> restart:with(linalg):wth(plots):
Warni ng, the protected names norm and trace have been redefined and unprotected

War ni ng, the nane changecoords has been redefined

Fresnel Kummer WAVE
Surfaces

CHIRALITY

spied7fresnel2.mws R.M .Kiehn 11/15/97 updated 2/25/2005 and AUgust 12, 2007

This program will compute and plot the Fresnel WAVE surfacesfor a generalized
constitutive matrix.

The surfaces ar e specializations of a Kummer quartic surface, and arerelated to
the Clifford algebra CI(3,3).

Specialized forms have been selected for easy visualization. The formulas can be
modified to handle the general case.

The constitutivetensor isa 6 x 6 complex matrix partitioned into 3x3 matrices.
The on-diagonal upper 3x3 matrix isthe epsilon matrix.
The epsilon matrix real part describes electric birefringence.
Thelower on-diagonal 3x3 matrix isthereciprocal mu matrix.
Thereal part of the on diagonal reciprocal mu matrix represents magnetic
birefringence
Theimaginary part 3x3 on-diagonal matricesrepresents electric and magnetic
Faraday effects.
Thereal part of the off-diagonal 3x3 matrix represents Fresnel-Fizeau effects,
Theimaginary part of the odd diagonal 3x3 matrix represents Optical Activity

The determinant of the constitutive matrix is proportional to the admittance
(reciprocal radiation impedance) of " constitutive" free space, cubed.

Thefundamental referencefor the constitutive matrix is
E.J. Post " The Formal Structure of Electromagnetics' Dover 1997



The sign convention of Post isused below.

The deter minant of the constitutive matrix is proportional to the cube of the
admittance.

The admittanceisthereciprocal of the radiation impedance.

The impedance can be complex.

If not real, theimpedance implies a dissipative component,

ultimately related to E dot B not zero.

For no dissipation the constitutive matrix must be Hermitean.

>

| Theconstitutive matrix X isdecomposed into 3x3 blocks as:

> X(real):=matrix([[ dielectric

bi fringence , Fresnel-Fizeau ],[ Fresnel-Fizeau , magnetic
birefringence 1]);

X(real) = [dielectric bifringence Fresnel-Fizeau }
L ’ Fresnel-Fizeau magnetic birefringence
> X(imag):=matrix([[ dielectric Faraday , Opti cal
Activity ],[ Optical Activity , nmagnetic Faraday ]]);
. | dielectric Faraday  Optical Activity
I X(imag) '_[ Optical Activity — magnetic Faraday}
[ > constitutive_tensor:=matrix([[-epsilon, Ganmma(D)], [ Gamma(H), 1/ mu]])
; D=[-epsilon] *(-E)+ Ganma( D) ] *B;
> H=[ Ganma(H) [ * (- B) [ mu™(-1) ] *B;

- I'(D)
1 i = 1
constitutive tensor : F(H) =
0

D=-[-¢] E+[I(D)] B

H=-[[(H)] E{i} B
L K

[ >
" Inthelanguage of exterior differential forms, EM theory is based on two axioms.
F-dA=0, J-dG =0.

> Maxwel | _Faraday_PDEs: =dF=0; Maxwel | _Anper e_PDEs: =dG=J; dJ=0;
Maxwell Faraday PDEs:=dF =0
Maxwell_Ampere PDEs:=dG=J
L dJ=0
For zero J, the Maxwell Faraday and M axwell Amper e equations become a




differential ideal.
A wave solution searchesfor a wave vector 1-form, k =[k,omega], that annihilates
the 2-formsF and G;

[ > Faraday: =k& F=0;

L Faraday .=k &"F=0

[ > Anpere: =k& G=0; ;

L Ampere:=k&"*"G=0

" These 6 equations have 12 unknown components of the four 3 vectors(D,E,H,B).
The equations, AS SUCH, are not soluble.

But if thevectors D, H arerelated to E, B by a constitutive equation (which can be
complex)

THEN THE 12 EQUATIONSIN 12 UNKNOWNSHAVE A HOMOGENEOUS
SOLUTION,

IFCRAMERSRULE ISVALID: THE DETERMINANT OF THE 12
HOMOGENEOUS EQUATIONS MUST VANISH.

From the theory of determinants, a matrix equation of 3x3 matrices can be found,
such that the

determinant of the matrix equation isthe same asthe deter minant of the system of
12 homogeneous functions.

" The matrix equation (CRAMERY) isto be solved for its eigen values which
represent the effective index of refraction in the chosen direction. If
the constitutive matrix is Hermitean, then the eigenvalues arereal.

Typical Constitutive Matrix entries are shown below. The elements have been
scaled such that the " position vector™ to a Fresnel surface point in this space hasa
value equal to the " effective" index of refraction in that direction. The" phase
velocity" in that direction isc/n, where cisdefined as 1/sgrt(epsilon*mu). The
" phase velocity" should be viewed as at the speed of the " momentum flux" (DxB)
in the direction of the position vector.

