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Examples of a topological thermodynamic 
System

See Vol. 1, "Non-Equilibrium 
Thermodynamics" 

http://www.lulu.com/kiehn
chapter 3.8.

 R. M. Kiehn 
updated Sept/05/2005 --Feb 6 2008

A Maple program that uses the Jacobian Matrix (dyadic) 
of a 3D velocity field of a dynamical system to compute the 
similarity invariants, Xm, Yg,  Za, and the Brand invariants

setup(x,y,z,t);defform(x=0,y=0,z=0,u=0,f=0,t=0,Vx=0,Vy=0,Vz=0,D1=0,D2=0,D3=0,
Ax=0,Ay=0,Az=0,Phi=0,a=const,b=const,c=const,q=const,Lx=0,Ly=0,Lz=0,A=const,B=
const,C=const,D=const,Omega=const,r=const);

x, y, z, t

STF dynamical system
AA:=[C*z*x-Omega*y,(C-R)*z*y+Omega*x,A-B*z^2-S*x^2-T*y^2];

AA := C z xKΩ y, CKR  z yCΩ x, AKB z2KS x2KT y2

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=evalm([AA[1],AA[2],AA[3],phi]);

φ := C2 z2 x2CΩ
2
 y2Cz2 y2 C2K2 z2 y2 C RCz2 y2 R2K2 z y R Ω xCΩ

2
 x2CA2K2 A B z2

K2 A S x2K2 A T y2CB2 z4C2 B z2 S x2C2 B z2 T y2CS2 x4C2 S x2 T y2CT2 y4

VV := C z xKΩ y, CKR  z yCΩ x, AKB z2KS x2KT y2, C2 z2 x2CΩ
2
 y2Cz2 y2 C2

K2 z2 y2 C RCz2 y2 R2K2 z y R Ω xCΩ
2
 x2CA2K2 A B z2K2 A S x2K2 A T y2CB2 z4

C2 B z2 S x2C2 B z2 T y2CS2 x4C2 S x2 T y2CT2 y4

JAC:=simplify(jacobian(VV,[x,y,z,t])):collect(simplify(expand(charpoly(JAC,q))
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),q);

q4C z RC2 B zK2 C z  q3C 2 T y2 CCΩ
2
KC z2 RCC2 z2C2 z2 R BC2 S x2 CK4 C z2 B

K2 T y2 R  q2C 2 C z T y2 RC2 S x Ω y RC2 Ω
2
 B zC2 Ω T y C xK2 S x Ω y C

C2 C2 z3 BK2 S x2 C2 zC2 S x2 C z RK2 C z3 R BK2 C2 z T y2  q

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=factor((1/2)*(Xm*S1-S2));Za:=collect(collect(factor((1/3)*(Yg*S1-
Xm*S2+S3)),z),Omega);Tk:=factor(det(JAC));

Xm := Kz K2 CCRC2 B

Yg := 2 T y2 CCΩ
2
KC z2 RCC2 z2C2 z2 R BC2 S x2 CK4 C z2 BK2 T y2 R

Za := K2 Ω
2
 B zC K2 C x T yC2 y S x CK2 y S x R  ΩC 2 C R BK2 C2 B  z3C

K2 T y2 C RC2 T y2 C2C2 S x2 C2K2 S x2 C R  z

Tk := 0

;BBB:=solve(Xm,B);YgB:=factor(subs(B=BBB,Yg));RRR:=solve(YgB,Omega^2);ZaBR:=
factor(subs(B=BBB,Omega^2=RRR,Za));CriticalPoint:=collect(ZaBR-1,Omega);

BBB := CK
1
2

 R

YgB := 2 T y2 CCΩ
2
C3 C z2 RK3 C2 z2Kz2 R2C2 S x2 CK2 T y2 R

Warning, solving for expressions other than names or functions is
not recommended.

RRR := K2 T y2 CK2 S x2 CK3 C z2 RC3 C2 z2Cz2 R2C2 T y2 R

ZaBR := 6 C2 z T y2K8 C z T y2 RC6 S x2 C2 zK4 S x2 C z RC12 C2 z3 RK6 C z3 R2K8 C3 z3

Cz3 R3C2 T y2 z R2K2 Ω T y C xC2 S x Ω y CK2 S x Ω y R

CriticalPoint := K2 C x T yC2 y S x CK2 y S x R  ΩC6 C2 z T y2K8 C z T y2 RC6 S x2 C2 z

K4 S x2 C z RC12 C2 z3 RK6 C z3 R2K8 C3 z3Cz3 R3C2 T y2 z R2K1

Thermodynamic crtical point is a surface in {x,y,z} (It is not locally stable)
BBB:=solve(Xm,B);ZaB:=factor(subs(B=BBB,Za));RRR:=solve(ZaB,Omega^2);YYg:=
factor(subs(B=BBB,Omega^2=RRR,Yg));
Hopfcrit:=collect(YYg,Omega);

BBB := CK
1
2

 R

ZaB := K2 C z Ω
2
CΩ

2
 z RK2 Ω T y C xC2 S x Ω y CK2 S x Ω y RC3 C2 z3 RKC z3 R2

K2 C3 z3K2 C z T y2 RC2 C2 z T y2C2 S x2 C2 zK2 S x2 C z R

Warning, solving for expressions other than names or functions is
not recommended.
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RRR := K
1

z 2 CKR
2 S x Ω y RK3 C2 z3 RC2 Ω T y C xK2 S x Ω y CC2 C z T y2 R

K2 C2 z T y2CC z3 R2C2 C3 z3K2 S x2 C2 zC2 S x2 C z R

YYg := K
1

z 2 CKR
K6 C2 z T y2C8 C z T y2 RK6 S x2 C2 zC4 S x2 C z RK12 C2 z3 R

C6 C z3 R2C8 C3 z3Kz3 R3K2 T y2 z R2C2 Ω T y C xK2 S x Ω y CC2 S x Ω y R

Hopfcrit := K
2 y S x RC2 C x T yK2 y S x C  Ω

z 2 CKR
K

1
z 2 CKR

K6 C2 z T y2C8 C z T y2 R

K6 S x2 C2 zC4 S x2 C z RK12 C2 z3 RC6 C z3 R2C8 C3 z3Kz3 R3K2 T y2 z R2

TT:=solve(factor(2*S*x*y*R+2*T*y*C*x-2*S*x*y*C),T);ZZ:=subs(T=TT,collect
(collect(collect((4*S*x^2*C*z*R+8*C*z*T*y^2*R-6*C^2*z*T*y^2-6*S*x^2*C^2*z-2*T*
y^2*z*R^2+8*C^3*z^3-z^3*R^3-12*C^2*z^3*R+6*C*z^3*R^2)/z,z),x),y));

TT :=
CKR  S

C

ZZ := K6 CKR  S CK
2 CKR  S R2

C
C8 CKR  S R  y2C K6 S C2C4 S C R  x2C

K12 C2 RC6 C R2C8 C3KR3  z2

Chiral - Brand invariants

VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := K2 T yKC yCy R

CURLy := C xC2 S x

CURLz := 2 Ω

HELICITY:=collect(factor(innerprod(AA,VORTICITY)),Omega);

HELICITY := C y2KR y2Cx2 CC2 AK2 B z2  ΩK2 C z x T yC2 z y C S xK2 z y R S x

KKK:=simplify((2*S*x*y*R+2*T*y*C*x-2*S*x*y*C)/(x*y));
KKK := 2 S RC2 C TK2 S C

if KKK is zero then helicity depends upon Omega.

enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega);

enstrophy := 4 T2 y2C4 T y2 CK4 T y2 RCC2 y2K2 C y2 RCy2 R2CC2 x2C4 S x2 CC4 S2 x2

C4 Ω
2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := K2 T y z CKz y C2Cz y C RCΩ C xK2 S x Ω, K2 T y ΩCΩ y CKΩ y RCC2 z x

C2 S x C zKx C z RK2 z R S x, 2 y S x CK2 y S x RK2 C x T yK4 B z Ω
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stretch:=collect(factor(innerprod(BRAND,VORTICITY)),Omega);ST1:=factor(coeff
(stretch,Omega^2));st0:=factor(subs(Omega=0,stretch));

stretch := K8 Ω
2
 B zC K8 C x T yC8 y S x CK8 y S x R  ΩC4 C2 z T y2C4 S x2 C2 z

K4 C z T y2 RCz y2 C R2Cz y2 C3C4 T2 y2 z CK4 S x2 C z RCC3 z x2C4 S2 x2 C z

Kx2 C2 z RK2 z y2 C2 RK4 z R S2 x2

ST1 := K8 B z

st0 := z 4 T y2 C2C4 S x2 C2K4 T y2 C RCR2 C y2CC3 y2C4 C y2 T2K4 S x2 C RCx2 C3

C4 C x2 S2KR C2 x2K2 R C2 y2K4 x2 S2 R

BI:=collect(factor(innerprod(BRAND,BRAND)),Omega);BI2:=factor(coeff(BI,
Omega^2));BI1:=factor(coeff(BI,Omega));BI0:=collect(factor(subs(Omega=0,BI)),
z);
Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));

BI := K4 S x2 CK4 T y2 CC4 T y2 RK2 C y2 RC4 S2 x2C16 B2 z2CC2 x2CC2 y2C4 T2 y2

Cy2 R2  Ω
2
C 16 T y C x B zC8 C2 z y S xK16 S x y B z CC16 S x y B z RC4 S x z y R2

C4 z C x T y RK2 z y C2 R xC2 y R2 x C zK8 z C2 x T yC8 T y z R S xK12 C z y S x R  Ω

C4 C3 z2 x2 SC8 y2 S x2 R C TC4 S2 x2 C2 z2Cx2 C2 z2 R2C4 z2 R2 S2 x2C4 T2 y2 z2 C2

C4 T y2 z2 C3K2 z2 y2 C3 RCz2 y2 C2 R2K8 C2 z2 x2 R SK8 S2 x2 C z2 RC4 x2 C z2 R2 S

K8 y2 S2 x2 C RK8 y2 S x2 C2 TK2 C3 z2 x2 RC4 y2 S2 x2 R2C4 C2 x2 T2 y2K4 T y2 z2 C2 R

C4 y2 S2 x2 C2Cz2 y2 C4CC4 z2 x2

BI2 := K4 S x2 CK4 T y2 CC4 T y2 RK2 C y2 RC4 S2 x2C16 B2 z2CC2 x2CC2 y2C4 T2 y2

Cy2 R2

BI1 := K2 y x z 8 S C BK4 S R TC4 T C2C6 S C RCC2 RK8 B R SK8 C T BK4 S C2

KC R2K2 T C RK2 S R2

BI0 := 4 C2 T2 y2C4 T y2 C3K2 y2 C3 RCy2 C2 R2C4 C3 x2 SK2 C3 x2 RC4 S2 x2 C2

Cx2 C2 R2C4 S2 x2 R2Cy2 C4K8 S2 x2 C RCC4 x2K4 T y2 C2 RK8 C2 x2 R S

C4 x2 C R2 S  z2K8 y2 S x2 C2 TC8 y2 S x2 R C TC4 y2 S2 x2 R2C4 C2 x2 T2 y2

K8 y2 S2 x2 C RC4 y2 S2 x2 C2

Θ := K16 Ω B2 z3C8 B z2 S x C yK8 B z2 S x y RC16 z2 y C R S xK8 B z2 T y C xC8 C2 z2 x T y

C4 C2 z2 x y RK8 z y2 R Ω TC12 z y2 R Ω CK8 A S x C yC8 A S x y RC8 S x T y3 C

K8 S x T y3 RK8 z2 y C2 S xK4 z2 y R2 C xK8 z2 y R2 S xC4 z R Ω x2 CC8 z R Ω x2 S

C8 A T y C xK8 S x3 T y CK16 Ω B z S x2K16 Ω B z T y2K4 z y2 R2 ΩC8 Ω
2
 x T y

C4 Ω
2
 x y RC8 S2 x3 C yK8 S2 x3 y RK8 Ω

2
 y S xK8 T2 y3 C xK8 Ω C2 z x2
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K8 Ω z y2 C2C16 Ω A B z

Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),Omega);t2:=
factor(coeff(Theta,Omega^2));t1:=factor(coeff(Theta,Omega));
t0:=factor(subs(Omega=0,Theta));

Θ := 8 x y TC4 y R xK8 y S x  Ω
2
C 12 z y2 C RK8 z T y2 RC4 x2 C z RC8 S x2 z R

K4 z y2 R2C16 A B zK16 B z S x2K16 B z T y2K16 B2 z3K8 C2 z x2K8 z y2 C2  Ω

K8 z2 y C2 S xC8 B z2 S x C yK8 B z2 S x y RC16 z2 y C R S xK8 B z2 T y C x

C8 C2 z2 x T yC4 C2 z2 x y RC8 S x T y3 CK8 S x T y3 RK8 A S x C yC8 A S x y R

K8 z2 y R2 S xK8 T2 y3 C xK8 S2 x3 y RK4 z2 y R2 C xK8 S x3 T y CC8 S2 x3 C y

C8 A T y C x

t2 := 4 y x 2 TCRK2 S

t1 := 4 z K4 B2 z2C3 C y2 RK2 T y2 RCx2 C RC2 S x2 RKy2 R2C4 A BK4 B S x2

K4 B T y2K2 C2 x2K2 C2 y2

t0 := K4 y x 2 x2 S T CK2 C x2 S2C2 x2 S2 RC2 y2 S R TK2 y2 S T CC2 C y2 T2C2 z2 C2 S

K2 B z2 S CC2 B z2 S RK4 z2 C R SC2 B z2 T CK2 T z2 C2KC2 z2 RC2 z2 R2 S

C2 A S CK2 A S RK2 A T CCC z2 R2

(collect(innerprod(AA,grad(HELICITY,[x,y,z])),Omega));SPHERE:=collect(collect
(factor(innerprod(AA,[x,y,z])/z),x^2),y^2);

K2 Ω
2
 x y RC 4 B z S x2C4 B2 z3K4 z y2 C RC2 y2 z R SC4 B z T y2C2 S x2 C zK2 y2 z C S

C2 C2 z x2K2 x2 C z TK2 S x2 z RC2 z y2 R2C2 z y2 C2K4 A B zC2 T y2 C z  Ω

C2 S2 x3 y RK2 B z2 S x C yC2 B z2 S x y RK6 z2 y C R S xC2 B z2 T y C xK4 C2 z2 x T y

C2 S x T y3 RC2 A S x C yK2 A S x y RK2 S x T y3 CK2 A T y C xC4 z2 y C2 S x

C2 z2 y R2 S xK2 S2 x3 C yC2 z2 y R C x TC2 S x3 T y CC2 T2 y3 C x

SPHERE := CKRKT  y2C CKS  x2KB z2CA

C-R-T=-A;C-S=-A;B=A;S=C+A;T=C+A-R;T=S-R;

CKRKT =KA

CKS =KA

B = A

S = CCA

T = CCAKR

T = SKR
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Lorenz dynamical system

AA:=[A*(y-x),-x*z+R*x-y,x*y-B*z];
AA := A yKx , Kz xCR xKy, y xKB z

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=[AA[1],AA[2],AA[3],phi];

φ := A2 y2K2 A2 y xCA2 x2Cz2 x2K2 x2 z RC2 y x zCx2 R2K2 y R xCy2Cy2 x2K2 y x B z

CB2 z2

VV := A yKx , Kz xCR xKy, y xKB z, A2 y2K2 A2 y xCA2 x2Cz2 x2K2 x2 z RC2 y x z

Cx2 R2K2 y R xCy2Cy2 x2K2 y x B zCB2 z2

JAC:=simplify(jacobian(evalm(VV),[x,y,z,t]));collect(simplify(expand(charpoly
(JAC,q))),q);

JAC := KA, A, 0, 0 , 

KzCR, K1, Kx, 0 , 

y, x, KB, 0 , 

K2 A2 yC2 A2 xC2 z2 xK4 x z RC2 z yC2 x R2K2 y RC2 y2 xK2 y B z, 2 A2 y

K2 A2 xC2 z xK2 R xC2 yC2 y x2K2 x B z, 2 z x2K2 x2 RC2 y xK2 y x BC2 B2 z, 0

q4C AC1CB  q3C A BCz ACBCx2CAKA R  q2C KA R BCy A xCA B zCA B

CA x2  q

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=factor((1/2)*(Xm*S1-S2));Za:=factor((1/3)*(Yg*S1-Xm*S2+S3));Tk:=
factor(det(JAC));

Xm := K1KAKB

Yg := A BCz ACBCx2CAKA R

Za := A KB zKBCR BKy xKx2

Tk := 0

BBB:=solve(Xm-3,B);YgB:=factor(subs(B=BBB,Yg));RRR:=solve(YgB-3,R);ZaBR:=
factor(subs(B=BBB,R=RRR,Za));CriticalPoint:=collect(ZaBR-1,A);

BBB := K4KA

YgB := K4 AKA2Cz AK4Cx2KA R

RRR := K
4 ACA2Kz AC7Kx2

A

ZaBR := 27 AC9 A2CA3C28K4 x2K2 A x2Ky A x
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CriticalPoint := A3C9 A2C K2 x2Ky xC27  AK4 x2C27

Thermodynamic crtical point is a surface in {x,y,z} (It is not locally stable)
BBB:=solve(Xm,B);ZaB:=factor(subs(B=BBB,Za));RRR:=solve(ZaB,R);YYg:=factor
(subs(B=BBB,R=RRR,Yg));
Hopfcrit:=collect(YYg,A);

BBB := K1KA

ZaB := KA KzKz AK1KACRCA RCy xCx2

RRR :=
zCz AC1CAKy xKx2

1CA

YYg := K
3 AC3 A2CA3C1Kx2K2 A x2Ky A x

1CA

Hopfcrit := K
A3C3 A2C K2 x2Ky xC3  AKx2C1

1CA

INTER:=collect((numer(CriticalPoint)+numer(Hopfcrit)),A);solve(INTER,A);;

INTER := 24 AC6 A2C26K3 x2

K2C
1
6

 K12C18 x2 , K2K
1
6

 K12C18 x2

Hopf conditions
AAA:=solve(Xm,A);ZaAAA:=subs(A=AAA,Za);BBA:=solve(ZaAAA,B);YYg:=factor(subs(A=
AAA,B=BBA[1],Yg));YYg2:=factor(subs(A=AAA,B=BBA[2],Yg));;

AAA := K1KB

ZaAAA := K1KB  KB zKBCR BKy xKx2

BBA := K1,
x yCx
KzK1CR

YYg := xK1  xC1

YYg2 :=
1

KzK1CR 2 K1K3 zC2 z2 x2C3 RK3 z2C2 x2C6 z RK3 R2Kz3C3 R z2

CR3Kx4K3 z R2C4 z x2K4 x2 z RCy xK4 x2 RK2 y R xKy2 x2C2 y x zK2 z y R x

C2 x2 R2Cy R2 xK2 y x3Cy x z2

When YYg>0, then get oscillations.  Can solve for the zero set of YYg which will 
divide the space into regions of oscillations and no oscillations.  The parameter of 
the surface is R,  can ask for discriminant to see if there is an envelope.

