> restart: with (linalg):with(liesymm) :with(difforms):with(plots):
topdynamicsexamples.mws
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A Maple program that uses the Jacobian Matrix (dyadic)
of a 3D velocity field of a dynamical system to compute the
similarity invariants, Xm, Yg, Za, and the Brand invariants

> setup(x,Yy,z,t);defform(x=0,y=0,2z=0,u=0,¥=0,t=0,Vx=0,Vy=0,Vz=0,D1=0,D2=0,D3=0,
Ax=0,Ay=0,Az=0,Phi=0,a=const,b=const,c=const,qg=const,Lx=0,Ly=0,Lz=0,A=const,B=
const,C=const,D=const,Omega=const, r=const) ;

[Xy,2 1] 1)

STF dynamical system

> AA:=[C*z*x-Omega*y, (C-R)*z*y+Omega*x,A-B*z"2-S*xX"2-T*y"2] ;
AA=[Czx—Qy, (C—R)zy+Qx A—BZ —Sx —Ty’] @)

> phi:=simplify((AA[1]"2+AA[2]"2+AA[3]72)) ;VV:=evalm([AA[1],AA[2],AA[3],phi]);
2 2

¢::C22 X +£22y2+22y202—222y20R—i—22y2R2—22yR§2x+sz2+A2—2ABz2
—2ASX —2ATY + B2 +2BZ S +2BZ Ty +°x + 25X Ty + T2y!

VV = [sz—Qy, (C—R)zy+Qx,A—Bzz—Sx2—Ty2, C222x2+£22y2+22y202 3)
22V CR+AYVR —27yRQx+Q° X +A2—2ABA—2ASK—2ATy* + B2
+2BASK +2BATY +52x 425 Ty? + T2y

> JAC:=simplify(Jacobian(VWV,[X,y,z,t])):collect(simplify(expand(charpoly(JAC,q))



).q);

¢+ (zR+2Bz—2C2) P+ (2TY’C+Q° —~CAR+C? 2 +27RB+25¥C—4C#B  (4)
—2TyR) ¢+ (2C2TY’R+2SXxQyR+2Q°Bz+2QTyCx—25xQyC
+2C?PB—25%2C%2+2Sx¥*CzR—2CZRB—2C%zTy?) q

> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=Factor(trace
(innerprod(JAC,JAC,JAC))):
> Xm:=S1;Yg:=Factor((1/2)*(Xm*S1-S2));Za:=collect(collect(factor((1/3)*(Yg*Sl-
Xm*S2+S3)),z),0mega) ; Tk:=Factor(det(JAC));
Xm:=-z(-2C+R+2B)

Yg:i=2TYC+Q° —CAR+C Z+22RB+25¥C —4CZAB—2TyR
Za:= -2Q°Bz+ (-2CxTy+2ySxC —2ySxR) Q+ (2CRB—2C2B) 2+ (
2TY"CR+2TyY’C*+25x*C*—2SX*CR) z
Tk:=0 5)

> ;BBB:=solve(Xm,B);YgB:=fFactor(subs(B=BBB,YQ));RRR:=solve(YgB,0megan2) ;ZaBR:=
factor(subs(B=BBB,0mega”™2=RRR,Za));CriticalPoint:=collect(ZaBR-1,0mega);

—c_ 1
BBB:=C— - R

YB:=2TY’C+Q° +3CAR-3C* Z—2R*+25xXC —2TyR

Warning., solving for expressions other than names or functions is
not recommended.

RRR:= -2Ty*C —2SX*C —3CZAR+3C* 2 +7R°+2Ty*R
ZaBR:=6C*zTy*—8CzTY"R+65x°C?2—4Sx¥CzR+12C* R—6CAR*—8C*7
+ 2R +2TYZRP—2QTyCx+2SxQyC—2SxQyR
CriticalPoint:= (-2CxTy+2ySXxC —2ySXR) Q+6C°zTy’—8CzTy’R+6Sx°C*z  (6)
—4SX¥CzR+12C*PR—6CAR* —8C* 2+ PR¥+2Ty* 2R —1

Thermodynamic crtical point is a surface in {x,y,z} (It is not locally stable)

> BBB:=solve(Xm,B);ZaB:=factor(subs(B=BBB,Za)) ;RRR:=solve(ZaB,0mega”™2);YYQg:=
factor(subs(B=BBB,0mega”™2=RRR,YQ));
Hopfcrit:=collect(YYg,Omega);

1
BBB:=C— R
¢ 2

ZaB:= -2C2Q°+Q 7R —2QTyCx+25xQyC —25xQyR+3C* 2R~ C AR

—2C*2—2CzTY"R+2C*2Ty*+25x°C*2—2S%°CzR

Warning, solving for expressions other than names or functions is
not recommended.



RRR::—ﬁ(ZSXQyR—3CZZ3R+2S2Tny—28nyC+2CzTy2R
—2C* Ty +CPR* +2C%* 2 - 25X C*2+25X CzR)

YYg = -ﬁ(-GCZzTy2+8CzTy2R—63x202z+45x2(:zR—1202z3R
+6CAR +8C 2 —PR - 2Ty zR*+2QTyCx—2SxQyC+2SXxQyR)

Hopfcrit := - (2ySxR+2CxTy—2ySxC)Q _ L (-6C*2Ty*+8CzTy*R

z(2C —R) 2(2C—R)
—6SX°C?z+4SX*CzR—12C*2R+6CAR* +8C 2 — R —2Ty*zR?)

> TT:=solve(factor (2*S*x*y*R+2*T*y*C*x-2*S*x*y*C),T) ;ZZ:=subs(T=TT,collect

(col lect(Col leCt((4*S*XN2*Crz*R+B*CHZ*THYyN2*R-G*CA2*Z*XTHYN2—B*S*EXN2*CAR* 7 2% T*

YA2*Z*RA248*CAB*ZAZ-2z N3 RAZ-12*CA2* 2 A3*R+6*C*23*R"2) /2 ,2) ,X) ,Y)) ;
7= (C—R)S
' C

2 (C—R)SR?
C

~12C°R+6CR?*+8C>—R% 7

77 := (—6(C—R)SC— +8(C—R)SR)y2+(—68C2+4SCR)x2+(

Chiral - Brand invariants

> VORTICITY:=evalm(curl (AA, [X,Y,z])):CURLX:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]) ;CURLz:=simplify(VORTICITY[3]);
CURLXx:=-2Ty—Cy+yR

CURLYy :=Cx+2Sx
CURLz:=2Q

> HELICITY:=collect(factor(innerprod(AA,VORTICITY)) ,Omega);
HELICITY := (CY* —RY*+x*C +2A—2BZ) Q—2CzxTy+2zyCSx—2zyRSx

> KKK:=simplify((2*S*X*y*R+2*T*y*C*xX-2*S*x*y*C)/(X*y));
KKK:=2SR+2CT—-2SC

if KKK is zero then helicity depends upon Omega.

> enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega);
enstrophy::4T2y2+4TyZC—4Ty2R+C2y2—2Cy2R+y2R2+C2x2+4SXZC +482%2

+40°

> BRAND:=innerprod(jacobian(AA,[X,Y,z]),VORTICITY);
BRAND := [-2TyzC —zyC?+2zyCR+QCx—25SXxQ, -2TyQ+QyC —QyR+C?zx

+2SxCz—xCzR—2zRSx,2ySxC—2ySxR—2CxTy—4BzQ]

()

(8)

(9)

(10)

(11)

(12)

(13)



> stretch:=collect(factor(innerprod(BRAND,VORTICITY)),O0Omega);ST1l:=factor(coeff
(stretch,Omegan2));st0:=fFactor(subs(Omega=0,stretch));

stretch:= -8 Q°Bz+ (-8CxTy+8ySxC —8ySxR) Q+4C%2Ty? +45x2Cz
—4CzTy2R+zy2CR2+zy2C3+4T2yzzC—4SXZCzR+C3zx2+482x2Cz
—¥*C?zZR—27y"C?°R—47RS* ¥
ST1:=-8Bz
st0:=z (4TY"C?P+4SxC*—4TY'CR+RCY +C VY +4CyY’T°—4Sx¥*CR+xC (14)
+4CxS?P—RC?*X* —2RC*y* —4x*S°R)

> Bl:=collect(factor(innerprod(BRAND,BRAND)) ,Omega) ;Bl2:=Ffactor(coeff(BI,
Omegan?2));Bl1l:=factor(coeff(BI,Omega));Bl0:=collect(factor(subs(Omega=0,BI)),
z);

> Theta:=factor(-2*innerprod(grad(phi,[X,y,z]),VORTICITY));

Bl:=(-4SX*C—4TyY"C+4TyYR—2CY'R+4S°x¥+16 B +C°x* +C* V¥ +4 Ty
+y?R2) Q°+ (16 TyCxBz+8C%2ySx —16SxyBzC + 16 SxyBzR +4Sxzy R?
+47CxTYyR—22zyC?’RXx+2yR?*XCz—82C*xTy+8TyzRSx—12CzySxR) Q
—|—40322x28+8y28x2RCT+482x2C222+x2C222R2—|—422R282x2+4T2y22202
+4TYACP— 272y CPR+2YC*R*—8C°AxX*RS—8S° X CAR+4X*CZR?S
— 8y’ S* ¥ CR—8YSXC’T—2C AR +4y SR +4C° X T?y* —4TY* 7 C°R
—|—4y282x2C2+22y2C4-|-C422x2

BI2:=-4SX*C—4TY’C+4TYR—2CYyY’R+45 % +16B*Z +C*x* + C*y? + 4 T2y
+y*R?

Bll:=-2yxz(8SCB—4SRT+4TC*+6SCR+C°R—8BRS—8CTB—45C?
—CR*—2TCR—2SR?)

BIO:= (4C*T2 Y’ +4 Ty C =2y’ C*R+Vy*C°R°+4C3x*S —2C3 R + 4 $*x° C*

X CPRP 4+ 4R+ C*—8S° X CR+C*' X —4Ty’C*R—8C?X*RS
+4X°CR?S) 2 -8y’ SXC*T+8Y’SX¥*RCT+4y* X2 R +4C*x° T2y
—8y*S*X*CR+4y*$*x*C?

©:=-16QB*2+8BASxCy—8BZASXxyR+167yCRSx—8BZTyCx+8C*ZxTy (15)
+4C222xyR—82y2RQT+122y2RQC—8ASny+8ASxyR+88xTy3C
—88xTy3R—822yC28x—422yRZCx—822yR28x+4zRQx2C+82RQXZS
+8ATny—88x3TyC—1GQBsz2—16QBzTy2—4zy2RZQ+8Q2xTy
+40Q°xyR+852CCy—852xyR—8Q°ySx—8T2y3Cx—8QC2z¥



—8Qzy*C*+16 QABz

> Theta:=collect(factor(-2*innerprod(grad(phi,[X,y,z]),VORTICITY)),Omega);t2:=
factor(coeff(Theta,Omegan2));tl:=Factor(coeff(Theta,Omega));
> tO:=factor(subs(Omega=0,Theta));

©:= (8XxyT+4yRx—8ySx) Q + (122’ CR—82Ty*R+4x*CzR+85xzR
—47y"R°+16ABz—16BzSX —16BzTy —16B°Z —8C*zxX —82y*C?) Q
—87yC’Sx+8BZSXxCy—8BZASxyR+1622yCRSx—8BZTyCx
+8C°AXTy+4C*AxyR+8SxTy’C—8SxTy’R—8ASXCy+8ASxyR
—8YyR*SXx—8T*y’Cx—8S°x’yR—4ZyR°Cx—8SX°TyC+8S*x°Cy
+8ATyCx

t2:=4yx(2T+R—-2Y9)

t1:=4z(-4B°Z+3CYR—2TY"R+X*CR+2SX*R—y*R°+4AB—4BSX
—4BTyY —2C*%* —2C?y?)

10:=-4yx (2X°STC—2CxX*S* +2x°S°R+2y’SRT—2y’STC+2CVy*T>+27C*S  (16)
—2BZSC+2BASR—47ACRS+2BATC—2TAC*—C*AR+27R*S
+2ASC—2ASR—2ATC +CZR?

> (collect(innerprod(AA,grad(HELICITY,[X,Y,Z])) ,0mega)) ;SPHERE:=collect(collect
(factor(innerprod(AA, [X,Y,z]1)/2) ,x"2) ,y"2);

20" XyR+ (4B2S2+4B272 — 422 CR+2y* RS +4B2Ty? +25x2Cz—2y22CS
+2C% 2% —2xX2C2T—2S%xzR+22y*R*+22y"C*—4ABz+2Ty’Cz) Q
+28%@yR—2BfoCy+2BfoyR—6fyCRSX+ZBnyCx—4C9fxTy
+2SXTY’R4+2ASXCYy—2ASXYyR—2SxTy’C—2ATyCx+47yC?Sx
+27yR?Sx—28°X°Cy+22yRCXxT+2SX°TyC+2T?*y*Cx

SPHERE:= (C—R—T)y*+ (C—S)X¥ —BZ +A (17)
> C-R-T=-A;C-S=-A;B=A;S=C+A;T=C+A-R;T=S-R;
C—R—-T=-A
C—S=-A
B=A
S=C+A
T=C+A—R
T=S—R (18)



Lorenz dynamical system
> AAI=[A*(y-X),-X*z+R*X-y ,x*y-B*z] ;
AA=[A(y—X), -zx+Rx—y,yx—Bz] (19

> phi:=simplify((AA[1]"2+AA[2]"2+AA[3]"2));VV:=[AA[1],AA[2] ,AA[3],phi];
¢::A2y2—2A2yx +A2x2+22x2—2x22R+2yxz+x2R2—2ny+y2+y2x2—2ysz

+B?7

WW:=[A (y —X), —zx+Rx—y,yx—Bz,A2y2—2A2yx+A2x2+22x2—2x22R+2yxz (20)
+XRP—2yRX+V +V*X* —2yxBz+B*7]

> JAC:=simplify(Jacobian(evalm(W),[X,y,z,t]));collect(simplify(expand(charpoly
(JAC,d))). D)

JAC:=[[-A A 0,0]
[-z+R, -1, -x,0],
[y, x, -B,0],
[—2A2y+2A2x+222x—4sz+22y+2xR2—2yR+2y2x—2sz,2A2y
—2APX 427X —2RX+2y+2yx¥*—2xBz 27X —2xX*R+2yx—2yxB+2B%z0
1]

'+ (A+1+B) g+ (AB+zA+B+X+A—AR) ¢+ (-ARB+yAXx+ABz+AB (21
+AX) q

> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=Factor(trace
(innerprod(JAC,JAC,JAC))):
> Xm:=S1;Yg:=Factor((1/2)*(Xm*S1-S2));Za:=Ffactor((1/3)*(Yg*S1-Xm*S2+S3));Tk:=
factor(det(JAC));
Xm=-1—-A-B

Yg:=AB+zA+B+xX+A—AR
Za:=A(-Bz—B+RB—yx—x)
Tk:=0 (22)

> BBB:=solve(Xm-3,B);YgB:=factor(subs(B=BBB,YQ)) ;RRR:=solve(YgB-3,R);ZaBR:=
factor(subs(B=BBB,R=RRR,Za));CriticalPoint:=collect(ZaBR-1,A);
BBB:= -4 — A

YgB = -4A—A°+7A -4+ —AR

AA+A —ZA+T7 =X
A

ZaBR:=27A+9A% + A3 +28 —4x% —2 Ax

RRR:= -

2—yAx



CriticalPoint:= A> + 9 A+ (-2X° —yx +27) A—4 X + 27 (23)

Thermodynamic crtical point is a surface in {x,y,z} (It is not locally stable)
> BBB:=solve(Xm,B);ZaB:=factor(subs(B=BBB,Za));RRR:=solve(ZaB,R);YYg:=Factor
(subs(B=BBB,R=RRR, YQ));
Hopfcrit:=collect(YYg,A);

BBB:=-1—A
ZaB:=-A(-z—zA—1—A+R+AR+yx+x)
2
RRR = Z+zZA+1+A—-yXx—X
1+A
vy _:_3A+3A2+A3+1—x2—2Ax2—yAx
g 1+A
3 2 52 2
Hopferit = - AT 3A + ( 2x1+xx+3)A X" +1 (24)

> INTER:=collect((numer(CriticalPoint)+numer(Hopfcrit)),A);solve(INTER,A);;
INTER:= 24 A+ 6 A> +26 —3 X

—2+% —12+18x2,—2—%\/—12+18x2 (25)
Hopf conditions

> AAA:=solve(Xm,A);ZaAAA:=subs(A=AAA,Za) ;BBA:=solve(ZaAAA,B);YYg:=Factor(subs(A=
AAA,B=BBA[1],Y0g));YYg2:=Factor(subs(A=AAA,B=BBA[2].YQ))::
AAA=-1—-B

ZaAAA:= (-1 —B) (-Bz—B+RB—yx—x°)

4 X(y+X)
BBA:= -1, — o
YYg:=(x—1) (x+1)
YYg2 := i R2(—1—3z—|—222x2+3R—322+2x2+6zR—3R2—23+3R22 (26)
(-2—1+R)

+R3—x4—3zR2+4zx2—4x22R+yx—4x2R—2ny—y2x2+2yxz—22ny
+2X R +yR*x =2y +yx7)
When YYg>0, then get oscillations. Can solve for the zero set of YYg which will

divide the space into regions of oscillations and no oscillations. The parameter of
the surface is R, can ask for discriminant to see if there is an envelope.

