25/2005 and AUgust 12, 2007

This program will compute and plot the Fresnel WAVE surfaces for a generalized
constitutive matrix.

The surfaces are specializations of a Kummer quartic surface, and are related to
the Clifford algebra CI(3,3).

Specialized forms have been selected for easy visualization. The formulas can be
modified to handle the general case.

The constitutive tensor is a 6 x 6 complex matrix partitioned into 3x3 matrices.
The on-diagonal upper 3x3 matrix is the epsilon matrix.
The epsilon matrix real part describes electric birefringence.
The lower on-diagonal 3x3 matrix is the reciprocal mu matrix.
The real part of the on diagonal reciprocal mu matrix represents magnetic
birefringence
The imaginary part 3x3 on-diagonal matrices represents electric and magnetic
Faraday effects.
The real part of the off-diagonal 3x3 matrix represents Fresnel-Fizeau effects,
The imaginary part of the odd diagonal 3x3 matrix represents Optical Activity

The determinant of the constitutive matrix is proportional to the admittance
(reciprocal radiation impedance) of "constitutive' free space, cubed.

The fundamental reference for the constitutive matrix is
E.J. Post "The Formal Structure of Electromagnetics' Dover 1997




The sign convention of Post is used below.

The determinant of the constitutive matrix is proportional to the cube of the
admittance.

The admittance is the reciprocal of the radiation impedance.

The impedance can be complex.

If not real, the impedance implies a dissipative component,

ultimately related to E dot B not zero.

For no dissipation the constitutive matrix must be Hermitean.

>

| The constitutive matrix X is decomposed into 3x3 blocks as:
[ > X(real) :=matrix([[ "dielectric
bifringence , "Fresnel-Fizeau ], [ Fresnel-Fizeau , magnetic

birefringence']]) ;
X(real) = [dielectric bifringence Fresnel-Fizeau }
’ Fresnel-Fizeau magnetic birefringence
> X (imag) :=matrix ([[ "dielectric Faraday , Optical
Activity ],[ Optical Activity , magnetic Faraday']]);
X(imag) = [a’ielecitric Far‘a‘day Opticql Activity }
Optical Activity ~ magnetic Faraday
> constitutive_tensor:=matrix([[—epsilon,Gamma(D)],[Gamma(H),l/mu]])
;D=[-epsilon] * (-E) +[Gamma (D) ] *B;
> H=[Gamma (H) ] * (-E) + [mu” (-1) ] *B;
- I'(D)
constitutive_tensor :=| (H) 1
1)
D=—[-€]E+[I[(D)]B

1
H=-[T(H)] E{—}B
! B
L >
" In the language of exterior differential forms, EM theory is based on two axioms.
F-dA=0, J-dG = 0.

[ > Maxwell Faraday PDEs:=dF=0;Maxwell Ampere PDEs:=dG=J;dJ=0;
Maxwell Faraday PDEs :=dF =0
Maxwell Ampere PDEs :=dG =J
L dJ=0
For zero J, the Maxwell Faraday and Maxwell Ampere equations become a




differential ideal.
A wave solution searches for a wave vector 1-form, k =[k,omega], that annihilates
the 2-forms F and G;

> Faraday:=k&"F=0;

Faraday =k & F=0
> Ampere:=k&"G=0; ;

Ampere =k &" G=0
These 6 equations have 12 unknown components of the four 3 vectors (D,E,H,B).
The equations, AS SUCH, are not soluble.
But if the vectors D, H are related to E, B by a constitutive equation (which can be
complex)
THEN THE 12 EQUATIONS IN 12 UNKNOWNS HAVE A HOMOGENEOUS
SOLUTION,
IF CRAMERS RULE IS VALID: THE DETERMINANT OF THE 12
HOMOGENEOUS EQUATIONS MUST VANISH.

From the theory of determinants, a matrix equation of 3x3 matrices can be found,
such that the

determinant of the matrix equation is the same as the determinant of the system of
12 homogeneous functions.

The matrix equation (CRAMERS) is to be solved for its eigen values which
represent the effective index of refraction in the chosen direction. If
the constitutive matrix is Hermitean, then the eigenvalues are real.

Typical Constitutive Matrix entries are shown below. The elements have been
scaled such that the "position vector' to a Fresnel surface point in this space has a
value equal to the "effective' index of refraction in that direction. The "phase
velocity" in that direction is ¢/n, where c is defined as 1/sqrt(epsilon*mu). The
"phase velocity' should be viewed as at the speed of the ""momentum flux" (DxB)
in the direction of the position vector.

For the Fresnel Ray surface which defines the propagation speed of the energy
flux (ExH) (usually described as the ""group" velocity)

See Kiehn, R. M. , Kiehn, G. P., and Roberds, (1991), Parity and time-reversal symmetry



breaking, singular solutions and Fresnel surfaces, Phys. Rev A 43, pp. 5165-5671
or http://www22.pair.com/csdc/pdf/timerev.pdf

Note that when the media is dispersive, the energy flux and the momentum flux do
not propagate at the same speed, but the product of the group speed times the
phase speed is always 1/(epsilon.mu).

In that which follows typical entries have been encoded into the submatrices.
With Maple you can change the entries to anything you want.