YYgN:=numer(YYg);factor(discrim(YYgN,R));
YYgN := xK1  xC1
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0

Chiral - Brand invariants
VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := 2 x

CURLy := Ky

CURLz := KzCRKA

HELICITY:=collect(factor(innerprod(AA,VORTICITY)),B);

HELICITY := z2Kz RCz A  BCy A xK2 A x2Cy2

enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),R);

enstrophy := R2C K2 AK2 z  RC4 x2Cy2Cz2CA2C2 z A

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := K2 A xKy A Kz xCR xCyCA x y xCB zKR BCA B

stretch:=collect(factor(innerprod(BRAND,VORTICITY)),B);ST1:=factor(coeff
(stretch,B));

stretch := Kz2C2 z RK2 z AKR2C2 A RKA2  BK4 A x2K4 y A xKy2

ST1 := K zKRCA 2

BI:=collect(factor(innerprod(BRAND,BRAND)),B);BI2:=factor(coeff(BI,B^2));BI1:=
factor(coeff(BI,B));BI0:=collect(factor(subs(B=0,BI)),R);

BI := z2K2 z RC2 z ACR2K2 A RCA2  B2C 2 y x zK2 y R xC2 y A x  BC5 A2 x2

C4 A2 y xCA2 y2Cz2 x2K2 x2 z RK2 y x zK2 z x2 ACx2 R2C2 y R xC2 R x2 ACy2

C2 y A xCy2 x2

BI2 := zKRCA 2

BI1 := 2 y x zKRCA

BI0 := x2 R2C K2 z x2C2 A x2C2 y x  RC5 A2 x2C4 A2 y xCA2 y2Cz2 x2K2 y x z

K2 z x2 ACy2C2 y A xCy2 x2

Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),R);;Theta:=
collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),B);;Theta:=collect
(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),A);;Theta:=collect(factor
(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),z);;factor(-8*A^2*x^2+4*A*x^2*z+4*
y^2+4*y*x*A+4*A^2*y^2-4*x^2*z^2+4*A^2*x*y+4*B^2*z^2-4*x^2*y^2-4*x*y*A*B+4*B^2*
z*A)/4;
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Θ := K4 x2 R2C K4 B2 zK4 A x2C4 y x BC8 z x2  RK4 z2 x2C4 y2C4 B2 z2C4 A2 y2

K4 y2 x2C4 y A xC4 A2 y xK4 y x A BK8 A2 x2C4 z x2 AC4 B2 z A

Θ := K4 z RC4 z2C4 z A  B2C 4 y R xK4 y A x  BK4 z2 x2C4 y2C4 A2 y xC8 x2 z R

K4 y2 x2K4 x2 R2C4 z x2 AC4 A2 y2K8 A2 x2C4 y A xK4 R x2 A

Θ := K8 x2C4 y xC4 y2  A2C K4 y x BK4 x2 RC4 z x2C4 B2 zC4 y x  AK4 z2 x2C4 y2

C4 B2 z2C8 x2 z RK4 y2 x2K4 x2 R2C4 y x R BK4 B2 z R

Θ := K4 x2C4 B2  z2C 4 A B2C8 x2 RK4 B2 RC4 A x2  zK4 y2 x2C4 y2C4 A2 y x

C4 A2 y2K8 A2 x2K4 x2 R2C4 y x R BK4 y x A BK4 R x2 AC4 y A x

Kz2 x2Cy2CB2 z2CA2 y2Ky2 x2Cy A xCA2 y xKy x A BK2 A2 x2Cz x2 ACB2 z A

HENON dynamical system
AA:=[A*cos(y)+B*sin(z),B*cos(z)+C*sin(x),C*cos(x)+A*sin(y)];

AA := A cos y CB sin z , B cos z CC sin x , C cos x CA sin y

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=[AA[1],AA[2],AA[3],phi];

φ := 2 A cos y  B sin z CB2C2 B cos z  C sin x CC2C2 C cos x  A sin y CA2

VV := A cos y CB sin z , B cos z CC sin x , C cos x CA sin y , 2 A cos y  B sin z CB2

C2 B cos z  C sin x CC2C2 C cos x  A sin y CA2

JAC:=simplify(jacobian(evalm(VV),[x,y,z,t]),trig);

JAC := 0, KA sin y , B cos z , 0 , 

C cos x , 0, KB sin z , 0 , 

KC sin x , A cos y , 0, 0 , 

K2 C KB cos z  cos x Csin x  A sin y , K2 A sin y  B sin z KC cos x  cos y , 

2 B A cos y  cos z Ksin z  C sin x , 0

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=factor((1/2)*(Xm*S1-S2));Za:=factor((1/3)*(Yg*S1-Xm*S2+S3));Tk:=
factor(det(JAC));

Xm := 0

Yg := C cos x  A sin y CB cos z  C sin x CA cos y  B sin z

Za := A B C cos y  cos z  cos x Ksin y  sin z  sin x

Tk := 0

Thermodynamic crtical point is a surface in {x,y,z} (It is not locally stable)
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(45)(45)

(44)(44)

(46)(46)

(43)(43)
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O O 

O O 

O O 

O O 

O O 

(42)(42)

(39)(39)

(41)(41)

O O YYg:=factor(subs(A=0,Yg));

YYg := B cos z  C sin x

Chiral - Brand invariants
VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := A cos y CB sin z

CURLy := B cos z CC sin x

CURLz := C cos x CA sin y

HELICITY:=collect(simplify(innerprod(AA,VORTICITY),trig),B);

HELICITY := B2C 2 cos z  C sin x C2 A cos y  sin z  BC2 C cos x  A sin y CA2CC2

enstrophy:=collect(simplify(innerprod(VORTICITY,VORTICITY),trig),R);

enstrophy := 2 A cos y  B sin z CB2C2 B cos z  C sin x CC2C2 C cos x  A sin y CA2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);
BRAND := KC sin x  A sin y CB cos z  C cos x , C cos x  A cos y KA sin y  B sin z , 

KB sin z  C sin x CA cos y  B cos z

stretch:=simplify(innerprod(BRAND,VORTICITY),trig);

stretch := KC sin x  A2 sin y  cos y K3 A sin y  B sin z  C sin x

C3 A cos y  B cos z  C cos x CB2 cos z  C cos x  sin z CC2 cos x  A cos y  sin x

KA sin y  B2 sin z  cos z KB sin z  C2 sin x  cos x CA2 cos y  B cos z  sin y

BI:=(simplify(innerprod(BRAND,BRAND),trig));

BI := C2 A2KC2 A2 cos y 2KC2 A2 cos x 2C2 C2 cos x 2 A2 cos y 2

K2 C2 sin x  A sin y  B cos z  cos x C2 B2 cos z 2 C2 cos x 2

K2 C cos x  A2 cos y  sin y  B sin z CA2 B2KA2 B2 cos z 2KA2 B2 cos y 2

C2 A2 cos y 2 B2 cos z 2CB2 C2KB2 C2 cos x 2KB2 C2 cos z 2

K2 B2 sin z  C sin x  A cos y  cos z

Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));

Θ := K12 A cos y  B cos z  C cos x K4 B2 cos z  C cos x  sin z

C4 C sin x  A2 sin y  cos y C12 A sin y  B sin z  C sin x

C4 A sin y  B2 sin z  cos z K4 C2 cos x  A cos y  sin x K4 A2 cos y  B cos z  sin y
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(50)(50)

(49)(49)

O O 

(47)(47)

C4 B sin z  C2 sin x  cos x

Taylor-Green dynamical system
AA:=[A*sin(x)*cos(y)*cos(z),B*cos(x)*sin(y)*cos(z),C*cos(x)*cos(y)*sin(z)];

AA := A sin x  cos y  cos z , B cos x  sin y  cos z , C cos x  cos y  sin z

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=[AA[1],AA[2],AA[3],phi];

φ := A2 cos y 2 cos z 2KA2 cos y 2 cos z 2 cos x 2CB2 cos x 2 cos z 2

KB2 cos x 2 cos z 2 cos y 2CC2 cos x 2 cos y 2KC2 cos x 2 cos y 2 cos z 2

VV := A sin x  cos y  cos z , B cos x  sin y  cos z , C cos x  cos y  sin z ,

A2 cos y 2 cos z 2KA2 cos y 2 cos z 2 cos x 2CB2 cos x 2 cos z 2

KB2 cos x 2 cos z 2 cos y 2CC2 cos x 2 cos y 2KC2 cos x 2 cos y 2 cos z 2

JAC:=simplify(jacobian(evalm(VV),[x,y,z,t]));

JAC := A cos x  cos y  cos z , KA sin x  sin y  cos z , KA sin x  cos y  sin z , 0 , 

KB sin x  sin y  cos z , B cos x  cos y  cos z , KB cos x  sin y  sin z , 0 , 

KC sin x  cos y  sin z , KC cos x  sin y  sin z , C cos x  cos y  cos z , 0 , 

2 cos x  sin x  A2 cos y 2 cos z 2KB2 cos z 2Ccos y 2 B2 cos z 2KC2 cos y 2

CC2 cos y 2 cos z 2 , 2 cos y  sin y  KA2 cos z 2CA2 cos z 2 cos x 2

CB2 cos x 2 cos z 2KC2 cos x 2CC2 cos x 2 cos z 2 , 2 cos z  sin z  KA2 cos y 2

CA2 cos y 2 cos x 2KB2 cos x 2CB2 cos x 2 cos y 2CC2 cos x 2 cos y 2 , 0

S1:=factor(trace(JAC)):S2:=simplify(trace(innerprod(JAC,JAC)),trig):S3:=
simplify(trace(innerprod(JAC,JAC,JAC)),trig):

Xm:=S1;Yg:=simplify((1/2)*(Xm*S1-S2),trig);Za:=factor((1/3)*(Yg*S1-Xm*S2+S3));
Tk:=factor(det(JAC));

Xm := cos y  cos z  cos x  ACBCC

Yg := KA cos z 2 BCA cos z 2 B cos y 2CA cos z 2 B cos x 2KA cos y 2 C

CA cos y 2 C cos x 2CA cos y 2 C cos z 2KB cos x 2 CCB cos x 2 C cos z 2

CB cos x 2 C cos y 2

Za := A cos y  B cos z  C cos x  K2Ccos y 2Ccos x 2Ccos z 2

Tk := 0
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Chiral - Brand invariants
VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := cos x  sin y  sin z  KCCB

CURLy := Ksin x  cos y  sin z  AKC

CURLz := sin x  sin y  cos z  KBCA

HELICITY:=collect(factor(innerprod(AA,VORTICITY)),B);
HELICITY := 0

enstrophy:=subs(cos(x)=X,cos(y)=Y,cos(z)=Z,(simplify(innerprod(VORTICITY,
VORTICITY),trig)));E1:=collect(enstrophy,A);

enstrophy := K2 A Z2 B X2 Y2K2 A Y2 C Z2 X2K2 B X2 C Y2 Z2CC2 X2CB2 X2CA2 Y2CC2 Y2

CB2 Z2CA2 Z2K2 B X2 CK2 A Y2 CK2 C2 X2 Y2KA2 Y2 X2KB2 X2 Y2K2 A Z2 B

K2 B2 X2 Z2KA2 Z2 X2KC2 X2 Z2K2 A2 Y2 Z2KY2 B2 Z2KC2 Y2 Z2C2 A Y2 C X2

C2 B X2 C Y2C2 A Z2 B X2C2 B X2 C Z2C2 A Z2 B Y2C2 A Y2 C Z2C2 A2 Y2 Z2 X2

C2 B2 X2 Z2 Y2C2 C2 X2 Y2 Z2

E1 := Y2CZ2KY2 X2K2 Y2 Z2C2 Y2 Z2 X2KZ2 X2  A2C K2 Y2 C Z2 X2K2 Z2 B X2 Y2

K2 Y2 CK2 Z2 BC2 Y2 C Z2C2 Z2 B X2C2 Y2 C X2C2 Z2 B Y2  AKB2 X2 Y2

K2 B X2 CK2 B X2 C Y2 Z2CC2 X2CB2 X2KC2 X2 Z2CC2 Y2CB2 Z2C2 C2 X2 Y2 Z2

C2 B X2 C Y2K2 C2 X2 Y2KC2 Y2 Z2K2 B2 X2 Z2C2 B X2 C Z2KY2 B2 Z2

C2 B2 X2 Z2 Y2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := KA cos x 2 cos y  cos z  C sin y  sin z CA cos x 2 cos y  cos z  B sin y  sin z

KC sin x 2 cos y  sin z  A sin y  cos z CB sin x 2 sin y  cos z  A cos y  sin z , 

C cos x  sin y 2 sin z  B sin x  cos z KB cos x  cos y 2 cos z  A sin x  sin z

CB cos x  cos y 2 cos z  C sin x  sin z KA sin x  sin y 2 cos z  B cos x  sin z , 

KB cos x  sin y  sin z 2 C sin x  cos y CA sin x  cos y  sin z 2 C cos x  sin y

Kcos y  cos z 2 C cos x  B sin x  sin y Ccos y  cos z 2 C cos x  A sin x  sin y

stretch:=collect(factor(innerprod(BRAND,VORTICITY)),B);ST1:=factor(coeff
(stretch,B));

stretch := cos y  cos z  cos x  cos x 2 A sin y 2 sin z 2Csin x 2 sin y 2 A sin z 2

Csin x 2 sin z 2 C sin y 2Ccos z 2 C sin x 2 sin y 2  B2Ccos y  cos z  cos x  

K2 cos x 2 A C sin y 2 sin z 2CC2 sin x 2 cos y 2 sin z 2CC2 sin x 2 sin z 2 sin y 2

CA2 sin x 2 cos y 2 sin z 2K6 A sin x 2 sin z 2 C sin y 2CA2 sin x 2 sin y 2 sin z 2
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K2 A sin x 2 cos y 2 sin z 2 CK2 cos z 2 C sin x 2 sin y 2 A  B

Ccos y  cos z  cos x  cos x 2 A C2 sin y 2 sin z 2Ccos z 2 C A2 sin x 2 sin y 2

CC2 sin x 2 sin z 2 A sin y 2CA2 sin x 2 sin z 2 C sin y 2

ST1 := cos y  cos z  cos x  K2 cos x 2 A C sin y 2 sin z 2CC2 sin x 2 cos y 2 sin z 2

CC2 sin x 2 sin z 2 sin y 2CA2 sin x 2 cos y 2 sin z 2K6 A sin x 2 sin z 2 C sin y 2

CA2 sin x 2 sin y 2 sin z 2K2 A sin x 2 cos y 2 sin z 2 C

K2 cos z 2 C sin x 2 sin y 2 A

BI:=collect(factor(innerprod(BRAND,BRAND)),B);BI2:=factor(coeff(BI,B^2));BI1:=
factor(coeff(BI,B));BI0:=collect(factor(subs(B=0,BI)),R);

BI := K4 C cos x 2 sin y 2 sin z 2 sin x 2 cos z 2 cos y 2 A

CA2 cos x 4 cos y 2 cos z 2 sin y 2 sin z 2Csin x 4 sin y 2 cos z 2 A2 cos y 2 sin z 2

CC2 cos x 2 sin y 4 sin z 2 sin x 2 cos z 2Ccos x 2 cos y 4 cos z 2 A2 sin x 2 sin z 2

Ccos x 2 cos y 4 cos z 2 C2 sin x 2 sin z 2CA2 sin x 2 sin y 4 cos z 2 cos x 2 sin z 2

Csin x 2 cos y 2 sin z 4 C2 cos x 2 sin y 2Ccos y 2 cos z 4 C2 cos x 2 sin x 2 sin y 2

C4 A2 cos x 2 cos y 2 cos z 2 sin y 2 sin z 2 sin x 2

C4 cos x 2 cos y 2 cos z 2 C2 sin y 2 sin z 2 sin x 2

K2 C cos x 2 sin y 4 sin z 2 sin x 2 cos z 2 A

K2 cos x 2 cos y 4 cos z 2 A sin x 2 sin z 2 C  B2C

K2 A2 cos x 4 cos y 2 cos z 2 C sin y 2 sin z 2

K4 cos x 2 sin y 2 sin z 2 C2 sin x 2 cos y 2 cos z 2 A

K2 cos y 2 cos z 4 C2 cos x 2 sin x 2 sin y 2 A

K2 C sin x 4 cos y 2 sin z 2 A2 sin y 2 cos z 2

K4 A2 cos x 2 cos y 2 cos z 2 C sin y 2 sin z 2 sin x 2

K2 cos x 2 sin y 2 sin z 4 C2 sin x 2 cos y 2 A  B

Ccos y 2 cos z 4 C2 cos x 2 A2 sin x 2 sin y 2

CA2 cos x 4 cos y 2 cos z 2 C2 sin y 2 sin z 2

CA2 sin x 2 cos y 2 sin z 4 C2 cos x 2 sin y 2

CC2 sin x 4 cos y 2 sin z 2 A2 sin y 2 cos z 2

C4 A2 cos x 2 cos y 2 cos z 2 C2 sin y 2 sin z 2 sin x 2

BI2 := K4 C cos x 2 sin y 2 sin z 2 sin x 2 cos z 2 cos y 2 A

CA2 cos x 4 cos y 2 cos z 2 sin y 2 sin z 2Csin x 4 sin y 2 cos z 2 A2 cos y 2 sin z 2
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(58)(58)

(57)(57)
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CC2 cos x 2 sin y 4 sin z 2 sin x 2 cos z 2Ccos x 2 cos y 4 cos z 2 A2 sin x 2 sin z 2

Ccos x 2 cos y 4 cos z 2 C2 sin x 2 sin z 2CA2 sin x 2 sin y 4 cos z 2 cos x 2 sin z 2

Csin x 2 cos y 2 sin z 4 C2 cos x 2 sin y 2Ccos y 2 cos z 4 C2 cos x 2 sin x 2 sin y 2

C4 A2 cos x 2 cos y 2 cos z 2 sin y 2 sin z 2 sin x 2

C4 cos x 2 cos y 2 cos z 2 C2 sin y 2 sin z 2 sin x 2

K2 C cos x 2 sin y 4 sin z 2 sin x 2 cos z 2 A

K2 cos x 2 cos y 4 cos z 2 A sin x 2 sin z 2 C

BI1 := K2 A cos y 2 C sin y 2 A cos x 4 cos z 2 sin z 2C2 cos x 2 sin z 2 C sin x 2 cos z 2