> YYgN:=numer(YYQ);Ffactor(discrim(YYgN,R));
YYgN:=(x—1) (x+1)



Chiral - Brand invariants

> VORTICITY:=evalm(curl (AA,[X,Y,Z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);
CURLx :=2x

CURLy = -y
CURLz:=-z+R—-A

> HELICITY:=collect(factor(innerprod(AA,VORTICITY)),B);
HELICITY := (2 —zR+2zA) B+yAXx —2AX° +y

> enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),R);
enstrophy :=R*+ (-2A—22) R+4X2 +y? + 2+ A2+ 22A
> BRAND:=innerprod(jacobian(AA, [X,y,z]),VORTICITY);
BRAND:= | -2AX—yA -zx+Rx+y+Ax yx+Bz—RB+AB |

> stretch:=collect(factor(innerprod(BRAND,VORTICITY)),B);ST1:=Factor(coeff
(stretch,B));

stretch:= (-2 4+27R—27A—R2+2AR—A?) B—4AX —4yAx —y
ST1i= - (z—R+A)?

> Bl:=collect(factor(innerprod(BRAND,BRAND)),B);Bl2:=Factor(coeff(BIl,B"2));Bl1l:=
factor(coeff(BI1,B));Bl0:=collect(factor(subs(B=0,BI1)),R);

Bl:=(—2zR+2zZA+R°—2AR+A?) B°+ (2yxz—2yRx+2yAx) B+5A?x
—|—4A2yx-|—A2y2—i—22x2—2x22R—2yxz—22x2A—|—x2R2—|—2ny—|—2RXZA—i—y2
—i—2yAx-|—y2x2

BI2:= (z—R+A)?
Bll:=2yx (z—R+A)

BIO:=xX°R°+ (-22X +2AX+2yX) R+5A X + 4 Ay x + APV + 22 x* —2yxz

—22x2A+y2—|-2yAx—|-y2x2

> Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),R);;Theta:=
collect(factor(-2*innerprod(grad(phi,[X,y,z]),VORTICITY)),B);;Theta:=collect
(factor(-2*innerprod(grad(phi,[X,y,z]),VORTICITY)),A); ;Theta:=collect(factor
(-2*innerprod(grad(phi, [X,y,z]),VORTICITY)),z); ; factor (-8*AN2*X"N2+4*A*X"2*z+4*
Y2 +AFYFXFAFAFTAN2 KR YN —AFXN2F 2N 2+ AF AN FXFY+AFBNA2* Z N2 —AF XN 2Ry N2 - A* Xy R AFB+HAFBA2*
z*A)/4;

(27)

(28)

(29)

(30)

(31)

(32)

(33)



Oi= 4R+ (-4B*2—4AX +4yxB+82X%) R—4 2+ 4y + 4B A + 4 A%y
— 4P+ Ay AX+AAYX —AyXAB —8 A’ +47x° A+ 4B%*ZA
O:=(-47R+47+47A) B+ (4yRX—4yAX) B -4 +4y* +4A%yx+8x°zR
— AV — AR AT A AN Y —BA X + Ay AX—4RXCA
O:=(-8X+4yx+4y?) A2+ (-4yxB—4xX’R+42x°+4B%2+4yx) A—42 X +4VY
+4B*7+8X° 7R -4y’ —4X*R°+4yxRB —4B°zR
O:=(-4x°4+4B%) 2+ (4AB°+8X°R—4B°R+4AX) 21— 4V X + 4y + 4 A%y X
+4M Y —8APK —4X*R*+4yXRB—4yxAB—4RX*A+4yAx
—22x2+y2+8222+A2y2—y2x2+yAx+A2yx—yxAB—2A2x2+zx2A+BzzA (34)

HENON dynamical system

> AA:=[A*cos(y)+B*sin(z),B*cos(z)+C*sin(x),C*cos(X)+A*sin(y)];
AA:=[Acos(y) +Bsin(z), Bcos(z) + Csin(x), C cos(x) +Asin(y) ] (35)

> phi:=simplify((AA[1]"2+AA[2]"2+AA[3]72)) ;VV:=[AA[1],AA[2].,AA[3],phi];
0 :=2 Acos(y) Bsin(z) + B>+ 2B cos(z) Csin(x) +C%+2 C cos(x) Asin(y) + A
VV:=[Acos(y) + Bsin(z), B cos(z) + C sin(x), C cos(x) +Asin(y), 2 Acos(y) Bsin(z) + B2 (36)
+ 2 Bcos(z) Csin(x) + c’+2cC cos(x) Asin(y) —|—A2]
> JAC:=simplify(Jacobian(evalm(VV),[x,y,z,t]),trig);

JAC:=[[0, -Asin(y), Bcos(z), 0], (37)
[C cos(x), 0, -Bsin(z), 0],
[-Csin(x), Acos(y), 0, 0],
[-2C (-Bcos(z) cos(x) +sin(x) Asin(y)), -2 A (sin(y) Bsin(z) — C cos(x) cos(y)),
2B (Acos(y) cos(z) —sin(z) Csin(x)),0]]

> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):
> Xm:=S1;Yg:=Factor((1/72)*(Xm*S1-S2));Za:=factor((1/3)*(Yg*S1-Xm*S2+S3));Tk:=
factor(det(JAC));
Xm:=0
Yg:=C cos(x) Asin(y) +Bcos(z) Csin(x) + Acos(y) Bsin(z)
Za:= ABC (cos(y) cos(z) cos(x) —sin(y) sin(z) sin(x))
Tk:=0 (38)

Thermodynamic crtical point is a surface in {x,y,z} (It is not locally stable)



> YYg:=factor(subs(A=0,YQ));

YYg := B cos(z) Csin(x)

Chiral - Brand invariants

> VORTICITY:=evalm(curl (AA,[X,Y,Z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);
CURLX := Acos(y) + Bsin(z)

CURLy :=Bcos(z) + Csin(x)
CURLz :=C cos(x) +Asin(y)

> HELICITY:=collect(simplify(innerprod(AA,VORTICITY),trig),B);

HELICITY := B? + (2 cos(z) C sin(x) + 2 Acos(y) sin(z)) B +2 C cos(x) Asin(y) +A? + C?

> enstrophy:=collect(simplify(innerprod(VORTICITY,VORTICITY),trig),R);
enstrophy :=2 Acos(y) Bsin(z) + B2+2B cos(z) Csin(x) + c’+2C cos(x) Asin(y) + A

> BRAND:=innerprod(jacobian(AA,[X,Y,z]),VORTICITY);
BRAND := [-Csin(x) Asin(y) +Bcos(z) C cos(x), C cos(x) Acos(y) —Asin(y) Bsin(z),

-Bsin(z) Csin(x) +Acos(y) Bcos(z) ]

> stretch:=simplify(innerprod(BRAND,VORTICITY),trig);
stretch := -C sin(x) A sin(y) cos(y) —3 Asin(y) Bsin(z) Csin(x)

+ 3 Acos(y) Bcos(z) Ccos(x) + B2 cos(z) C cos(x) sin(z) +c? cos(x) Acos(y) sin(x)
—Asin(y) B2 sin(z) cos(z) —Bsin(z) c? Sin(X) cos(X) + A2 cos(y) B cos(z) sin(y)

> Bl:=(simplify(innerprod(BRAND,BRAND) ,trig));

Bl :=C2A%2 —C?A? cos(y)2 —C?A? cos(x)2 +2C? cos(x)2 A cos(y)2

—2¢C? sin(x) Asin(y) B cos(z) cos(x) +2 B2 cos(z)ZC2 cos(x)2

— 2 C cos(x) A2 cos(y) sin(y) Bsin(z) +A2B% — A2g? cos(z)2 — A2g? cos(y)2
+2 A? cos(y)2 B2 cos(z)2 +B?C?—B2C? cos(x)2 —B?C? cos(z)2
—2B? sin(z) Csin(x) A cos(y) cos(z)

> Theta:=factor(-2*innerprod(grad(phi,[X,y,z]),VORTICITY));
®:=-12 Acos(y) Bcos(z) C cos(x) —4 B2 cos(z) C cos(x) sin(z)

+ 4 C sin(X) A2 sin(y) cos(y) + 12 Asin(y) Bsin(z) Csin(x)
+4 Asin(y) B2 sin(z) cos(z) — 4 c? cos(x) A cos(y) sin(x) — 4 N cos(y) B cos(z) sin(y)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)



+ 4 Bsin(z) c? sin(Xx) cos(X)

Taylor-Green dynamical system

> AA:=[A*sin(x)*cos(y)*cos(z),B*cos(X)*sin(y)*cos(z),C*cos(xX)*cos(y)*sin(z)];
AA = [Asin(x) cos(y) cos(z), B cos(x) sin(y) cos(z), C cos(x) cos(y) sin(z) ] 47

> phi:=simplify((AA[1]"2+AA[2]"2+AA[3]72)) ; VV:=[AA[1],AA[2] ,AA[3],phi];
0= A cos(y)2 cos(z)2 — A cos(y)2 cos(z)2 cos(x)2 + B2 cos(x)2 cos(z)2

— B? cos(x)2 cos(z)2 cos(y)2 +c? cos(x)2 cos(y)2 —c? cos(x)2 cos(y)2 cos(z)2

VV = [Asin(x) cos(y) cos(z), B cos(x) sin(y) cos(z), C cos(x) cos(y) sin(z), (48)
A% cos(y)? cos(z)% — A cos(y)? cos(z)? cos(x)? + B2 cos(x)? cos(z)*
— B? cos(x)2 cos(z)2 cos(y)2 +c? cos(x)2 cos(y)2 —c? cos(x)2 cos(y)2 cos(z)z]

> JAC:=simplify(Jacobian(evalm(W),[Xx,y,z,t]));

JAC := [[Acos(x) cos(y) cos(z), -Asin(x) sin(y) cos(z), -Asin(x) cos(y) sin(z), 0], (49)
[ -Bsin(x) sin(y) cos(z), B cos(x) cos(y) cos(z), -B cos(x) sin(y) sin(z), 0],
[ -Csin(x) cos(y) sin(z), - C cos(x) sin(y) sin(z), C cos(x) cos(y) cos(z), 0],
[2 COS(X) sin(x) (A2 cos(y)2 cos(z)2 — B? cos(z)2 + cos(y)2 B2 cos(z)2 —c? cos(y)2
+ c? cos(y)2 cos(z)2), 2 cos(y) sin(y) ( - A2 cos(z)2 —i—A2 cos(z)2 cos(x)2
+ B cos(x)? cos(z)® — C? cos(x)% + C? cos(x)? cos(z)?), 2 cos(z) sin(z) (-A?cos(y)?
+ A% cos(y)? cos(x)? — B2 cos(x)? + B2 cos(x)? cos(y)® + C? cos(x)* cos(y)?), 0]]

> Sl:=factor(trace(JAC)):S2:=simplify(trace(innerprod(JAC,JAC)),trig):S3:=
simplify(trace(innerprod(JAC,JAC,JAC)),trig):

> Xm:=S1;Yg:=simplify((1/72)*(Xm*S1-S2),trig);Za:=Ffactor((1/3)*(Yg*S1-Xm*S2+S3));
Tk:=Factor(det(JAC));

Xm:=cos(y) cos(z) cos(x) (A+B+C)
Yg:=-A cos(z)2 B+A cos(z)2 B cos(y)2 +A cos(z)2 B cos(x)2 —A cos(y)2 C
+A cos(y)2 C cos(x)2 +A cos(y)2 C cos(z)2 —B cos(x)2 C+8B cos(x)2 C cos(z)2
+Bcos(x)2C cos(y)2
Za:= Acos(y) Bcos(z) C cos(x) ( -2+ cos(y)2 —|—cos(x)2 + cos(z)z)
Tk:=0 (50)



Chiral - Brand invariants

> VORTICITY:=evalm(curl (AA,[X,yY,z])) :CURLXx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);
CURLX :=cos(x) sin(y) sin(z) (-C +B)

CURLYy := -sin(x) cos(y) sin(z) (A—C)
CURLz :=sin(x) sin(y) cos(z) (-B +A)

> HELICITY:=collect(factor(innerprod(AA,VORTICITY)),B);
HELICITY :=0

> enstrophy:=subs(cos(x)=X,cos(y)=Y,cos(z)=Z, (simplify(innerprod(VORTICITY,
VORTICITY),trig)));El:=collect(enstrophy,A);

enstrophy == -2 AZZBX2Y? =2 AY?CZ2 X2 —2BX?C Y222+ C®X? + B2 X? + A2Y? + C?Y?
+ B2+ A2 —2BX?C—2AY C—2CEXPY2— AP Y2 X2 —B?X?Y2—2AZ*B
— 2B X2 — NP —CPXP A2 NP A —YPBP A —CP YA A+ 2 AYEC X?
+2BX*CY +2AZ"BX?+2BX°CZ2+2AZ°BY +2AY?C 2 + 2 AP Y2 22 X2
+2B*X2Z2Y2+2C* X2 Y2

El:= (Y2 +Z2—Y2X?—2Y? 22 42 Y2 22 X? — 7 X?) A+ (-2Y2C 2 X* -2 Z* B X2 Y?
—2Y2C—27°B+2Y’CZ?+272BX*+2Y2CX?+27°BY?) A—B?X?Y?
—2BX’C—2BX’CY?Z2+C?X*+B2X*—C*X? 2+ C*Y? +B* 22 + 2 C* X?Y* 22
+2BX°CY —2C?X2Y2—CP VP A —2B°X? A +2BX*CZ? —Y?B* 7
+2B*X2Z2Y?