The complex epsilon (permittivity) matrix

Dielectric birefringence (real) and dielectric Faraday (imag)

effects

[ >
| > eps := matrix([[A*epsilon+I*fdd, I*fdr, 0], [-I*fdr,
B*epsilon+I*fdd, 0], [0, O, C*epsilon+I*£fdd]])
Ae+1fdd 1 fdr 0
eps =| —lfdr Be+1fdd 0
L 0 0 Ce+1fdd

" The real (symmetric) part of the epsilon matrix (above) is the permittivity matrix
and leads to bifrefringence;
the complex antisymmetric part represents dielectric Faraday effects.

The Gamma submatrix (Real and Imaginary Parts)

Fresnel-Fizeau (real) and Optical Activity (imag) effects

i > Gamma (real) :=evalm(matrix([[gr,s,0],[-s,gr,0],[0,0,grl]))

gr s 0
['(real):=|-s gr 0

L 0 0 gr
' The real part of the off-diagonal gamma matrix is given above.
The Fresnel-Fizeau and Sagnac effect is contained the real part of the off diagonal




gamma matrix
and optical activity in the imaginary part.

r > Gamma (imag) :=evalm(matrix([[I*gi,I*p,0],[-I*p,I*gi,0],[0,0,I*gi]l])
)

Igi Ip O
I'(imag)=|-Ip Igi O
0 0 Igi

>

' The optical activity is due to the complex part of the off diagonal submatrix above.
Realize that the coefficients used above are representative

and can be adjusted to suit.

i > Gamma (D) :=evalm(Gamma (real) +Gamma (imagqg) ) ;

gr+lgi s+1p 0
I'(D):=|-s—Ip gr+lgi 0
L 0 0 gr+lgi

The Hermitean conjugate (complex conjugate transpose) of the
Gamma Matrix

> Gamma (Conj) :=evalm(alpha*transpose (Gamma (real) ) —evalm(beta*transpo
se (Gamma (imag) ) ) ) ;Gamma (H) :=subs (alpha=1,beta=1,Gamma (Conj)) ;
[ocgr—][figi —-as+IBp 0 ]
I'(Conj):=| as—IBp oagr—-IPgi 0
0 0 ogr—1PBgi
gr—1Igi —s+Ip 0 }

F(H):[s—lp gr—1gi 0
0 0 gr—1gi

The inverse mu matrix (reciprocal permeability matrix)

Magnetic birefringence (real) and magnetic Faraday effects
(imag)

> mu (permeability) :=evalm(matrix([[a/ (mu) ,I*fmr,0], [-I*fmr, b/ (mu),b0]
,[0,0,¢/ (mu)+I*fmd]])) ;




- ;
— Ifmr 0
1)
b
w(permeability) =\ —I fmr  — 0
1)
c
0 0 —+1fmd
u i

' The real (symetric) part of the mu matrix is the magnetic birefringence part;
the imaginary antisymmetric part represents magnetic Faraday effects.

[ >

[ > XX:=matrix([[A*epsilon+I*fdd,I*fdr,0,gr+I*gi,s+I*p,0], [-I*fdr,B*ep
silon+I*fdd,0,-s-I*p,gr+I*gi,0],[0,0,C*epsilon+I*fdd,0,0,gr+I*gi],
[gr-I*gi,-s+I*p,0,a/mu,I*fmr,0],[s-I*p,gr-I*gi,0,-I*fmr,b/mu,0], [0
,0,gr-I*gi,0,0,c/mu+I*fmd]]) ;

_A8+Ifdd 1 fdr 0 gr+lgi s+1p 0
—1 fdr Be+1fdd 0 —-s—1Ip gr+lgi 0
0 0 Ce+1fdd 0 0 gr+1gi
a
r—1gi —s+1 0 — 1 fmr 0
| 8718 p " i
b
s—1Ip gr—1gi 0 —I fmr — 0
w
c
0 0 gr—1gi 0 0 —+1fmd
> _ _
>

[ > mu(inverse) :=evalm(inverse (mu (permeability))) ;

ub 1 uzfmr
B 2 2 2 2 0
—a b+ fmr —ab+fmr
-1 2fmr a
p(inverse) = H _ H 0
-ab +fmr2 uz -ab +fmr2 “2
L c+1fmdp |

: The matrices are now scaled for ease of computation and plotting.
Values of n = [x.y.z] > 1 imply a phase velocity less than ¢ =1/sqrt(epsilon*mu).
Values of n <1 imply phase speeds greater than c.




The N matrix (Index of Refraction Operator)

[ > NV:=evalm(matrix([[0,z,-y],[-2,0,x],[y,-%x,0]])) ;N:=evalm(NV* ( (epsi
lon)*(1/2)* (mu)~(1/2)));

{ 0 =z y]
NV=|-—=z 0 «x
y —x 0
0 Aenz ~edfuy
Ni=|oeqfuz 0 fedfux
| Jedwr ~edix o0
The N matrix above is the scaled "index of refraction matrix' which acts like a
cross product operator. The N matrix has three components which form the
position vector to the Kummer surface. The magnitude of N is the "index" of
refraction, n, in the direction of the vector N. The phase speed is then related to
1/n.
The elements of the constitutive matrix have been scaled (below) for algebraic
reduction purposes.

i > M:=evalm(innerprod (N,mu(permeability))) ;MM:=evalm(innerprod(M,N)) ;

Jezb Jey(e+Ifindp)]
—[\eAlp zfi _
s Ju Ju
A€ Za

«/Ex(chIfmdu)

M = — «/; —I«/;«/;zfmr «/:

Je Gatluxfnr) Ae (Luyfinr—xb)