For the Fresnel Ray surface which definesthe propagation speed of the energy
flux (ExH) (usually described asthe" group" velocity)

SeeKiehn, R. M., Kiehn, G. P., and Roberds, (1991), Parity and time-reversal symmetry



breaking, singular solutions and Fresnel surfaces, Phys. Rev A 43, pp. 5165-5671
or http:/mwww22.pair.com/csdc/pdf/timer ev.pdf

Note that when the media isdispersive, the ener gy flux and the momentum flux do
not propagate at the same speed, but the product of the group speed timesthe
phase speed is always 1/(epsilon.mu).

In that which followstypical entries have been encoded into the submatrices.
With Maple you can change the entriesto anything you want.

The complex epsilon (per mittivity) matrix

Dielectric birefringence (real) and dielectric Faraday (imag)
effects
[ >

> eps := matri x([[A*epsilon+l*fdd, 1*fdr, O], [-I*fdr,
B*epsil on+l *fdd, 0], [0, O, Crepsilon+l*fdd]]);

Ace+ | fdd | fdr 0
eps:=| -—Ifdr Be+1fdd 0
0 0 Ce+1fdd

" Thereal (symmetric) part of the epsilon matrix (above) isthe permittivity matrix
and leadsto bifrefringence;
the complex antisymmetric part represents dielectric Faraday effects.

The Gamma submaitrix (Real and |maginary Parts)

Fresnel-Fizeau (real) and Optical Activity (imag) effects

> Ganmea(real ): =eval m(matrix([[gr,s,0],[-s,0r,0],[0,0,9r11));

g s O
I'(real):=|-s gr O

| O 0 or
' Thereal part of the off-diagonal gamma matrix is given above.
The Fresnel-Fizeau and Sagnac effect is contained thereal part of the off diagonal




gamma matrix
and optical activity in theimaginary part.

> Gamma(i mag): =eval m(matrix([[1*gi,1*p,0],[-1*p,1*gi,0],[0,0,1*gi]])

);
lgo Ip O
I'(imag) ::[—I p lgi O ]
i 0 0 Igi
[ >
' Theoptical activity isdueto the complex part of the off diagonal submatrix above.
Realize that the coefficients used above ar e r epresentative

and can be adjusted to suit.

> Gamma( D) : =eval m( Ganma(real ) +Gamma(i mag) ) ;

g+lg s+lp 0

F(D)::[—s—lp gr+lai 0
0 0 gr+1gi

The Her mitean conjugate (complex conjugate transpose) of the
Gamma Matrix

[ > Ganmma( Conj ) : =eval n( al pha*transpose(Gamma(real )) - eval n( beta*transpo
se(Ganma(i mag)))); Gamma( H) : =subs( al pha=1, bet a=1, Gamma( Conj ) ) ;
oagr—-1pg -as+IBp 0
I'(Conj):=| as—1pp oagr—Ipdg 0
0 0 oagr—1pagi
g-1lg -s+1p 0
I'H):=| s—Ip gr-1lgi 0
0 0 gr-1gi

Theinverse mu matrix (reciprocal permeability matrix)

Magnetic birefringence (real) and magnetic Faraday effects
(imag)

> mu(perneabi lity):=evalm(matrix([[a/(mu),I*frmr,0],[-1*fnr, b/ (mu), O]
,[0,0,c/(mu)+l*fnd]]));




o ;
— | fmr 0
il
u(permeability) :=| - fmr  — 0
n
o
0 0 —+Ifmd
u i

" Thereal (symetric) part of the mu mat_rix isthe magnetic birefringence part;
theimaginary antisymmetric part represents magnetic Faraday effects.

[ >

> XX:=matrix([[A*epsilon+l *fdd, | *fdr,0,gr+l*gi,s+l*p,0],[-1*fdr, B*ep
silon+l*fdd, 0, -s-1*p,gr+l*gi,0],[0,0, Cepsilon+l*fdd, 0,0, gr+l*gi],
[gr-1*gi,-s+l*p,0,a/mu, | *frmr,0],[s-1*p,gr-1*gi,0,-1*fmr,b/mu,0],[0
,0,09r-1*gi, 0,0, c/mu+l*fnd]]);

> mu(inverse):

u(inverse) ;=

=eval n(i nverse(nmu(perneability)));

I ub - uzfmr |
2 2 2 2 0
ab-fmr ™ ab-fmr pu
Ipzfmr ua
ab - fmr? p° 27 0
- uw o ab-fmrop
1l
0 _—
c+1fmdp

" Thematrices are now scaled }or ease of computation and plotting.
Valuesof n =[x.y.z] >1imply aphase velocity lessthan ¢ =1/sgrt(epsilon*mu).
Valuesof n <1imply phase speeds greater than c.