> BRAND:=innerprod(jacobian(AA,[X,Y,z]),VORTICITY);

BRAND := [ -A cos(x)zcos(y) cos(z) Csin(y) sin(z) +Acos(x)zcos(y) cos(z) Bsin(y) sin(z)
—C sin(x)zcos(y) sin(z) Asin(y) cos(z) + Bsin(x)zsin(y) cos(z) Acos(y) sin(z),
C cos(x) sin(y)zsin(z) B sin(x) cos(z) — B cos(x) cos(y)zcos(z) Asin(x) sin(z)
+ B cos(x) cos(y)zcos(z) Csin(x) sin(z) —Asin(x) sin(y)zcos(z) B cos(x) sin(z),
-B cos(x) sin(y) sin(z)2C sin(x) cos(y) + Asin(x) cos(y) sin(z)ZC cos(X) sin(y)
— Ccos(Y) cos(z)ZC cos(Xx) B sin(x) sin(y) + cos(y) cos(z)ZC cos(x) Asin(x) sin(y)]

> stretch:=collect(factor(innerprod(BRAND,VORTICITY)),B);ST1l:=Ffactor(coeff
(stretch,B));

stretch := cos(y) cos(z) cos(x) (cos(x)ZAsin(y)zsin(z)2 +sin(x)25in(y)2Asin(z)2

—I—sin(x)zsin(z)zCsin(y)2 +cos(z)2C sin(x)zsin(y)z) B? + cos(y) cos(z) cos(x) (

-2 cos(x)2 AC sin(y)2 sin(z)2 + C2 sin(x)2 cos(y)2 sin(z)2 + C? sin(x)2 sin(z)2 sin(y)2

+ A sin(x)2 cos(y)2 sin(z)2 —6A sin(x)2 sin(z)2 C sin(y)2 + A sin(x)2 sin(y)2 sin(z)2

(51)

(52)

(83)

(54)



ST1

> Bl:=collect(factor(innerprod(BRAND,BRAND)),B);Bl2:=Ffactor(coeff(BI,B"2));Bll:=
factor(coeff(BI1,B));Bl0:=collect(factor(subs(B=0,BI1)),R);

Bl :=

BI2

= -4 C cos(x ) sin(y ) sin

-2 Asin(x)zcos(y)zsin(z)zc -2 cos(z)2 C sin(x)zsin(y)ZA) B

+ cos(y) cos(z) cos(x) (cos(x)ZAC2 sin(y)zsin(z)2 +cos(z)2CA2 sin(x)zsin(y)
+c? sin(x)zsin(z)zAsin(y)Z+A23in(x)23in(z)2Csin(y)z)

:= cos(y) cos(z) cos(x) (-2 cos(x)ZA C sin(y)zsin(z)2 +c? sin(x)2 cos(y)zsin(z)2

+ C?sin(x)?sin(z)%sin(y)? + AZsin(x)% cos(y)? sin(z)2 — 6 Asin(x)%sin(z)% C sin(y)
+ A sin(x)zsin(y)zsin(z)z—2Asin(x)2cos(y)25in(z)2C

—2¢0s(z)> Csin(x)?sin(y)?A)

(-4 C cos(x)?sin(y)?sin(z)%sin(x)% cos(z)? cos(y)? A

+A2cos(x)4cos(y)2cos(z)zsin(y) sin(z)?

+C? cos(x)zsin(y)4sin(z)2sin(x) cos(z)?

2

(2)
(2)
+cos(x)2cos(y)4cos(z)2C25in( X)“sin(z)
(y)?

+sin(x)2 cos(y)?sin(z)* C? cos(x)2 sin(y
+4Azcos(x)zcos(y)zcos(z)zsin(y) sin(z) sm(x)2

+4 cos(x)2 cos(y)2 cos(z)2 c? sin(y)2 sin(z)2 sin(x)2

—2C cos(x)2 sin(y)‘lsin(z)2 sin(x )2 cos(z )2A

— 2 cos(x) cos(y)* cos(z)? Asin(x)?sin(z)2C) B>+ (

~2 A cos(x)4 cos(y)2 cos(z)2 Csin(y) sin(z)2

—4 cos(x)2 sin(y)2 sin(z)2 c? sin(x)2 cos(y)2 cos(z)ZA

-2 cos(y)2 cos(z)4 c? cos(x)2 s.in(x)2 sin(y)ZA

—2C sin(x)4 cos(y)2 sin(z)ZA2 sin(y)2 cos(z)2

— 4 N cos(x)2 cos(y)2 cos(z)2 C sin(y)2 sin(z)2 sin(x)2

-2 cos(x)2 sin(y)2 s.in(z)4 c? sin(x)2 cos(y)2 A)B

+ cos(y)2 cos(z)4 c? cos(x)2 A% sin x)2 sin(y

(

+A2cos(x)4cos(y)2cos( )2025|n(y)23|n
—|—A23in(x)2cos(y) sm(z) C? cos(x
2

N

)
(X) )
+C23in(x)4cos(y) sin(z) A2 sin(y)“ cos(z)
+4Azcos( ) cos(y ) cos(z) c? sm(y) sin(

(z) sin(x ) cos(2) cos(y)ZA
)

+ A% cos(x)* cos(y)? cos(z)?

2

+ sin(x) sin(y)2cos(z)ZAzcos(y)Zsin(z)
+ Ccos(X) cos(y)4cos(z)2Azsin(x) sin(z)
+ A sin(Xx) sin(y)4cos(z)2cos(x)zsin(z)

+ cos(y) cos(z)4 c? cos(x)2 sin(x)2 sin(y)

sin(y ) sin(z) +sin(x)4sin(y)2cos(z)zAzcos(y)zsin(z)

2

2

2

2

2

2

(55)



+c? cos(x)2 sin(y)“sin(z)2 sin(x)2 cos(z)2 + cos(x)2 cos(y)4 cos(z)2 A2 sin(x)2 sin(z)2

+ cos(x)2 cos(y)4 cos(z)2 c? sin(x)2 sin(z)2 + A2 sin(x)2 sin(y)4 cos(z)2 cos(x)2 sin(z)2

+ sin(x)2 cos(y)2 sin(z)4 c? cos(x)2 sin(y)2 + cos(y)2 cos(z)4 c? cos(x)2 sin(x)2 sin(y)2

+ 4 A cos(x)2 cos(y)2 cos(z)2 sin(y)2 sin(z)2 sin(x)2

+4cos(x)zcos(y)zcos(z)zc2 sin(y)zsin(z)zsin(x)2
-2 Ccos(x)2sin(y)4sin(z)zsin(x)2cos(z)ZA
—2cos(x)2cos(y)4cos(z)2Asin(x)2sin(z)ZC
BIl:=-2 Acos(y)2 C sin(y)2 (A cos(x)“cos(z)zsin(z)2 +2 cos(x)zsin(z)2 C sin(x)2 cos(z)2
+cos(z)4C cos(x)zsin(x)z—i—sin(x)“sin(z)ZAcos(z)2
+ 2 Acos(x)? cos(z)?sin(z)? sin(x)? + cos(x) 2 sin(z)* C sin(x)?)
BIO := C2 A2 cos(y)zsin(y)2 (cos(z)“cos(x)zsin(x)2 +COS(X)4COS(Z)ZSin(Z)2
+ sin(x)2 sin(z)4 cos(x)2 + sin(x)“sin(z)2 cos(z)2 +4 cos(x)2 cos(z)2 sin(z)2 sin(x)z)
> Theta:=Ffactor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));
@:= -4 sin(y) sin(z) sin(x) (B?cos(x)%C cos(z)? — B cos(x)* C? cos(y)>

— A cos(y)2 C cos(z)2 +A cos(y)2 c? cos(x)2 + A cos(z)2 B cos(y)2

— Acos(z)?B? cos(x)?)

Moffat dynamical system
> AA:=[A*x+Omega*z,B*y+G*x"2+F*x*z ,C*z-0Omega*x-F*x*y] ;
AA= [AXx+Q2zBy+GxX+FxzCz—Qx—Fxy]

> phi:=simplify((AA[1]"2+AA[2]"2+AA[3]72)) ;W :=evalm([AA[1],AA[2],AA[3],phi]);

q>::A2x2+2AxQz+2292+Bzy2+2BnyZJrZBnyersz4+2Gx3Fz+F2x222

—i—C222—2CzQx—ZCzny-I—szz+2£2x2Fy+F2x2y2

W= [Ax+Qz By +GX +FxzCz—Qx—Fxy, A°X +2AxQz+7Q° +B%y

2.2 2

+2BYyGX +2BYyFxz+ G x* +2GXFz+ PP +C*72—-2CzQx—2CzFxXy

+Q2x2+2Qx2Fy+F2x2y2]

> JAC:=simplify(Jacobian(evalm(VWV), [x,y,z,t]));collect(simplify(expand(charpoly

(JAC,0))),q);

Jac:=[[A 0,0 0],
[2Gx+FzB Fx 0],

(56)

(57)

(58)

(59)



[-Q—Fy, -FxC,0]
[2A2X+2AQz+4ByGXx+2ByFz+4G X +6GXFz+2Fx2—2CzQ
—2CZFy+2Q°x+4QxFy+2F2xy22yB*+2BGxX +2BFxz—2CzFx
+ZQfF+2F%3%2AXQ+ZQ%+QBny+ZGfF+2ﬁW%+QC%
—2QCx—2CFxy,0]]

¢+ (-A-C-B)q’+ (QFy+CB+F X% +CA+AB+Q°) ®+ (-Q°B —AF?¥ (60)
—QFyB+FxQz—ABC+2F¥QG)q

> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=Factor(trace
(innerprod(JAC,JAC,JAC))):

> Xm:=S1;Yg:=Factor((1/2)*(Xm*S1-S2));Za:=collect(factor((1/3)*(Yg*S1-Xm*S2+S3)
) ,0mega) ; ; Tk:=Factor(det(JAC));
Xm:=A+B+C

Yg:=QFy+CB+F2X+CA+AB+Q°
Za:=Q°B+ (FyB—2F¥G—Fxz) Q+ABC +AF X

Tk:=0 (61)

> BBB:=solve(Xm-3,B);YgB:=factor(subs(B=BBB,YQ));FFF:=solve(YgB-3,F);ZaBR:=
factor(subs(B=BBB,F=FFF,Za));CriticalPoint:=collect(ZaBR-1,0mega);
BBB:=-A—-C+3

YPB:=QFy—CA—C’+3C+FP%—A2+3A+Q°
FFF:=

QY+ QP12 + 4% CA+ACHE— 12X C +4A2R —12 A% —4 QX

X2

1
2

1 Qy+ /) QP +128+48CA+4C K —122C+AA R —12AX —4 Q'K

2 NG

7aBR = -Q°A—0°C +3Q°

—Q %%(—Qy

Q1208+ 4 CA+4CER —12XC +4AE —12AX —4 Q% ),

1 Qy+J QY +124+42CA+4C R —12X8C +4A R —12A% —4Q K

2 NG




yA

—Q %%(—Qy

128+ 4 CA+4CER —12XC +4AE —12AX —4 Q% ),

1 Qy+J QP +128+42CA+4C K 122 C+4A R —12AX —4Q° KX

2 X2

yC

11
+3Q |5 XZ(Qy

P12 4R CA+4CERE —12X2C 1 4R —12AX% —4 QR ),

1 Qy+J QY +128+42CA+4C R —12X8C +4A R —12AR —4Q K

2 x2
y

11
—20| = =(-Q
> XZ( y

S 128 + 4 CA+4CER —12XC +4AE —12AX — 4 Q% ),

1 Qy+ /) QP +128+48CA+4C KR 128 C+4A R —12AX —4 Q'K

2 X2
X G

—Q %%(-Qy

S 128 + 4 CA+4CER —12XC +4AE _12AK —4 Q% ),

1 Qy+ QP +128+42CA+4C KR —122C +4A R —12AX —4 Q'K

2 X2
2

xz—CA>—C’°A+3CA



11
+A 2XZ(Qy

Q1128 + 4 CA+4CER —12XC +4AE —12AX —4 Q% ),

1 Qy+J QY +128+42CA+4C R —12X8C +4A R —12AR —4Q ¥

2 2
2
X2
CriticalPoint := Q° (<A —C +3) + (62)
11
1y —2(-93/

X

S 1208 + 4 CA+4CER —12XC +4AE —12AX —4 Q% ),

1 Qy+J QY +128+42CA+4C R —12X8C +4A R —12AR —4Q K
2 2

yA

-5 l-ay

S 128 14X CA+4CER—12XC +4AE _12AK —4 Q% ),

1 Qy+J QP H128+42CA+4C KR 122 C+AA R —12AX —4Q° X
2 2

yC



S 128+ 4XCA+4CER —12XC +4AE _12AK —4 Q% ),

1 Qy+J QP +128+42CA+4C KR 122 C+AA R —12AX —4Q° X

2 Xz

—2 %%(-Qy

Q1128 + 4 CA+4CER —12XC + 4N E —12AX —4 Q% ),

1 Qy+ ) QP+ 128 +48CA+4C KR 122 C+4A R —12AX —4 Q'K

2 x2

X G

—{%%(—Qy

S 1208 + 4 CA+4CER —12XC +4AE —12AX —4 Q% ),

1 Qy+J QY +128+42CA+4C R —12X8C +AA R —12AR —4Q K

2 x2
Xxz2| Q—CA>—C?’A+3CA
11
Al==(-0
ra[1 1 (ay

S 128 14X CA+4CER—12XC +4AE _12AK —4 Q% ),



QY+ QP+ 1208 + 48 CA+4CER2 —12¥0C+4AE —12A% —4Q° %

X2

21
2
2

X —1

> BBB:=solve(Xm,B);ZaB:=factor(subs(B=BBB,Za)) ;GGG:=solve(ZaB,G);YYg:=factor
(subs(B=BBB,G=GGG, YQg));
Hopfcrit:=collect(YYg,A);
>
BBB:=-C —A

ZaB:= -Q°C—Q°A—QCFy—QAFy—2FXQG—F2xQz—C’A—CA2 +AF*¥

coge L Q°C+Q°A+QCFy+QAFy—AF Y +F2xQz+C*A+CA

2 QXF

YYg:=QFy—C2—CA+F %A+
Hopferit:=QFy — C2— C A+ F2x — A2 + Q° (63)

> INTER:=collect((numer(CriticalPoint)+numer(Hopfcrit)),A);solve(INTER,A);;

INTER := (-1 —C) A% + | -C?

11 (.

—Q

128 + 4 CA+4CER —12XC +4AE —12AX —4 Q% ),

1 Qy+ /) QP +128+42CA+4C KR —122C +4A KR —12AX —4 Q'K

2 NG
2
y—Q +2C
1 1
+ 2 XZ( Qy

S 1208 + 4 CA+4CER —12XC +4AE —12AX — 4 Q% ),



1 Qy+J QY +128+42CA+4C R —12X8C +4A R —12AR —4Q K

2 NG
2

C|A+QFy—Q°C+40Q°

11 (.