Ccos z 4 C cos x 2 sin x 2Csin x 4 sin z 2 A cos z 2

C2 A cos x 2 cos z 2 sin z 2 sin x 2Ccos x 2 sin z 4 C sin x 2

BI0 := C2 A2 cos y 2 sin y 2 cos z 4 cos x 2 sin x 2Ccos x 4 cos z 2 sin z 2

Csin x 2 sin z 4 cos x 2Csin x 4 sin z 2 cos z 2C4 cos x 2 cos z 2 sin z 2 sin x 2

Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));

Θ := K4 sin y  sin z  sin x  B2 cos x 2 C cos z 2KB cos x 2 C2 cos y 2

KA2 cos y 2 C cos z 2CA cos y 2 C2 cos x 2CA2 cos z 2 B cos y 2

KA cos z 2 B2 cos x 2

Moffat dynamical system
AA:=[A*x+Omega*z,B*y+G*x^2+F*x*z,C*z-Omega*x-F*x*y];

AA := A xCΩ z, B yCG x2CF x z, C zKΩ xKF x y

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=evalm([AA[1],AA[2],AA[3],phi]);

φ := A2 x2C2 A x Ω zCz2 Ω
2
CB2 y2C2 B y G x2C2 B y F x zCG2 x4C2 G x3 F zCF2 x2 z2

CC2 z2K2 C z Ω xK2 C z F x yCΩ
2
 x2C2 Ω x2 F yCF2 x2 y2

VV := A xCΩ z, B yCG x2CF x z, C zKΩ xKF x y, A2 x2C2 A x Ω zCz2 Ω
2
CB2 y2

C2 B y G x2C2 B y F x zCG2 x4C2 G x3 F zCF2 x2 z2CC2 z2K2 C z Ω xK2 C z F x y

CΩ
2
 x2C2 Ω x2 F yCF2 x2 y2

JAC:=simplify(jacobian(evalm(VV),[x,y,z,t]));collect(simplify(expand(charpoly
(JAC,q))),q);

JAC := A, 0, Ω, 0 , 

2 G xCF z, B, F x, 0 , 
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KΩKF y, KF x, C, 0 , 

2 A2 xC2 A Ω zC4 B y G xC2 B y F zC4 G2 x3C6 G x2 F zC2 F2 x z2K2 C z Ω

K2 C z F yC2 Ω
2
 xC4 Ω x F yC2 F2 x y2, 2 y B2C2 B G x2C2 B F x zK2 C z F x

C2 Ω x2 FC2 F2 x2 y, 2 A x ΩC2 Ω
2
 zC2 B y F xC2 G x3 FC2 F2 x2 zC2 C2 z

K2 Ω C xK2 C F x y, 0

q4C KAKCKB  q3C Ω F yCC BCF2 x2CC ACA BCΩ
2

 q2C KΩ
2
 BKA F2 x2

KΩ F y BCF2 x Ω zKA B CC2 F x2 Ω G  q

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=factor((1/2)*(Xm*S1-S2));Za:=collect(factor((1/3)*(Yg*S1-Xm*S2+S3)
),Omega);;Tk:=factor(det(JAC));

Xm := ACBCC

Yg := Ω F yCC BCF2 x2CC ACA BCΩ
2

Za := Ω
2
 BC F y BK2 F x2 GKF2 x z  ΩCA B CCA F2 x2

Tk := 0

BBB:=solve(Xm-3,B);YgB:=factor(subs(B=BBB,Yg));FFF:=solve(YgB-3,F);ZaBR:=
factor(subs(B=BBB,F=FFF,Za));CriticalPoint:=collect(ZaBR-1,Omega);

BBB := KAKCC3

YgB := Ω F yKC AKC2C3 CCF2 x2KA2C3 ACΩ
2

FFF :=

1
2

 
KΩ yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

ZaBR := KΩ
2
 AKΩ

2
 CC3 Ω

2

KΩ 
1
2

 
1

x2
KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2



 y A

KΩ 
1
2

 
1

x2
KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

 y C

C3 Ω 
1
2

 
1

x2 KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

 y

K2 Ω 
1
2

 
1

x2 KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

 x2 G

KΩ 
1
2

 
1

x2
KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

2

 x zKC A2KC2 AC3 C A
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CA 
1
2

 
1

x2 KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

2

 x2

CriticalPoint := Ω
2
 KAKCC3 C

K
1
2

 
1

x2 KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

 y A

K
1
2

 
1

x2
KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

 y C

C3 
1
2

 
1

x2 KΩ y



C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

 y

K2 
1
2

 
1

x2 KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

 x2 G

K
1
2

 
1

x2 KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

2

 x z  ΩKC A2KC2 AC3 C A

CA 
1
2

 
1

x2
KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,
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K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

2

 x2K1

BBB:=solve(Xm,B);ZaB:=factor(subs(B=BBB,Za));GGG:=solve(ZaB,G);YYg:=factor
(subs(B=BBB,G=GGG,Yg));
Hopfcrit:=collect(YYg,A);
 

BBB := KCKA

ZaB := KΩ
2
 CKΩ

2
 AKΩ C F yKΩ A F yK2 F x2 Ω GKF2 x Ω zKC2 AKC A2CA F2 x2

GGG := K
1
2

 
Ω

2
 CCΩ

2
 ACΩ C F yCΩ A F yKA F2 x2CF2 x Ω zCC2 ACC A2

Ω x2 F

YYg := Ω F yKC2KC ACF2 x2KA2CΩ
2

Hopfcrit := Ω F yKC2KC ACF2 x2KA2CΩ
2

INTER:=collect((numer(CriticalPoint)+numer(Hopfcrit)),A);solve(INTER,A);;

INTER := K1KC  A2C KC2

KΩ 
1
2

 
1

x2
KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

 yKΩ
2
C2 C

C
1
2

 
1

x2 KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,



K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

2

 x2  ACΩ F yKΩ
2
 CC4 Ω

2

KΩ 
1
2

 
1

x2
KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

2

 x z

KΩ 
1
2

 
1

x2
KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

 y C

C3 Ω 
1
2

 
1

x2 KΩ y

C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

 y

K2 Ω 
1
2

 
1

x2 KΩ y
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(64)(64)

(65)(65)
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C Ω
2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2 ,

K
1
2

 
Ω yC Ω

2
 y2C12 x2C4 x2 C AC4 C2 x2K12 x2 CC4 A2 x2K12 A x2K4 Ω

2
 x2

x2

 x2 GCF2 x2K1KC2

Warning, solutions may have been lost

Chiral - Brand invariants
VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := K2 F x

CURLy := 2 ΩCF y

CURLz := 2 G xCF z

HELICITY:=collect(factor(innerprod(AA,VORTICITY)),Omega);

HELICITY := KF x zC2 B y  ΩK2 F x2 AC2 C z G xCC z2 FCB y2 FKG x2 F y

enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega);

enstrophy := 4 F2 x2C4 Ω
2
C4 Ω F yCF2 y2C4 G2 x2C4 G x F zCF2 z2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);
BRAND :=

K2 A F xC2 Ω G xCΩ F z, K2 F x2 GKF2 x zC2 Ω BCF y B, F2 x yC2 C G x

CC F z

stretch:=collect(factor(innerprod(BRAND,VORTICITY)),Omega);ST1:=factor(coeff
(stretch,Omega));st0:=collect(factor(subs(Omega=0,stretch)),F);

stretch := 4 Ω
2
 BC K8 F x2 GK4 F2 x zC4 F y B  ΩC4 A F2 x2CF2 y2 BC4 C G2 x2

C4 C G x F zCC F2 z2

ST1 := 4 F KF x zCB yK2 G x2

st0 := 4 A x2Cy2 BCC z2  F2C4 C G x F zC4 C G2 x2

BI:=collect(factor(innerprod(BRAND,BRAND)),Omega);BI2:=factor(coeff(BI,
Omega^2));BI1:=factor(coeff(BI,Omega));BI0:=collect(factor(subs(Omega=0,BI)),
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F);

BI := 4 G2 x2C4 G x F zCF2 z2C4 B2  Ω
2
C K8 A F x2 GK8 B F x2 GC4 B2 F y

K4 B F2 x zK4 A F2 x z  ΩC4 A2 F2 x2C2 F3 x y C zCF2 y2 B2CF4 x2 y2C4 F2 x2 y C G

K4 F2 x2 G y BC4 F2 x4 G2C4 F3 x3 G zCC2 F2 z2CF4 x2 z2C4 C2 G2 x2K2 F3 x z y B

C4 C2 G x F z

BI2 := 4 G2 x2C4 G x F zCF2 z2C4 B2

BI1 := K4 F B F x zCF A z xC2 G x2 AC2 B G x2Ky B2

BI0 := z2 x2Cy2 x2  F4C 4 z G x3C2 x y C zK2 y x B z  F3C K4 B y G x2C4 A2 x2CB2 y2

C4 x2 y C GC4 G2 x4CC2 z2  F2C4 C2 G x F zC4 C2 G2 x2

Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),Omega);t2:=
factor(coeff(Theta,Omega^2));t1:=collect(factor(-coeff(Theta,Omega)),F);;

Θ := K4 z2 FK8 z x G  Ω
2
C 4 F2 x2 yK8 G x2 AC8 G C x2K8 B G x2K8 y B2C4 C z F x

K8 B F x zC4 F A z x  ΩK8 z x G C2C4 F x2 B y GC8 F x4 G2C4 F3 x2 y2C8 F x2 A2

K4 C2 z2 FK4 y2 B2 FC12 F2 x3 G zC8 C F x2 y GC4 F3 x2 z2

t2 := K4 z 2 G xCF z

t1 := K4 F2 x2 yC K4 C z xC8 x B zK4 A z x  FC8 y B2C8 G x2 AK8 G C x2C8 B G x2

t0:=collect(factor(subs(Omega=0,Theta)),F);;

t0 := 4 z2 x2C4 y2 x2  F3C12 F2 x3 G zC 4 B y G x2C8 G2 x4C8 A2 x2K4 C2 z2K4 B2 y2

C8 x2 y C G  FK8 z x G C2

Brusselator dynamical system
AA:=[A-Omega*(x-G*x^2*y)-D*x,Omega*(x-G*x^2*y),0];

AA := AKΩ xKG x2 y KD x, Ω xKG x2 y , 0

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=evalm([AA[1],AA[2],AA[3],phi]);

φ := A2K2 A x ΩC2 A Ω G x2 yK2 A D xC2 Ω
2
 x2K4 Ω

2
 x3 G yC2 Ω x2 DC2 Ω

2
 G2 x4 y2

K2 Ω G x3 y DCD2 x2

VV := AKΩ xKG x2 y KD x, Ω xKG x2 y , 0, A2K2 A x ΩC2 A Ω G x2 yK2 A D x

C2 Ω
2
 x2K4 Ω

2
 x3 G yC2 Ω x2 DC2 Ω

2
 G2 x4 y2K2 Ω G x3 y DCD2 x2

JAC:=simplify(jacobian(VV,[x,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
),q);
S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):
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JAC := KΩC2 Ω G x yKD, G x2 Ω, 0, 0 , 

KΩ K1C2 G x y , KG x2 Ω, 0, 0 , 

0, 0, 0, 0 , 

K2 Ω AC4 A Ω G x yK2 A DC4 Ω
2
 xK12 Ω

2
 x2 G yC4 Ω x DC8 Ω

2
 G2 x3 y2

K6 Ω G x2 y DC2 D2 x, 2 A x2 Ω GK4 Ω
2
 x3 GC4 Ω

2
 G2 x4 yK2 Ω G x3 D, 0, 0

q4C DCΩK2 Ω G x yCG x2 Ω  q3Cq2 D G x2 Ω

Xm:=collect(S1,Omega);;Yg:=factor((1/2)*(Xm*S1-S2));Za:=factor((1/3)*(Yg*S1-
Xm*S2+S3));Tk:=factor(det(JAC));

Xm := K1KG x2C2 G x y  ΩKD

Yg := D G x2 Ω

Za := 0

Tk := 0

Loss of Local Stability
DDD:=solve(Xm,D);YgD:=subs(D=DDD,Yg);solve(YgD,Omega);

DDD := K 1CG x2K2 G x y  Ω

YgD := K 1CG x2K2 G x y  Ω
2
 G x2

0, 0

thermal Critical Point

DDD:=solve(Xm-1,D);YgD:=subs(D=DDD,Yg-1);solve(YgD,Omega);

DDD := KΩC2 Ω G x yKG x2 ΩK1

YgD := KΩC2 Ω G x yKG x2 ΩK1  G x2 ΩK1

K
1
2

 
G xK K3 G2 x2C8 G2 y xK4 G

G 1CG x2K2 G x y  x
, K

1
2

 
G xC K3 G2 x2C8 G2 y xK4 G

G 1CG x2K2 G x y  x

Hopf conditions 
DDD:=solve(Xm,D);YYg:=subs(D=DDD,Yg);EV:=eigenvalues(JAC):EV1:=factor(subs(D=
DDD,EV[3]));EV2:=factor(subs(D=DDD,EV[4]));EEVV:=(YYg)^(1/2);

DDD := K 1CG x2K2 G x y  Ω

YYg := K 1CG x2K2 G x y  Ω
2
 G x2

EV1 := 1CG x2K2 G x y  Ω
2
 G x2

EV2 := K 1CG x2K2 G x y  Ω
2
 G x2

EEVV := K 1CG x2K2 G x y  Ω
2
 G x2
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When YYg>0 get oscillations.  

This implies that 1K2 G x yCG x2  Ω
2
 G < 0

  

Chiral - Brand invariants
VORTICITY:=evalm(curl(AA,[x,y,z]));CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

VORTICITY := 0 0 Ω 1K2 G x y KG x2 Ω

CURLx := 0

CURLy := 0

CURLz := ΩK2 Ω G x yKG x2 Ω

HELICITY:=(factor(innerprod(AA,VORTICITY)));
HELICITY := 0

enstrophy:=(factor(innerprod(VORTICITY,VORTICITY)));

enstrophy := Ω
2
 K1C2 G x yCG x2 2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := 0 0 0

stretch:=factor(innerprod(BRAND,VORTICITY));
stretch := 0

BI:=(factor(innerprod(BRAND,BRAND)));
BI := 0

Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));

Θ := 0

E:=grad(phi,[x,y,z]);AA;TC:=evalm((crossprod(E,AA)+evalm((phi*VORTICITY))));

E := K2 Ω AC4 A Ω G x yK2 A DC4 Ω
2
 xK12 Ω

2
 x2 G yC4 Ω x DC8 Ω

2
 G2 x3 y2

K6 Ω G x2 y DC2 D2 x, 2 A x2 Ω GK4 Ω
2
 x3 GC4 Ω

2
 G2 x4 yK2 Ω G x3 D, 0

AKΩ xKG x2 y KD x, Ω xKG x2 y , 0

TC := 0, 0, K2 Ω AC4 A Ω G x yK2 A DC4 Ω
2
 xK12 Ω

2
 x2 G yC4 Ω x DC8 Ω

2
 G2 x3 y2

K6 Ω G x2 y DC2 D2 x  Ω xKG x2 y K 2 A x2 Ω GK4 Ω
2
 x3 GC4 Ω

2
 G2 x4 y

K2 Ω G x3 D  AKΩ xKG x2 y KD x C A2K2 A x ΩC2 A Ω G x2 yK2 A D x
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C2 Ω
2
 x2K4 Ω

2
 x3 G yC2 Ω x2 DC2 Ω

2
 G2 x4 y2K2 Ω G x3 y DCD2 x2  Ω 1

K2 G x y KG x2 Ω

TC3:=collect(factor(TC[3]),Omega);;

TC3 := 6 x2K24 G x3 yC12 x5 G2 yK12 G3 x5 y3C30 G2 x4 y2K6 G x4K6 G3 x6 y2  Ω
3

C 10 G2 x4 y2 DC12 A G x2 yC6 x2 DC8 A x3 GC8 G2 x5 y DK16 G x3 y DK4 A x

K8 x4 G DK8 A G2 x3 y2K8 A x4 G2 y  Ω
2
C K4 A D xCA2K3 A2 x2 GK3 G x4 D2

C6 A x3 G DC3 D2 x2K2 A2 G x yC6 A D G x2 yK4 D2 x3 G y  Ω

a1:=factor(coeff(TC3,Omega^3));a2:=factor(coeff(TC3,Omega^2));a3:=factor(coeff
(TC3,Omega));

a1 := K6 x2 K1C2 G x yCG x2  K1CG x y 2

a2 := K2 K1CG x y  x K4 x3 G DK5 D G x2 yC4 G x2 AC4 A G x yC3 D xK2 A

a3 := KKD xCA  KAC3 G x2 AC2 A G x yC3 D xK4 D G x2 yK3 x3 G D

Chiral Separation (KONDEPUDI)

AA:=[(B)*x+2*C*x*y,+D+(B)*y-C*(y^2+x^2)-E*(y^2-x^2),0];

AA := B xC2 y x C, DCB yKC y2Cx2 KE y2Kx2 , 0

phi:=((AA[1]^2+AA[2]^2+AA[3]^2));VV:=evalm([AA[1],AA[2],AA[3],phi]);

φ := B xC2 y x C 2C DCB yKC y2Cx2 KE y2Kx2 2

VV := B xC2 y x C, DCB yKC y2Cx2 KE y2Kx2 , 0, B xC2 y x C 2C DCB y

KC y2Cx2 KE y2Kx2 2

JAC:=(jacobian(VV,[x,y,z,t]));
S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

JAC := BC2 C y, 2 C x, 0, 0 , 

K2 C xC2 E x, BK2 C yK2 E y, 0, 0 , 

0, 0, 0, 0 , 

2 B xC2 y x C  BC2 C y C2 DCB yKC y2Cx2 KE y2Kx2  K2 C x

C2 E x , 4 B xC2 y x C  C xC2 DCB yKC y2Cx2 KE y2Kx2  BK2 C y

K2 E y , 0, 0

Xm:=collect(S1,Omega);;Yg:=factor((1/2)*(Xm*S1-S2));Za:=factor((1/3)*(Yg*S1-
Xm*S2+S3));Tk:=factor(det(JAC));

Xm := 2 BK2 E y
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Yg := B2K2 B E yK4 C2 y2C4 C2 x2K4 C x2 EK4 C y2 E

Za := 0

Tk := 0

HOpf conditions
BBB:=solve(Xm,B);

BBB := E y

EV:=eigenvalues(JAC);EV3:=subs(B=BBB,EV[3]);EV4:=subs(B=BBB,EV[4]);

EV := 0, 0, BKE yC E2 y2C4 C2 y2K4 C2 x2C4 C x2 EC4 C y2 E , BKE y

K E2 y2C4 C2 y2K4 C2 x2C4 C x2 EC4 C y2 E

EV3 := E2 y2C4 C2 y2K4 C2 x2C4 C x2 EC4 C y2 E

EV4 := K E2 y2C4 C2 y2K4 C2 x2C4 C x2 EC4 C y2 E

YYg:=factor(subs(B=BBB,Yg));CCC:=solve(YYg,C);CCC1:=factor(CCC[1]);CCC2:=
factor(CCC[2]);