[Ac+ | fdd | fdr 0 gr+lgi s+lp 0
—| fdr Be+1fdd 0 —-s—1Ip gr+lgi 0
0 0 Ce+1fdd 0 0 gr+1agi
a
r—Iagi —S+ | 0 — | frr 0
XX = g g p u
. b
s—-1p ogr—1lgi 0 —I frmr — 0
il
. c
0 0 gr—1gi 0 0 —+1fmd
L L il i
[ >
[ >



The N matrix (Index of Refraction Operator)

> NV:=eval m(matrix([[0,z,-y],[-2,0,%X],[Y,-X%,0]])); N =eval n{ NV*( (epsi

lon)~(1/2)*(mu)"(1/2)));
0 z -
NV:i=-z 0 X
-Xx 0

o Sfidvr il
N::{ﬂ/z«/;z 0 «/E«/;x]
B e O

- TheN matrix above isthe scaled " index of refraction matrix" which actslikea
cross product operator. The N matrix hasthree components which form the
position vector to the Kummer surface. The magnitudeof N isthe"index" of
refraction, n, in the direction of the vector N. The phase speed isthen related to
1n.

The elements of the constitutive matrix have been scaled (below) for algebraic
reduction purposes.

> M =eval nm(i nnerprod(N, nu(perneability))); MM =eval n(i nnerprod(M N));
I Je zb Jey(c+1fmdp)]
—I[fzfmr -
o i '
M := _gfa —I«/g«/;zfmr «/Ex(c+|fmdu)
il

Ju
Je (ya+1uxfmr) 4fe (1 nyfmr —xb) .
i m n |
MM :=

—cZb-ey’c—leyfmdu,—lepZfmr+eyxc+leyxfmdp,lepzfmry+ezbx
lepZfmr+eyxc+leyxfmdp, —eZa-exc—lexfmdu, ezay—1epzfmrx
I —(lpyfmr—xb) z, e(ya+!pxfmr)z, —cy’a-exXb
[ > CRAMERS: =eval n( eps) +si npl i fy(eval n(i nner prod( Gamma( D), N) -i nner pr od
(N, Gamma(H)))) +eval m( MM ;

Ae+ 1 fdd | fdr 0
CRAMERS:=| I fdr Be+ 1 fdd 0
0 0 Ce+1fdd

214/euzgi, ~24fe4[u zs, Veduys+ieluyp+214/c/uxg

{2«/2«/;25, 2I«/§«/Ezgi, 2I«/§«/Eygi+«/§«/;xs+lx/§«/;xp]
214euygi+afeuxs—14z/uxp,-214efuxgi+ie/uys—14es/uyp,0




—cZb-ey'c—ley'fmdp,—lepZfmr+eyxc+leyxfmdp,lepzfmry+ezbx
+|lepZfmr+eyxc+leyxfmdp, —eZa-ex’c—lexfmdu, ezay—Ilepzfmrx
L —(lpyfmr—xb) z, e(ya+!luxfmr)z, —cy*a-exX°b
- The CRAMERS matrix isamatrix decomposition of the determinant of the 12 by
12 homogeneous system.
Note that the CRAMERS matrix ewuation does not depend upon the diagonal real
part, gr, of the gamma matrix.
ThisisFRESNEL FIZEAU isotropic expansion,
The Hermitean conjugate of the upper right Gamma matrix isused for the lower
left Gamma matrix,
The CRAMERS matrix still depends upon thereal anti-symmetric part sa

(rotations - Sagnac)

The determinant of the Crammer matrix is equal to the Kummer polynomial function,
whose zero set definesthe eigenvalues for theindex of refraction, n, and therefor the phase
velocity of propagation.

> SUBSa: =f dd=f dda*epsi |l on, f dr=f dr a*epsi | on, p=pa*epsi | on™(1/2)/ (nmu) ~(
1/ 2),gr=gra*epsilon®(1/2)/ (mu)"(1/2),r=ra*epsilon™(1/2)/(mu)"(1/2)
, T =f nr a/ nu, f md=f nda/ nu, s=sa*epsilon™(1/2)/(mu)"(1/2), gi =gi a*epsi

lon™(1/2)/ (mu) "~ (1/2);
a ra ra fmra
VB :=fdd =fdda e, fdr = fdrae, p= P ﬁ,grz J ﬁ,r: ﬁ,fmr:—,
' Ju A b

fmd_fmda .o sa«/g gi_gia«/g
, I

The Constitutive matrix CHIH

(> CH H =subs( SUBSa, eval n( XX)) ;




| gra«/g | giay/ e sa«/g I pa«/z |
Ae+Ifddae, | fdrag, O, + +
e Y O P T
| fdrae,Be+ | fdda sa«/7 | pa«/7 gra«/7 | gla«/7
- €,Db¢ 8, )
P P P
0, 0, Ce+lfdda o, o, i ldaye
] 8 8 b b
CHIH = VT
“lgraye  1giave B saqe N | par/e 0 2 | frra
T T T T
sa«/g ~ I pa«/g gra«/z I gia«/z 0 —I fmra b 0
Y i [f e
gra4ye lga c |fmda
0, 0, : 0, 0, —+
, i dw A TN