N e ©

—szzb—syzc—layzfmdu,—lsuzzfmr+8yxc+lsyxfmdu,18uzfmrerssz
Ieuzzfmr—i-ayxc-i-leyxfmdu, —azza—axzc—lsxzfmdp, ezay—-leuzfmrx
—-e(lpnyfmr—xb)z, e(ya+lpxfmr)z, —syza—sxzb
> CRAMERS:=evalm(eps)+simplify (evalm(innerprod (Gamma (D) ,N)-innerprod
(N,Gamma (H) ) ) ) +evalm (MM) ;

Ae+lIfdd  Ifdr 0
CRAMERS :=| —Ifdr  Be+Ifdd 0
0 0 Ce+1fdd

—2«/7«/Ezs 2]«/7«/Ezgi —2[«/7«/7ygi+«/7«/gxs+1«/7«/;xp
+ 21[ﬁzgl f«/ﬂzs Jelwys+iefuyp+2iyed/uxg

21[«/7ygl+«ffxs—l«f[xp,—ZII«/;xgH«ffys—I[fyp 0




—szzb—syzc—layzfmdu,—ls uzzfmr+8yxc+18yxfmdu,18 wzfmry+ezbx
+|/¢ },tzzfmr+syxc+[syxfmdu, —azza—axzc—lgxzfmdu, ezay—lepzfmrx
L —-e(lpyfmr—xb)z, e(ya+lpxfmr)z, —syza—sxzb
' The CRAMERS matrix is a matrix decomposition of the determinant of the 12 by
12 homogeneous system.
Note that the CRAMERS matrix ewuation does not depend upon the diagonal real
part, gr, of the gamma matrix.
This is FRESNEL FIZEAU isotropic expansion,
The Hermitean conjugate of the upper right Gamma matrix is used for the lower
left Gamma matrix,
The CRAMERS matrix still depends upon the real anti-symmetric part sa

(rotations - Sagnac)

The determinant of the Crammer matrix is equal to the Kummer polynomial function,
whose zero set defines the eigenvalues for the index of refraction, n, and therefor the phase
velocity of propagation.

i > SUBSa:=fdd=fdda*epsilon, fdr=fdra*epsilon,p=pa*epsilon” (1/2)/ (mu) *(
1/2) ,gr=gra*epsilon”*(1/2)/ (mu)*(1/2) ,r=ra*epsilon”(1/2)/ (mu)* (1/2)
, fmr=fmra/mu, fmd=fmda/mu, s=sa*epsilon”* (1/2)/ (mu)* (1/2) ,gi=gia*epsi

lon*(1/2)/ (mu)~(1/2) ;
pa«/z gra«/g ra«/g fmra
SUBSa = fdd = fdda ¢, fdr = fdra ¢, p = , 8r = L= ,fmr =",
' e A !

fnd fmda Sa«/; ) gia«/g
md = , S = , gl =
, e T

The Constitutive matrix CHIH

> CHIH:=subs (SUBSa,evalm(XX)) ;




| gra «/7 1 gia

Ae+lIfddace, Ifdrac, 0, +
' ﬁ

sa«/7 Ipa«/7 gra«/7 Igia«/;

—Ifdrae ,Be+1fddac,0,—

Voo

0, 0, Ce+1fddac, 0,

gra «/7 1 gia «/7

CHIH :=

Ju Ay
gra e Igia«/z

saye I pa «/E ~
Y T
grave Igiaqe

0, 0, -
_ oo A

Jo e

_sa«/g Ipa«/g

The Fresnel Hamiltonian Matrix HHH

[ > HHH:=subs (SUBSa,evalm (CRAMERS)) ;

HHH =
[A8+]fdda8—2szsa—szzb—syzc—lsyzfmda,
Ifa’ra8+2]82gia—lszzfmra+syxc+18yxfmda,
—2leygia+exsa+lexpa+lezfmray+ezbx]

[-Ifdrae—-21¢z ia+lcz fmra+eyxc+Ieyxfinda,
g y y

Be+1fdda8—28zsa—ezza—8x2c—18x2fmda,
eysa+leypa+2lexgia+ezay—1¢ezfmrax]
[21eygia+exsa—lexpa—e(lyfmra—xb)z,

—218xgia+8ysa—lsypa+s(ya+lemra)z,C8+Ifddas—8y2a—sx2b]

The notation is such that :

fdda = dielectric Faraday expansion
fdra = dielectric Faraday rotation
fmda = magnetic Faraday expansion
fmra = magnetic Faraday rotation
gra = Fresnel-Fizeau expansion

gia = OA expansion

pa = OA rotation

sa = Fresnel-Fizeau rotation




The Cramers matrix equation does not depend upon gra.

Now compute the various matrices whose determinant create the Kummer
equation.

[ > ADZ:=(mu”*3/epsilon”~3) * (det (CHIH)) ;

ADZ .= —(—C c—1C fmda — 1 fdda c + fdda fmda + gra2 + giaz) (gra4 +2 gra2 gia2 +2 gra2 sa*
—2gm2pa2—ZSazgia2+23a2pa2+ABab—2ASafmragia+2Agrafmrapa
+ 2 gra fdra b pa + 2 gra B fmra pa + 8 gra gia sa pa — A b sa’ —Apa2 b-A4 agra2 —Agia2 a
—Bbgraz—Basa2+2fdragra apa+IAfdafaab—i—]fa’a’aBab—Ifa’a’apatzb—Ifddaagm2
— [ fdda gia2 a—1A4 fdda fmm2 — [ fdda b gm2 -1 gia2 fdda b — I fdda B fmm2 -1 pa2 fdda a
—1[fdda a sa’ — 1 fdda b sa’ + gia4 +pa4 — 2 sa fdra a gia — 2 sa B fmra gia — 4 [ fdda sa fmra gia
- gia2 Bb-2 pa2 fdra fmra — pa2 Ba- fafra2 ab+ fafra2 fmra2 + fdda2 fmm2 +2 gia2 pa2
— 2 fdra sa b gia — fdda2 ab—2fdra gia2 fmra — 2 fdra fmra sa’+41 fdda gra fmra pa
— 2 fdra fmra gra® — A B fimrd” + sa”)

The Impedance factor is complex if fdda, and fmda, are not
Zero.