YYg := KE2 y2K4 C2 y2C4 C2 x2K4 C x2 EK4 C y2 E

CCC :=
1
2

 
y2Cx2C 3 y2 x2Cx4  E

x2Ky2 , K
1
2

 
Ky2Kx2C 3 y2 x2Cx4  E

x2Ky2

CCC1 :=
1
2

 
y2Cx2C x2 3 y2Cx2  E

xKy  yCx

CCC2 := K
1
2

 
Ky2Kx2C x2 3 y2Cx2  E

xKy  yCx

XX0:=solve(AA[1],x);YY0:=solve(subs(x=XX,AA[2]),y);YY00:=solve(subs(AA[1]),y);
XX00:=solve(subs(y=YY00,AA[2]),x);

XX0 := 0

YY0 :=
1
2

 
BC B2C4 C DK4 C2 XX2C4 E DC4 E2 XX2

CCE
,

1
2

 
BK B2C4 C DK4 C2 XX2C4 E DC4 E2 XX2

CCE

YY00 := K
1
2

 
B
C

XX00 :=
1
2

 
KCKE  K4 D C2C3 B2 CCE B2

CKE  C
,
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K
1
2

 
KCKE  K4 D C2C3 B2 CCE B2

CKE  C

Fixed Points and Hopf.
BBB:=solve(Xm-1,B);YgB:=factor(subs(B=BBB,Yg));EEE:=solve(YgB-1,E);

BBB := E yC
1
2

YgB := KE2 y2C
1
4
K4 C2 y2C4 C2 x2K4 C x2 EK4 C y2 E

EEE := K
1
2

 
4 C y2C4 x2 CK 48 C2 x2 y2C16 x4 C2K3 y2

y2 ,

K
1
2

 
4 C y2C4 x2 CC 48 C2 x2 y2C16 x4 C2K3 y2

y2

There are two thermo critcal points given by the two values of E

Thermodynamic crtical point is a surface in {x,y,z} (It is not locally stable)
BBB:=solve(Xm,B);YYg:=factor(subs(B=BBB,Yg));
Hopfcrit:=simplify(YYg);
EEE[1];

BBB := E y

YYg := KE2 y2K4 C2 y2C4 C2 x2K4 C x2 EK4 C y2 E

Hopfcrit := KE2 y2K4 C2 y2C4 C2 x2K4 C x2 EK4 C y2 E

K
1
2

 
4 C y2C4 x2 CK 48 C2 x2 y2C16 x4 C2K3 y2

y2

INTER:=factor(subs(E=EEE[2],Hopfcrit));

INTER :=
3
4

YYYG1:=factor(subs(x=XX0,y=YY0[1],YYg));YYYG2:=factor(subs(x=XX0,y=YY0[2],YYg)
);YYYYG1:=factor(subs(x=XX00[1],y=YY00,(YYg)));YYYYG2:=simplify(subs(x=XX00
[2],y=YY00,(YYg)));

YYYG1 := K
1
4

 
BC B2C4 C DK4 C2 XX2C4 E DC4 E2 XX2

2

 2 CCE 2

CCE 2

YYYG2 := K
1
4

 
BK B2C4 C DK4 C2 XX2C4 E DC4 E2 XX2

2

 2 CCE 2

CCE 2
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YYYYG1 := K
1
4

 
K16 D C3C16 B2 C2C8 C E B2CE2 B2

C2

YYYYG2 := K
1
4

 
K16 D C3C16 B2 C2C8 C E B2CE2 B2

C2

If B goes to zero, then Yg is always negative implying that it is a minimal surface of the negative 
gauss curvature type (soap film), not a Hopf bifurcation for the Racemic alpha = 0 fixed point.
BUT if B goes to zero then it is true that Yg is positive depending on CD....Yg=4CD

Chiral - Brand invariants
VORTICITY:=evalm(curl(AA,[x,y,z]));CURLx:=(VORTICITY[1]);CURLy:=(VORTICITY[2])
;CURLz:=(VORTICITY[3]);

VORTICITY := 0 0 K4 C xC2 E x

CURLx := 0

CURLy := 0

CURLz := K4 C xC2 E x

HELICITY:=(factor(innerprod(AA,VORTICITY)));
HELICITY := 0

enstrophy:=(factor(innerprod(VORTICITY,VORTICITY)));

enstrophy := 4 x2 2 CKE 2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := 0 0 0

stretch:=factor(innerprod(BRAND,VORTICITY));
stretch := 0

BI:=(factor(innerprod(BRAND,BRAND)));
BI := 0

Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));

Θ := 0

EE:=grad(phi,[x,y,z]);AA:=AA;Bphi:=[phi*VORTICITY[1],Phi*VORTICITY[2],phi*
VORTICITY[3]];TC:=evalm((crossprod(EE,AA)+Bphi));CP:=crossprod(EE,AA);EA3:=
factor(CP[3]);

EE := 2 B xC2 y x C  BC2 C y C2 DCB yKC y2Cx2 KE y2Kx2  K2 C x

C2 E x , 4 B xC2 y x C  C xC2 DCB yKC y2Cx2 KE y2Kx2  BK2 C y

K2 E y , 0

AA := B xC2 y x C, DCB yKC y2Cx2 KE y2Kx2 , 0
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Bphi := 0, 0, B xC2 y x C 2C DCB yKC y2Cx2 KE y2Kx2 2
 K4 C xC2 E x

TC := 0, 0, 2 B xC2 y x C  BC2 C y C2 DCB yKC y2Cx2 KE y2Kx2  K2 C x

C2 E x  DCB yKC y2Cx2 KE y2Kx2 K 4 B xC2 y x C  C xC2 DCB y

KC y2Cx2 KE y2Kx2  BK2 C yK2 E y  B xC2 y x C C B xC2 y x C 2

C DCB yKC y2Cx2 KE y2Kx2 2
 K4 C xC2 E x

CP := 0, 0, 2 B xC2 y x C  BC2 C y C2 DCB yKC y2Cx2 KE y2Kx2  K2 C x

C2 E x  DCB yKC y2Cx2 KE y2Kx2 K 4 B xC2 y x C  C xC2 DCB y

KC y2Cx2 KE y2Kx2  BK2 C yK2 E y  B xC2 y x C

EA3 := K4 x 3 C x2 B y EC4 C2 x2 B yC4 C x2 D EK4 C x2 E2 y2K4 C2 x2 y2 EK3 D B E y

K2 D C y2 ECB y3 C EK3 E2 x2 B yCC x2 B2C10 C3 x2 y2K2 C2 x2 DK3 C2 x4 E

C3 C x4 E2K6 D C2 y2C2 D E2 y2Ky2 B2 CK2 y2 B2 EK4 B y3 C2C3 B y3 E2

C7 C2 y4 ECC y4 E2C2 E3 x2 y2CC3 x4C5 C3 y4KE3 y4K2 x2 D E2CD2 CKD2 E

Kx4 E3

TC3:=collect(factor(TC[3]),B);;

TC3 := K2 x 4 x2 CK5 E y2KE x2  B2K2 x 4 D C yC8 E2 y3K12 C2 y3C8 x2 C E y

K8 D E yC12 C2 x2 yK8 E2 x2 y  BK2 x 10 C x4 E2K16 D C2 y2C14 C x2 D E

K12 C x2 E2 y2K14 C2 x2 y2 EC6 E3 x2 y2C17 C2 y4 EK6 D C y2 EK11 C2 x4 E

K6 x2 D E2C32 C3 x2 y2K8 C2 x2 DK3 x4 E3K3 E3 y4C4 D2 CC6 D E2 y2C2 C y4 E2

C4 C3 x4C12 C3 y4K3 D2 E

a2:=factor(coeff(TC3,B^2));a1:=factor(coeff(TC3,B));a0:=collect(factor(subs(B=
0,TC3)),C);;

a2 := K2 x 4 x2 CK5 E y2KE x2

a1 := K8 x y 2 E2 y2K3 C2 y2CC DC3 C2 x2K2 x2 E2C2 C x2 EK2 E D

a0 := K2 x 32 y2 x2C4 x4C12 y4  C3K2 x K16 y2 DK14 x2 y2 EK8 x2 DK11 x4 E

C17 y4 E  C2K2 x K12 E2 y2 x2K6 D E y2C2 E2 y4C4 D2C14 D E x2C10 E2 x4  C

K2 x K3 E3 y4C6 E3 x2 y2C6 D E2 y2K3 x4 E3K6 x2 D E2K3 D2 E

factor(subs(B=BBB,C=CCC1,TC3)):

Dynamo dynamical system
AA:=[-B*x+C*z*y+Omega*y,-B*y+C*z*x-Omega*x,1-x*y+D*z^2];

AA := KB xCC z yCΩ y, KB yCC z xKΩ x, 1Ky xCD z2
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(114)(114)

(112)(112)
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O O 

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=evalm([AA[1],AA[2],AA[3],phi]);

φ := B2 x2K4 B x C z yCC2 z2 y2C2 C z y2 ΩCΩ
2
 y2CB2 y2CC2 z2 x2K2 C z x2 ΩCΩ

2
 x2

C1K2 y xC2 D z2Cy2 x2K2 y x D z2CD2 z4

VV := KB xCC z yCΩ y, KB yCC z xKΩ x, 1Ky xCD z2, B2 x2K4 B x C z yCC2 z2 y2

C2 C z y2 ΩCΩ
2
 y2CB2 y2CC2 z2 x2K2 C z x2 ΩCΩ

2
 x2C1K2 y xC2 D z2Cy2 x2

K2 y x D z2CD2 z4

JAC:=simplify(jacobian(VV,[x,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
),q);

JAC := KB, C zCΩ, C y, 0 , 

C zKΩ, KB, C x, 0 , 

Ky, Kx, 2 D z, 0 , 

2 B2 xK4 B C z yC2 C2 z2 xK4 C z x ΩC2 Ω
2
 xK2 yC2 y2 xK2 y D z2, K4 B x C z

C2 C2 z2 yC4 C z y ΩC2 Ω
2
 yC2 y B2K2 xC2 x2 yK2 x D z2, K4 B x C yC2 C2 z y2

C2 C y2 ΩC2 C2 z x2K2 C x2 ΩC4 D zK4 y x D zC4 D2 z3, 0

q4C 2 BK2 D z  q3C C y2K4 B D zCx2 CCB2CΩ
2
KC2 z2  q2C K2 Ω

2
 D zCC y2 B

K2 B2 D zCB x2 CC2 C2 z3 DC2 C2 z x y  q

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=factor((1/2)*(Xm*S1-S2));Za:=factor((1/3)*(Yg*S1-Xm*S2+S3));Tk:=
factor(det(JAC));

Xm := K2 BC2 D z

Yg := C y2K4 B D zCx2 CCB2CΩ
2
KC2 z2

Za := K2 C2 z x yKC y2 BC2 B2 D zKB x2 CK2 C2 z3 DC2 Ω
2
 D z

Tk := 0

BBB:=solve(Xm-3,B);YgB:=factor(subs(B=BBB,Yg));RRR:=solve(YgB-3,Omega^2);
ZaBR:=factor(subs(B=BBB,Omega^2=RRR,Za));CriticalPoint:=collect(ZaBR-1,C);

BBB := D zK
3
2

YgB := C y2K3 D2 z2C3 D zCx2 CC
9
4
CΩ

2
KC2 z2

Warning, solving for expressions other than names or functions is
not recommended.

RRR := KC y2C3 D2 z2K3 D zKx2 CC
3
4
CC2 z2
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(120)(120)

(118)(118)
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ZaBR := K2 C2 z x yK3 C y2 D zC
3
2

 C y2C8 D3 z3K12 D2 z2C6 D zK3 C x2 D zC
3
2

 x2 C

CriticalPoint := K2 C2 z x yC
3
2

 y2K3 y2 D zK3 x2 D zC
3
2

 x2  CK12 D2 z2C6 D z

C8 D3 z3K1

Thermodynamic crtical point is a surface in {x,y,z} (It is not locally stable)
BBB:=solve(Xm,B);ZaB:=factor(subs(B=BBB,Za));RRR:=solve(ZaB,Omega^2);YYg:=
factor(subs(B=BBB,Omega^2=RRR,Yg));
Hopfcrit:=collect(YYg,A);

BBB := D z

ZaB := Kz 2 C2 x yCC y2 DK2 z2 D3CC x2 DC2 z2 C2 DK2 Ω
2
 D

Warning, solving for expressions other than names or functions is
not recommended.

RRR :=
1
2

 
2 C2 x yCC y2 DK2 z2 D3CC x2 DC2 z2 C2 D

D

YYg :=
1
2

 
3 C y2 DK8 z2 D3C3 C x2 DC2 C2 x y

D

Hopfcrit :=
1
2

 
3 C y2 DK8 z2 D3C3 C x2 DC2 C2 x y

D

Chiral - Brand invariants

VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := KxKC x

CURLy := C yCy

CURLz := K2 Ω

HELICITY:=collect(factor(innerprod(AA,VORTICITY)),Omega);

HELICITY := K2 y x CK2K2 D z2  ΩCB x2CB x2 CKC y2 BKy2 B

enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega);

enstrophy := x2C2 x2 CCC2 x2CC2 y2C2 C y2Cy2C4 Ω
2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := B xCB C xCC2 y zCC z yKC y ΩCΩ y, KC z xKC2 x zCΩ xKC x ΩKB C y

KB y, K4 Ω D z

stretch:=collect(factor(innerprod(BRAND,VORTICITY)),Omega);ST1:=factor(coeff
(stretch,Omega^2));st0:=factor(subs(Omega=0,stretch));
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(121)(121)

O O 

(124)(124)

O O 

stretch := KB x2K2 B x2 CKB C2 x2K4 C2 z x yK2 C3 y z xK2 x y C zKB C2 y2K2 C y2 B

Ky2 BC8 Ω
2
 D z

ST1 := 8 D z

st0 := K 1CC 2 2 x y C zCB x2Cy2 B

BI:=collect(factor(innerprod(BRAND,BRAND)),Omega);BI2:=factor(coeff(BI,
Omega^2));BI1:=factor(coeff(BI,Omega));BI0:=collect(factor(subs(Omega=0,BI)),
z);
Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));

BI := y2Cx2CC2 y2C16 D2 z2CC2 x2K2 x2 CK2 C y2  Ω
2
C 2 C3 x2 zK2 C3 y2 z

K2 C z x2C2 C z y2  ΩC4 B x C z yCB2 y2C2 C3 y2 z2CC2 z2 x2CC4 y2 z2CC2 z2 y2

C2 C x2 B2CC4 x2 z2CB2 C2 y2CB2 x2CB2 C2 x2C2 C3 z2 x2C2 y2 B2 CC8 B x C2 y z

C4 B C3 x y z

BI2 := y2Cx2CC2 y2C16 D2 z2CC2 x2K2 x2 CK2 C y2

BI1 := 2 C z xKy  yCx  K1CC  1CC

BI0 := 1CC 2 C2 y2CC2 x2  z2C4 1CC 2 B x C y zC 1CC 2 B2 y2CB2 x2

Θ := K4 Ω
2
 y2C4 Ω

2
 x2K8 C z x2 ΩK8 C z y2 ΩC16 Ω D zC16 Ω D2 z3C4 C3 z2 x2

K4 Ω
2
 x2 CC4 C y2 Ω

2
K4 C3 y2 z2C4 C2 z2 x2K4 C2 z2 y2K4 B2 y2C4 C x2 B2

K4 y2 B2 CK16 Ω y x D zC4 B2 x2K16 B x C y Ω

Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),Omega);t2:=
factor(coeff(Theta,Omega^2));t1:=factor(coeff(Theta,Omega));
t0:=factor(subs(Omega=0,Theta));

Θ := 4 x2K4 x2 CC4 C y2K4 y2  Ω
2
C 16 D zC16 D2 z3K8 C z x2K16 y x D zK8 C z y2

K16 B x C y  ΩC4 C x2 B2K4 y2 B2 CC4 C3 z2 x2C4 B2 x2K4 B2 y2K4 C3 y2 z2

C4 C2 z2 x2K4 C2 z2 y2

t2 := K4 xKy  yCx  K1CC

t1 := 16 D zC16 D2 z3K8 C z x2K16 y x D zK8 C z y2K16 B x C y

t0 := 4 xKy  yCx  1CC  C2 z2CB2

SPINNING TOP-Eulerian Rotator dynamical system

AA:=[A*y*z,B*z*x,C*x*y];

AA := A y z, x B z, y x C

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=evalm([AA[1],AA[2],AA[3],phi]);
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φ := A2 y2 z2Cx2 B2 z2CC2 x2 y2

VV := A y z x B z y x C A2 y2 z2Cx2 B2 z2CC2 x2 y2

JAC:=simplify(jacobian(VV,[x,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
),q);

JAC :=

0 z A A y 0

B z 0 B x 0

C y C x 0 0

2 x B2 z2C2 C2 y2 x 2 A2 y z2C2 C2 x2 y 2 A2 y2 zC2 x2 B2 z 0

q4C KC y2 AKB x2 CKB z2 A  q2K2 B z C x A y q

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=factor((1/2)*(Xm*S1-S2));Za:=factor((1/3)*(Yg*S1-Xm*S2+S3));Tk:=
factor(det(JAC));

Xm := 0

Yg := KC y2 AKB x2 CKB z2 A

Za := 2 B z C x A y

Tk := 0

Hopfcrit:=factor(subs(z=0,Yg));

Hopfcrit := KC y2 ACB x2

Chiral - Brand invariants
VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := C xKB x

CURLy := A yKC y

CURLz := B zKz A

HELICITY:=(factor(innerprod(AA,VORTICITY)));
HELICITY := 0

enstrophy:=factor(innerprod(VORTICITY,VORTICITY));

enstrophy := C2 x2K2 B x2 CCB2 x2CA2 y2K2 C y2 ACC2 y2CB2 z2K2 B z2 ACz2 A2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := KC y z ACB z A y B x C zKz A B x KB x C yCA y C x

stretch:=(factor(innerprod(BRAND,VORTICITY)/(1)));factor(C^2*A+B^2*A+C^2*B+
A^2*B+B^2*C+A^2*C);

stretch := Ky x z C2 AK6 B C ACB2 ACC2 BCA2 BCB2 CCC A2
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C2 ACB2 ACC2 BCA2 BCB2 CCC A2

BI:=simplify(factor(innerprod(BRAND,BRAND)));zz:=(C^2*y^2*A^2*z^2-2*C*y^2*A^2*
z^2*B+B^2*z^2*A^2*y^2)*Omega^2+(C^2*x^2*B^2*z^2-2*C*x^2*B^2*z^2*A+A^2*z^2*B^2*
x^2)*Omega+B^2*x^2*C^2*y^2-2*B*x^2*C^2*y^2*A+A^2*y^2*C^2*x^2;