"> HHH: =subs( SUBSa, eval m{ CRAMVERS) ) ;
HHH :=
[Ae+|fddac—2czsa-—eZb-ey c—1¢y fmda,

| fdrae+ 2l czgia—l e Zfmra+eyxc+1eyxfmda,
—2leygia+exsa+lexpa+lezfmray+ezbx]

[-| fdrac— 21 ezgia+ e Zfmra+eyxc+1leyxfmda,

Be+lfddac—2czsa—eZa—ex’c—1ex fmda,
eysa+leypa+2lexgia+ezay—Iezfmrax]
[2l eygia+exsa—lexpa—e (Il yfmra—xDhb) z,

Thenotation issuch that :

fdda = dielectric Faraday expansion
fdra = dielectric Faraday rotation
fmda = magnetic Faraday expansion
fmra = magnetic Faraday rotation
gra = Fresnel-Fizeau expansion
gia= OA expansion

pa = OA rotation

sa = Fresnel-Fizeau rotation

—2lexgia+eysa—leypa+e(ya+lxfmra)z, Ce+|fddae—ey*a—exb]

The Fresnel Hamiltonian Matrix HHH



The Cramers matrix equation does not depend upon gra.

Now compute the various matrices whose deter minant create the Kummer
equation.

[ > ADZ: =(nmu”3/ epsil on?3)*(det (CH H));

ADZ = —(—C c— | Cfmda— | fdda c + fdda fmda + gra® + gia®) (-2 fdra fmra sa + gra*
—2fdrafmragra®— Agia®a+ 2 gra’ gia’ + 2 gra’ sa’ — 2 gra’ pa’ — 2 sa’ gia® + 2 sa” pa’
—Apa’b-Aagra®-Bbgra®’~Basa’+ ABab-2Asafnragia+ 2 Agrafnrapa
+2grafdrabpa+2graBfmrapa+8gragiasapa-2safdraagia—2saBfnragia
+ fdda? frra® + fdra’ fmra? + 2 gia? pa” — | fdda B fmra® — AB fmra® — Ab sa® + gia* + pa* + sa*
+1Afddaab - 41 fddasafmragia+ 41 fdda grafrrapa— | fdda b sa? — | fdda pa®b
— | fdda agra® — | fdda gia® a— | Afdda fmra® — | fdda b gra® — | gia®fdda b — | fdda a sa°
— | pa’ fdda a— fdda® a b — 2 fdra pa® fmra — 2 fdra gia® frra— fdra? ab — gia? Bb— pa’ B a
+2fdragraapa—2fdrasabgia+|fddaBab)

The lmpedance factor iscomplex if fdda, and fmda, arenot
Zer o.

Thisimplies dissipation for the complex term.

for Gamma (H) = hermitean conjugate Gamma (D) !!!

The HHH Fresnel HAmiltonian does not depend upon gra.

Hence, could SET DIAGONAL ELEMENTS OF THE FARADAY MATRICES TO ZERO

>

The Kummer Fresnedl WAVE Quartic Polynomial

| > HAM LTONI AN: =f act or (subs(fdda=0, f nda=0, det (HHH) / epsi | on*3) ) ; ADM =f
act or (subs(fdda=0, f nda=0, ADZ) ) ;

HAMILTONIAN := -Ay* pa’ + 2 fdraZ fmraC -4 Ax* gia®+y' cBa-y’cBC+Z'baC
+22bsaC-ZbBC+Zby' sa®+Zbypa’+22saaC-2zsaBC+ABC-ABYa
+AX'cb—AXcC-Ay sa’—4fdray’ giasa— AZ frra® X’ + 2 fdraxpazay-AZ aC
~2AzsaC-ABXb+2Aypazfmrax—fdra®C—-2zbxfdraypa—2xpazfrrayB
12y cpa’-Zfmra®y¥’B+ X pa®Za+ 2y’ X csa’ + 2xX pa’ zsa— 4 X safdragia
+x¥sa®Za+2zsaBy’a- ¥ pa’B+x‘pa’c+fdra®x*b+Zbx’cC+2zsay’ pa’
—47ga?C-fmra®C-4y*gia?B+y' cZaC+2y czsaC+2fdrazfrray’ sa
+2zsaxcC+fdra®y’a+y cBxX*b+ZbBy a+2x safdrazfmra+ 4y giazfmraB




+4ygiaxpaB+Ax cya+AZax’b+2Azsax’b+4Ax giazfmra— 4Aypaxgia
—4fdrazgiaC+4Z giafmraC+47sa’C+2zsa’ Y +y' cpa’+y' csa’+2xX sa’ z
-x¥s=a’B+x'sa’c