This implies dissipation for the complex term.

for Gamma (H) = hermitean conjugate Gamma (D) !!!

The HHH Fresnel HAmiltonian does not depend upon gra.

Hence, could SET DIAGONAL ELEMENTS OF THE FARADAY MATRICES TO ZERO

>

The Kummer Fresnel WAVE Quartic Polynomial

> HAMILTONIAN:=factor (subs (fdda=0, fmda=0,det (HHH) /epsilon”3)) ;ADM:=f
actor (subs (fdda=0, £fmda=0,ADZ)) ;

HAMILTONIAN = —x" pazB —4 fdra z gia C —4y2 giazB+x4 pazc+2x2 sa fdra z fmra
+2zsax2cC+2zsaBy2a—4fdray2giasa+2fdraz2fmra C+4z3giafmra C+x2pa222a
—zzfmmzyzB+2x2pazzsa—Azzfmra2x2+Ax4cb—AzzaC—szcC—2AzsaC
—Aszb—ABy2a+2z3saaC—4xzsafdmgia—2zsaBC+x2sazzza+2y2x2csa2

+2y2x2cpa2—ychC+y4cBa+22by2pa2+z4baC+223bsa C+2Azsax’b

+22bBy2a+4Ax2giazfmm—4Aypaxgia+szcy2a+22byzsa2+zszzcC
+ychx2b—22bBC+2y2czsa C+2fdmxpazay+Az2ax2b—2xpazfmrayB

—2befdraypa+y2czzaC+2Aypazfmrax+2fdrazfmrayzsa+4y2giazfmraB




+4ygiaxpaB+2zsay2paz+ABC—Ayzsaz+2zsa3yz—4szgia2—Ayzpa2+y40pa2
+y4 csa’+472° sa’ C+2x2sa3z—)c2sc12B—fafra2 C+x'sd’ c+fafrazy2 a—z4fmra2 C
—47 gia2 C +fdra2 x* b
ADM = —-(-Cc+ gra2 + giaz) (gra4 +2 gm2 gia2 +2 gra2 Y ) gra2 pa2 ~2sd’ gia2
+2sa2pa2+ABab—2ASafmragia+2Agrafmrapa+2grafdra b pa+ 2 gra B fmra pa
+ 8 gra gia sa pa — A bsaz—Apazb—A agraz—A giaza—Bbgraz—Basa2+2fdragra a pa
+ gia4 +pa4 — 2 sa fdra a gia — 2 sa B fmra gia — gia2 Bb- 2pa2fdrafmra —pa2 Ba —falm2 ab
+ fdra2 fmm2 +2 gia2 pa2 — 2 fdra sa b gia — 2 fdra gia2 fmra -2 fdra fmra sa’
— 2 fdra fmra gm2 - AB fmra2 + sa4)
For specific examples choose values for the matrix elements. A,B,C are numeric
factors times epsilon. a,b,c are numeric factors times mu. The Optical Activity part
is scaled by the impedance of "free space" or sqrt(epsilon/mu). The algebraic
method presented permits symbolic factorization. The dielectric Faraday fd is
scaled by epsilon. The magnetic faraday is scaled by mu. The example below is for a
chiral Optical Activity coefficient gamma of sqrt(2)/2. Note that the phase velocity
of one of the polarization states can be faster than the speed of light and the other is
slower.!!!
Select the effects to be studied algebraically by elimating all effects but one or two of
the scalars,
fma,fda,ra,pa,ga
Example 1 studies optical activity algebraically (chirality term?), by setting all
factors to zero, except ga:
Example 2 studies optical activity algebraically, by setting all factors to zero, except
pa:
Example 3 studies optical activity combined with Faraday rotation algebraically, by
setting all factors to zero, except ga and pa:

EXAMPLES

AO = imaginary part of Gamma matrix, Fresnel Fizeau = real part of Gamma
matrix

Example 1 CHIRALITY




AO diagonal only gia =1/3

Reduced Fresnel Kummer quartic polynomial

[ > HAMRED :=HAMILTONIAN:
>

Set anisotropic coefficients:

>
[ > SUBS1:=A=1,B=1,C=1,a=1,b=1,c=1;

L SUBSI =A=1,B=1,C=1,a=1,b=1,c=1
[ > HAMA:=subs (SUBS1,HAMRED) :ADMa:=evalm(subs (SUBS1,evalm(ADM))) :

Set the numeric values for the coefficients

| Zero non used components

i > SUBS:=fmra=0, fdra=0,pa=0,sa=0,gra=0;Admittance:=factor (subs (SUBS, e
valm (ADMa))) ;
SUBS :=fmra=0, fdra=0,pa=0,sa=0, gra=0