BI := C2 y2 z2 A2K2 C y2 z2 A2 BCB2 z2 A2 y2CB2 x2 C2 z2K2 B2 x2 C z2 ACz2 A2 B2 x2

CB2 x2 C2 y2K2 B x2 C2 y2 ACA2 y2 C2 x2

zz := C2 y2 z2 A2K2 C y2 z2 A2 BCB2 z2 A2 y2  Ω
2
C B2 x2 C2 z2K2 B2 x2 C z2 A

Cz2 A2 B2 x2  ΩCB2 x2 C2 y2K2 B x2 C2 y2 ACA2 y2 C2 x2

factor(coeff(zz,Omega^2));factor(coeff(zz,Omega));

A2 y2 z2 BKC 2

x2 B2 z2 AKC 2

Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));

Θ := K4 B2 x2 C z2C4 B x2 C2 y2C4 C y2 z2 A2K4 x2 C2 y2 AK4 y2 z2 A2 BC4 B2 x2 z2 A

Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),Omega);t2:=
factor(coeff(Theta,Omega^2));t1:=factor(coeff(Theta,Omega));
t0:=factor(subs(Omega=0,Theta));SYMM:=factor(subs(C=0,B=-A,Theta));factor(subs
(I1=1,I2=1,I3=1/2,SYMM));

Θ := K4 B2 x2 C z2C4 B x2 C2 y2C4 C y2 z2 A2K4 x2 C2 y2 AK4 y2 z2 A2 BC4 B2 x2 z2 A

t2 := 0

t1 := 0

t0 := K4 B2 x2 C z2C4 B x2 C2 y2C4 C y2 z2 A2K4 x2 C2 y2 AK4 y2 z2 A2 BC4 B2 x2 z2 A

SYMM := 4 A3 z2 y2Cx2

4 A3 z2 y2Cx2

ROSSLER dynamical system
AA:= [W*y-z,W*x-A*y,B+x*z-C*y+T*z];

AA := W yKz, W xKA y, BCz xKC yCT z

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=evalm([AA[1],AA[2],AA[3],phi]);

φ := W2 y2K2 W y zCz2CW2 x2K2 W x A yCA2 y2CB2C2 x B zK2 B C yC2 B T zCz2 x2

K2 x y C zC2 z2 x TCC2 y2K2 C y T zCT2 z2

VV := W yKz, W xKA y, BCz xKC yCT z, W2 y2K2 W y zCz2CW2 x2K2 W x A yCA2 y2

CB2C2 x B zK2 B C yC2 B T zCz2 x2K2 x y C zC2 z2 x TCC2 y2K2 C y T zCT2 z2
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JAC:=(jacobian(VV,[x,y,z,t]));

JAC := 0, W, K1, 0 , 

W, KA, 0, 0 , 

z, KC, xCT, 0 , 

2 W2 xK2 W A yC2 B zC2 z2 xK2 C z yC2 z2 T, 2 W2 yK2 W zK2 W x AC2 A2 y

K2 B CK2 C z xC2 C2 yK2 C T z, K2 W yC2 zC2 B xC2 B TC2 z x2K2 y x C

C4 z x TK2 C y TC2 T2 z, 0

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=factor((1/2)*(Xm*S1-S2));Za:=factor((1/3)*(Yg*S1-Xm*S2+S3));Tk:=
factor(det(JAC));

Xm := KACxCT

Yg := KA xKA TKW2Cz

Za := Kz AKW2 TKW2 xCC W

Tk := 0

TTT:=solve(Xm-3,T);ZaB:=factor(subs(T=TTT,Za));AAA:=solve(ZaB-3,A);YgBR:=
factor(subs(T=TTT,A=AAA,Yg));CriticalPoint:=collect(factor(expand(YgBR-1)),W);

TTT := AKxC3

ZaB := Kz AKW2 AK3 W2CC W

AAA :=
K3K3 W2CC W

zCW2

YgBR :=

K
9K9 zKz3K3 C W3CC2 W2KW2 z2CW4 zCW6C9 W2K6 C WK9 W2 zC3 W C z

zCW2 2

CriticalPoint :=

K
1

zCW2 2
W6C zC1  W4K3 C W3C K7 zCC2Kz2C9  W2C 3 C z

K6 C  WC9K9 zKz3Cz2

Thermodynamic crtical point is a surface in {x,y,z} (It is not locally stable)
TTT:=solve(Xm,T);ZaB:=factor(subs(T=TTT,Za));CCC:=solve(ZaB,C);YYg:=factor
(subs(T=TTT,C=CCC,Yg));
Hopfcrit:=collect(YYg,A);

TTT := AKx

ZaB := Kz AKW2 ACC W
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CCC :=
zCW2  A

W

YYg := KA2KW2Cz

Hopfcrit := KA2KW2Cz

Chiral - Brand invariants
VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := KC

CURLy := K1Kz

CURLz := 0

HELICITY:=collect(factor(innerprod(AA,VORTICITY)),W);
HELICITY := KxKz xKC y  WCA yCC zCA y z

enstrophy:=(factor(innerprod(VORTICITY,VORTICITY)));

enstrophy := C2C1C2 zCz2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := KW zC1 KC WCACz A C

stretch:=collect(factor(innerprod(BRAND,VORTICITY)),W);
stretch := 2 W zC1  CK zC1  z ACA

BI:=collect(factor(innerprod(BRAND,BRAND)),W);BI2:=factor(coeff(BI,W^2));BI1:=
factor(coeff(BI,W));BI0:=collect(factor(subs(W=0,BI)),z);

BI := C2C1C2 zCz2  W2C K2 C AK2 A C z  WCz2 A2CC2CA2C2 z A2

BI2 := C2C1C2 zCz2

BI1 := K2 C A zC1

BI0 := z2 A2CC2CA2C2 z A2

Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),W);Theta:=
collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),A);

Θ := 4 yC4 y zC4 C x  W2C K4 C y AK4 A xK4 A z xK4 z2K4 z  WK4 C T zC4 z A2 y

K4 B CK4 C z xC4 A2 yC4 C2 y

Θ := 4 yC4 y z  A2C K4 C W yK4 W xK4 W z x  AC4 C W2 xK4 W z2C4 W2 yC4 W2 y z

K4 W zK4 C T zK4 B CK4 C z xC4 C2 y

Zhabotinsky dynamical system
AA:=[0,0,0];VV:=[0,0,0,0];phi:=0;
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AA := 0, 0, 0

VV := 0, 0, 0, 0

φ := 0

AA:=evalm([A*y+B*x-C*x*y-2*D*x*x,-A*y-C*x*y+F*E*z/2,2*B*x-E*z]);

AA := A yCB xKy x CK2 x2 D KA yKy x CC
1
2

 F E z 2 B xKE z

phi:=factor((AA[1]^2+AA[2]^2+AA[3]^2));VV:=evalm([AA[1],AA[2],AA[3],phi]);

φ := 2 A2 y2C2 A y B xK4 A y x2 DC5 B2 x2K2 B x2 C yK4 B x3 DC2 C2 x2 y2C4 y x3 C D

C4 x4 D2KA y F E zKy x C F E zC
1
4

 F2 E2 z2K4 B x E zCE2 z2

VV := A yCB xKy x CK2 x2 D, KA yKy x CC
1
2

 F E z, 2 B xKE z, 2 A2 y2C2 A y B x

K4 A y x2 DC5 B2 x2K2 B x2 C yK4 B x3 DC2 C2 x2 y2C4 y x3 C DC4 x4 D2

KA y F E zKy x C F E zC
1
4

 F2 E2 z2K4 B x E zCE2 z2

JAC:=(jacobian(VV,[x,y,z,t]));

JAC := BKC yK4 D x, AKC x, 0, 0 , 

KC y, KAKC x, 
1
2

 F E, 0 , 

2 B, 0, KE, 0 , 

2 A y BK8 A y x DC10 B2 xK4 B x C yK12 B x2 DC4 C2 y2 xC12 y x2 C DC16 x3 D2

Ky C F E zK4 z E B, 4 A2 yC2 A B xK4 A x2 DK2 B x2 CC4 C2 x2 yC4 x3 C D

KA F E zKx C F E z, KA y F EKy x C F EC
1
2

 F2 E2 zK4 E x BC2 E2 z, 0

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=collect(factor((1/2)*(Xm*S1-S2)),E);;Za:=factor((1/3)*(Yg*S1-Xm*S2+
S3));Tk:=factor(det(JAC));

Xm := BKC yK4 D xKAKC xKE

Yg := AKBC4 D xCC yCC x  EKB C xC4 D x AC2 C y AKA BC4 C x2 D

Za := E F B AK2 C y AK4 D x ACA BCB C xK4 C x2 DKF B C x

Tk := 0
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Hopf conditions

AAA:=factor(solve(Xm,A));ZaEEE:=factor(subs(A=AAA,Za));FFF:=solve(ZaEEE,F);
YgAF:=factor(subs(A=AAA,F=FFF,Yg));

AAA := BKC yK4 D xKC xKE

ZaEEE := E F B2KF B C yK4 F B D xK2 F B C xKF E BK3 B C yC2 C2 y2C12 C y D x

C2 C2 x yC2 C y EK8 B D xC16 D2 x2C4 D x ECB2KE B

FFF :=

K
1

B BKC yK4 D xK2 C xKE
B2KE BC2 C2 y2C12 C y D xC2 C2 x y

K3 B C yK8 B D xC16 D2 x2C4 D x EC2 C y E

YgAF := KE2C8 B D xK12 C y D xK16 D2 x2K4 D x EC3 B C yK2 C2 y2K2 C2 x y

K2 C y EKB2CE B

Chiral - Brand invariants

VORTICITY:=(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=simplify
(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := K
1
2

 F E

CURLy := K2 B

CURLz := KC yKACC x

HELICITY:=collect(factor(innerprod(AA,VORTICITY)),F);

HELICITY := K
1
2

 E x BCD E x2K
1
2

 E y AKz E BC
1
2

 E C x y  FC2 A y BCE z A

K2 A B xC2 B x2 CCE z C yKE z C x

enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),F);

enstrophy :=
1
4

 F2 E2C4 B2CC2 y2C2 C y AK2 C2 x yCA2K2 A C xCC2 x2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := K
1
2

 F E BC
1
2

 F E C yC2 F E D xK2 A BC2 B C x, 2 A BC2 B C xK
1
2

 F E A

C
1
2

 F E C x, KF E BCC y ECA EKC x E

stretch:=collect(factor(innerprod(BRAND,VORTICITY)),F);ST2:=factor(coeff
(stretch,F^2));ST1:=factor(coeff(stretch,F));st0:=(factor(subs(F=0,stretch)));
st0e:=collect(st0,E);E0:=factor(coeff(st0e,E));

stretch := K
1
4

 C y E2KD x E2C
1
4

 E2 B  F2C 3 E B ACE B C yK3 E B C x  FKE C2 x2
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(164)(164)

(162)(162)

(163)(163)

(161)(161)

K4 B2 AK4 C x B2KA2 EKC2 y2 EK2 A E C yC2 C2 y E xC2 A E C x

ST2 :=
1
4

 E2 BKC yK4 D x

ST1 := E B 3 ACC yK3 C x

st0 := KE C2 x2K4 B2 AK4 C x B2KA2 EKC2 y2 EK2 A E C yC2 C2 y E xC2 A E C x

st0e := KC2 x2KA2KC2 y2K2 C y AC2 C2 x yC2 A C x  EK4 B2 AK4 C x B2

E0 := KC yCAKC x 2

BI:=collect(factor(innerprod(BRAND,BRAND)),F);BI2:=factor(coeff(BI,F^2));BI1:=
factor(coeff(BI,F));BI0:=collect(factor(subs(F=0,BI)),E);

BI := 2 E2 C y D xC
1
4

 C2 y2 E2K2 E2 B D xC
1
4

 C2 x2 E2C
1
4

 A2 E2C4 E2 D2 x2

K
1
2

 A E2 C xC
5
4

 E2 B2K
1
2

 E2 B C y  F2C 8 E D x2 B CC2 E B2 AK2 E B2 C x

K2 E C y A BK2 E2 B C yK8 E D x A BC2 E2 B C xK2 E2 B AC2 E C2 y B xK2 A2 B E

C2 B C2 x2 E  FC8 B2 C2 x2CA2 E2K2 A E2 C xC8 A2 B2CC2 y2 E2K2 C2 y E2 x

CC2 x2 E2C2 C y E2 A

BI2 :=
1
4

 E2 K8 B D xK2 B C yC8 C y D xCA2C5 B2CC2 y2C16 D2 x2CC2 x2

K2 A C x

BI1 := K2 B E C y ECA EKC x EKA BCB C xCC y AKC2 x yC4 D x AK4 C x2 DCA2

KC2 x2

BI0 := C2 y2C2 C y AK2 C2 x yCA2K2 A C xCC2 x2  E2C8 B2 C2 x2C8 A2 B2

Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),F);T1:=factor
(coeff(Theta,F));

Θ := KE2 z C xCE2 z A  F2C 2 E C2 x2 yC2 B A y EC16 E x3 D2K4 B E2 zK4 z E B C x

K2 E A2 yK12 E B x2 DK8 E A y x DC12 E y x2 C DK2 A y2 E CK4 E x B C y

C2 E C2 y2 xK4 z E B AC10 E x B2  FC4 E2 z C yK4 E2 z C xC16 A2 y BC8 B2 x A

C8 E x2 B CK8 E x B C yC16 C2 x2 B yK8 C x2 B2C16 B x3 D CC4 E2 z AK8 E x B A

K16 B x2 D A

T1 := K2 E KC2 x2 yKA y BK8 x3 D2C2 z E BC2 B x C zCA2 yC6 B x2 DC4 A y x D

K6 y x2 C DCC y2 AC2 B x C yKC2 y2 xC2 B z AK5 B2 x

factor(subs(F=0,Theta));

4 E2 z C yK4 E2 z C xC16 A2 y BC8 B2 x AC8 E x2 B CK8 E x B C yC16 C2 x2 B y
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K8 C x2 B2C16 B x3 D CC4 E2 z AK8 E x B AK16 B x2 D A

Pitchfork Hopf OK

AA:= [e*A-G+C*z^2+T*(x^2+y^2)+Omega*y,e*A-G+C*z^2+T*(x^2+y^2)-Omega*x,z*(A+B*
z^2+D*(x^2+y^2))];

AA := e AKGCC z2CT y2Cx2 CΩ y, e AKGCC z2CT y2Cx2 KΩ x, z ACB z2

CD y2Cx2

phi:=factor((AA[1]^2+AA[2]^2+AA[3]^2));VV:=[AA[1],AA[2],AA[3],phi];

φ := Ω
2
 y2CΩ

2
 x2K4 G C z2C2 T y3 ΩK4 G T y2C2 G2Cz2 A2C2 e2 A2C2 C2 z4C2 T2 y4

C2 x4 T2Cz6 B2K4 e A GC4 T2 y2 x2K4 G x2 TK2 G Ω yK2 x3 T ΩC2 G Ω x

C2 z4 B ACz2 D2 y4Cz2 x4 D2C4 e A C z2C4 e A T y2C4 e A x2 TC2 e A Ω y

C4 C z2 T y2C4 C z2 x2 TC2 C z2 Ω yC2 x2 T Ω yK2 e A Ω xK2 C z2 Ω xK2 T y2 Ω x

C2 z2 A y2 DC2 z2 A x2 DC2 z4 B y2 DC2 z4 B x2 DC2 z2 y2 D2 x2

VV := e AKGCC z2CT y2Cx2 CΩ y, e AKGCC z2CT y2Cx2 KΩ x, z ACB z2

CD y2Cx2 , Ω
2
 y2CΩ

2
 x2K4 G C z2C2 T y3 ΩK4 G T y2C2 G2Cz2 A2C2 e2 A2

C2 C2 z4C2 T2 y4C2 x4 T2Cz6 B2K4 e A GC4 T2 y2 x2K4 G x2 TK2 G Ω yK2 x3 T Ω

C2 G Ω xC2 z4 B ACz2 D2 y4Cz2 x4 D2C4 e A C z2C4 e A T y2C4 e A x2 TC2 e A Ω y

C4 C z2 T y2C4 C z2 x2 TC2 C z2 Ω yC2 x2 T Ω yK2 e A Ω xK2 C z2 Ω xK2 T y2 Ω x

C2 z2 A y2 DC2 z2 A x2 DC2 z4 B y2 DC2 z4 B x2 DC2 z2 y2 D2 x2

JAC:=simplify(jacobian(VV,[x,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
),q):

JAC := 2 x T, 2 T yCΩ, 2 C z, 0 , 

2 x TKΩ, 2 T y, 2 C z, 0 , 

2 D z x, 2 D z y, AC3 B z2Cy2 DCx2 D, 0 , 

2 Ω
2
 xC8 x3 T2C8 T2 y2 xK8 G x TK6 x2 T ΩC2 Ω GC4 z2 x3 D2C8 e A x T

C8 C z2 x TC4 x T Ω yK2 Ω A eK2 Ω z2 CK2 T y2 ΩC4 z2 A x DC4 z4 B x D
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(168)(168)

C4 D2 z2 y2 x, 2 Ω
2
 yC6 T y2 ΩK8 G T yC8 T2 y3C8 T2 y x2K2 Ω GC4 z2 D2 y3

C8 e A T yC2 Ω A eC8 C z2 T yC2 Ω z2 CC2 x2 T ΩK4 x T Ω yC4 z2 A y D

C4 z4 B y DC4 D2 z2 y x2, K8 G C zC2 z A2C8 C2 z3C6 z5 B2C8 z3 B AC2 z D2 y4

C2 z x4 D2C8 e A C zC8 C z T y2C8 C z x2 TC4 C z y ΩK4 C z x ΩC4 z A y2 D

C4 z A x2 DC8 z3 B y2 DC8 z3 B x2 DC4 z y2 D2 x2, 0

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=collect(factor((1/2)*(Xm*S1-S2)),Omega);Za:=collect(factor((1/3)*
(Yg*S1-Xm*S2+S3)),Omega);Tk:=factor(det(JAC));Yg0:=factor(subs(Omega=0,Yg));
Za1:=factor(coeff(Za,Omega));

Xm := 2 x TC2 T yCAC3 B z2Cy2 DCx2 D

Yg := Ω
2
C 2 T yK2 x T  ΩC2 T y AC2 T y3 DC6 T y B z2C2 T y x2 DK4 D z2 y C

C2 A x TK4 D z2 x CC2 x3 T DC6 x T B z2C2 x T y2 D

Za := AC3 B z2Cy2 DCx2 D  Ω
2
C K2 A x TK2 x3 T DC2 T y AC2 T y3 DK2 x T y2 D

C6 T y B z2C2 T y x2 DK4 D z2 y CC4 D z2 x CK6 x T B z2  Ω

Tk := 0

Yg0 := 2 yCx  T D x2CA TK2 C z2 DC3 T B z2CT y2 D

Za1 := K2 xKy  T D x2CA TK2 C z2 DC3 T B z2CT y2 D

Hopf conditions

AAA:=factor(solve(Xm,A));ZaAAA:=subs(A=AAA,Za);DDD:=(solve(ZaAAA,D));YYg:=
factor(subs(A=AAA,D=DDD,Yg));