ADM = —(-C c + gra® + gia®) (-2 fdrafnmra sa’ + gra* — 2 fdrafrragra® — Agia’ a
+2gra’gia®+2gra’sa’—2gra’pa’ —2sa’ gia’ + 2sa’pa°— Apab— Aagra’— Bbgra®
~-Basa’+ABab-2Asafmragia+2Agrafmrapa+ 2 grafdrabpa+ 2 graBfrra pa
+8gragiasapa-2safdraagia—- 2 saB fimragia+ fdra® fmra’ + 2 gia® pa® — A B fmra®
—Absa®+gia®+ pa' + sa’ — 2 fdra pa’ fmra — 2 fdra gia® fmra — fdra®ab— gia’ Bb— pa°B a
+ 2fdragraapa-2fdrasabgia)

For specific examples choose valuesfor the matrix elements. A,B,C are numeric

factorstimesepsilon. a,b,c are numeric factorstimesmu. The Optical Activity part

isscaled by theimpedance of " free space" or sgrt(epsilon/mu). Thealgebraic

method presented per mits symbolic factorization. Thedielectric Faraday fd is

scaled by epsilon. The magnetic faraday is scaled by mu. The example below isfor a

chiral Optical Activity coefficient gamma of sgrt(2)/2. Notethat the phase velocity

of one of the polarization states can be faster than the speed of light and the other is

slower .!!

Select the effectsto be studied algebraically by elimating all effects but one or two of

the scalars,

fma,fdara,pa,ga

Example 1 studies optical activity algebraically (chirality term?), by setting all

factorsto zero, except ga:

Example 2 studies optical activity algebraically, by setting all factorsto zero, except

pa:

Example 3 studies optical activity combined with Faraday rotation algebraically, by

setting all factorsto zero, except ga and pa:

EXAMPLES

AO =imaginary part of Gamma matrix, Fresnel Fizeau =real part of Gamma
matrix

Example 1 CHIRALITY




AQ diagonal only gia=1/3

>

Reduced Fresnel Kummer guartic polynomial

[ > HAVRED: =HAM LTONI AN:
>

Set anisotropic coefficients:

>
[ > SUBSL: =A=1, B=1, C=1, a=1, b=1, c=1,;

L WVBSL:=A=1,B=1,C=1,a=1,b=1c=1
[ > HAMA: =subs( SUBS1, HAMRED) : ADVha: =eval n( subs( SUBS1, eval n( ADM ) ) :

Set the numeric valuesfor the coefficients

[ Zero non used components

[ > SUBS: =f nr a=0, f dr a=0, pa=0, gr a=0; Admi t t ance: =f act or ( subs( SUBS, eval n{
ADWR) ) ) ;
WVBS:=fmra=0, fdra=0, pa=0,gra=0
| Admittance:=—(gia—1) (gia+1) (1+sa—gia) (sa+1+gia) (-1-gia+sa) (sa—1+gia)
| Note that the admittance can be ZERO for gia=+1or -1.
| Set numeric values
[ > HAM =f act or (subs(gi a=1/ 3, sa=1/ 2, ( SUBS, HAMA) ) ) :
>

| Kummer polynomial = determinant factor = 0 (fourth order)
> KUWM =f act or (HAM) ;
KUMM :=
9 9 5 9 13 , 97
1+—22><2+—zx2+—y2x2+—22y2—22——22——x2
4 4 2 4 9 36

97 5 9 5
—3—6y2+zx4+223+zzy2+:1y4+ z

>



> KUMWKX: =f act or (subs(x=0, KUMV ) ; sol ve(subs(y=0, KUMW) , z) ;

9 13 ., 97 9 5
KUMMX:=1+—-2ZV-2z72-—7Z_-— 27+ zvVv+ -+ 7
+42Y oL 3gY T2T+ 2V Y

1 1 1 1 5 1 5 1
A e e D

X=0 section of Fresnel Kummer Wave Vector Surface

> inplicitplot( KUMX=0, y=-2.0..2.0,z=-3..2, nunpoi nts

15000, scal i ng=CONSTRAI NED, ti t| e=" OPTI CAL ACTI VI TY di agona
=1/ 3, Fresnel -Fizeau z-axis rotation,

gamma
omega = 1/2°);

OPTICAL ACTIVITY diagonal gamma =1/3, Fresnel-Fizeau z-axis rotation, omega = 1/2
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[ > KUMMY: =subs(y=0, KUMV) ;
9 9 13 97 5

KUMMY =1+-2ZxX+—2X-272-—Z-—x+=-x'+22+7
4 4 9 36 4

Y =0 section of Fresnel Kummer Wave Vector Surface

> inplicitplot( KUMMY=0, x=-2.0..2.0,z=-3..2, nunpoints =
15000, scal i ng=CONSTRAI NED, ti t| e=" OPTI CAL ACTI VI TY di agona

gia=1/3");

OPTICAL ACTIVITY diagonal gia=1/3
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i
[
[ > KUMVEZ: =subs(z=0, KUMV) ;
5 97 , 97, 5, 5
KUMMZ =1+ X% ——xX - =+~ X' 1y
HY X X gV XY