L Admittance := —(gia — 1)3 (gia+1 )3
| Note that the admittance can be ZERO for gia = +1 or -1.
| Set numeric values
[ > HAM:=factor (subs (gia=1/3, (SUBS,HAMA))) :

>

| Kummer polynomial = determinant factor = 0 (fourth order)
| > KUMM:=factor (HAM) ;

22 22 22
KUMM =1 +2x2y2+222y2+2x2z2—322—;x2—3y2+x4+z4+y4

(>



]

[ > KUMMX:=factor (subs (x=0,KUMM) ) ;
22 22,

KUMMX =1 +2zzy2—;z2—;y +zt 4"

X=0 section of Fresnel Kummer Wave Vector Surface

> implicitplot (KUMMX=0,y=-2.0..2.0,z=-2..2,numpoints
15000, scaling=CONSTRAINED, title= OPTICAL ACTIVITY diagonal

gia=1/3");
OPTICAL ACTIVITY diagonal gia=1/3
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[ > KUMMY :=subs (y=0, KUMM) ;
22 22,

KUMMY:=1+2x222—;zz—;x ot

Y=0 section of Fresnel Kummer Wave Vector Surface

| > implicitplot (KUMMY=0,x=-2.0..2.0,z=-2..2,numpoints =
15000,scaling=CONSTRAINED, title="OPTICAL ACTIVITY diagonal
gia=1/3");

OPTICAL ACTIVITY diagonal gia=1/3
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[ > KUMMZ:=subs (z=0,KUMM) ;
22 22

KUMMZ =1 +2x2y2—;x2—;y2+x4+y4

7=0 section of Fresnel Kummer Wave Vector Surface

| > implicitplot (KUMMZ,x=-2.0..2.0,y=-2..2,numpoints =
15000, scaling=CONSTRAINED, title= OPTICAL ACTIVITY diagonal
gia=1/3");



OPTICAL ACTIVITY diagonal gia=1/3
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| Optical Activity gives Two concentric spheres

3-D Plot of Fresnel Wave Vector Surface

7> implicitplot3d (KUMM,x=-2..2,y=-0..2,z=-3..2,shading=XYZ,6lightmodel
=light3,axes=NORMAL, style=PATCHCONTOUR, scaling=CONSTRAINED, title="

OPTICAL ACTIVITY diagonal ga=1l/3"
,numpoints=50000,orientation=[-66,69]) ;




OPTICAL ACTIVITY diagonal ga=1/3

Example 2 CHIRALITY
AO off diagonal only p =2

Reduced Fresnel Kummer quartic polynomial

[ > HAMRED :=HAMILTONIAN:
>

Set anisotropic coefficients:




L >
| > SUBS1:=A=1,B=1,C=1,a=1,b=1,c=1;

L SUBSI =A=1,B=1,C=1,a=1,b=1,c=1
[ > HAMA:=subs (SUBS1,HAMRED) ;ADMa:=evalm(subs (SUBS1l,evalm(ADM))) ;

HAMA =1 —y2 sa’ —x*sa* +2x° sa fdra z fmra — 4 fdra y2 gia sa —4 y2 gia2 —x pa2 —y2 pa2
—4x2gia2+2x2pazzsa —4)c2safdmgia+x2pazzz-|-x4saz+y4s512+)/4pc12+2)c2y2-|-x4pa2
Jrfa'mzxzJr2zzyz+4z3 Sa—422gia2—z4fmmz—4zsa+2fdmzfmmyzsa+4sc1222
+x25a222+2x222+2y2x2sa2+2zsay2pa2—fdra2—222—2x2—2y2+x4—4fdrazgia+z4
+ y4 +4zsa y2 +47 gia fmra + 2 fdra zzfmra + 4 y2 gia z fmra — zzfmm2 y2 +4x gia z fmra
+fdm2y2—zzfmra2x2+2zsa3y2+2y2x2pa2+4zsax2+zzy2sa2+zzy2pa2+2x2sa3z

ADMa = —(-1+ gra2 + giaz) (1 —fmra2 -2 gra2 — 4 sa fmra gia + 4 gra fmra pa + gra4
+2 gra2 gia2 +2 gra2 Y ) gra2 pa2 ~2sa’ gia2 +2sa” pa2 + 8 gra gia sa pa — fdrcz2 + gia4
+ pa4 —2sa> -2 pa2 -2 pa2 fdra fmra + fdra2 fmm2 +2 gia2 pa2 -2 fdra gia2 fmra
+ 4 fdra gra pa — 4 sa fdra gia — 2 gia2 — 2 fdra fmra Y ) fdra fmra gra2 +sa’)

Set the numeric values for the coefficients

| Zero non used components

: > SUBS:=fmra=0, fdra=0,pa=pa,sa=0,gra=0,gia=0;Admittance:=factor (subs
(SUBS,evalm(ADM))) ;
SUBS = fmra =0, fdra =0, pa = pa, sa=0, gra=0, gia=0
L Admittance = Cc (-4 b +pa2) (pa2 —-Ba)
' Note that the admittance can be ZERO for various values of the isotropy

| coefficients and pa.

| Set numeric values

| > HAM:=factor (subs (pa=2, (SUBS,HAMA))) :

>

| Kummer polynomial = determinant factor = 0 (fourth order)
| > KUMM:=factor (HAM) ;

KUMM:==(x"-1+2+4+))(5x = 1+2°+5)%)