AAA := K2 x TK2 T yK3 B z2Ky2 DKx2 D

ZaAAA := K2 x TK2 T y  Ω
2
C K2 K2 x TK2 T yK3 B z2Ky2 DKx2 D  x TK2 x3 T D

C2 T y K2 x TK2 T yK3 B z2Ky2 DKx2 D C2 T y3 DK2 x T y2 DC6 T y B z2

C2 T y x2 DK4 D z2 y CC4 D z2 x CK6 x T B z2  Ω

DDD := K
1
2

 
T KΩ xKΩ yC2 x2 TK2 T y2

C z2 xKy

YYg := K
Ω KΩ xCΩ yC4 x2 TC4 T y2

xKy

Oscillations occur when YYg>0
Fixed points
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(172)(172)

RRR:=solve(ZaAAA,Omega);HopfCrit:=factor(subs(A=AAA,Omega=RRR[1],Yg));
HopfCrit:=factor(subs(A=AAA,Omega=RRR[2],Yg));

RRR := 0,
2 x2 T2KT2 y2KD z2 y CCD z2 x C

T yCx

HopfCrit := K4 yCx  x T2CT2 yCC z2 D

HopfCrit :=
1

T2 yCx 2 4 x T2CT2 yCC z2 D  C x2 D z2K2 y D z2 C xCC y2 D z2

K3 T2 y x2K3 T2 y2 xKT2 y3Kx3 T2

Chiral - Brand invariants

VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);EE1:=-factor(diff(phi,x))
;EE2:=-factor(diff(phi,y));EE3:=-factor(diff(phi,z));

CURLx := 2 D z yK2 C z

CURLy := 2 C zK2 D z x

CURLz := 2 x TK2 ΩK2 T y

EE1 := K2 Ω
2
 xK8 x3 T2K8 T2 y2 xC8 G x TC6 x2 T ΩK2 Ω GK4 z2 x3 D2K8 e A x T

K8 C z2 x TK4 x T Ω yC2 Ω A eC2 Ω z2 CC2 T y2 ΩK4 z2 A x DK4 z4 B x D

K4 D2 z2 y2 x

EE2 := K2 Ω
2
 yK6 T y2 ΩC8 G T yK8 T2 y3K8 T2 y x2C2 Ω GK4 z2 D2 y3K8 e A T y

K2 Ω A eK8 C z2 T yK2 Ω z2 CK2 x2 T ΩC4 x T Ω yK4 z2 A y DK4 z4 B y D

K4 D2 z2 y x2

EE3 := K2 z 3 B2 z4C4 C2 z2C4 B z2 AC4 B z2 y2 DC4 B z2 x2 DK4 C GCA2Cx4 D2

C2 y2 D2 x2C4 T y2 CCD2 y4C2 C y ΩC4 C A eC2 A y2 DC4 T x2 CK2 C x Ω

C2 A x2 D

HELICITY:=collect(factor(innerprod(AA,VORTICITY)),Omega);H1:=factor(coeff
(HELICITY,Omega));H0:=factor(subs(Omega=0,HELICITY));

HELICITY := K2 z C xCC yCB z2CA  ΩK2 z KD z2 y CKx T B z2CT y B z2CG D y

CD z2 x CKA x TCT y AKe A D yKG D xCe A D x

H1 := K2 z C xCC yCB z2CA

H0 := K2 z xKy  KT B z2CC z2 DKA TKG DCe A D

enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega);E0:=factor
(subs(Omega=0,enstrophy));
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(173)(173)

(175)(175)

O O 

O O 

enstrophy := 4 Ω
2
C 8 T yK8 x T  ΩC4 D2 z2 y2K8 D z2 y CC8 C2 z2K8 D z2 x C

C4 D2 z2 x2C4 x2 T2C4 T2 y2K8 T2 y x

E0 := 4 D2 z2 y2K8 D z2 y CC8 C2 z2K8 D z2 x CC4 D2 z2 x2C4 x2 T2C4 T2 y2K8 T2 y x

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := K2 C z ΩK2 D z x Ω, K2 D z y ΩK2 C z Ω, K4 D z2 x CC4 D z2 y CC2 A x T

K2 Ω AK2 T y AC6 x T B z2K6 Ω B z2K6 T y B z2C2 x T y2 DK2 Ω y2 DK2 T y3 D

C2 x3 T DK2 Ω x2 DK2 T y x2 D

stretch:=collect(factor(innerprod(BRAND,VORTICITY)),Omega);ST2:=factor(coeff
(stretch,Omega^2));ST1:=factor(coeff(stretch,Omega));st0:=factor(subs(Omega=0,
stretch));

stretch := 12 B z2C4 y2 DC4 x2 DC4 A  Ω
2
C K8 x3 T DC8 T y AC8 T y3 DK8 A x T

K24 x T B z2C24 T y B z2C8 T y x2 DK16 D z2 y CK8 x T y2 DC16 D z2 x C  Ω

K8 T2 y A xC12 T2 y2 B z2K8 C z2 D x2 TK8 C z2 D y2 TK8 T2 y3 D xC4 T2 y4 D

K8 T2 y x3 DC8 T2 y2 x2 DC12 x2 T2 B z2C16 C z2 D x T yC4 x4 T2 DC4 T2 y2 A

C4 A x2 T2K24 T2 y B z2 x

ST2 := 12 B z2C4 y2 DC4 x2 DC4 A

ST1 := K8 xKy  T D x2CA TK2 C z2 DC3 T B z2CT y2 D

st0 := 4 T xKy 2 T D x2CA TK2 C z2 DC3 T B z2CT y2 D

BI:=collect(factor(innerprod(BRAND,BRAND)),Omega);BI2:=factor(coeff(BI,
Omega^2));BI1:=factor(coeff(BI,Omega));BI0:=(factor(subs(Omega=0,BI)));

BI := K32 D2 z4 y C2 xC4 A2 x2 T2K16 D z2 y2 C T AC4 T2 y2 A2C4 T2 y6 D2C4 x6 T2 D2

K16 D z2 x2 C A TK48 D z4 x2 C T BK32 D2 z2 x2 C T y2C32 D2 z2 x C T y3

C32 D2 z2 x3 C T yC 48 T y B z2 x2 DC16 T y3 A DC16 T y3 D2 x2C72 T y B2 z4

C8 T y x4 D2K16 A x3 T DK16 x3 T D2 y2K8 x T y4 D2C8 T y A2C8 T y5 D2K8 A2 x T

K8 x5 T D2K72 x T B2 z4C16 C z2 D x AC48 C z4 D x BC16 C z2 D2 x y2K16 C z2 D y A

K48 C z4 D y BK16 C z2 D2 y x2K48 x T y2 D B z2C48 T y A B z2C16 T y A x2 D

C48 T y3 D B z2K48 A x T B z2K16 A x T y2 DK48 x3 T D B z2C16 C z2 D2 x3

K16 C z2 D2 y3  ΩC32 D z2 x C T y AK16 D2 z2 x4 C TK16 D2 z2 y4 C TC24 A x2 T2 B z2

C16 A x2 T2 y2 DK16 A x T2 y3 DK16 A x3 T2 y DC24 T2 y2 A B z2K72 x T2 B2 z4 y

C24 x4 T2 B z2 DC24 T2 y4 B z2 DC16 D2 z4 y2 C2C16 D2 z4 x2 C2C 4 D2 z2 x2

C8 y2 D2 x2C4 D2 z2 y2C8 C2 z2C36 B2 z4C8 A x2 DC8 D z2 x CC8 D z2 y CC4 D2 y4
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C4 A2C24 B z2 y2 DC24 B z2 x2 DC24 B z2 AC8 A y2 DC4 x4 D2  Ω
2
K8 A2 x T2 y

C8 A x4 T2 DC8 T2 y4 A DC36 x2 T2 B2 z4C36 T2 y2 B2 z4C12 x2 T2 y4 D2K8 x T2 y5 D2

C12 x4 T2 y2 D2K16 x3 T2 y3 D2K8 x5 T2 D2 yC96 D z4 x C T y BK48 D z4 y2 C T B

K48 A x T2 y B z2C48 x2 T2 B z2 y2 DK48 x T2 B z2 y3 DK48 x3 T2 B z2 y D

BI2 := 4 D2 z2 x2C8 y2 D2 x2C4 D2 z2 y2C8 C2 z2C36 B2 z4C8 A x2 DC8 D z2 x C

C8 D z2 y CC4 D2 y4C4 A2C24 B z2 y2 DC24 B z2 x2 DC24 B z2 AC8 A y2 DC4 x4 D2

BI1 := K8 xKy  AC3 B z2Cy2 DCx2 D  T D x2CA TK2 C z2 DC3 T B z2CT y2 D

BI0 := 4 xKy 2 T D x2CA TK2 C z2 DC3 T B z2CT y2 D
2

Theta:=collect(factor(-2*innerprod([EE1,EE2,EE3],VORTICITY)),Omega);

Θ := 8 z KC yCC x  Ω
2
C8 z K2 C2 z2KA2K2 T y2 CKD2 y4Ke A D yKe A D xKT y x2 D

Kx T y2 DK4 B z2 AK2 C A eKx4 D2K2 A x2 DK3 B2 z4KT y3 DKx3 T DK2 y2 D2 x2

K2 A y2 DKD z2 y CKD z2 x CK2 T x2 CK4 B z2 y2 DK4 B z2 x2 DC2 C GCG D y

CG D x  ΩC8 z K4 T y B z2 x2 DK2 T y3 A DK2 T y3 D2 x2K3 T y B2 z4KT y x4 D2

C2 A x3 T DC2 x3 T D2 y2Cx T y4 D2KT y A2KT y5 D2CA2 x TCx5 T D2C3 x T B2 z4

K2 C z2 D x AK2 C z4 D x BK2 C z2 D2 x y2C2 C z2 D y AC2 C z4 D y BC2 C z2 D2 y x2

C4 x T y2 D B z2K4 T y A B z2K2 T y A x2 DK4 T y3 D B z2C4 A x T B z2C2 A x T y2 D

C4 x3 T D B z2K2 C z2 D2 x3C2 C z2 D2 y3

Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),Omega);t2:=
factor(coeff(Theta,Omega^2));t1:=factor(coeff(Theta,Omega));
t0:=factor(subs(Omega=0,Theta));

Θ := K8 z KC yCC x  Ω
2
K8 z K2 C2 z2KA2K2 T y2 CKD2 y4Ke A D yKe A D x

KT y x2 DKx T y2 DK4 B z2 AK2 C A eKx4 D2K2 A x2 DK3 B2 z4KT y3 DKx3 T D

K2 y2 D2 x2K2 A y2 DKD z2 y CKD z2 x CK2 T x2 CK4 B z2 y2 DK4 B z2 x2 DC2 C G

CG D yCG D x  ΩK8 z K4 T y B z2 x2 DK2 T y3 A DK2 T y3 D2 x2K3 T y B2 z4

KT y x4 D2C2 A x3 T DC2 x3 T D2 y2Cx T y4 D2KT y A2KT y5 D2CA2 x TCx5 T D2

C3 x T B2 z4K2 C z2 D x AK2 C z4 D x BK2 C z2 D2 x y2C2 C z2 D y AC2 C z4 D y B

C2 C z2 D2 y x2C4 x T y2 D B z2K4 T y A B z2K2 T y A x2 DK4 T y3 D B z2C4 A x T B z2

C2 A x T y2 DC4 x3 T D B z2K2 C z2 D2 x3C2 C z2 D2 y3

t2 := K8 z C xKy

t1 := 8 z 2 C2 z2CA2C2 T y2 CCD2 y4Ce A D yCe A D xCT y x2 DCx T y2 DC4 B z2 A

C2 C A eCx4 D2C2 A x2 DC3 B2 z4CT y3 DCx3 T DC2 y2 D2 x2C2 A y2 DCD z2 y C

CD z2 x CC2 T x2 CC4 B z2 y2 DC4 B z2 x2 DK2 C GKG D yKG D x
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t0 := K8 z xKy  ACB z2Cy2 DCx2 D  T D x2CA TK2 C z2 DC3 T B z2CT y2 D

t11:=(t1/(-8*z));collect(t11,D);t10:=factor(subs(D=0,t11));
beta:=D*x^2+A+B*z^2+D*y^2;betasq:=expand(beta^2);

t11 := K2 C2 z2KA2K2 T y2 CKD2 y4Ke A D yKe A D xKT y x2 DKx T y2 DK4 B z2 A

K2 C A eKx4 D2K2 A x2 DK3 B2 z4KT y3 DKx3 T DK2 y2 D2 x2K2 A y2 DKD z2 y C

KD z2 x CK2 T x2 CK4 B z2 y2 DK4 B z2 x2 DC2 C GCG D yCG D x

Kx4Ky4K2 y2 x2  D2C K2 y2 AKx T y2Ke A xK2 A x2Ke A yKT y3CG yKT y x2

K4 y2 z2 BKC z2 yKx3 TCG xK4 x2 B z2KC z2 x  DK2 C2 z2KA2K2 T y2 C

K4 B z2 AK2 C A eK2 T x2 CK3 B2 z4C2 C G

t10 := K2 C2 z2KA2K2 T y2 CK4 B z2 AK2 C A eK2 T x2 CK3 B2 z4C2 C G

β := ACB z2Cy2 DCx2 D

betasq := A2C2 B z2 AC2 A y2 DC2 A x2 DCB2 z4C2 B z2 y2 DC2 B z2 x2 DCD2 y4

C2 y2 D2 x2Cx4 D2

simplify(t11-expand(-(D*x^2+D*y^2+A+B*z^2)^2));

K2 C2 z2K2 T y2 CKe A D yKe A D xKT y x2 DKx T y2 DK2 B z2 AK2 C A eK2 B2 z4

KT y3 DKx3 T DKD z2 y CKD z2 x CK2 T x2 CK2 B z2 y2 DK2 B z2 x2 DC2 C G

CG D yCG D x

TRANSCRITICAL HOPF OK
AA:= [x*(A-G+C*z)+Omega*y,y*(A-G+C*z)-Omega*x,A*z+B*z^2+D*(x^2+y^2)];

AA := x AKGCC z CΩ y, y AKGCC z KΩ x, z ACB z2CD y2Cx2

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=[AA[1],AA[2],AA[3],phi];

φ := Ω
2
 y2CΩ

2
 x2CD2 y4C2 z A y2 DC2 z A x2 DCA2 x2CG2 y2CC2 z2 x2CC2 z2 y2

C2 z3 B AK2 G x2 C zC2 A y2 C zK2 G y2 C zCx4 D2K2 G x2 ACA2 y2Cz2 A2CG2 x2

CB2 z4K2 A y2 GC2 A C z x2C2 y2 D2 x2C2 B z2 y2 DC2 B z2 x2 D

VV := x AKGCC z CΩ y, y AKGCC z KΩ x, z ACB z2CD y2Cx2 , Ω
2
 y2CΩ

2
 x2

CD2 y4C2 z A y2 DC2 z A x2 DCA2 x2CG2 y2CC2 z2 x2CC2 z2 y2C2 z3 B A

K2 G x2 C zC2 A y2 C zK2 G y2 C zCx4 D2K2 G x2 ACA2 y2Cz2 A2CG2 x2CB2 z4

K2 A y2 GC2 A C z x2C2 y2 D2 x2C2 B z2 y2 DC2 B z2 x2 D

JAC:=simplify(jacobian(VV,[x,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
),q);

JAC := AKGCC z, Ω, C x, 0 , 
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KΩ, AKGCC z, C y, 0 , 

2 D x, 2 D y, AC2 B z, 0 , 

2 Ω
2
 xC4 D z x AC2 A2 xC2 C2 z2 xK4 G x C zC4 x3 D2K4 G x AC2 G2 xC4 A C z x

C4 D2 y2 xC4 B x D z2, 2 Ω
2
 yC4 D2 y3C4 D z y AC2 G2 yC2 C2 z2 yC4 C y z A

K4 G y C zC2 A2 yK4 A y GC4 D2 y x2C4 B y D z2, 2 A y2 DC2 A x2 DC2 C2 z x2

C2 C2 z y2C6 B z2 AK2 G C x2C2 C y2 AK2 G y2 CC2 z A2C4 B2 z3C2 x2 C A

C4 B z y2 DC4 B z x2 D, 0

q4C K2 C zK3 AC2 GK2 B z  q3C 4 B z AK2 C x2 DK2 C y2 DK4 G B zCC2 z2

C4 C z2 BK2 G C zC4 A C zC3 A2K4 G ACG2CΩ
2

 q2C 2 A D y2 CKA3

C4 A G B zK4 A C z2 BK2 G2 B zC2 G C z AK2 z A2 BK2 A2 C zK2 Ω
2
 B z

C2 D x2 A CKC2 z2 AK2 C2 z3 BK2 G D y2 CC2 C2 z D y2KG2 AC4 G C z2 B

C2 D x2 C2 zC2 G A2K2 D x2 C GKΩ
2
 A  q

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=collect(factor((1/2)*(Xm*S1-S2)),Omega);Za:=collect(factor((1/3)*
(Yg*S1-Xm*S2+S3)),Omega);Tk:=factor(det(JAC));Yg0:=factor(subs(Omega=0,Yg));
Za1:=factor(coeff(Za,Omega));Za0:=factor(subs(Omega=0,Za));

Xm := 3 AK2 GC2 C zC2 B z

Yg := 4 B z AK2 C x2 DK2 C y2 DK4 G B zCC2 z2C4 C z2 BK2 G C zC4 A C zC3 A2

K4 G ACG2CΩ
2

Za := AC2 B z  Ω
2
CA3K2 D x2 A CK4 A G B zC4 A C z2 BK2 A D y2 CK4 G C z2 B

C2 G D y2 CK2 C2 z D y2C2 D x2 C GK2 D x2 C2 zK2 G C z AC2 G2 B zC2 C2 z3 B

CC2 z2 AK2 G A2CG2 AC2 z A2 BC2 A2 C z

Tk := 0

Yg0 := 4 B z AK2 C x2 DK2 C y2 DK4 G B zCC2 z2C4 C z2 BK2 G C zC4 A C zC3 A2

K4 G ACG2

Za1 := 0

Za0 := AKGCC z  A2CA C zKG AC2 B z AK2 G B zK2 C x2 DC2 C z2 BK2 C y2 D

Hopf conditions

GGG:=factor(solve(Xm,G));ZaGGG:=factor(subs(G=GGG,Za));RRR:=solve(ZaGGG,
Omega^2);YYg:=factor(subs(G=GGG,Omega^2=RRR,Yg));

GGG :=
3
2

 ACC zCB z
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(189)(189)

ZaGGG :=
1
4

 AC2 B z  A2C4 B z AC4 C x2 DC4 C y2 DC4 B2 z2C4 Ω
2

Warning, solving for expressions other than names or functions is
not recommended.