Z=0 section of Fresnel Kummer Wave Vector Surface

> nplicitpl ot ( KUMMZ, x=-2.0..2.0,y=-2..2, nunpoints =
15000, scal i ng=CONSTRAI NED, ti t| e=" OPTI CAL ACTI VI TY di agonal
gia=1/3");




OPTICAL ACTIVITY diagonal gia=1/3
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ﬁ Optical Activity gives Two concentric spheres

3-D Plot of Fresnel Wave Vector Surface

> inplicitplot3d(KUM x=-2..2,y=-0..2,z=-3.. 2, shadi ng=XYZ, | i ght nodel
=l i ght 3, axes=BOXED, st yl e=PATCHCONTOUR, scal i ng=CONSTRAI NED, title="0O
PTI CAL ACTIVITY di agonal ganma=1/3, Fresnel -Fi zeau z-axi s
rotation, onega = 1/2 , nunpoi nt s=50000, ori ent ati on=[ - 66, 69]);




OPTICAL ACTIVITY diagonal gamma=1/3, Fresnel-Fizeau z-axis rotation, omega = 1/2

Example2 CHIRALITY
AO off diagonal only p =2

Reduced Fresnel Kummer guartic polynomial

[ > HAVRED: =HAM LTONI AN:
>

Set anisotropic coefficients:

[ >
[ > SUBS1: =A=1, B=1, C=1, a=1, b=1, c=1;
I



[ > HAMA: =subs( SUBS1, HAMRED) ; ADMVha: =eval n( subs( SUBS1, eval n(ADM ) ) ;

Set the numeric valuesfor the coefficients

| Zero non used components

> SUBS: =f n a=0, f dr a=0, pa=pa, sa=0, gra=0, gi a=0; Adm tt ance: =f act or (subs
| (SUBS, eval n{ADM))) ;
" Notethat the admittance can be ZERO for various values of the isotr opy

. coefficients and pa.

| Set numeric values
> HAM =f act or (subs( pa=2, ( SUBS, HAMA) ) ) :
>

| Kummer polynomial = determinant factor = 0 (fourth order)
[ > KUW =f act or ( HAM) ;
[ >

(>



KUMMX: =f act or (subs(x=0, KUMM ) ;

1

>
>

X=0 section of Fresnel Kummer Wave Vector Surface

> npl i ci t pl ot (KUMMX=0, y=-2.0..2.0, z=-2..2, nunpoi nts =
15000, scal i ng=CONSTRAI NED, ti tl e=" OPTI CAL ACTIVITY off di agonal
= 2 ) :

pa



]
[
[ > KUMW: =subs(y=0, KUMV) ;

Y =0 section of Fresnel Kummer Wave Vector Surface

(> nmplicitpl ot (KUMW=0, x=-2.0..2.0,z=-2..2,nunpoi nts =
15000, scal i ng=CONSTRAI NED, ti t| e=" OPTI CAL ACTIVITY of f di agonal
pa=2");




!
[
[ > KUMVZ: =subs(z=0, KUW) ;

Z =0 section of Fresnel Kummer Wave Vector Surface

> nmplicitpl ot ( KUMMZ, x=-2.0..3.0,y=-2..2, nunpoints =
15000, scal i ng=CONSTRAI NED, titl e=" OPTI CAL ACTIVITY off diagonal pa
= 2 ) :




]

| Optical Activity gives Two concentric spheres

3-D Plot of Fresnel Wave Vector Surface

> inplicitplot3d(KUW x=-2..2,y=-.8..1.5,z=-2..2, shadi ng=XYZ, | i ght no
del =l i ght 3, axes=NORMAL, st y| e=PATCHCONTOUR, scal i ng=CONSTRAI NED, ti t |
e= OPTI CAL ACTIVITY off diagonal pa = 2°

, hunpoi nt s=50000, ori entati on=[-79, 83]);

Example3 CHIRALITY -
AO both on and off diagonal only,

>

Reduced Fresnel Kummer guartic polynomial

[ > HAVRED: =HAM LTONI AN:
L >

Set anisotropic coefficients:

[ >
[ > SUBS1: =A=1, B=1, C=1, a=1, b=1, c=1;
[ > HAMA: =subs( SUBS1, HAMRED) : ADMVha: =eval n( subs( SUBS1, eval n(ADM ) ) :

Set the numeric valuesfor the coefficients

| Zero non used components

> SUBS: =f n a=0, f dra=0, sa=0, gra=0; Adm tt ance: =f act or (subs( SUBS, eval n{
. ADMm)));
' Notethat the admittance can be ZERO for gia=+1 or -1 or on thecircle of values

determined by the 2 parameters gia and pa

| Set numeric values
> HAM =f act or (subs(gi a=1/ 3, pa=1/ 3, ( SUBS, HAMA) ) ) :
>

| Kummer polynomial = determinant factor = 0 (fourth order)
[ > KUW =f act or ( HAM ;
[ >



!
[
[ > KUMWX: =subs(x=0, KUW) ;