S 128 + 4 CA+4CER—12XC +4AE _12AK —4 Q% ),

1 Qy+ QP +128+42CA+4C KR —122C+4A R —12AX —4 Q'K

2 NG

XZ

—Q %%(-Qy

S 1208+ 4 CA+4CER—12XC +4AE —12AK — 4 Q% ),

1 Qy+ QP+ 128 +42CA+4C KR —128C+4A KR —12AX —4 Q'K

2 NG

yC

11
+3Q > X2( Qy

S 128 + 4 CA+4CER —12XC +4AE —12AX —4 Q% ),

Qy+J QP+ 1208 + 48 CA+4CER2 —12x0C+4 AR —12A% —4Q° %

X2

21
2
y

11
20 zxz(Qy



S 1208 + 4 CA+4CER —12XC +4AE —12AX —4 Q% ),

1 Qy+J QP +128+42CA+4C KR 122 C+AA R —12AX —4Q° X

2 NG
XZG—HZZXZ—l—C2
Warning., solutions may have been lost

Chiral - Brand invariants

> VORTICITY:=evalm(curl (AA,[X,Y,z])):CURLX:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);
CURLXx:= -2 Fx

CURLYy:=2Q +Fy
CURLz:=2Gx+Fz

> HELICITY:=collect(factor(innerprod(AA,VORTICITY)) ,Omega);
HELICITY := (-Fxz+2By) Q—2Fx*A+2CzGx+CZF+ByYF—GXFy

> enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega);
enstrophy:=4F2x2—1—4£22—|—4£2Fy—I—F2y2-|—4G2x2—i—4Gsz—|—F2z2

> BRAND:=innerprod(Jacobian(AA, [X,y,z]),VORTICITY);
BRAND :=

[-2AFX+2QGX+QFz -2FX*G—F°xz+2QB+FyB, F2xy+2CGx
+CFz]

> stretch:=collect(factor(innerprod(BRAND,VORTICITY)),O0mega);ST1l:=factor(coeff

(stretch,Omega)) ;stO:=collect(factor(subs(Omega=0,stretch)),F);
stretch:=4Q B+ (-8 F G —4F2xz+4FyB) Q +4AF 2 + F2y?B +4 C G2X

+4CGXxFz+CF7
ST1:=4F (-Fxz+By—2Gx’)
st0:= (4AX +y’B+CZ) FP+4CGxFz+4CG* X

> Bl:=collect(factor(innerprod(BRAND,BRAND)) ,Omega) ;Bl2:=Factor(coeff(BI,

Omegan2));Bl1l:=factor(coeff(BI,Omega));Bl0:=collect(factor(subs(Omega=0,BI)),

(64)

(65)

(66)

(67)

(68)



F);

Bl:i=(4G*X2 +4GxFz+F 7 +482) Q"+ (-8AFXG—8BFXG+4B2Fy
—4BFXz—4AFX2) Q+4A PR +2FxyCz+ Py B+ F %V +4F2 Xy CG
— AP GYB+AFX' G +4PF G+ CPFP A+ F A +4C*G* ¥ —2FxzyB
+4C*°GxFz
BI2:=4G’°xX* +4GXxFz+F° 7 +4B?
Bll:=-4F (BFxz+FAzx+2Gx*A+2BGx* —yB?)
BIO:= (A 4y %) F*+ (426X +2xyCz—2yxBz) PP+ (-4ByGx +4 A°X* +B%y*  (69)
+4X°YyCG+4G K +C?A) PP +4C?°GxFz+4C*G* ¥

> Theta:=collect(factor(-2*innerprod(grad(phi,[X,Y,z]),VORTICITY)),Omega);t2:=
factor(coeff(Theta,Omegan2));tl:=collect(factor(-coeff(Theta,Omega)),F);;

0:=(-42F—817xG) QZ+(4F2x2y—8Gx2A+8GCx2—8BGx2—8yBZ+4CzFx
—8BFXz+4FAzx) Q—8zXGC*+4Fx°ByG+8Fx* G +4F> X’ y* + 8 Fx? A?
—4CPPF—4yBF+12F*x’Gz4+8CFXyG+4F %7
12:=-4z2(2Gx+F2)
t1:=-4F°x°y+ (-4Czx+8xBz—4Azx) F+8yB°+8GxX*A—8GCx°+8BGX*  (70)

> t0:=collect(factor(subs(Omega=0,Theta)),F);;
10:= (422 +4y°X) P+ 12F°x®Gz+ (4ByGX2 +8G* X" +8 A2 X> —4C2 2 — 4B’y (7))
+8XyCG) F—8zxGC?

Brusselator dynamical system

> AA:=[A-Omega*(X-G*x"2*y)-D*x,0mega* (x-G*x"2*y),0] ;
AA:=[A—Q (x—Gxy) —Dx Q (x—Gx°y), 0] (72)

> phi:=simplify((AA[1]M2+AA[2]M2+AA[3]72)) ; W:i=evalm([AA[1],AA[2],AAL[3].phi]);

0:=A—2AXQ+2AQGYY—2ADX+2Q° % —4Q°C Gy +20D +2Q° G2 X'y
—ZQGX‘?yD-l-DZX2

Wi=[A-Q (x—Gxy) —Dx Q (x—Gx%y),0,A>—2AXxQ+2AQGXy—2ADX (73)
120406y +20XD+20° Gy —2QGyD + D*¥

> JAC:=simplify(Jacobian(VWV,[X,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
),q);

> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):



AC:=[[-Q+2QGxy—D,GX¥Q,0,0]
[-Q(-1+26Gxy), -G¥Q,0,0],
[0,0,0,0],
2 2 2 2 232
[—ZQA+4AQny—2AD+4Q Xx—12Q xX"Gy+4QxD+8Q G X'y
—6QGRYD+2D°%2AKQG 40 X G+40 G x'y—2QG*D,0,0]]
'+ (D+Q—-2QG6xy+G6x¥Q) ¢ +¢°DGXQ (74)

> Xm:=collect(S1,0mega);;Yg:=fFactor((1/2)*(Xm*S1-S2));Za:=factor((1/3)*(Yg*S1l-
Xm*S2+S3)); Tk:=Factor(det(JAC));

Xm:=(-1—Gx*+2Gxy) Q—D

Yg:=DGXQ
Za:=0
Tk:=0 (75)

Loss of Local Stability
> DDD:=solve(Xm,D);YgD:=subs(D=DDD,Yqg);solve(YgD,0Omega);
DDD:=-(14+GxX —2Gxy) Q

YgD = - (1 +GX¥ —2Gxy) Q° G¥
0,0 (76)

thermal Critical Point
> DDD:=solve(Xm-1,D);YgD:=subs(D=DDD,Yg-1);solve(YgD,0Omega);
DDD:=-Q+2QGxy—GxX¥Q—1

YgD = (-Q+2QGxy—Gx¥Q—1)Gx¥Q—1

Gx+y -3GX+8G°yx—4G
G(14+Gx¥—2Gxy) x

Gx—+ -3GX+8G*yx—4G
G(14+Gx¥*—2Gxy) x

1 1
> > (77)

Hopf conditions
> DDD:=solve(Xm,D);YYg:=subs(D=DDD,YQ) ;EV:=eigenvalues(JAC) :EV1:=Ffactor(subs(D=
DDD, EV[3])) ;EV2:=Factor (subs(D=DDD, EV[4])) ; EEVV:=(YYQ)"(1/2);

DDD:=-(1+GX —2Gxy) Q
YYg:= - (1+GX¥ —2Gxy) @’ G¥

EVii=/ (1+GX¥—2Gxy) Q G

EV2:=-J (1+GX¥ —2Gxy) Q° G

EEW =/ - (1 +GX¥ —2Gxy) @’ GX (78)



When YYg>0 get oscillations.

This implies that (1 —2Gxy +Gx¥) Q°G<0

Chiral - Brand invariants

> VORTICITY:=evalm(curl (AA,[X,Y,z]));CURLX:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]) ;CURLz:=simplify(VORTICITY[3]);

VORTICITY:=| 0 0 Q (1 —-2Gxy) —GXQ

CURLx:=0
CURLy:=0
CURLZ:=Q —2QGXxy—GXQ (79)

> HELICITY:=(factor(innerprod(AA,VORTICITY)));
HELICITY :=0 (80)

> enstrophy:=(factor(innerprod(VORTICITY,VORTICITY)));

2 212
enstrophy :=Q (-1 +2Gxy+Gx°) (81)
> BRAND:=innerprod(Jacobian(AA, [X,y,z]),VORTICITY);
BRAND:=[ 0 0 0 | (82)
> stretch:=factor(innerprod(BRAND,VORTICITY));
stretch:=0 (83)
> Bl :=(factor(innerprod(BRAND,BRAND)));
Bl:=0 (84)
> Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));
©:=0 (85)

> E:=grad(phi,[x,y,z]);AA;TC:=evalm((crossprod(E,AA)+evalm((phi*VORTICITY))));

E=[-2QA+4AQGXY—2AD+4Q°x—12Q°X¥ Gy +4QxD+80Q° G2y
—6QGXYyD+2D*%2AXQG 40 ¥G+40Q°Gx'y—2Q0G*D, 0]
[A—Q (x—Gxy) —Dx Q (x —Gx?y),0]
TC:=[0,0, (-2QA+4AQGXY—2AD+4Q°x—12Q° Gy +4QxD+8Q° Gy’ (86)
—6QGXyD+2D?x) Q (x —Gxy) —(ZAXZQG—4QZX3G+4QZGZX4y

—20G6x°D) (A—Q (x—Gx’y) —Dx) + (A—2AxQ+2AQGxy —2ADX



120406y +20XD+2Q° G XY —2063yD+D*¥) ( (1
—2Gxy) —GX Q)]

> TC3:=collect(factor(TC[3]),0mega);;

TC3:= (62 —24 Gy +12x° G2y — 12 B3y +30 G2 x* 2 — 6 Gx* — 6 Gx°y?) @° (87)
+(10G°x*Y’D+12AGX Yy +6X°D+8AXG+8G X°yD—16GXyD —4 AxX
—8xX'GD—8AGY —8AX'G2y) @ + (-4 ADXx+A2—3A22G — 3G D?
+6AXGD+3D’°X¥ —2A’GXxy+6ADGXYy—4D*°XGy) Q

> al:=factor(coeff(TC3,0megan3));a2:=Factor(coeff(TC3,0megan2));a3:=Factor(coeff
(TC3,0mega));

ali=-6x°(-142Gxy+Gx°) (-1+Gxy)?
a2:=-2(-1+Gxy)x(-4X°GD—-5DGXy+4GXA+4AGxXy+3Dx—2A)
a3:=-(-Dx+A) (-A+3Gx¥*A+2AGXy+3Dx—4DGxy—3xGD) (88)

Chiral Separation (KONDEPUDI)

> AA:=[(B)*x+2*C*x*y,+D+(B)*y-C*(y"2+x"2)-E*(y"2-x"2),0];
AA:=[BXx+2yxC,D+By—C (Y’ +x*) —E (y*—%°), 0] (89)
> phi :=((AA[L]*2+AA[2]72+AA[3]72)) ;W :=evalm([AA[L],AA[2],AA[3].phil);
2 2 2\ 2
0= (Bx+2yxC)?’+ (D+By—C (Y +x*) —E (y*—x°))

W= [Bx+2yxC,D+By—C (Y +x) —E(y*—),0, Bx+2yxC)*+ (D +By (90)

—c(y+x) —E (Y =)’

> JAC:=(jacobian(VWV, [X,Y,z,t]));
> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=Factor(trace
(innerprod(JAC,JAC,JAC))):

JAC:=[[B+2Cy,2Cx0,0], (91)
[-2Cx+2Ex,B—2Cy—2Ey,0,0],
[0,0,0,0],

[2(Bx+2yxC) (B4+2Cy)+2 (D+By—C (YY+x*) —E (y*—x*)) (-2Cx
+2EX),4 (Bx+2yxC)Cx+2(D+By—C (Y’ +x*) —E(y*—%°)) (B—2Cy
—2Ey),0,0]]

> Xm:=collect(S1,0mega);;Yg:=Ffactor((1/2)*(Xm*S1-S2));Za:=factor((1/3)*(Yg*S1l-
Xm*S2+S3)) ; Tk:=Factor(det(JAC));
Xm:=2B—-2Ey



Yg:=B*—2BEy—4C°y"+4C°X —4CxXE—4CyE

Za:=0
Tk:=0 (92)
HOpf conditions
> BBB:=solve(Xm,B);
BBB:=Ey (93)

> EV:=eigenvalues(JAC);EV3:=subs(B=BBB,EV[3]);EV4:=subs(B=BBB,EV[4]);

EV:=0,0,B—Ey+JEy +4C°y —4C*X¥ +4CXE+4Cy'E,B—Ey

—JE YV +4C?Y —4C? X% +4CXE+4CYE

EV3:=y E2y? +4C* % —4C?X +4CXE+4CVY°E

EV4:= -y B2y +4C?y? —4C*x* +4CXPE+4CYE (94)

> YYg:=factor(subs(B=BBB,YQg));CCC:=solve(YYg,C);CCCl:=Factor(CCC[1]);CCC2:=
factor(CCC[2]);

YYg = -E*y? —4C?y* +4C*X* —4CX*E—4CY°E

CCC':i (y2+x2+\/3y2x2+x4)E 1 (—yz—x2+\/3y2x2+x4)E
=  — P I 2 — P
1 (y2+x2+\/x2(3y2+x2) )E
CCCl:=—
2 (X—Yy) (y+Xx)
22 7 (a2 L2
CCCZ::—i(yz x+\/x(3y—|—x))E (95)
2 (X—=Yy) (y+Xx)
> XX0:=solve(AA[1].,%X);YY0:=solve(subs(x=XX,AA[2]),Y);YY00:=solve(subs(AA[1]D).Y);
XX00:=solve(subs(y=YY00,AA[2]),.X);
XX0:=0
_ 1 B+JB*+4CD—4C?°XX’+4ED+4E2XX?
YYO := — ,
2 C+E
1 B—yB°+4CD—-4C°XX*+4ED +4E*XX*
2 C+E
. 1B
YY0O0 := 5 C
_ 1 J-(C—E)(-4DC*+3B°C+EBY)
XX00:= 3 c-5c , (96)



1 J-(C—E)(-4DC*°+3B°C +EB’)
2 (C—E)C

Fixed Points and Hopf.
> BBB:=solve(Xm-1,B);YgB:=factor(subs(B=BBB,YQ));EEE:=solve(YgB-1,E);
1

BBB:=Ey +

YgB := —Ezyz—i-% —4C*V4+4C*X —4CXE—4CVY°E

1 4CY+4x°C—/48C* %y +16X'C* -3y

EEE:= - 2 (97)
1 4CY+4x°C+/48C* %Y +16X CP -3y
2 2
y
There are two thermo critcal points given by the two values of E
Thermodynamic crtical point is a surface in {x,y,z} (It is not locally stable)
> BBB:=solve(Xm,B);YYg:=Ffactor(subs(B=BBB,YQg));
Hopfcrit:=simplify(YYQg);
> EEE[1];
BBB:=Ey
YYg = -E°y* —4C°yY +4C* ¥ —4CX*E—4CV°E
Hopfcrit:= -E2y* —4 C*y? +4 C*x* —4 CX*E —4C°E
1 4Cy?+4x2Cc—/48C° V¥ +16X CP—3y -
B 2 2 ( )
y
> INTER:=Factor(subs(E=EEE[2] ,Hopfcrit));
_ 3
INTER := - (99)

> YYYGl:=Factor(subs(x=XX0,y=YYO[1],YYQ));YYYG2:=Factor(subs(x=XX0,y=YY0[2],YYQ)
) YYYYGl:=Factor(subs(x=XX00[1],y=YY00, (YYQ)));:;YYYYG2:=simplify(subs(x=XX00

[21.y=YY00, (YYQ))); ,

vwere L (B+VB2+4CD_4C?XX°+ 4ED + 4 E2XX%) (2C +E)>
4 (C+E)?
2
ywyGo o - L (B—VB?+4CD—4C?XX2+4ED + 4 E°XX2) (2C +E)?
-4 (C +E)?