RRR := K
1
4

 A2KB z AKC x2 DKC y2 DKB2 z2

YYg := K4 B z AK3 C x2 DK3 C y2 DK4 B2 z2KA2

Oscillations occur when YYg>0

RRR:=solve(ZaGGG,Omega^2);HopfCrit:=factor(subs(G=GGG,Omega^2=RRR,Yg));
Warning, solving for expressions other than names or functions is
not recommended.

RRR := K
1
4

 A2KB z AKC x2 DKC y2 DKB2 z2

HopfCrit := K4 B z AK3 C x2 DK3 C y2 DK4 B2 z2KA2

Chiral - Brand invariants

VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := 2 D yKC y

CURLy := C xK2 D x

CURLz := K2 Ω

HELICITY:=collect(factor(innerprod(AA,VORTICITY)),Omega);

HELICITY := Ω KC y2Kx2 CK2 z AK2 B z2

enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega);E0:=factor
(subs(Omega=0,enstrophy));

enstrophy := 4 D2 y2K4 C y2 DCC2 y2CC2 x2K4 C x2 DC4 D2 x2C4 Ω
2

E0 := y2Cx2  CK2 D 2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := 2 A y DKC y AK2 G D yCC y GC2 C y D zKC2 y zKC x ΩK2 Ω x D, K2 D y Ω

KC y ΩCA C xK2 D x AKC x GC2 G D xCC2 x zK2 C x D z, K2 Ω AK4 Ω B z

stretch:=collect(factor(innerprod(BRAND,VORTICITY)),Omega);ST2:=factor(coeff
(stretch,Omega^2));st0:=factor(subs(Omega=0,stretch));

stretch := 8 B zC4 A  Ω
2
C4 A y2 D2K4 A D y2 CCC2 y2 AK4 G D2 y2C4 G D y2 C

KC2 y2 GC4 C y2 D2 zK4 C2 z D y2CC3 y2 zCx2 C2 AK4 D x2 A CC4 D2 x2 AKC2 x2 G

C4 D x2 C GK4 G D2 x2CC3 x2 zK4 D x2 C2 zC4 C x2 D2 z
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ST2 := 8 B zC4 A

st0 := y2Cx2  CK2 D 2 AKGCC z

BI:=collect(factor(innerprod(BRAND,BRAND)),Omega);BI2:=factor(coeff(BI,
Omega^2));BI1:=factor(coeff(BI,Omega));BI0:=(factor(subs(Omega=0,BI)));

BI := A2 C2 x2CC2 A2 y2CC4 x2 z2CC4 y2 z2CC2 G2 x2C8 A C x2 G DK8 A C2 x2 D z

C8 D2 x2 A C zC8 C2 x2 G D zK8 G D2 x2 C zK4 A2 y2 D CK8 A y2 D2 GK2 C2 y2 A G

C2 C3 y2 A zK4 G2 D y2 CK2 C3 y2 G zC4 C2 y2 D2 z2K4 C3 y2 D z2K4 A2 C x2 D

K2 A C2 x2 GC2 A C3 x2 zK8 D2 x2 A GK4 C x2 G2 DK2 C3 x2 G zK4 C3 x2 z2 D

C4 C2 x2 D2 z2C8 A y2 D C GC8 A y2 D2 C zK8 A y2 D C2 zK8 G D2 y2 C z

C8 G D y2 C2 zC4 G2 D2 x2C4 A2 y2 D2C4 D2 x2 A2C4 G2 D2 y2CC2 y2 G2C 4 D2 x2

C4 D2 y2CC2 y2CC2 x2C4 A2C4 C x2 DC4 C y2 DC16 B z AC16 B2 z2  Ω
2

BI2 := 4 D2 x2C4 D2 y2CC2 y2CC2 x2C4 A2C4 C x2 DC4 C y2 DC16 B z AC16 B2 z2

BI1 := 0

BI0 := y2Cx2  CK2 D 2 AKGCC z 2

Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));

Θ := 8 Ω 3 B z2 ACA y2 DCA x2 DC2 B2 z3Cz A2CC2 z x2CC2 z y2C2 B z y2 D

C2 B z x2 DKG C x2CC y2 AKG y2 CCx2 C A

Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),Omega);t2:=
factor(coeff(Theta,Omega^2));t1:=factor(coeff(Theta,Omega));
t0:=factor(subs(Omega=1,Theta)/(-8));

Θ := 24 B z2 AC8 A y2 DC8 A x2 DC16 B2 z3C8 z A2C8 C2 z x2C8 C2 z y2C16 B z y2 D

C16 B z x2 DK8 G C x2C8 C y2 AK8 G y2 CC8 x2 C A  Ω

t2 := 0

t1 := 24 B z2 AC8 A y2 DC8 A x2 DC16 B2 z3C8 z A2C8 C2 z x2C8 C2 z y2C16 B z y2 D

C16 B z x2 DK8 G C x2C8 C y2 AK8 G y2 CC8 x2 C A

t0 := K3 B z2 AKA y2 DKA x2 DK2 B2 z3Kz A2KC2 z x2KC2 z y2K2 B z y2 DK2 B z x2 D

CG C x2KC y2 ACG y2 CKx2 C A

SADDLE NODE HOPF OK

AA:= [x*(G+C*z)+Omega*y,y*(G+C*z)-Omega*x,A+B*z^2+D*(x^2+y^2)];
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(195)(195)AA := x GCC z CΩ y, y GCC z KΩ x, ACB z2CD y2Cx2

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=[AA[1],AA[2],AA[3],phi];

φ := G2 x2C2 G x2 C zCC2 z2 x2CΩ
2
 y2CG2 y2C2 G y2 C zCC2 z2 y2CΩ

2
 x2CA2C2 B z2 A

C2 A y2 DC2 A x2 DCB2 z4C2 B z2 y2 DC2 B z2 x2 DCD2 y4C2 y2 D2 x2Cx4 D2

VV := x GCC z CΩ y, y GCC z KΩ x, ACB z2CD y2Cx2 , G2 x2C2 G x2 C z

CC2 z2 x2CΩ
2
 y2CG2 y2C2 G y2 C zCC2 z2 y2CΩ

2
 x2CA2C2 B z2 AC2 A y2 D

C2 A x2 DCB2 z4C2 B z2 y2 DC2 B z2 x2 DCD2 y4C2 y2 D2 x2Cx4 D2

JAC:=simplify(jacobian(VV,[x,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
),q);

JAC := GCC z, Ω, C x, 0 , 

KΩ, GCC z, C y, 0 , 

2 D x, 2 D y, 2 B z, 0 , 

2 G2 xC4 G x C zC2 C2 z2 xC2 Ω
2
 xC4 D x AC4 B x D z2C4 D2 y2 xC4 x3 D2, 2 Ω

2
 y

C2 G2 yC4 G y C zC2 C2 z2 yC4 A y DC4 B y D z2C4 D2 y3C4 D2 y x2, 2 G C x2

C2 C2 z x2C2 G y2 CC2 C2 z y2C4 B z AC4 B2 z3C4 B z y2 DC4 B z x2 D, 0

q4C K2 C zK2 B zK2 G  q3C K2 C x2 DC2 G C zCΩ
2
CG2CC2 z2C4 C z2 B

K2 C y2 DC4 G B z  q2C K2 C2 z3 BC2 C2 z D y2C2 D x2 C2 zK2 Ω
2
 B zK2 G2 B z

C2 D x2 C GK4 G C z2 BC2 G D y2 C  q

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=collect(factor((1/2)*(Xm*S1-S2)),Omega);Za:=collect(factor((1/3)*
(Yg*S1-Xm*S2+S3)),Omega);Tk:=factor(det(JAC));Yg0:=factor(subs(Omega=0,Yg));
Za1:=factor(coeff(Za,Omega));Za0:=factor(subs(Omega=0,Za));

Xm := 2 GC2 C zC2 B z

Yg := K2 C x2 DC2 G C zCΩ
2
CG2CC2 z2C4 C z2 BK2 C y2 DC4 G B z

Za := 4 G C z2 BK2 G D y2 CK2 C2 z D y2K2 D x2 C GK2 D x2 C2 zC2 G2 B zC2 C2 z3 B

C2 Ω
2
 B z

Tk := 0

Yg0 := K2 C x2 DC2 G C zK2 C y2 DCG2CC2 z2C4 C z2 BC4 G B z

Za1 := 0

Za0 := 2 GCC z  C z2 BKC y2 DKC x2 DCG B z
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Hopf conditions

GGG:=factor(solve(Xm,G));ZaGGG:=subs(G=GGG,Za);DDD:=solve(ZaGGG,D);YYg:=factor
(subs(G=GGG,D=DDD,Yg));EV:=eigenvalues(JAC):EV3:=factor(subs(G=GGG,D=DDD,EV[3]
));EV2:=simplify(subs(G=GGG,D=DDD,EV[2]));EV4:=factor(subs(G=GGG,D=DDD,EV[4]))
;factor(subs(G=GGG,D=DDD,EV[1]));factor(EV3*EV4*EV2);

GGG := Kz BCC

ZaGGG := K4 z3 BCC  C BC2 z BCC  D y2 CK2 C2 z D y2C2 D x2 C z BCC

K2 D x2 C2 zC2 z3 BCC 2 BC2 C2 z3 BC2 Ω
2
 B z

DDD := K
B2 z2CΩ

2

C y2Cx2

YYg := KB2 z2C3 Ω
2

EV3 :=
1

K3 B2 z2K3 Ω
2 3 1/6

1
6

 I I K3 B2 z2K3 Ω
2 3 1/3

K3 I 31/3 Ω
2
K35/6 B2 z2

C3 35/6 Ω
2
CI 31/3 B2 z2C 3  K3 B2 z2K3 Ω

2 3 1/3

 31/3

EV2 :=
1
3

 
3  K B2 z2K3 Ω

2 3 1/3

CB2 z2K3 Ω
2

K B2 z2K3 Ω
2 3 1/6

EV4 :=
1

K3 B2 z2K3 Ω
2 3 1/6

1
6

 I I K3 B2 z2K3 Ω
2 3 1/3

K3 I 31/3 Ω
2
C35/6 B2 z2

K3 35/6 Ω
2
CI 31/3 B2 z2K 3  K3 B2 z2K3 Ω

2 3 1/3

 31/3

0

K
1
36

 
1

K3 B2 z2K3 Ω
2 3 1/3

 K B2 z2K3 Ω
2 3 1/6 I K3 B2 z2K3 Ω

2 3 1/3

K3 I 31/3 Ω
2
K35/6 B2 z2C3 35/6 Ω

2
CI 31/3 B2 z2C 3  K3 B2 z2K3 Ω

2 3 1/3

 31/6 I K3 B2 z2K3 Ω
2 3 1/3

K3 I 31/3 Ω
2
C35/6 B2 z2K3 35/6 Ω

2
CI 31/3 B2 z2

K 3  K3 B2 z2K3 Ω
2 3 1/3

 K B2 z2K3 Ω
2 3 1/3

CB2 z2K3 Ω
2

Oscillations occur when YYg>0  Hence if  3(Omega)^2 exceeds (Bz)^2, oscillations occur.  
Fixed points

RRR:=solve(ZaGGG,Omega^2);HopfCrit:=factor(subs(G=GGG,Omega^2=RRR,Yg));
Warning, solving for expressions other than names or functions is
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not recommended.
RRR := KC y2 DKC x2 DKB2 z2

HopfCrit := K3 C x2 DK3 C y2 DK4 B2 z2

Xm;
2 GC2 C zC2 B z

ZaCB:=(factor(subs(G=0,C=-B,Za)));DDD:=solve(ZaCB,D);(factor(subs(C=-B,G=0,Yg)
));

ZaCB := 2 B z B2 z2KD y2 BKB x2 DCΩ
2

DDD :=
B2 z2CΩ

2

B y2Cx2

2 B x2 DCΩ
2
K3 B2 z2C2 D y2 B

Chiral - Brand invariants

VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := 2 D yKC y

CURLy := C xK2 D x

CURLz := K2 Ω

HELICITY:=collect(factor(innerprod(AA,VORTICITY)),Omega);

HELICITY := Ω KC y2Kx2 CK2 AK2 B z2

enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega);E0:=factor
(subs(Omega=0,enstrophy));

enstrophy := 4 D2 y2K4 C y2 DCC2 y2CC2 x2K4 C x2 DC4 D2 x2C4 Ω
2

E0 := y2Cx2  CK2 D 2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := 2 G D yKC y GC2 C y D zKC2 y zKC x ΩK2 Ω x D, K2 D y ΩKC y ΩCC x G

K2 G D xCC2 x zK2 C x D z, K4 Ω B z

stretch:=collect(factor(innerprod(BRAND,VORTICITY)),Omega);ST2:=factor(coeff
(stretch,Omega^2));st0:=factor(subs(Omega=0,stretch));

stretch := 4 G D2 y2K4 G D y2 CCC2 y2 GC4 C y2 D2 zK4 C2 z D y2CC3 y2 zCC2 x2 G

K4 D x2 C GC4 G D2 x2CC3 x2 zK4 D x2 C2 zC4 C x2 D2 zC8 Ω
2
 B z

ST2 := 8 B z

st0 := y2Cx2  CK2 D 2 GCC z

BI:=collect(factor(innerprod(BRAND,BRAND)),Omega);BI2:=factor(coeff(BI,
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Omega^2));BI1:=factor(coeff(BI,Omega));BI0:=(factor(subs(Omega=0,BI)));

BI := 4 D2 x2C4 D2 y2CC2 y2CC2 x2C4 C x2 DC4 C y2 DC16 B2 z2  Ω
2
CC4 y2 z2

C4 C2 x2 D2 z2K4 C x2 G2 DCC4 x2 z2C8 G D2 x2 C zK4 G2 D y2 CCC2 G2 x2

K8 C2 x2 G D zK4 C3 y2 D z2K4 C3 x2 z2 DC2 C3 y2 G zC4 C2 y2 D2 z2C2 C3 x2 G z

C4 G2 D2 x2C8 G D2 y2 C zK8 G D y2 C2 zC4 G2 D2 y2CC2 y2 G2

BI2 := 4 D2 x2C4 D2 y2CC2 y2CC2 x2C4 C x2 DC4 C y2 DC16 B2 z2

BI1 := 0

BI0 := y2Cx2  GCC z 2 CK2 D 2

Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));

Θ := 8 Ω 2 B2 z3C2 B z ACC2 z x2CC2 z y2C2 B z y2 DC2 B z x2 DCG C x2CG y2 C

Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),Omega);t2:=
factor(coeff(Theta,Omega^2));t1:=factor(coeff(Theta,Omega));
t0:=factor(subs(Omega=1,Theta)/8);ThetaHopf:=(factor(subs(G=GGG,D=DDD,Theta)))
;;FalacoCRIT:=YYg;boundinghopf:=factor(x^2*C^2-2*A*C+2*Omega^2+y^2*C^2+2*B^2*
z^2-2*C*z^2*B);

Θ := 16 B2 z3C16 B z AC8 C2 z x2C8 C2 z y2C16 B z y2 DC16 B z x2 DC8 G C x2

C8 G y2 C  Ω

t2 := 0

t1 := 16 B2 z3C16 B z AC8 C2 z x2C8 C2 z y2C16 B z y2 DC16 B z x2 DC8 G C x2C8 G y2 C

t0 := 2 B2 z3C2 B z ACC2 z x2CC2 z y2C2 B z y2 DC2 B z x2 DCG C x2CG y2 C

ThetaHopf := 8 Ω KB x2 CC2 A BC2 Ω
2
KC y2 BC4 B2 z2  z

FalacoCRIT := KB2 z2C3 Ω
2

boundinghopf := C2 x2K2 C AC2 Ω
2
CC2 y2C2 B2 z2K2 C z2 B

bbb:=(4/3)*solve(YYg,Omega^2)/(z^2);H:=HELICITY;BBB:=solve(H,B);Tension:=subs
(B=BBB,bbb);Rotat:=(Tension)^(1/2);

Warning, solving for expressions other than names or functions is
not recommended.

bbb :=
4
9

 B2

H := Ω KC y2Kx2 CK2 AK2 B z2

BBB := K
1
2

 
C y2Cx2 CC2 A

z2

Tension :=
1
9

 
C y2Cx2 CC2 A

2

z4
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Rotat :=
1
9

 9  
C y2Cx2 CC2 A

2

z4

******************

HYSTERESIS HOPF OK

AA:= [x*(-G+C*z)+Omega*y,y*(-G+C*z)-Omega*x,A+B*z+E*z^3+D*(x^2+y^2)];

AA := x KGCC z CΩ y, y KGCC z KΩ x, ACB zCE z3CD y2Cx2

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=[AA[1],AA[2],AA[3],phi];

φ := Ω
2
 y2CΩ

2
 x2CA2CD2 y4CG2 y2C2 B z ACC2 z2 x2CC2 z2 y2CE2 z6K2 G x2 C z

K2 G y2 C zC2 B z y2 DC2 B z x2 DCx4 D2CB2 z2CG2 x2C2 A x2 DC2 E z3 y2 D

C2 E z3 x2 DC2 A E z3C2 B z4 EC2 y2 D2 x2C2 A y2 D

VV := x KGCC z CΩ y, y KGCC z KΩ x, ACB zCE z3CD y2Cx2 , Ω
2
 y2CΩ

2
 x2

CA2CD2 y4CG2 y2C2 B z ACC2 z2 x2CC2 z2 y2CE2 z6K2 G x2 C zK2 G y2 C z

C2 B z y2 DC2 B z x2 DCx4 D2CB2 z2CG2 x2C2 A x2 DC2 E z3 y2 DC2 E z3 x2 D

C2 A E z3C2 B z4 EC2 y2 D2 x2C2 A y2 D

JAC:=simplify(jacobian(VV,[x,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
),q);

JAC := KGCC z, Ω, C x, 0 , 

KΩ, KGCC z, C y, 0 , 

2 D x, 2 D y, BC3 E z2, 0 , 

2 Ω
2
 xC2 C2 z2 xK4 G x C zC4 B D z xC4 x3 D2C2 G2 xC4 D x AC4 E z3 x D

C4 D2 y2 x, 2 Ω
2
 yC4 D2 y3C2 G2 yC2 C2 z2 yK4 G y C zC4 B D z yC4 E z3 y D

C4 D2 y x2C4 A y D, 2 A BC2 C2 z x2C2 C2 z y2C6 E2 z5K2 G C x2K2 G y2 C

C2 D y2 BC2 B x2 DC2 B2 zC6 E z2 y2 DC6 E z2 x2 DC6 A E z2C8 B z3 E, 0

q4C KBK2 C zK3 E z2C2 G  q3C K2 C y2 DCG2CC2 z2K2 G C zK2 C x2 DCΩ
2

C2 B C zC6 C z3 EK2 G BK6 G E z2  q2C KG2 BK2 G D y2 CC2 C2 z D y2
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K3 G2 E z2KB C2 z2C2 G B C zC6 G C z3 EK2 D x2 C GC2 D x2 C2 zK3 C2 z4 E