X=0 section of Fresnel Kummer Wave Vector Surface

> i mplicitplot( KUMM=0,y=-2.0..2.0,z=-2..2,nunpoi nts =
15000, scal i ng=CONSTRAI NED, ti t| e=" OPTI CAL ACTIVITY pa=gi a=1/3");




!
[
[ > KUMW: =subs(y=. 0, KUMW) ;

Y =0 section of Fresnel Kummer Wave Vector Surface

> i mplicitplot( KUMW=0, x=-2.0..2.0,z=-2..2,nunpoi nts =
15000, scal i ng=CONSTRAI NED, ti t| e=" OPTI CAL ACTIVITY pa=gi a=1/3");




!
[
[ > KUMVZ: =subs(z=. 0, KUM) ;

Z =0 section of Fresnel Kummer Wave Vector Surface

> npl i ci t pl ot (KUMMZ=0, x=-2.0..2.0,y=-2..2, nunpoi nts =
50000, scal i ng=CONSTRAI NED, ti t| e=" OPTI CAL ACTIVITY pa=gia=1/3");




]

[ > inplicitplot3d(KUW x=-2..2,y=-0..2,z=-2..2,shadi ng=XYZ, | i ght nodel
=l i ght 3, axes=NORMAL, st yl e=PATCHCONTOUR, scal i ng=CONSTRAI NED, ti t| e=
OPTI CAL ACTIVITY
pa=gi a=1/ 3", nunpoi nt s=50000, ori entati on=[-74,53]);

Example4 ---- 4 Mode
Fresnel Fizeau (rotation) -sa and diagonal OA-

gl

>

Reduced Fresnel Kummer guartic polynomial

[ > HAMVRED: =HAM LTONI AN:
>

Set anisotropic coefficients:

[ >
[ > SUBSL1: =A=1, B=1, C=1, a=1, b=1, c=1;
[ > HAMA: =subs( SUBS1, HAVRED) : ADMa: =eval n( subs( SUBS1, eval m( ADM ) ) :

Set the numeric valuesfor the coefficients

[ Zero non used components

"> SUBS: =f nr a=0, f dr a=0, pa=0, gra=0; Adm t t ance: =f act or ( subs( SUBS, eval n{
. ADMm)));
' Note that the admittance can be ZERO for gia=+1 or -1, and for various

combinations of sa and gia.

ﬁ Set numeric values
[ > HAM =f act or (subs(gi a=1/ 6, sa=1/ 3, ( SUBS, HAMA) ) ) :
>

| Kummer polynomial = determinant factor = 0 (fourth order)
[ > KUW =f act or (HAM ;

[ >

.






KUMMX: =f act or (subs(x=0, KUMM ) ;

1

>
>

X=0 section of Fresnel Kummer Wave Vector Surface

> inplicitpl ot (KUMMX=0, y=-2.0..2.0,z=-2..2, nunpoi nts =
15000, scal i ng=CONSTRAI NED, ti tl e=" Fresnel rotation sa = 1/3 OA
gi =1/6");




]
[
[ > KUMW: =subs(y=0, KUMV) ;

Y =0 section of Fresnel Kummer Wave Vector Surface

> i mplicitplot( KUMW=0, x=-2.0..2.0,z=-2..2,nunpoi nts =
15000, scal i ng=CONSTRAI NED, ti tl e="Fresnel rotation sa = 1/3 OA
gi=1/6");




!
[
[ > KUMVZ: =subs(z=0, KUW) ;

Z =0 section of Fresnel Kummer Wave Vector Surface

> nmplicitpl ot ( KUMMZ, x=-2.0..2.0,y=-2..2, nunpoi nts =
15000, scal i ng=CONSTRAI NED, ti tl e=" Fresnel rotation sa = 1/3 OA
gi=1/6");




3-D Plot of Fresnel Wave Vector Surface

[ > inplicitplot3d(KUW x=-2..2,y=-0..2,z=-2..2,shadi ng=XYZ, | i ght nodel
=l i ght 3, axes=NORMNAL, st yl e=PATCHCONTOUR, scal i ng=CONSTRAI NED, ti t| e="
Fresnel rotation sa = 1/3 OA gi=1/6

, nunpoi nt s=100000, ori entati on=[-60, 77]);




4 propagation speeds along the z axis.