>

(>



[ > KUMMX:=factor (subs (x=0,KUMM) ) ;
KUMMX = (-1+2+)y*) (-1 +2° +57)
[ >

X=( section of Fresnel Kummer Wave Vector Surface

| > implicitplot (KUMMX=0,y=-2.0..2.0,z=-2..2,numpoints =
15000, scaling=CONSTRAINED, title=" OPTICAL ACTIVITY off diagonal pa

= 2 \) ;
OPTICAL ACTIVITY off diagonal pa = 2
T
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| > KUMMY :=subs (y=0, KUMM) ;
KUMMY =(x*—1+2°) (55 =1 +2°)

Y=0 section of Fresnel Kummer Wave Vector Surface

[ > implicitplot (KUMMY=0,x=-2.0..2.0,2z=-2..2,numpoints
15000,scaling=CONSTRAINED, title="OPTICAL ACTIVITY off diagonal

pa=2");
OPTICAL ACTIVITY off diagonal pa=2

e 1_ ST
’//,,,_ /Sr— | \\\\




| > KUMMZ:=subs (z=0,KUMM) ;
KIMLMZ:Z(xZ—l+J;)(5x2—1-+5yﬁ

7=0 section of Fresnel Kummer Wave Vector Surface

[ > implicitplot (KUMMZ,x=-2.0..3.0,y=-2..2,numpoints =
15000, scaling=CONSTRAINED, title=" OPTICAL ACTIVITY off diagonal pa
= 27);



OPTICAL ACTIVITY off diagonal pa =2
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| Optical Activity gives Two concentric spheres

3-D Plot of Fresnel Wave Vector Surface

> implicitplot3d (KUMM,x=-2..2,y=-.8..1.5,z=-2..2,shading=XYZ,lightmo
del=1ight3, axes=NORMAL, style=PATCHCONTOUR, scaling=CONSTRAINED, titl
e="OPTICAL ACTIVITY off diagonal pa = 2°
,numpoints=50000,orientation=[-79,83]) ;




OPTICAL ACTIVITY off diagonal pa = 2

Example 3 CHIRALITY -
AOQO both on and off diagonal only,

C>

Reduced Fresnel Kummer quartic polynomial

[ > HAMRED :=HAMILTONIAN:
>

Set anisotropic coefficients:




[ >
"> SUBS1:=A=1,B=1,C=1,a=1,b=1,c=1;

SUBSI =A=1,B=1,C=1,a=1,b=1,c=1
[> HAMA :=subs (SUBS1,HAMRED) :ADMa:=evalm (subs (SUBS1,evalm(ADM))) :

Set the numeric values for the coefficients

| Zero non used components

: > SUBS:=fmra=0, fdra=0,sa=0,gra=0;Admittance:=factor (subs (SUBS,evalm(
ADMa))) ;

SUBS = fmra =0, fdra =0, sa=0, gra=0

Admittance := —(gia— 1) (gia+ 1) (pa -1 +gia )
Note that the admittance can be ZERO for gia = +1 or -1 or on the circle of values

determined by the 2 parameters gia and pa

| Set numeric values

[ > HAM:=factor (subs (gia=1/3,pa=1/3, (SUBS,HAMA))) :
>

| Kummer polynomial = determinant factor = 0 (fourth order)
[ > KUMM:=factor (HAM) ;
20 19 19 22 23 23 10 10
KUMM =1+—x y2+—zzy2+— s —zz——xz——y2+—x4+z4+—y4
9 9 9 9 9 9 9 9

(>



[ > KUMMX:=subs (x=0,KUMM) ;
19, , gg , 23, 4, 10

KUMMX =1+— e AR A
97 Y TgF T g TET Y

X=( section of Fresnel Kummer Wave Vector Surface

| > implicitplot (KUMMX=0,y=-2.0..2.0,z=-2..2,numpoints =
15000, scaling=CONSTRAINED, title="OPTICAL ACTIVITY pa=gia=1/3");

OPTICAL ACTIVITY pa=gia=1/3




[ > KUMMY :=subs (y=.0,KUMM) ;
19 ,, 22, 23, 19 4 4

KUMMY =1.+—x" z—-—z ——x"+—x +z
9 9 9 9

Y=0 section of Fresnel Kummer Wave Vector Surface

| > implicitplot (KUMMY=0,x=-2.0..2.0,z=-2..2,numpoints =
15000, scaling=CONSTRAINED, title="OPTICAL ACTIVITY pa=gia=1/3");

OPTICAL ACTIVITY pa=gia=1/3




[ > KUMMZ:=subs (z=.0,KUMM) ;
20, , 23, 23, 10 , 10 ,

KUMMZ =1.+— — X -y +—x +
9 Y Tt T g Tt T oY

7=0 section of Fresnel Kummer Wave Vector Surface

| > implicitplot (KUMMZ=0,x=-2.0..2.0,y=-2..2,numpoints =
50000, scaling=CONSTRAINED, title="OPTICAL ACTIVITY pa=gia=1/3");



OPTICAL ACTIVITY pa=gia=1/3

7> implicitplot3d (KUMM, x=-2..2,y=

OPTICAL ACTIVITY
pa=gia=1/3" ,numpoints=50000,or
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-0..2,z=-2..2,shading=XYZ,lightmodel

=1light3, axes=NORMAL, style=PATCHCONTOUR,6 scaling=CONSTRAINED, title="

ientation=[-74,53]);



OPTICAL ACTIVITY pa=gia=1/3

Example 4 ---- 4 Mode
Fresnel Fizeau (rotation) -sa and diagonal OA-

gi,

C>

Reduced Fresnel Kummer quartic polynomial

[ > HAMRED :=HAMILTONIAN:

>
:



Set anisotropic coefficients:

[ >
| > SUBS1:=A=1,B=1,C=1,a=1,b=1,c=1;

L SUBSI =A=1,B=1,C=1,a=1,b=1,c=1
[ > HAMA:=subs (SUBS1,HAMRED) :ADMa:=evalm(subs (SUBS1,evalm(ADM))) :

Set the numeric values for the coefficients

| Zero non used components

: > SUBS:=fmra=0, fdra=0,pa=0,gra=0;Admittance:=factor (subs (SUBS,evalm(
ADMa))) ;
SUBS :=fmra=0, fdra=0,pa=0, gra=0
| Admittance = —(gia— 1) (gia+ 1) (sa+ 1 —gia) (sa+ 1+ gia) (—gia—1+sa) (sa— 1+ gia)
' Note that the admittance can be ZERO for gia = +1 or -1, and for various

| combinations of sa and gia.

| Set numeric values

[ > HAM:=factor (subs(gia=1/6,sa=1/3, (SUBS,HAMA))) :

>

| Kummer polynomial = determinant factor = 0 (fourth order)

[ > KUMM:=factor (HAM) ;
2192219223824338252@2_@224

0
KUMM:=l+—x2y + YA X+ X AT+ Sy -T2 X V+——x
9 9 9 27 3 27 3 9 9 9

10 4
4 4
+z + -~
z 9y 3Z

C>
>
[



[ > KUMMX:=factor (subs (x=0,KUMM) ) ;
19 4 . 38 520 10 4
KUMMX =1+—Zy +-2+zy -—7-—y ++—y' =2
9 37 7277 T3 T 07 73

X=0 section of Fresnel Kummer Wave Vector Surface

| > implicitplot (KUMMX=0,y=-2.0..2.0,z=-2..2,numpoints =
15000,scaling=CONSTRAINED, title="Fresnel rotation sa = 1/3 OA
gi=1/6");

Fresnel rotation sa = 1/3 QA gi=1/6

- / ii_—__‘__\\




[ > KUMMY :=subs (y=0, KUMM) ;

— 222 A
KUMMY =1+—x"z+—zx

38
27

4 5 20 10 4
T i e 1

3 3 9 9

Y=0 section of Fresnel Kummer Wave Vector Surface

| > implicitplot (KUMMY=0,x=-2.0..2.0,z=-2..2,numpoints
15000,scaling=CONSTRAINED, title="Fresnel rotation sa

gi=1/6");

1/3 oa

Fresnel rotation sa = 1/3 OA gi=1/6
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[ > KUMMZ:=subs (z=0,KUMM) ;
20 20 20 10 10
KUMMZ =1 —|-—x2y2——xz——yz—i-—x4+—y4
9 9 9 9 9

7=0 section of Fresnel Kummer Wave Vector Surface

> implicitplot (KUMMZ,x=-2.0..2.0,y=-2..2,numpoints =
15000,scaling=CONSTRAINED, title="Fresnel rotation sa = 1/3 OA
gi=1/6");



Fresnel rotation sa = 1/3 QA gi=1/6

,*/ 555555 o
////’ 1i \\\\\
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3-D Plot of Fresnel Wave Vector Surface

implicitplot3d (KUMM,
=light3,axes=NORMAL,

Fresnel rotation sa

x=-2..2,y=-0..2,z=-2..2,shading=XYZ,lightmodel
style=PATCHCONTOUR, scaling=CONSTRAINED, title="
= 1/3 OA gi=l1l/6"

,numpoints=100000,orientation=[-60,77]) ;



Fresnel rotation sa = 1/3 OA gi=1/6

4 propagation speeds along the z axis.

SAGNAC DUAL POLARIZED RING LASER
4 BEAT SIGNALS

due to Frensel Fizeau rotation and Optical
Activity.




Example5 --—-— 4 Mode
Faraday (rotation) - fm = 1/6 and diagonal OA
- gi=1/6,

[ >

Reduced Fresnel Kummer quartic polynomial

[ > HAMRED :=HAMILTONIAN:

Set anisotropic coefficients:

"> SUBS1:=A=1,B=1,C=1,a=1,b=1,c=1;

SUBSI =A=1,B=1,C=1,a=1,b=1,c=1
[> HAMA :=subs (SUBS1,HAMRED) : ADMa:=evalm(subs (SUBS1,evalm(ADM))) :

Set the numeric values for the coefficients

| Zero non used components

| > SUBS:=fdra=0,sa=0,pa=0,gra=0;Admittance:=factor (subs (SUBS,evalm(AD
Ma)));
SUBS :=fdra=0,sa=0,pa=0,gra=0
Admittance := (gia — 1) (gia + 1) (fmra — 1 + gia ) (fmra+ 1 — gia )
Note that the admittance can be ZERO for gia = +1 or -1 and various values of gia

| and fmra
| Set numeric values
[ > HAM:=factor (subs (gia=1/6,fmra=1/6, (SUBS,HAMA))) :
>
| Kummer polynomial = determinant factor = 0 (fourth order)
[ > KUMM:=factor (HAM) ;

KUMM =

7M1 ,, 71 ,, 1 , 1,1 , 19, 19, 19, , 35 )