1 -16DC%+16B*°C?>+8CEB?+E*B?

YYYYGL:= - =
3 2 ~2 2 2 K2
YYYYGZF_% -16DC +1GB(;2+BCEB +E°B (100)

If B goes to zero, then Yg is always negative implying that it is a minimal surface of the negative
gauss curvature type (soap film), not a Hopf bifurcation for the Racemic alpha = 0 fixed point.
BUT if B goes to zero then it is true that Yg is positive depending on CD....Yg=4CD

Chiral - Brand invariants

> VORTICITY:=evalm(curl (AA,[X,yY,z]));CURLXx:=(VORTICITY[1]) ;CURLy:=(VORTICITY[2])
;CURLZ:=(VORTICITY[3D):

VORTICITY::[O 0 —4Cx+2Ex]

CURLx:=0
CURLy :=0
CURLz:=-4Cx+2EX (101)
> HELICITY:=(factor(innerprod(AA,VORTICITY)));
HELICITY :=0 (102)

> enstrophy:=(factor(innerprod(VORTICITY,VORTICITY)));

enstrophy := 4 X2 (2C — E)2 (103)
> BRAND:=innerprod(jacobian(AA,[X,Y,z]),VORTICITY);
BRAND:=[ 0 0 0 | (104)
> stretch:=factor(innerprod(BRAND,VORTICITY));
stretch:=0 (105)
> Bl :=(factor(innerprod(BRAND,BRAND)));
BI:=0 (106)
> Theta:=factor(-2*innerprod(grad(phi,[X,y,z]),VORTICITY));
©:=0 (107)

> EE:=grad(phi,[X,y,z]);AA:=AA;Bphi:=[phi*VORTICITY[1],Phi*VORTICITY[2],phi*
VORTICITY[3]];TC:=evalm((crossprod(EE,AA)+Bphi)) ;CP:=crossprod(EE,AA) ;EA3:=
factor(CP[3]);

EE:=[2(Bx+2yxC) (B+2Cy)+2(D+By—C (Y +x*) —E(y*—%°)) (-2Cx
+2EX),4 (Bx+2yxC)Cx+2(D+By—C (Y’ +x*) —E(y*—%°)) (B—2Cy
—2Ey),0]

AA:=[Bx+2yxC,D+By—C (Y’ +x*) —E (y*—%°), 0]



Bphi:=[0,0, ((Bx+2yxC)2+ (D+By—C (Y’ +x2) —E (Y*=x2))°) (-4Cx+2Ex)]
7C:=[0,0, (2 (Bx+2yxC) (B+2Cy) +2 (D+By—C (y*+x) —E (Y*—x®)) (-2Cx
+2Ex)) (D+By—C (Y+x°) —E(y*—x*)) — (4 (Bx+2yxC)Cx+2 (D+By

—C(Y+xX) —E(Y*=x%)) (B—2Cy—2Ey)) (Bx+2yxC) + ((Bx+2yxC)?

+ (D+By—C (Y +x) —E(y*—=x))%) (-4Cx+2Ex) ]
CP:=

[0,0, (2 (Bx+2yxC) (B+2Cy)+2(D+By—C (Y+x*) —E (Y*—x%)) (-2Cx
+2Ex)) (D+By—C (Y"+x°) —E(y*—x*)) — (4 (Bx+2yxC)Cx+2 (D+By
—C(y¥+xX) —E(Y=¥)) (B—2Cy—2Ey)) (Bx+2yxC)]

EA3:= -4x (3CX*BYE+4C**By+4Cx*DE—4C X E’y¥*—4C*°x*y’E—3DBEy  (108)
—2DCYE+BY CE—-3E*¥*By+CxB°+10C*x*y*—2C*xX¥*D—3C*x*E
+3Cx*E2—6DC*yY +2DE*yY’ —y’B°C —2y’B’E— 4By’ C*+ 3By’ E?
+7CY' E4+CY B2+ 2By +C X' +5C%y —E}y* —2x*DE? + D’°C — D°E
—X'E%)

> TC3:=collect(factor(TC[3]),B);;

TC3:= -2x (4X°C—5EyY—Ex?)B?—2x(4DCy+8E*y —12C%y*+8%°CEy (109)
—8DEy+12C*x°y—8E*Xy) B—2x (10Cx'E°—16 DC*y* +14CX*DE
—12CXE Y —14C* X YE+6Ex°y* +17C°y*E—6DCY E—11C*X*E
—6XDE?+32Cx°y* —8C?x*D—3x'E—3Ey*+4D*’C+6 DE’y* +2CVy'E?
+4C3x* +12C*y* —3D%E)

> a2:=factor(coeff(TC3,B"2));al:=Factor(coeff(TC3,B));al0:=collect(factor(subs(B=
0,TC3)).0);;

a2:=-2x(4x*C—5Ey*—Ex?)
al:=-8xy (2E*y*—3C*yY+CD+3C*¥ —2xE°+2CXE—2ED)
2x (32" +4x*+12y") C*—2x(-16y’D—14X*YE—8x*D—11x*E (110)
+17y*E) C®?—2x (-12E°y* X —6 DEY + 2 E°y* +4D* + 14 DEX* + 10 E2x*) C
—2x (-3 +6 E*x*y" +6 DE’Y* —3X*E* — 6 * DE* — 3 D°E)
> factor(subs(B=BBB,C=CCC1,TC3)):

a0 := -

Dynamo dynamical system
> AA:=[-B*x+C*z*y+Omega*y,-B*y+C*z*x-Omega*x,1-x*y+D*z"2] ;

AA:=[-Bx+Czy+Qy, -By+Czx—Qx, 1 —yx+DZ] (111)



> phi:z=simplify((AA[1]"2+AA[2]"2+AA[3]"2));VV:=evalm([AA[1],AA[2],AA[3],phi]);

q>::Bzx2—4Bszy+C222y2+2CzyZQJr£22y2+82y2JrCZZZXZ—ZszzQJrQZx2
—i—1—2yx—i-2Dzz—i-y2x2—2nyzz—|-D224

W:=|[-Bx+Czy+Qy, -By+Czx—Qx 1 —yx+Dz B2X —4BxCzy+C* Ay (112)
Jr2CzyZQ+92y2+82y2+0222x2—2sz2£2+£22x2+1—2yx+2D22+y2x2
—2ny22+D224]

> JAC:=simplify(Jacobian(WV,[X,y,z,t]));collect(simplify(expand(charpoly(JAC,Qq))
).d);

JAC:=[[-B,Ccz+Q,Cy,0]
[cz—Q, -B,Cx,0],
[—y, -x,2Dz, O],
[2Bzx—4BCzy+2szzx—4szQ+2£22x—2y+2y2x—2yD22, -4BxCz
+2C222y+4CzyQ—|—2£22y+2y82—2x+2x2y—2xD22, —4Bny+2C22y2
+2CY?Q+2C* 21X —2CXQ+4Dz—4yxDz+4D%2 0]]

¢+ (2B-2D2)®+ (CyYY—4BDz+¥C+B2+Q —C?Z) P+ (-20°Dz+Cy’B  (113)
—2B’Dz+Bx2C+2C*2D+2C%zxy) q

> Sl:=factor(trace(JAC)):S2:=fFactor(trace(innerprod(JAC,JAC))):S3:=Factor(trace
(innerprod(JAC,JAC,JAC))):
> Xm:=S1;Yg:=Factor((1/2)*(Xm*S1-S2));Za:=Factor((1/3)*(Yg*S1-Xm*S2+S3));Tk:=
factor(det(JAC));
Xm:=-2B+2Dz

Yg:=Cy?—4BDz+xXC+B2+Q° —C*7
Za = —2C22xy—CyzB+282Dz—Bx2C—2(3223D+2Q2Dz
Tk:=0 (114)

> BBB:=solve(Xm-3,B);YgB:=factor(subs(B=BBB,YQ));RRR:=solve(YgB-3,0mega"2);
ZaBR:=factor (subs(B=BBB,0Omega”™2=RRR,Za)) ;CriticalPoint:=collect(ZaBR-1,C);
3

BBB:=Dz— >
275

not recommended.

RRR:= —Cy2+3 D*7 -3 Dz—x2C+% +c*7



ZaBR := —2C22Xy—3Cy2Dz+%Cy2+8D323—12D222+6Dz—3Cx2Dz+%XZC
CriticalPoint := -2 C2zxy + (%y2—3y2Dz—3x2Dz+%x2) C-12D*2+6Dz (115)
+8D°7 —1

Thermodynamic crtical point is a surface in {x,y,z} (It is not locally stable)

> BBB:=solve(Xm,B);ZaB:=factor(subs(B=BBB,Za)) ;RRR:=solve(ZaB,0mega”™2);YYQg:=
factor(subs(B=BBB,0Omega”™2=RRR,YQ));
Hopfcrit:=collect(YYg,A);

BBB:=Dz

zaB:= -2 (2C%*xy +Cy¥*D—22D*+C¥D+2AC’D—2Q°D)

Warning., solving for expressions other than names or functions is
not recommended.

_ 1 2C°xy+Cy'D—27D’+Cx¥*D+27C*D
RRR:= —
2 D
_1 3Cy2D—822D3+3Cx2D+2C2xy
YYg:= —
2 D
26 o 2R3 2 2
Hopfcrit:zl 3CyD—-87D +3Cx"D+2C"xy (116)
2 D
Chiral - Brand invariants
> VORTICITY:=evalm(curl (AA, [X,yY,z])):CURLX:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);
CURLXx :=-x—Cx
CURLy:=Cy+y
CURLz:=-2Q (117)
> HELICITY:=collect(factor(innerprod(AA,VORTICITY)) ,Omega);
HELICITY := (-2yxC—2—2D7Z) Q+BxX*+Bx*C—Cy*B —’B (118)
> enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega);
enstrophy::xz—i—ZXZC+C2x2—|—C2)/2+2Cy2—|-y2—|-4£22 (119)

> BRAND:=innerprod(Jacobian(AA, [X,y,z]),VORTICITY);
BRAND::[Bx+BCx+C2yz+Czy—CyQ+Qy, —sz—C2x2+Qx—CxQ—BCy (120)

—By, -4QDz|

> stretch:=collect(factor(innerprod(BRAND,VORTICITY)),O0mega);ST1l:=factor(coeff
(stretch,Omegan?2));st0:=Factor(subs(Omega=0,stretch));



stretch := —BXZ—ZBXZC—BC2x2—4C22xy—2C3yzx—2xyCz—BC2y2—2CyZB
—y¥B+80°Dz
ST1:=8Dz
st0:=-(1+C)%(2xyCz+Bx*+y*B) (121)

> Bl:=collect(factor(innerprod(BRAND,BRAND)) ,Omega) ;Bl2:=Factor(coeff(BI,
Omegan?2));Bl1l:=factor(coeff(BI,Omega));Bl0:=collect(factor(subs(Omega=0,BI)),
z);

> Theta:=factor(-2*innerprod(grad(phi,[X,y,z]),VORTICITY));

Bl:i= (V+ X2 +C Y +16 D22 +C* % —2XC—2Cy) Q" + (2372 —2C% 2
—2CzX+2Czy") Q+4BxCzy+B YV +2C A+ CP 2 +CHY A+ CP Ay
+2CK B +C A+ B CPY + B X + B CP X +2C A + 2y B*C +8BxC?yz
+4BC3xyz

BI2:=y?+x° +C*y’ +16 D’ 2+ C°x* —2X°C —2CV?
Bll1:=2Cz(x—y) (y+x) (-1+C) (1+C)

BIO:= (14 C)2(C*y*+C*%) 2 +4 (1 +C)°BxCyz+ (1 +C)? (B*y* +B*%°)

0:=-40" Y +40° % -8C2¥Q—-8C2y’Q+16QDz+16 QD22 +4 32X (122)
4 CHACP D —4C A +A4CP AR —4CPA Y — 4B+ 4C KR
—4y"B°C—16QyxDz+4B°x* —16BxCyQ

> Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)) ,Omega);t2:=
factor(coeff(Theta,Omegan2));tl:=Factor(coeff(Theta,Omega));
> t0:=factor(subs(Omega=0,Theta));

0:= (4% —4XC+4CyY —4y?) Q"+ (16D2+16 D2 —8CzX —16yxDz —8Czy?
—16BXCyY) Q+4CxX°B? -4y’ B°C+4C A% +4B° X — 4B’y —4C* 7

Jr40222x2—4C222y2

t2:=-4 (x—y) (y+x) (-1+C)
t1:=16Dz+ 16D —8Czx¥*—16yxDz—8Czy*—16 BxCy
t0:=4 (x—y) (y+Xx) (1+C) (C*2+B?) (123)

SPINNING TOP-Eulerian Rotator dynamical system

> AA:=[A*y*z,B*z*X,C*x*y];

AA:=[Ayz, xBzyxC] (124)
> phi:=simplify((AA[1]"2+AA[2]"2+AA[3]72)) ;VV:=evalm([AA[1],AA[2],AA[3],phi]);



q>:=A2y222+x28222+C2x2y2
VV::[Ayz xBz yxC A2y222+x28222+C2x2y2] (125)

> JAC:=simplify(Jacobian(VV,[X,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
.3

0 ZA Ay 0 |

Bz 0 B x 0

IAC = Cy Cx 0 0
2x8222+2C2y2x 2A2y22+2C2x2y 2A2y22+2x2822 0

q*+ (-CY’A—BxX*C—BZA) > —2BzCxAyq (126)
> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):
> Xm:=S1;Yg:=Factor((1/2)*(Xm*S1-S2));Za:=Factor ((1/3)*(Yg*S1-Xm*S2+S3));Tk:=
factor(det(JAC));
Xm:=0
Yg:=-CyY’A—Bx*C—BZA
Za:=2BzCxAy
Tk:=0 (127)
> Hopfcrit:=factor(subs(z=0,YQ));
Hopfcrit:= -C (y*A+Bx°) (128)

Chiral - Brand invariants

> VORTICITY:=evalm(curl (AA, [X,yY,z])) :CURLX:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]) ;CURLz:=simplify(VORTICITY[3]);
CURLx:=Cx—Bx

CURLy :=Ay—Cy

CURLz:=Bz—zA (129)
> HELICITY:=(factor(innerprod(AA,VORTICITY)));
HELICITY :=0 (130)

> enstrophy:=factor(innerprod(VORTICITY,VORTICITY));
enstrophy::CZXZ—ZszCJrBzx2+A2y2—2Cy2A+CZyZ+BzzZ—2BzZAJrzzA2 (131)

> BRAND:=innerprod(jacobian(AA, [X,y,z]),VORTICITY);
BRAND:= | -CyzA+BzAy BxCz—zABx -BXCy+AyCx | (132)

> stretch:=(factor(innerprod(BRAND,VORTICITY)/(1))); factor(C"2*A+B"2*A+CN2*B+
AN2*B+BN2*C+AN2*C) ;
stretch:= -yxz (C*’A—6BCA+B*A+C*B+A*B +B°C + C A?)