SAGNAC DUAL POLARIZED RING LASER
4 BEAT SIGNALS

dueto Frensel Fizeau rotation and Optical

Activity.
Example5 ---- 4Mode
Faraday (rotation) - fm = 1/6 and diagonal OA
- gi = 1/6,

>

Reduced Fresnel Kummer guartic polynomial

[ > HAVRED: =HAM LTONI AN:

Set anisotropic coefficients:

[ > SUBSL: =A=1, B=1, C=1, a=1, b=1, c=1:
[ > HAMA: =subs( SUBS1, HAMRED) : ADVha: =eval n( subs( SUBS1, eval n( ADM ) ) :

Set the numeric valuesfor the coefficients

[ Zero non used components

> SUBS: =f dr a=0, sa=0, pa=0, gra=0; Adm tt ance: =f act or (subs( SUBS, eval n( AD
Ma)));

" Notethat the admittance can be ZERO for gia=+1or -1 and variousvaluesof gia




| and fmra

| Set numeric values

{ > HAM =f act or (subs(gi a=1/ 6, f nra=1/ 6, ( SUBS, HAMA) ) ) :
>

| Kummer polynomial = determinant factor = 0 (fourth order)

[ > KUMM =f act or (HAM) ;

[ >

[ >

[ >



KUMMX: =f act or (subs(x=0, KUMM ) ;

1

>
>

X=0 section of Fresnel Kummer Wave Vector Surface

> i mplicitplot( KUMMX=0, y=-2.0..2.0,z=-2..2, nunpoi nts =
15000, scal i ng=CONSTRAI NED, ti tl e=" Faraday rotation fm= 1/6 OA
gi=1/6");




]
[
[ > KUMW: =subs(y=0, KUMV) ;

Y =0 section of Fresnel Kummer Wave Vector Surface

> i mplicitplot( KUMW=0, x=-2.0..2.0,z=-2..2,nunpoi nts =
15000, scal i ng=CONSTRAI NED, ti t|l e=" Faraday rotation fm= 1/6 OA
gi=1/6");




!
[
[ > KUMVZ: =subs(z=0, KUW) ;

Z =0 section of Fresnel Kummer Wave Vector Surface

> nmplicitpl ot ( KUMMZ, x=-2.0..2.0,y=-2..2, nunpoi nts =
15000, scal i ng=CONSTRAI NED, titl e=" Faraday rotation fm= 1/6 OA
gi=1/6");




3-D Plot of Fresnel Wave Vector Surface

[ > inplicitplot3d(KUW x=-2..2,y=-0..2,z=-2..2,shadi ng=XYZ, | i ght nodel
=l i ght 3, axes=NORMNAL, st yl e=PATCHCONTOUR, scal i ng=CONSTRAI NED, ti t| e="
Faraday (rotation) - fm= 1/6 and diagonal OA - gi = 1/6

, nunpoi nt s=100000, ori entati on=[-60, 77]);




'Note 4 propagation speeds along the z axis. Due
to Faraday rotation and Optical Activity.

Example6 4 Mode
FRESNEL - FIZEAU EXPANSION gr =1/2

L ]
[ >

Reduced Fresnel Kummer guartic polynomial

[ > HAVRED: =HAM LTONI AN:

Set anisotropic coefficients:

[ > SUBS1: =A=1, B=1, C=1, a=1, b=1, c=1:
[ > HAMA: =subs( SUBS1, HAMRED) : ADVha: =eval n( subs( SUBS1, eval n( ADM ) ) :

Set the numeric valuesfor the coefficients

[ Zero non used components

[ > SUBS: =f dr a=0, f nr a=0, pa=0, gi a=0, sa=0; Adm ttance: =f act or (subs( SUBS, e
. val m(ADMR)) ) ;
| Set numeric values
[ > HAM =f act or (subs(gra=1/ 2, (SUBS, HAMA) ) ) :
>

| Kummer polynomial = determinant factor = 0 (fourth order)
[ > KUw =f act or (HAM ; grad( KUW [ X, Y, z]);

' The Value of the Fresnel-Fizeau Expansion Factor ( gra) does
not change the Wave Vector surface.
It looksliketheclassic Lorentz Kummer surface.




KUMM := (y* + X*+ 7 — 1)2=o

It consists of two spheres of the same radius sandwiched
together,

like a minimal surface soap film.

The gradient vanishes on the surface.

However, the Free-Space lmpedance does depend upon the
Fresnel Fizeau Expansion.

[ > KUMM =yA2+xA2+272- 1
[ >



KUMMX: =f act or (subs(x=0, KUMM ) ;

1

>
>

X=0 section of Fresnel Kummer Wave Vector Surface

> inplicitpl ot (KUMMX=0, y=-2.0..2.0,z=-3..2, nunpoi nts =
15000, scal i ng=CONSTRAI NED, titl e=" Faraday rotation fm= 1/6 OA
gi=1/6");




]
[
[ > KUMW: =subs(y=0, KUMV) ;

Y =0 section of Fresnel Kummer Wave Vector Surface

> i mplicitplot( KUMW=0, x=-2.0..2.0,z=-2..2,nunpoi nts =
15000, scal i ng=CONSTRAI NED, ti t|l e=" Faraday rotation fm= 1/6 OA
gi=1/6");




!
[
[ > KUMVZ: =subs(z=0, KUW) ;

Z =0 section of Fresnel Kummer Wave Vector Surface

> nmplicitpl ot ( KUMMZ, x=-2.0..2.0,y=-2..2, nunpoi nts =
15000, scal i ng=CONSTRAI NED, titl e=" Faraday rotation fm= 1/6 OA
gi=1/6");