1+2 +- +- + + + —— ==y
xy 362)/ 36)62 9ZX 9Z 92y 9Z 9x 9y X 36Z y




[ >



[ > KUMMX:=factor (subs (x=0,KUMM) ) ;

n,, 3
KUMMX =1+ -z y +-z2+7zy ———z -
36 9 9 9 9

19

1, 1, 19,

2

35,

36

z +y4

X=0 section of Fresnel Kummer Wave Vector Surface

gi=1/6");

Faraday rotation fm = 1/6 OA gi=1/6

—

| > implicitplot (KUMMX=0,y=-2.0..2.0,z=-2..2,numpoints
15000, scaling=CONSTRAINED, title= Faraday rotation fm
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[ > KUMMY :=subs (y=0, KUMM) ;

71 5, , 1 5, 15 19, 19
KUMMY =1+—x"zZ+—zx" +—z ——z ——
36 9 9 9 9

Y=0 section of Fresnel Kummer Wave Vector Surface

gi=1/6");

| > implicitplot (KUMMY=0,x=-2.0..2.0,z=-2..2,numpoints
15000,scaling=CONSTRAINED, title="Faraday rotation fm

Faraday rotation fm = 1/6 OA gi=1/6
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[ > KUMMZ:=subs (z=0,KUMM) ;
19 19

KUMMZ =1 +2x2y2—;x2—;y2+x4+y4

7=0 section of Fresnel Kummer Wave Vector Surface

| > implicitplot (KUMMZ,x=-2.0..2.0,y=-2..2,numpoints =
15000, scaling=CONSTRAINED, title="Faraday rotation fm = 1/6 OA
gi=1/6");



Faraday rotation fm = 1/6 QA gi=1/6
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3-D Plot of Fresnel Wave Vector Surface

implicitplot3d (KUMM,x=-2..2,y=-0..2,z=-2..2,shading=XYZ,6lightmodel

=1ight3,axes=NORMAL, style=PATCHCONTOUR, scaling=CONSTRAINED, title="
- fm = 1/6 and diagonal OA - gi = 1/6°

Faraday (rotation)
,numpoints=100000,orientation=[-60,77]) ;



Faraday (rotation) - fm = 1/6 and diagonal OA - gi = 1/6

Note 4 propagation speeds along the z axis. Due
to Faraday rotation and Optical Activity.

Example 6 4 Mode
FRESNEL - FIZEAU EXPANSION gr=1/2



Reduced Fresnel Kummer quartic polynomial

[ > HAMRED :=HAMILTONIAN:

Set anisotropic coefficients:

> SUBS1:=A=1,B=1,C=1,a=1,b=1,c=1;

L SUBSI =A=1,B=1,C=1,a=1,b=1,c=1
[ > HAMA:=subs (SUBS1,HAMRED) :ADMa:=evalm(subs (SUBS1,evalm(ADM))) :

Set the numeric values for the coefficients

| Zero non used components

| > SUBS:=fdra=0, fmra=0,pa=0,gia=0,sa=0;Admittance:=factor (subs (SUBS, e
valm(ADMa))) ;

SUBS :=fdra =0, fmra=0,pa =0, gia=0,sa=0

L Admittance == —(gra — 1 )3 (gra+1 )3

| Set numeric values

[ > HAM:=factor (subs (gra=1/2, (SUBS,HAMA)) ) :

>

| Kummer polynomial = determinant factor = 0 (fourth order)
| > KUMM:=factor (HAM) ; GRADKUMMER:=grad (KUMM, [x,y,z]) ;

KUMM = (y* + 2" — 1 +x2)2
GRADKUMMER =[4x () +2 = 1+x), 4’ +2 = 1+xX) 0,4 (P +2° =1 +x°) 2]
The Value of the Fresnel-Fizeau Expansion Factor ( gra ) does
not change the Wave Vector surface.
It looks like the classic Lorentz Kummer surface.

KUMM = (y* +x* + 7" - 1)2 =0

It consists of two spheres of the same radius sandwiched
together,

like a minimal surface soap film. Equivalent to the Light Cone
of Special relativity.




The gradient vanishes on the surface.
However, the Free-Space Impedance does depend upon the
Fresnel Fizeau Expansion gr.

i > KUMM1 :=y*2+x"*2+z*2-1;

KUMMI =y +2 -1 +x°



]
[

[ > KUMMX:=factor (subs (x=0,KUMM1) ) ;

KUMMX =y*+2" -1

X=( section of Fresnel Kummer Wave Vector Surface

1/27);

Faraday rotation gra= 1/2

> implicitplot (KUMMX=0,y=-2.0..2.0,z=-3..2,numpoints =
15000, scaling=CONSTRAINED, title= Fresnel-Fizeau expansion gr
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[
| > KUMMY :=subs (y=0,KUMM1) ;
KUMMY =1 + 2> + x*

Y=0 section of Fresnel Kummer Wave Vector Surface

[ > implicitplot (KUMMY=0,x=-2.0..2.0,2z=-2..2,numpoints
15000,scaling=CONSTRAINED, title="Fresnel-Fizeau expansion gr

1/2%);
Faraday rotation fm = 1/6 QA gi=1/6
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[ > KUMMZ:=subs (z=0,KUMM1) ;
KUMMZ =y* —1 +x

7=0 section of Fresnel Kummer Wave Vector Surface

[ > implicitplot (KUMMZ,x=-2.0..2.0,y=-2..2,numpoints =
15000, scaling=CONSTRAINED, title= Fresnel-Fizeau expansion gr =
1/27);



Faraday rotation fm = 1/6 QA gi=1/6
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