C*A+B*A+C?B+A’B +B?C +C A (133)

> Bl:=simplify(factor(innerprod(BRAND,BRAND))) ;zz:=(CA2¥y 2*AND*ZAD— DX CHryND*AND*
ZN2*B+BA2*ZA2*AN2*YA2) *OMmegan2+ (CA2XXA2*BA2* ZNA2 - DX CHXA2XBA2*ZA2*A+AND* Z N DX BA*
XA2)*0Mmega+BA2*xA2XCA2*YA2 - 2XBRXAQFCA2*YAD R A+ANDFYADFCAD*KND ;

Bl := CzyzzZAZ—ZCyzzzAzB+BZZZA2)/2+BZXZCZZZ—2BZXZCZZA—FZZAZBZX2
+B X CP Y —2BX CP Y A+ APV CP X

72:= (22N —2C P AN B+ B ZA2V?) Q° + (BB2C? 2 — 2B X2 C 2A (134)
+2AB*X) Q+B2 X C?y* —2BXPCPyP A+ A%y CP ¥

> factor(coeff(zz,0megan2)) ;factor(coeff(zz,0mega));

P2\2 2 (B —C)?2

X B?Z (A—C)? (135)
> Theta:=Ffactor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));
0:=-4B* W CA+4BXCPYV +4CY A — 4 CPVA—4V P AP B+4B XA (136)

> Theta:=collect(factor(-2*innerprod(grad(phi,[X,Y,z]),VORTICITY)),Omega);t2:=
factor(coeff(Theta,Omegan2));tl:=Factor(coeff(Theta,Omega));

> tO0:=factor(subs(Omega=0,Theta)) ;SYMM:=Factor(subs(C=0,B=-A,Theta)) ;factor(subs
(11=1,12=1,13=1/2,SYMM)) ;

©:= -4B* X CA+4BXCHY +4CY AN — 4 CP VA -4y P A°B+4B X A
t2:=0
t1:=0

t0:= -4B°X CE+4BXCP Y +4CY AN — 42 CP VP A— 4y P A°B+4B* X AA
SYMM :=4 A7 (y* + %)
4R 7 (Y + %) (137)

ROSSLER dynamical system

> AAI= [W*y-z ,W*X-A*y,B+x*z-C*y+T*Z];

AA=[Wy -z, Wx —Ay,B+zx—Cy+Tz] (138)

> phi:=simplify((AA[1]"2+AA[2]"2+AA[3]"2));VV:=evalm([AA[1],AA[2],AA[3],phi]);
O=W Y —2Wyz+ 2+ WX —2WxAYy+A* Y +B*+2xBz—2BCy+2BTz+27 %

—2XyCz+2XT+C*y —2CyTz+T°7
W= [Wy—z WX —Ay,B+zXx—Cy+Tz Wy —2Wyz+2Z2 +Wx* —2WxAy+A%y* (139)
+B*+2XxBz—2BCYy+2BTz+2xX —2xyCz4+2XxT+C*y¥ —2CyTz+T°7]



> JAC:=(jacobian(VWV,[X,y,z,t]));

JAC:=[[o,W, -1,0], (140)
[W, -A, 0,0],
[z, -C,x+T,0],
[2W2X —2WAY+2Bz+27x—2Czy+22T,2W2y —2Wz—2WxA+2 A%y
—2BC—2Czx+2C?y—2CTz -2Wy+22+2Bx+2BT+22x¥*—2yxC
+47XxT—2CyT+2T?20]]

> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=Factor(trace

(innerprod(JAC,JAC,JAC))):
> Xm:=S1;Yg:=Factor((1/2)*(Xm*S1-S2));Za:=Factor ((1/3)*(Yg*S1-Xm*S2+S3));Tk:=

factor(det(JAC));

Xm:=-A+x+T
Ygi= -AX—AT—W?+z
Za:= -zA—W2T —W?X+CW
Tk:=0 (141)

> TTT:=solve(Xm-3,T);ZaB:=factor(subs(T=TTT,Za)) ;AAA:=solve(ZaB-3,A);YgBR:=

factor(subs(T=TTT,A=AAA,YQ));:CriticalPoint:=collect(factor(expand(YgBR-1)),W);

TTT:=A—x+3
ZaB:= -zA—W?A—3W +CW
. 2
ApA s ~3—3W ;rcw
z+W
YgBR :=
1 9-97-7-3CWH+CW -WZ+Wz+W +9W —6CW—-9W'z+3WCz
2
(z+W?)
CriticalPoint := (142)
—ﬁ(w%—(z—|—1)W4—3CW3+(—72+C2—22-|—9)W2+(3Cz
z+ W)

—6C)W+9—-97—7+7)

Thermodynamic crtical point is a surface in {x,y,z} (It is not locally stable)

> TTT:=solve(Xm,T);ZaB:=factor(subs(T=TTT,Za)) ;CCC:=solve(ZaB,C);YYg:=factor
(subs(T=TTT,C=CCC,YQ));
Hopfcrit:=collect(YYg,A);

TTT:=A—X
ZaB:= -zA—W?’A+CW



(z+W?) A

CCC = W
YYg = -AZ —W? +2
Hopfcrit := “AZ WA 47 (143)

Chiral - Brand invariants

>

>

O:

O:

VORTICITY::=evalm(curl (AA,[X,Y,z])) :CURLX:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]) ;CURLz:=simplify(VORTICITY[3]);

CURLx:=-C
CURLy :=-1-z
CURLz:=0 (144)
HELICITY:=collect(factor(innerprod(AA,VORTICITY)),W);
HELICITY ;= (-x—zx—Cy)W+Ay+Cz+Ayz (145)

enstrophy:=(factor(innerprod(VORTICITY,VORTICITY)));

enstrophy := Cl+1+22+7 (146)
BRAND:=innerprod(jacobian(AA, [X,y,z]),VORTICITY);
BRAND:= | -W(z+1) -CW+A+zA C | (147)

stretch:=collect(factor(innerprod(BRAND,VORTICITY)) ,W);
stretch:=2W((z+1)C—(z+1) (zZA+A) (148)

Bl :=collect(factor(innerprod(BRAND,BRAND)) ,W);Bl2:=Factor(coeff(BI,W*2));Bl1l:=
factor(coeff(BI,W));Bl0:=collect(factor(subs(W=0,B1)),z);
Bl:= (C*+1+22+7)W?+ (-2CA—2AC2) W+ZA* +C* + A* + 22 A%
BI2:=C®+1+2z+47
BIl:=-2CA(z+1)
BIO =7 A* + C* + A> + 27 A? (149)

Theta:=collect(factor(-2*innerprod(grad(phi,[X,y,z]),VORTICITY)),W);Theta:=
collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),A);

=(4y+4yz+4Cx)W>+ (-4CYA—4AX—4AZIX—47 —42) W—4CTz+427A%

—4BC—4Czx+4A%y+4C%y

= (4y+4yz7) A2+ (-4CWy—4Wx—4Wzx) A+4CW> x—4WZ +4 W2y +4W?yz (150)

—4Wz—4CTz—4BC—4Czx+4C%y

Zhabotinsky dynamical system

>

AA:=[0,0,0];VV:=[0,0,0,0];phi:-=0;



AA:=[0,0,0]
VV:=[0,0,0,0]
0:=0 (151)

> AA:=evalm([A*y+B*X-C*X*y-2*D*x*X, -A*y-C*X*y+F*E*2/2 ,2*B*X-E*Z]);

AA = Ay+Bx—yxC—2x2D —Ay—yxC+%FEz 2Bx—Ez (152)

> phi:=factor ((AA[1]"2+AA[2]"2+AAL[3]2)) ; VW :=evalm([AA[1],AA[2] ,AA[3],phi]);

0:=2A%y +2AYBXx—4AyX*D+5B°x —2Bx*Cy—4Bx’D+2C**y* +4yx’CD
+4x4D2—AyFEz—yxCFEz+% FPE°Z —4BXxEz+E*7
W= [Ay+Bx—yxC —2xX2D, -Ay —yXC + = FEz2Bx—Ez 2 Ay’ +2AyBx (153)

2

—4AYyXD+5B°x —2BX¥Cy—4BxX’D+2C* %y +4yx*CD+4x'D?

—AyFEz—yxCFEz+%F2E222—4BXEZ+E222

> JAC:=(jacobian(VWV,[X,y,z,t]));

JAC:=HB—Cy—4Dx,A—CX,0,0], (154)

Cy, -A—Cx,%FE,o],

28,0, —E,O],

2AyB—8AYyXxD+10B°x—4BxCy—12Bx*D+4C?y*x+12yx*C D + 16 X’ D?

—yCFEz—4zEB 4A°y+2ABX—4AX’'D—2BXxC+4C*y+4x°CD

_AFEz-xCFEz —AyFE—yxCFE—i—%F2E22—4EXB—|-2E22,OH
> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=Factor(trace
(innerprod(JAC,JAC,JAC))):
> Xm:=S1;Yg:=collect(factor((1/2)*(Xm*S1-S2)),E);;Za:=Factor((1/3)*(Yg*S1-Xm*S2+
S3));Tk:=Factor(det(JAC));
Xm:=B—-—Cy—-—4Dx—A—-Cx—E
Yg=(A—B+4Dx+Cy+Cx) E—BCx+4DxA+ZCyA—AB+4Cx2D

Za:=E(FBA—2CyA—4DXA+AB+BCx—4Cx*D—FBCX)
Tk:=0 (155)



Hopf conditions
> AAA:=factor(solve(Xm,A));ZaEEE:=fFactor(subs(A=AAA,Za)) ;FFF:=solve(ZaEEE,F);
YgAF:=Factor (subs(A=AAA,F=FFF,YQ));
AAA:=B—-Cy—4Dx—Cx—E

ZaEEE:=E (FB*—FBCy—4FBDXx—2FBCXx—FEB—3BCy+2C?y*+12CyDx

+2C*Xy+2CyE—8BDx+16D°x*+4DXE +B*—EB)
FFF:=

_ 1 2_ 2 2
B(B_Cy_4Dx—2Cx—E) (B>—EB+2C°y*+12CyDx+2Cxy

—3BCy—8BDx+16D°X*+4DXE+2CYyE)
YgAF = -E°+8BDxXx—12CyDx—16 D°X* —4DXE+3BCy—2C*y* —2C?xy (156)
—2CyE—B°+EB

Chiral - Brand invariants
> VORTICITY:=Ccurl (AA,[X,Y,Z])):CURLX:=simplify(VORTICITY[1]);CURLy:=simplify
(VORTICITY[2]) ;CURLz:=simplify(VORTICITY[3]);

CURLXx := —% FE
CURLy = -2B
CURLz:=-Cy—A+Cx (157)
> HELICITY:=collect(factor(innerprod(AA,VORTICITY)),F);
HELICITY := (—% ExB+DEx2—%EyA—zEB+%Eny) F+2AyB+EzZA (158)

—2ABX+ZBx2C+Esz—Esz

> enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),F);

enstrophy::%F2E2+4BZ+C2y2+2CyA—ZcznyrAz—ZACerCZX2 (159)
> BRAND:=innerprod(jacobian(AA,[X,Y,z]),VORTICITY);
BRAND := —%FEB+%FECy+2FEDx—ZAB+ZBCx,2AB+ZBCx—%FEA (160)
+% FECx, —FEB+CyE+AE—CxE]

> stretch:=collect(factor(innerprod(BRAND,VORTICITY)),F);ST2:=Factor(coeff
(stretch,F"2));ST1:=Factor(coeff(stretch,F)) ;st0:=(factor(subs(F=0,stretch)));
stOe:=collect(stO,E);EO0:=Factor(coeff(stOe,E));

stretch := (—%CyEZ—DxEZ—F%EZB) F24 (3EBA+EBCY—3EBCX) F—EC2¢



—4B*A—4CxB*—A’E—C*yY’E—2AECY+2C?yEx+2AECX

ST2::%E2(B—Cy—4Dx)

ST1:=EB(3A+Cy—3Cx)
st0:= -EC°x* —4B°A—4CxB*—A°E—C*yY’E—2AECYy+2C*yYEX+2AECX
st0e:= (-C?x* —A?—C?y* —2CyA+2C?xy+2ACx) E—4B°A—4CxB?
EO:=-(Cy+A—Cx)? (161)

> Bl:=collect(factor(innerprod(BRAND,BRAND)),F);Bl2:=factor(coeff(BI,F*2));Bll:=
factor(coeff(BIl,F));Bl0:=collect(factor(subs(F=0,BI1)),E);

Bl := (ZEZCny+%C2y2E2—2EzBDx+%C2x2E2+%A2E2+4E2D2x2
—%AEZCX—F%EzBZ—%EZBCy) F°+(8EDX*BC+2EB’A—2EB°Cx

—2ECYyAB—2E’BCy—8EDXAB+2E°BCXx—2E°BA+2EC*’yBx—2A’BE
+2BC’XE) F+8B°C* X + A’ E2 —2 AE?C x + 8 A°B? + C?y*E> — 2 C*y E®x

+C?xXE*+2CyE’A
BI2:=%E2(—8BDx—2BCy+SCny+A2+582+C2y2+16D2x2+sz2

—2ACx)
Bl1:=-2BE(CYE+AE—CXE—AB+BCXx+CyA—C’xy+4DXA—4Cx°D+A?

—C%x?)

BIO:= (C®y’+2CyA—2C*xy+A>—2ACx+C*x*) E2+8B*C?x* + 8 A% B? (162)

> Theta:=collect(factor(-2*innerprod(grad(phi,[X,y,z]),VORTICITY)),F);Tl:=fFactor
(coeff(Theta,F));
©:= (-E*2Cx+E?zA) PP+ (2EC?xX*y+2BAYE+16EXD*—4BE*2—4ZEBCX
—2EA’y—12EBX*D—8EAYyXD+12Eyx¥*CD—2Ay’EC —4EXBCy
+2EC*yY’x—4zZEBA+10EXB?*) F+4E*2Cy—4E°2Cx+16 A°’yB +8B*xA
+8EX*BC—8EXBCY+16C°x*By—8Cx*B*+16Bx’DC +4E°zZA—8EXBA
—16BX*DA
T1:=-2E(-C*x*y—AyB—8x’D°+2zEB+2BXxCz+A’y+6BX’D+4AyxD (163)
—6yx*CD+CYyYA+2BxCy—C*y¥’x+2BzA—5B’x)

> fTactor(subs(F=0,Theta));
4E*7Cy—4E°2Cx+16A°yB+8B°XA+8EX*BC —8EXBCy+16C°x*By (164)



—8CXB°+16BX’DC+4E’ZA—8EXBA—16BX°DA

Pitchfork Hopf OK

> AA:= [*A-GH+C*Z 2+ T* (X 2+y"2)+0mega*y , e*A-G+C*z A2+ T* (x 2+y"2) -Omega*x , z* (A+B*
zN2+D*(x"2+y™"2)) ] ;
AA=[eA—G+CA+T(V+x) +Qy,eA—G+CEA+T(Y¥+x°) —Qx z(A+BZ  (165)

+D (Y +x)) ]
> phi:=factor((AA[1]"2+AA[2]M2+AA[3]72)) ; VWV =[AA[1] . AA[ 2], AAL3],phi];
0=V + QR —4GCA+2TYQ—4GTY +2G +2A2+22 A2 +2C2 7 +2 T2
42X TP+ P B2 —4eAGH4AT Y ¥ 4G T—2GQy —2XTQ+2GQx
127 BA+ DYV + X D +4eACE +4eATY +4eAXT+2eAQy
+4CzZTyZ+4C22x2T+2CzZQy+2x2TQy—2eAQx—2CZZQX—ZTyZQx
+27AYVD+27ARD+27 By’ D42 B D +27y* D*%°
Wi=[eA-—G+C2+T(Y¥+x2) +Qy,eA—G+CZ+T (Y +xX) —Qxz(A+BZ  (166)
+D(P+x)), QY+ —4GCA+2TYQ—4GTY +2G2 +2A2+2¢? A2
+2C° 42T 42X TP+ 2B —4e AG+HAT? VX — 46X T—-2GQy—2XTQ
+2GQXx+2 ' BA+Z2D* Y + 22X D* +4eAC +4e ATV +4e AX%T+2eAQy
FACPTY +4CERTH+2CPQy+2X°TQYy—2eAQX—2CAQx—2Ty* Qx
+22AYD+22AXRD+27'ByY?D+27BXD+272y D*¥]