KB Ω
2
K3 Ω

2
 E z2  q

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=collect(factor((1/2)*(Xm*S1-S2)),Omega);Za:=collect(factor((1/3)*
(Yg*S1-Xm*S2+S3)),Omega);Tk:=factor(det(JAC));Yg0:=factor(subs(Omega=0,Yg));
Za1:=factor(coeff(Za,Omega));Za0:=factor(subs(Omega=0,Za));

Xm := K2 GC2 C zCBC3 E z2

Yg := K2 C y2 DCG2CC2 z2K2 G C zK2 C x2 DCΩ
2
C2 B C zC6 C z3 EK2 G BK6 G E z2

Za := BC3 E z2  Ω
2
CB C2 z2K2 D x2 C2 zC2 G D y2 CK2 C2 z D y2C2 D x2 C G

C3 G2 E z2CG2 BK2 G B C zK6 G C z3 EC3 C2 z4 E

Tk := 0

Yg0 := K2 C y2 DCG2CC2 z2K2 G C zK2 C x2 DK6 G E z2C2 B C zC6 C z3 EK2 G B

Za1 := 0

Za0 := KGCC z  3 C z3 ECB C zK2 C y2 DK2 C x2 DK3 G E z2KG B

Hopf conditions

GGG:=factor(solve(Xm,G));ZaGGG:=subs(G=GGG,Za);DDD:=factor(solve(ZaGGG,D));
YYg:=factor(subs(G=GGG,D=DDD,Yg));

GGG := C zC
1
2

 BC
3
2

 E z2

ZaGGG := BC3 E z2  Ω
2
CB C2 z2K2 D x2 C2 zC2 C zC

1
2

 BC
3
2

 E z2  D y2 C

K2 C2 z D y2C2 D x2 C C zC
1
2

 BC
3
2

 E z2 C3 C zC
1
2

 BC
3
2

 E z2
2

 E z2

C C zC
1
2

 BC
3
2

 E z2
2

 BK2 C zC
1
2

 BC
3
2

 E z2  B C zK6 C zC
1
2

 B

C
3
2

 E z2  C z3 EC3 C2 z4 E

DDD := K
1
4

 
B2C6 B E z2C9 E2 z4C4 Ω

2

C y2Cx2

YYg := 3 Ω
2
K

3
2

 B E z2K
9
4

 E2 z4K
1
4

 B2

Oscillations occur when YYg>0
The Hopf critical surface is 

RRR:=solve(ZaGGG,Omega^2);HopfCrit:=factor(subs(G=GGG,Omega^2=RRR,Yg));
Warning, solving for expressions other than names or functions is
not recommended.
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(220)(220)

O O 

O O 

RRR := K
1
4

 B2K
3
2

 B E z2KC x2 DKC y2 DK
9
4

 E2 z4

HopfCrit := K3 C y2 DKB2K6 B E z2K9 E2 z4K3 C x2 D

Chiral - Brand invariants

VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := 2 D yKC y

CURLy := C xK2 D x

CURLz := K2 Ω

HELICITY:=collect(factor(innerprod(AA,VORTICITY)),Omega);

HELICITY := Ω KC y2Kx2 CK2 AK2 B zK2 E z3

enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega);E0:=factor
(subs(Omega=0,enstrophy));

enstrophy := 4 D2 y2K4 C y2 DCC2 y2CC2 x2K4 C x2 DC4 D2 x2C4 Ω
2

E0 := y2Cx2  CK2 D 2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := K2 G D yCC y GC2 C y D zKC2 y zKC x ΩK2 Ω x D, K2 D y ΩKC y ΩKC x G

C2 G D xCC2 x zK2 C x D z, K2 B ΩK6 Ω E z2

stretch:=collect(factor(innerprod(BRAND,VORTICITY)),Omega);ST2:=factor(coeff
(stretch,Omega^2));st0:=factor(subs(Omega=0,stretch));

stretch := 4 BC12 E z2  Ω
2
K4 G D2 y2C4 G D y2 CKC2 y2 GC4 C y2 D2 zK4 C2 z D y2

CC3 y2 zKC2 x2 GC4 D x2 C GK4 G D2 x2CC3 x2 zK4 D x2 C2 zC4 C x2 D2 z

ST2 := 4 BC12 E z2

st0 := y2Cx2  CK2 D 2 KGCC z

BI:=collect(factor(innerprod(BRAND,BRAND)),Omega);BI2:=factor(coeff(BI,
Omega^2));BI1:=factor(coeff(BI,Omega));BI0:=(factor(subs(Omega=0,BI)));

BI := 4 D2 x2C4 D2 y2C4 B2C36 E2 z4CC2 y2CC2 x2C24 B E z2C4 C x2 DC4 C y2 D  Ω
2

K2 C3 y2 G zC4 C2 y2 D2 z2K4 C3 y2 D z2K4 C3 x2 z2 DC4 C2 x2 D2 z2CC4 x2 z2
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CC4 y2 z2K8 G D2 x2 C zK4 G2 D y2 CCC2 G2 x2C8 C2 x2 G D zK2 C3 x2 G z

C4 G2 D2 x2CC2 y2 G2K4 C x2 G2 DC8 G D y2 C2 zC4 G2 D2 y2K8 G D2 y2 C z

BI2 := 4 D2 x2C4 D2 y2C4 B2C36 E2 z4CC2 y2CC2 x2C24 B E z2C4 C x2 DC4 C y2 D

BI1 := 0

BI0 := y2Cx2  KGCC z 2 CK2 D 2

Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));

Θ := 8 Ω 3 E2 z5CB2 zC3 A E z2C4 B z3 ECD y2 BCB x2 DC3 E z2 y2 DC3 E z2 x2 D

CA BCC2 z x2CC2 z y2KG C x2KG y2 C

Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),Omega);t1:=
factor(coeff(Theta,Omega));
t0:=factor(subs(Omega=1,Theta)/8);

Θ := 24 E2 z5C8 B2 zC24 A E z2C32 B z3 EC8 D y2 BC8 B x2 DC24 E z2 y2 D

C24 E z2 x2 DC8 A BC8 C2 z x2C8 C2 z y2K8 G C x2K8 G y2 C  Ω

t1 := 24 E2 z5C8 B2 zC24 A E z2C32 B z3 EC8 D y2 BC8 B x2 DC24 E z2 y2 DC24 E z2 x2 D

C8 A BC8 C2 z x2C8 C2 z y2K8 G C x2K8 G y2 C

t0 := 3 E2 z5CB2 zC3 A E z2C4 B z3 ECD y2 BCB x2 DC3 E z2 y2 DC3 E z2 x2 DCA B

CC2 z x2CC2 z y2KG C x2KG y2 C

ThetaHopf:=factor(subs(G=GGG,D=DDD,Theta));boundingHopf:=factor(9*E^2*z^4-4*C*
z^3*E+6*B*E*z^2-4*C*z*B-4*A*C+2*y^2*C^2+4*Omega^2+2*x^2*C^2+B^2);

ThetaHopf :=
1
C

2 Ω BC3 E z2  KB2K6 B E z2C4 B C zK2 C2 y2K2 C2 x2K4 Ω
2

K9 E2 z4C4 C AC4 C z3 E

boundingHopf := 9 E2 z4K4 C z3 EC6 B E z2K4 B C zK4 C AC2 C2 y2C4 Ω
2
C2 C2 x2CB2

H:=HELICITY;BBB:=z*solve(H,B);BBB*BBB;ZZZ:=Omega^2-3/4*(BBB*BBB);

H := Ω KC y2Kx2 CK2 AK2 B zK2 E z3

BBB := K
1
2

 C y2K
1
2

 x2 CKAKE z3

K
1
2

 C y2K
1
2

 x2 CKAKE z3
2

ZZZ := Ω
2
K

3
4

 K
1
2

 C y2K
1
2

 x2 CKAKE z3
2

YYg;

3 Ω
2
K

3
2

 B E z2K
9
4

 E2 z4K
1
4

 B2
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Generalized Langford

AA:= [x*(G+C*z)+Omega*y,y*(G+C*z)-Omega*x,P*sinh(alpha*z)+A-0*B*z+0*F*z^2+0*E*
z^3+D*(x^2+y^2)];

AA := x GCC z CΩ y, y GCC z KΩ x, P sinh α z CACD y2Cx2

#AA:= [x*(G+C*z)+Omega*y,y*(G+C*z)-Omega*x,P*(sinh(z))+D*(x^2+y^2)];

phi:=simplify((AA[1]^2+AA[2]^2+AA[3]^2));VV:=[AA[1],AA[2],AA[3],phi];

φ := G2 x2C2 G x2 C zCC2 z2 x2CΩ
2
 y2CG2 y2C2 G y2 C zCC2 z2 y2CΩ

2
 x2CP2 sinh α z

2

C2 P sinh α z  AC2 P sinh α z  y2 DC2 P sinh α z  x2 DCA2C2 A y2 DC2 A x2 D

CD2 y4C2 y2 D2 x2Cx4 D2

VV := x GCC z CΩ y, y GCC z KΩ x, P sinh α z CACD y2Cx2 , G2 x2

C2 G x2 C zCC2 z2 x2CΩ
2
 y2CG2 y2C2 G y2 C zCC2 z2 y2CΩ

2
 x2CP2 sinh α z

2

C2 P sinh α z  AC2 P sinh α z  y2 DC2 P sinh α z  x2 DCA2C2 A y2 DC2 A x2 D

CD2 y4C2 y2 D2 x2Cx4 D2

JAC:=simplify(jacobian(VV,[x,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
),q);

JAC := GCC z, Ω, C x, 0 , 

KΩ, GCC z, C y, 0 , 

2 D x, 2 D y, P cosh α z  α, 0 , 

2 x G2C2 G C zCC2 z2CΩ
2
C2 P sinh α z  DC2 A DC2 D2 y2C2 D2 x2 , 2 y G2

C2 G C zCC2 z2CΩ
2
C2 P sinh α z  DC2 A DC2 D2 y2C2 D2 x2 , 2 G C x2

C2 C2 z x2C2 G y2 CC2 C2 z y2C2 P2 sinh α z  cosh α z  αC2 P cosh α z  α A

C2 P cosh α z  α y2 DC2 P cosh α z  α x2 D, 0

q4C K2 C zKP cosh α z  αK2 G  q3C K2 C x2 DC2 G C zCΩ
2
CG2CC2 z2

C2 C z P cosh α z  αK2 C y2 DC2 G P cosh α z  α  q2C KC2 z2 P cosh α z  α

C2 C2 z D y2C2 D x2 C2 zKΩ
2
 P cosh α z  αKG2 P cosh α z  αC2 D x2 C G
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K2 G C z P cosh α z  αC2 G D y2 C  q

S1:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

Xm:=S1;Yg:=collect(factor((1/2)*(Xm*S1-S2)),Omega);Za:=collect(factor((1/3)*
(Yg*S1-Xm*S2+S3)),Omega);Tk:=factor(det(JAC));Yg0:=factor(subs(Omega=0,Yg));
Za1:=factor(coeff(Za,Omega));Za0:=factor(subs(Omega=0,Za));

Xm := 2 GC2 C zCP cosh α z  α

Yg := K2 C x2 DC2 G C zCΩ
2
CG2CC2 z2C2 C z P cosh α z  αK2 C y2 D

C2 G P cosh α z  α

Za := K2 G D y2 CK2 C2 z D y2K2 D x2 C GK2 D x2 C2 zCC2 z2 P cosh α z  α

CG2 P cosh α z  αCΩ
2
 P cosh α z  αC2 G C z P cosh α z  α

Tk := 0

Yg0 := K2 C x2 DC2 G C zK2 C y2 DCG2CC2 z2C2 C z P cosh α z  αC2 G P cosh α z  α

Za1 := 0

Za0 := KGCC z  KC z P cosh α z  αC2 C y2 DC2 C x2 DKG P cosh α z  α

Hopf conditions

GGG:=factor(solve(Xm,G));ZaGGG:=subs(G=GGG,Za);DDD:=factor(solve(ZaGGG,D));
YYg:=factor(subs(G=GGG,D=DDD,Yg));

GGG := KC zK
1
2

 P cosh α z  α

ZaGGG := K2 KC zK
1
2

 P cosh α z  α  D y2 CK2 C2 z D y2K2 D x2 C KC z

K
1
2

 P cosh α z  α K2 D x2 C2 zCC2 z2 P cosh α z  αC KC z

K
1
2

 P cosh α z  α
2

 P cosh α z  αCΩ
2
 P cosh α z  αC2 KC z

K
1
2

 P cosh α z  α  C z P cosh α z  α

DDD := K
1
4

 
P2 cosh α z

2
 α

2
C4 Ω

2

C y2Cx2

YYg := K
1
4

 P2 cosh α z
2
 α

2
C3 Ω

2

Oscillations occur when YYg>0
The Hopf critical surface is 

RRR:=solve(ZaGGG,Omega^2);HopfCrit:=factor(subs(G=GGG,Omega^2=RRR,Yg));Pcrit:=
solve(HopfCrit,P);

Warning, solving for expressions other than names or functions is
not recommended.
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RRR := KC y2 DKC x2 DK
1
4

 P2 cosh α z
2
 α

2

HopfCrit := K3 C x2 DK3 C y2 DKP2 cosh α z
2
 α

2

Pcrit :=
2 K3 C y2 DK3 C x2 D  eα z

eα z 2
C1  α

, K
2 K3 C y2 DK3 C x2 D  eα z

eα z 2
C1  α

Chiral - Brand invariants

VORTICITY:=evalm(curl(AA,[x,y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);

CURLx := 2 D yKC y

CURLy := C xK2 D x

CURLz := K2 Ω

HELICITY:=collect(factor(innerprod(AA,VORTICITY)),Omega);

HELICITY := KC y2Kx2 CK2 P sinh α z K2 A  Ω

enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega);E0:=factor
(subs(Omega=0,enstrophy));

enstrophy := 4 D2 y2K4 C y2 DCC2 y2CC2 x2K4 C x2 DC4 D2 x2C4 Ω
2

E0 := y2Cx2  CK2 D 2

BRAND:=innerprod(jacobian(AA,[x,y,z]),VORTICITY);

BRAND := 2 G D yKC y GC2 C y D zKC2 y zKC x ΩK2 Ω x D, K2 D y ΩKC y ΩCC x G

K2 G D xCC2 x zK2 C x D z, K2 P cosh α z  α Ω

stretch:=collect(factor(innerprod(BRAND,VORTICITY)),Omega);ST2:=factor(coeff
(stretch,Omega^2));st0:=factor(subs(Omega=0,stretch));

stretch := 4 G D2 y2K4 G D y2 CCC2 y2 GC4 C y2 D2 zK4 C2 z D y2CC3 y2 zCC2 x2 G

K4 D x2 C GC4 G D2 x2CC3 x2 zK4 D x2 C2 zC4 C x2 D2 zC4 Ω
2
 P cosh α z  α

ST2 := 4 P cosh α z  α

st0 := y2Cx2  CK2 D 2 GCC z

BI:=collect(factor(innerprod(BRAND,BRAND)),Omega);BI2:=factor(coeff(BI,
Omega^2));BI1:=factor(coeff(BI,Omega));BI0:=(factor(subs(Omega=0,BI)));
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BI := 4 D2 x2C4 D2 y2CC2 y2CC2 x2C4 P2 cosh α z
2
 α

2
C4 C x2 DC4 C y2 D  Ω

2

CC4 y2 z2C4 C2 x2 D2 z2K4 C x2 G2 DCC4 x2 z2C8 G D2 x2 C zK4 G2 D y2 CCC2 G2 x2

K8 C2 x2 G D zK4 C3 y2 D z2K4 C3 x2 z2 DC2 C3 y2 G zC4 C2 y2 D2 z2C2 C3 x2 G z

C4 G2 D2 x2C8 G D2 y2 C zK8 G D y2 C2 zC4 G2 D2 y2CC2 y2 G2

BI2 := 4 D2 x2C4 D2 y2CC2 y2CC2 x2C4 P2 cosh α z
2
 α

2
C4 C x2 DC4 C y2 D

BI1 := 0

BI0 := y2Cx2  GCC z 2 CK2 D 2

Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));

Θ := 8 Ω G C x2CC2 z x2CG y2 CCC2 z y2CP2 sinh α z  cosh α z  αCP cosh α z  α A

CP cosh α z  α y2 DCP cosh α z  α x2 D

Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),Omega);t1:=
factor(coeff(Theta,Omega));
t0:=factor(subs(Omega=1,Theta)/8);

Θ := 8 G C x2C8 C2 z x2C8 G y2 CC8 C2 z y2C8 P2 sinh α z  cosh α z  α

C8 P cosh α z  α AC8 P cosh α z  α y2 DC8 P cosh α z  α x2 D  Ω

t1 := 8 G C x2C8 C2 z x2C8 G y2 CC8 C2 z y2C8 P2 sinh α z  cosh α z  α

C8 P cosh α z  α AC8 P cosh α z  α y2 DC8 P cosh α z  α x2 D

t0 := G C x2CC2 z x2CG y2 CCC2 z y2CP2 sinh α z  cosh α z  αCP cosh α z  α A

CP cosh α z  α y2 DCP cosh α z  α x2 D

ThetaHopf:=factor(subs(G=GGG,D=DDD,Theta));boundingHopf:=factor(9*E^2*z^4-4*C*
z^3*E+6*B*E*z^2-4*C*z*B-4*A*C+2*y^2*C^2+4*Omega^2+2*x^2*C^2+B^2);

ThetaHopf :=
1
C

2 Ω K2 C2 x2K2 C2 y2KP2 cosh α z
2
 α

2
C4 C AC4 P sinh α z  C

K4 Ω
2

 P cosh α z  α

boundingHopf := 9 E2 z4K4 C z3 EC6 B E z2K4 B C zK4 C AC2 C2 y2C4 Ω
2
C2 C2 x2CB2

H:=HELICITY;BBB:=z*solve(H,P);BBB*BBB;ZZZ:=Omega^2-3/4*(BBB*BBB);

H := KC y2Kx2 CK2 P sinh α z K2 A  Ω

BBB := K
1
2

 
z C y2Cx2 CC2 A

sinh α z

1
4

 
z2 C y2Cx2 CC2 A

2

sinh α z
2

ZZZ := Ω
2
K

3
16

 
z2 C y2Cx2 CC2 A

2

sinh α z
2
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O O YYg;

K
1
4

 P2 cosh α z
2
 α

2
C3 Ω

2