> JAC:=simplify(Jacobian(VWV,[X,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
).):
IAC:=[[2xT,2Ty+Q,2Cz0], (167)

[2xT—Q,2Ty,2Cz0],
[2 sz,2Dzy,A+SBzz+y2D+x2D,0],
[20°x+8XCT2+8T*x—8GXxT—6XTQ+2QG+42CD? +8eAxT

+8CEAXTH+4XTQYy—2QAe—2Q7C—2TYQ+47AxD+47BxD



HAD2 A% 2Q° Yy +6TYQ—8GTy+8T2¥ +8T2y X% —2QG +4 72Dy
+8eATY+2QAe+8CATYy+2Q7C+2x¥TQ—4xTQy+47AyD
+47ByD+4D°Ayx, -8GCz+27A°+8C* 2 +67° B +82°BA+2zD%Y
+22X'D°+8eACz+8CzTY+8Czx¥°T+4CzyQ—4CzxQ+42Ay*D
+47AX¥D+82BY'D+82BXD+42y"D*¥ 0]]

> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=Factor(trace
(innerprod(JAC,JAC,JAC))):

> Xm:=S1;Yg:=collect(factor((1/2)*(Xm*S1-S2)),0mega) ;Za:=collect(factor((1/3)*
(Yg*S1-Xm*S2+S3)) ,0mega) ; Tk:=Factor (det(JAC));YgO:=Factor(subs(Omega=0,YQ));
Zal:=factor(coeff(Za,Omega));

Xm:=2xT+2Ty+A+3BZ+y’D+xD
Yg:i=Q 4+ (2Ty—2xT) Q+2TyA+2Ty*D+6TyBA+2Ty¥D—4D7AyC
+2AXT—4DZAXC+2xXTD+6XTBZ +2xTy’D
Za:= (A+3B2+y?D+¥D) Q + (-2AxT—2xTD+2TyA+2Ty*D—2xTy*D
+6TyBZ+2Tyx*D—4DZyC+4DZXxC—6xTBZ) Q
Tk:=0
Y — 2 2 2
g0:=2 (y+x) (TDX*+AT—2CZAD+3TBZ+Ty’D)
Zal:=-2 (x—y) (TDX¥*+AT—2CZAD+3TBZ+Ty*D)
Hopf conditions
> AAA:=factor(solve(Xm,A));ZaAAA:=subs(A=AAA,Za) ;DDD:=(solve(ZaAAA,D));YYg:=
factor (subs(A=AAA,D=DDD,YQ)):

AAA:= -2xT—2Ty—3BZ—y'D—x*D
ZaAAA = (-2xT—2Ty) Q@ + (-2 (-2xT—2Ty—3BZ—y¥’D—¥D) xT—2x3TD
+2Ty(-2xT—2Ty—3BZ—y’D—x*D) +2Ty’D—2xTy¥’D+6TyB7

+2Tyx*D—4DZyC+4DZXxC—6XxTBZ) Q

_ _ 2+ 2
oop.= . L T(-Qx=Qy+2x'T—2Ty)

- CZ (x—y)
L Q(-Ox+Qy+4X°T+4TY)
YYQ = - X—y

Oscillations occur when YYg>0
Fixed points

(168)

(169)



> RRR:=solve(ZaAAA,Omega) ;HopfCrit:=factor(subs(A=AAA,Omega=RRR[1],YQ));
HopfCrit:=factor(subs(A=AAA,Omega=RRR[2],YQ));
2 (T —T?Y-DZAyC+DZxC)
T(y+x)

HopfCrit:= -4 (y+x) (x T+ T2y +CZ#D)

RRR:=0,

HopfCrit := ﬁu (xT?+T?y+C7ZD) (CX¥DA—2yDACx+Cy' D7 (170)
(y +x)

—3Tyx —3T?y¥x — T2y’ —x°T?))

Chiral - Brand invariants
> VORTICITY:=evalm(curl (AA, [X,Y,z])):CURLX:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);EEl:=-Factor(diff(phi,x))
;EE2:=-factor(diff(phi,y));EE3:=—Factor(diff(phi,z));
CURLx:=2Dzy—2Cz

CURLy:=2Cz—2Dzx
CURLZ:=2xT—-2Q—-2Ty

EEL:= 2Q°x—8xT2—8T2y’x +8GXT+6XTQ-2QG 42 3D* —8eAxT
—8CAXT—4XxTQYy+2QAe+2Q7C+2TYQ—-47AxD—47*BxD
—4D222y2x

EE2:= -2Q°y — 6Ty’ Q+8GTy 8Ty —8T2yx2+2QG —47D’y’ —8eATy
—2QAe—8CZATYy—2Q7C—2XTQ+4xTQy—47AyD—47'ByD
—4D222yx2

EE3:=-27(3B*+4C*Z+4BAA+4BZAYD+4BZx¥D—4CG+A?+x'D? (171)
+2V D +A4TYC+D Y +2CyQ+4CAe+2AYD+4TX¥C—2CxQ
+2AXD)

> HELICITY:=collect(factor(innerprod(AA,VORTICITY)),Omega) ;H1l:=Factor(coeff
(HELICITY,Omega)) ;HO:=factor(subs(Omega=0,HELICITY));

HELICITY := -2z (Cx+Cy+BZ+A) Q—2z(-DAyC—xTBZ+TyBZ+GDy
+DZAXC—AXT+TyA—eADy—GDx+eADx)
Hl:=-2z(Cx+Cy+BZ+A)
HO:=-2z(x—y) (-TBZ+CZD—AT—GD+eAD) (172)

> enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega) ;EO:=Factor
(subs(Omega=0,enstrophy));



enstrophy::4Q2+ (8Ty—8xT)Q+4 D222y2—8 DzzyC +8C*7—-8DZxC
FADP X +AX T +4T?y* —8 Ty x
E0:=4D*ZAy —8DZAYyC+8C* A —8DZAXC+A4D* X +4X TP +4T* ¥ —8T?yx  (173)
> BRAND:=innerprod(jacobian(AA,[X,Y,z]),VORTICITY);
BRAND := [—ZCZQ—ZDZXQ, -2DzyQ—-2CzQ, -4 DZxC +4Dz2yC+2AxT (174)

—2QA—2TyA+6XxTBZ—6QBZ—6TyBZ+2xTy’D—2Qy’D—2Ty’D
+2x3TD-2Q¥D—-2Tyx*D]

> stretch:=collect(factor(innerprod(BRAND,VORTICITY)),O0Omega);ST2:=factor(coeff
(stretch,Omegan2));ST1l:=factor(coeff(stretch,Omega)) ;st0:=Factor(subs(Omega=0,
stretch));

stretch:= (12BZ +4y’D+4XD+4A) @’ + (-8x3TD+8TyA+8Ty* D —8AXT
—24XTBZ+24TyBZ +8Tyx*D—16DZAyC —8xTy’D+16DZXxC) Q
—8T’yAXx+12T?y’BA—8CZDXT—8CZADY'T—8T?yDx+4T?y'D
—8T2yx’D+8T?yV* XD+ 12X T°BA+16 CZDXTy +4xX' T°D+4 T2 y* A
+4AXT?—24T?yB P x
ST2:=12BZ+4y’'D+4x*D+4A
ST1:=-8 (x—y) (TDX¥*+AT—2CZAD+3TBZ+TyD)
st0:=4T (x—y)?° (TDX¥*+AT—2CZAD+3TBZ+Ty*D) (175)
> Bl :=collect(factor(innerprod(BRAND,BRAND)) ,Omega);Bl2:=Factor(coeff(BI,
Omegan2)) ;Bl1l:=Factor(coeff(BI,Omega));Bl0:=(Ffactor(subs(Omega=0,Bl1)));
Bl:=-32D° ' yC®x +4A* X T? — 16 DAYV CTA+4 TV A2 + 4T3’ D* + 4 X° T D?
—16DZX¥CAT—48DZ ¥ CTB—32D* X CTy" +32D*°ZxC Ty’
+32D? X CTy+ (48TyBAX¥’D+16 Ty’ AD+16 Ty’ DX + 72 Ty B* 7
+8Tyx'D°—16 AXTD—16 X°TD*yY* —8x Ty ' D* +8 Ty A+ 8Ty’ D* —8 A*x T
—8X°TD*—72xTB?Z* +16 CZDXA+48CZ*DxB +16 CAD*xy* —16 CZDyA
—48CDYyB—16CZAD°yxX* — 48X Ty’ DBZ +48 TYABZ +16 TYAX°D
+48Ty’DBZ —48 AXTBZ —16 AXTY’D—48X°TDBZ +16 CZZD°X°
—16CZAD*Y®) Q+32DZAXxCTyA—16 D’ X' CT—16 D’ 2y*'C T+ 24 AX*T?°B 7
+16 AT YD —16 AxT?y*D—16 AXCT?yD+24 T2YP ABZ — 72X T?B* 'y
+24x*T’BAD+24T*y*'BZD+16 D° ' y*C* +16 D° ' X2 C* + (4 D* 2 X

+8y’ D’ +4D* Py +8C° A +36B* +8AXD+8DAXC+8DZyC+4Dy



44N +24BAYD+24BAXRD+24BAA+8AY D +4x D?) Q° — 8 AZx T2y
+8AX T2 D+8T?y* AD+36X°T?B2Z* +36 T°y?B*7* + 12 X° T2 y* D* — 8 x T2y’ D?
+ 12X Ty DP—16 T2y’ D* —8X° T2 D’y +96 DZ*xCTyB —48 D' y*CTB
— 48 AXT?YyBZ+48X°T°BZ YD —48xT°BAy’D—48x°T°BZyD
BI2:=4D° X +8y’D°*+4D° Ay +8C*7 +36B°* +8AX¥D+8DZxC
+8DAYC+AD*Y +4A + 24BAY'D+24BA XD+ 24BAA+8AY' D+4x'D?
Bll:i=-8 (x—y) (A+3BZ+y’'D+x*D) (TDX¥+AT—2CZD+3TBZ+Ty*D)

BIO:=4 (x—y)2 (TDX2 +AT—2CAD+3TBA+Ty’D)’ (176)
> Theta:=collect(factor(-2*innerprod([EE1,EE2,EE3],VORTICITY)),O0mega);
©:=82(-Cy+Cx) Q" +82(-2C%2—-A2—2Ty*C—D*y*—eADy—eADx—Ty¥D (177)

—xTyY’D—4BZA—2CAe—x'D*—2AXD—3B°/—Ty'D—x*TD -2y’ D*¥°
—2AYD—DZYyC—DZXxC—2T¥C—4BZyYD—4BZx¥D+2CG+GDy
+GDX) Q+8z(-4TyBAX¥D—2Ty'AD—2Ty’D*X* —3TyB*Z —Tyx*D?
+2ACTD+2XTD Y +XxTY' DP =Ty A  — Ty’ D? + A*x T+x° TD* +3x TB? 2
—ZCZZDXA—ZszleB—2szszyZ—i—ZCzZDyA—|—2C24DyB—|—2C22D2yx2
+4XTY’DBZ —4TyABZ —2TyAX’D—4Ty’DBZ+4AXxTBZ+2AXTy*D
+4XTDBZ —2CZ DX +2C 7 DY)

> Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)) ,Omega);t2:=
factor(coeff(Theta,Omegan2));tl:=Factor(coeff(Theta,Omega));
> tO:=factor(subs(Omega=0,Theta));

©:=-82(-Cy+Cx)Q° —87(-2C22—A2—2Ty?C—D’y*—eADy—eADx
—TyxX*D—xTy’D—4BZA—2CAe—X'D°—2AX¥D—-3B*Z—Ty’'D—xTD
— 2y’ D*¥ —2AY'D—DZyC—DZXC—2TX*C—4BAYD—4BZX¥D+2CG
+GDy+GDx) Q—8z(-4TyBAX¥D—2TyYAD—-2Ty D*¥* —3TyB*7
—Tyx'D?+2A3TD+ 23 TD* Y+ X Ty DP =Ty A2 — Ty’ D + A2X T+ x° TD?
+3xTB*—2CDxA—-2C*DxB—2CZAD?°xy*+2CADyA+2CZDyB
+2CEPD 'y +4xTY’'DBZ —4TyABZ —2TyAXD—4Ty’'DBZA+4AXTBZ
+2AXTY'D+4XTDBZ —2CZD* X +2CZ DY)

t2:=-8zC (x—y)

t1:=8z(2C*° 2 +A*+2TyY"C+D*y* +eADy+eADXx+TyX*D+xTy’D+4B7A
+2CAe+xX'D*+2ARD+3B° A+ Ty’ D+ TD+2y’D*¥* +2Ay’'D+DZAyC
+DAXC+2TX¥C+4B2Y¥D+4BAX¥D—-2CG—GDy—GDX)



10:=-82(x—y) (A+BZ +y'D+x'D) (TDX' +AT-2CZD+3TBZ+Ty’D)  (178)

> tl1l:=(t1/(-8*z));collect(tll,D);tl0:=Factor(subs(D=0,tl1ll));
> beta:=D*x"2+A+B*z"2+D*y"2;betasq:=expand(betan2);
t11:= -2C*Z7 —A*—2TyY*C—D’y*—eADy—eADXx—Tyx*D—xTy’D—4BZA

—2CAe—X'D°—2AXD—-3B*Z—Ty’D—x*TD—-2y"D’°x¥*—2Ay¥’D—-DZyC
—Dzsz—2Tx2C—4BzZyZD—4Bzzx2D+2CG+GDy-|—GDx

(-X* =y =2y ) D*+ (-2YPA—xTyY  —eAXx —2AX —e Ay — Ty’ + Gy —Tyx
— 4V PB—-CAYy—XT+Gx—4xXB—CZAXx)D—2C°7 —A*—2Ty*C
—4BAA—2CAe—2Tx*C—3B*+2CG

t10:=-2C°7Z —A*— 2Ty C—4BAA—2CAe—2TxX*C—3B*/+2CG
B:=A+BZ+y'D+xD

betasq:= A’ +2BZZA+2AYD+2AXD+B +2BZyD+2BZx D+ D’y (179)
—|—2y2D2x2—|-x4D2

> simplify(tll-expand(-(D*x"2+D*y"2+A+B*z"2)"2));

~2C?2—2TyY’C—eADy—eADXx—Tyx*D—xTy’D—2BZA—2CAe—2B*7* (180)
—Ty3D—X3TD—D22yC—DZZXC—ZTXZC—ZBZZyZD—ZBZZXZD-i-ZCG
+GDy+GDx

TRANSCRITICAL HOPF OK

> AA:= [x*(A-G+C*z)+Omega*y,y*(A-G+C*z)-Omega*x,A*z+B*z"2+D*(x"2+y"2)] ;

AA=[X (A=G+C2) +QY,y (A=G+C2) —Qx zA+BZ +D (v +x) ] (181)

> phi:=simplify((AA[1]"2+AA[2]"2+AA[3]72)) ; W:=[AA[1],AA[2],AA[3],phi];

q>::£22y2—|-£22x2+D2y4—|-22Ay2D—|—2zszD—|—A2x2+Gzy2—|—C222x2+C222y2

+27BA—2GXCz+2AYCz—2GyY’Cz+X'D°—2GXA+A YV + A +G° ¥
+Bzz4—2AyzG+2Asz2+2y2D2x2+2Bzzy2D+2822x2D

Wi=[x (A—G+C2) +Qy,y (A—G+C2) —Qx2A+BZ+D (Y +x), @V +Q° % (182)
+D?V +22AVD+22AXR D+ A + G2 Y + CP P+ CP Y +2°BA
—2GX¥Cz4+2AYCz—2GyY’ Cz+x'D*—2GX°A+A YV + A A+ G +B°7
—2AYG+2ACIX ¢ +2y? DX+ 2By’ D+2B2%D]

> JAC:=simplify(Jacobian(VV,[X,y,z,t]));collect(simplify(expand(charpoly(JAC,q))

).q);

IAC:=[[A-G+CzQ Cx0]



[-o,.A-G+cCzCy,0]
[2Dx,2Dy,A+2Bz0],
[2Q2x+4szA+2A2x+2szzx—4Gsz+4x3D2—4GxA+2sz+4Asz
+4D?Yx+4BXDZ 2Q°y +4D° Y +4DzyA+2GPy +2C* Ay +4CyzA
—4GyCz4+2A’y—4AyG+4D*yx* +4ByDA 2AY¥'D+2AXD +2C* 2%
+2C°2y" +6BAA—2GCX+2CYA—2GYy’' C+27A°+4B° 2 +2x°CA
+4Bzy*D+4Bzx°D,0]]

q"+(-2Cz—3A+2G—2Bz)°+ (4BzA—2Cx*D—-2CyY’D—4GBz+C? 7 (183)
+4CAB—2GCz+4ACZI+3A2—4GA+G +Q°) ¢’ + (2ADY C— A
+4AGBz—4ACZAB—2G'Bz+2GCzA—22A%B—2A2Cz—2Q Bz
+2DX¥AC—-C*ZA—-2C*PB—-2GDYC+2C°2Dy*—G*A+4GCZB
+2D¥C%2+2GA2—2D¥CG—Q°A) g

> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=Factor(trace
(innerprod(JAC,JAC,JAC))):

> Xm:=S1;Yg:=collect(factor((1/2)*(Xm*S1-S2)) ,0mega) ;Za:=collect(factor((1/3)*
(Yg*S1-Xm*S2+S3)) ,0mega) ; Tk:=Factor(det(JAC));Yg0:=Factor(subs(Omega=0,YQg));
Zal:=factor(coeff(Za,Omega)) ;Za0:=Factor(subs(Omega=0,Za));
Xm:=3A—-2G+2Cz+2Bz

Yg:=4BzA—2CX*D—2CYy’'D—4GBz+C*#+4C7B—2GCz+4ACz+3A°
—4GA+G +Q°

Za:=(A+2B2) Q" +A*—2DX’AC —4AGBz+4ACZAB—2ADYC—4GC#B
+2GDYy’C—2C*2Dy’+2DX*CG—2DxX*C*2—2GCzA+2G°Bz+2C*7B
+C*PA—2GA’+G*A+27A°B+2A°Cz

Tk:=0
Yg0:=4BzA—2Cx*D—2Cy¥’'D—4GBz+C’A+4CAB—-2GCz+4ACz+3A
—4GA+G’
Zal:=0

Za0:= (A—G+Cz) (A°+ACz—GA+2BzA—2GBz—2Cx¥*D+2CZB—2Cy°D) (184)

Hopf conditions

> GGG:=factor(solve(Xm,G)) ;ZaGGG:=Factor(subs(G=GGG,Za)) ;RRR:=solve(ZaGGG,
Omegan™2);YYg:=factor(subs(G=GGG,0mega”™2=RRR,YQ));

GGG::%A+CZ+BZ



ZaGGG::% (A+2B2) (A +4BzA+4CD+4CyY’D+4B2+4Q°)

Warning., solving for expressions other than names or functions is
not recommended.

RRR::—%AZ—BZA—CXZD—C)/ZD—BZZZ

YYg:=-4BzA—3Cx*D—3Cy’ D—4B°7 —A? (185)
Oscillations occur when YYg>0

> RRR:=solve(ZaGGG,O0megan?2) ;HopfCrit:=Factor(subs(G=GGG,0Omega”™2=RRR,YQ));

Warning, solving for expressions other than names or functions is
not recommended.

RRR := —%AZ—BZA—CXZD—C)/ZD—BZZZ
HopfCrit:= -4BzA—3Cx*D—3Cy’D—4B*Z —A® (186)

Chiral - Brand invariants
> VORTICITY:=evalm(curl (AA,[X,Y,Zz])):CURLX:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);
CURLx:=2Dy—Cy

CURLYy:=Cx—2Dx
CURLz:=-2Q (187)

> HELICITY:=collect(factor(innerprod(AA,VORTICITY)) ,Omega);
HELICITY :=Q (-Cy*—xX*C —2zA—2B7) (188)

> enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)) ,Omega) ;EO:=Factor
(subs(Omega=0,enstrophy));

enstrophy := 4 D?y? — 4 Cy2D + C2y2 + C2x% — 4 C X’ D + 4 D2x2 + 4 O
E0:= (Y +x%) (C—2D)? (189)

> BRAND:=innerprod(jacobian(AA,[X,y,z]),VORTICITY);
BWWD:{ZAyD—CyA—ZGDy+CyG+2CyDz—sz—CxQ—2QxD—2DyQ(mm

—CyQ+ACx—2DxA—CxG+ZGDx+C%u—2CxDL—ZQA—4QBﬂ

> stretch:=collect(factor(innerprod(BRAND,VORTICITY)) ,Omega);ST2:=Factor(coeff
(stretch,Omegan2));st0:=factor(subs(Omega=0,stretch));

stretch:= (8Bz+4A) Q° +4AY’ D2 —4ADY’C +C2y*A—4GD?y +4GDY.C
—C?YVG+4CYD*21—4C° DYV +C V' 2+ C*A—4DX*AC+4D* ¥ A—C*X°G
+4DX¥CG—-4GD* X +C*7—-4DXC*7+4Cx Dz



>

B

©)

tl

10 :

ST2:=8Bz+4A
st0:= (y?+x%) (C—2D)>(A—G+Cz) (191)
Bl :=collect(factor(innerprod(BRAND,BRAND)) ,Omega) ;Bl2:=Factor(coeff(BlI,
Omegan2));Bll:=Ffactor(coeff(BI,Omega));Bl0:=(Ffactor(subs(Omega=0,Bl1)));
= A CPR+ CP A+ P+ CHY A+ CPGP P +8AC K GD —8AC* XDz
+8D*x¥*ACz+8C*X°GDz—8GD*¥*Cz—4A’y’DC—8AYD*G—2C*yVAG
+2CVAZ—4G DY’ C—2C YV Gz+4C°YVD* 7 —4C VD —4ACKD
—2AC*XG+2ACz1—8D*X¥AG—4CX G D—-2C*Gz—4C*¢ 7D
+4C°D°2+8AyY'DCG+8AYD*°Cz—8AYy'DC*z2—8GD?*y’Cz
+8GDY Cz+4G D +4A YV D°+4D* X A* +4G°D*y* + C*y* G* + (4 D*X°
+ 42+ C2 Y+ P2 +4A2+4C D +4CYD+16BzA+16B274) Q°
BI2:=4D*¥ +4D°y +C*yV +C** +4A°+4CX*D+4Cy’D+16BzA+ 16 B* 7
BI1:=0
BIO:= (Y’ +x*) (C—2D)?(A—G+C2)? (192)
Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));

=8Q (3BZA+AYD+AXD+2B 2 +2A°+C*2x° +C*2y* +2Bzy*D (193)

+2BzX¥*D—GCX +CyA—GY*C+Xx*CA)

Theta:=collect(factor(-2*innerprod(grad(phi,[X,y,z]),VORTICITY)),Omega);t2:=
factor(coeff(Theta,Omegan2));tl:=Factor(coeff(Theta,Omega));
t0:=factor(subs(Omega=1,Theta)/(-8));

= (24BAA+8AY'D+8AXD+16B°7 +8zA°+8C*zxX* +8C°zy* +16 Bzy*D

+16BzX*’D—8GCXx*+8CYy'A—8GYy*C+8x*CA) Q
t2:=0

=24BZ7A+8AYD+8AXD+16B°2+82zA+8C%zxX* +8C%*2y’ + 16 Bzy*D

+16BzX*’D—8GCx*+8CYy'A—8GYy*C+8x°CA
= -3BZA—AYD—-AX¥D—2B* 22 —zA?—C%2x¥*—C°zy*—2Bzy*’D—2Bz¥*'D  (194)
+GCX¥ —CYyYA+GYC—¥xCA

SADDLE NODE HOPF OK

>

AA:= [x*(G+C*z)+Omega*y,y*(G+C*z)-Omega*x,A+B*z"2+D*(x"2+y"2)];



AA=[Xx (G+C2) +Qy,y(G+Cz) —QXx, A+BZ+D (y*+x%) ] (195)
> phi:=simplify((AA[1] 2+AA[2]72+AA[3]72)) ;W :=[AA[1],AA[2],AA[3],phi];
0:=G % +2GRCz+C2 AR+ QY+ +2GY Cr+C 2V + Q' %+ A2 +2BZA
+2AY'D+2AXD+B* +2BZ Y D+2BA XD+ D%y +2y* D? % + x* D?
W= [x (G+C2) +Qy,y (G+Cz) —Qx, A+BZ+D (Y +x), ¥ +2GXCz (196)
+ AR+ QY+ GV +2GY Cr+C 2V +Q R +A2+2BAA+2AYD
+2Ax2D+Bzz4+2Bzzy2D+2BzZXZD—i-D2y4+2y2D2x2+x4D2]

> JAC:=simplify(acobian(VV, [X,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
.3

JAC:=[|[G+CzQ Cx0]
[—Q,G+Cz,Cy,0],
[2Dx 2Dy, 2Bz0],
[2Gx+4GxCz+2C?2x+2Q°x +4DXA+4BXxDA+4D°yx +4X° D% 2Q°y
+2G°y+4GyCz+2C?°Ay+4AyD+4ByDAZ+4D°y} +4D’yx%,2GC X
+2C%2x% +2GyY?C+2C%2y? +4BZA+4B* 2 +4Bzy’D+4BzxD,0]]

¢+ (-2C2-2B2-2G) ¢+ (-2C¥D+2GCz+Q° +G2+C2A+4C7 B (197)
—2CyY’D+4GBz) ?+ (-2C22B+2C%2Dy? +2D¥C*2—2Q°Bz—2G?Bz
+2DX¥*CG—4GCZB+2GDYC)q

> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=factor(trace
(innerprod(JAC,JAC,JAC))):

> Xm:=S1;Yg:=collect(factor((1/2)*(Xm*S1-S2)),0mega) ;Za:=collect(factor((1/3)*
(Yg*S1-Xm*S2+S3)) ,0mega) ; Tk:=Factor(det(JAC)) ;YgO:=Factor(subs(Omega=0,YQg));
Zal:=factor(coeff(Za,Omega));Za0:=Factor(subs(Omega=0,Za));
Xm:=2G+2Cz+2Bz

Yg:= -2CXD+2GCz+Q° +G*+C*2+4CAB—2Cy’D+4GBz
Za:=4GCZB—-2GDYyC—2C*2Dy"—2DX¥'CG—-2Dx' C°z+2G°Bz+2C°7B
+20Q°Bz

Tk:=0
— 2 . 2 2 2.2 2
Yg0:=-2Cx"D+2GCz—-2Cy D+G" +C° 27 +4Cz7B+4GBz
Zal:=0

7a0:=2 (G+Cz) (CZB—Cy’D—CXD+GBz) (198)



Hopf conditions

> GGG:=factor(solve(Xm,G)) ;ZaGGG:=subs(G=GGG, Za) ;DDD:=solve(ZaGGG,D);YYg:=factor
(subs(G=GGG,D=DDD, Yg)) ;EV:=eigenvalues(JAC) :EV3:=factor (subs(G=GGG,D=DDD,EV[3]

));EV2:=simplify(subs(G=GGG,D=DDD,EV[2]));EV4:=Factor(subs(G=GGG,D=DDD,EV[4]))
; Factor (subs(G=GGG,D=DDD,EV[1])) ;factor(EV3*EV4A*EV2);

GGG:=-z(B+C)
ZaGGG = -4 (B+C)CB+2z(B+C)Dy*C—2C*2Dy*+2Dx*Cz(B+C)
—2D¥C%2+22 (B+C)?B+2C*PB+2Q Bz
B2 +Q°
C (y*+x°)

Yvg:= -B2 2 +30Q°

DDD = -

1/3
EV3:= L —_ (I(—B(BZZ—SQZ)S) — 313" 35527
213 6
(-3 (B22-30%)

1/3
133990 113822 +y3 (-3 (822 —30%)") )3“3)

1/3
1 ﬁ((-(Bzzz—sgz)g) +Bzzz—3£22)
EV2:= o

(—(|32z2—392)3)1/6
1/3

EV4 = L 231/6(%I(I(—3(8222—392)3) — 3133 0" 390827
(-3 (B22-30%))

5/6 2 1/3 u2 2 2 2,3 1/3) 1/3
3307 1138822 3 (-3 (B22-30%)) )3

0

1 1
36

3, 1/3 3 1/6 ((l (‘3 (5222_392)3>1/3 (199)
(-3 (822-30)°) (-(822-30%))

2 2 2,3\ 13

313 Q% 322 1335507 113822 4 3 (-3 (B2 —30%)) )
1/3

31/6(I(—3(Bzzz—392)3) — 313" + 399822 — 33500 + 1313822
1/3 1/3

V3 (-3(?2-30%)) ) ((—(Bzzz—sgz)g) —|—Bzzz—3§22))

Oscillations occur when YYg>0 Hence if 3(Omega)”2 exceeds (Bz)"2, oscillations occur.
Fixed points

> RRR:=solve(ZaGGG,O0megan?2) ;HopfCrit:=Factor(subs(G=GGG,0Omega™2=RRR,YQ));
Warning., solving for expressions other than names or functions is



not recommended.
RRR:= -Cy’D—CXx*D—B*7

HopfCrit:= -3Cx*D —3Cy*D —4B*7 (200)

2G+2Cz+2Bz (201)

> ZaCB:=(factor(subs(G=0,C=-B,Za)));DDD:=solve(ZaCB,D) ; (factor(subs(C=-B,G=0,YQ)
DF
ZaCB:=2Bz (B?2-Dy’B—BX¥D+Q)

op. B2+
B (Y +x)
2BX¥D+Q —3B22+2Dy’B (202)

Chiral - Brand invariants
> VORTICITY:=evalm(curl (AA, [X,Y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]) ;CURLz:=simplify(VORTICITY[3]):;
CURLx:=2Dy—Cy

CURLYy:=Cx—2Dx
CURLz:=-2Q (203)

> HELICITY:=collect(factor(innerprod(AA,VORTICITY)),Omega);
HELICITY :=Q (-CyY* =¥’ C —2A—2B7) (204)

> enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)),Omega) ;EO:=Factor
(subs(Omega=0,enstrophy));

enstrophy := 4 D?y? — 4 C Y2 D + C2y2 + C2x% —4C X’ D + 4 D22 + 4 O
E0:= (" +x°) (C—2D)? (205)

> BRAND:=innerprod(jacobian(AA,[X,Y,z]),VORTICITY);
BRAND := [ZGDy—CyG+ZCyDz—CZyz—CxQ—2§2xD, -2DyQ—-CyQ+CxG (206)

—2GDx+C?xz—2CxDz -4QBz]
> stretch:=collect(factor(innerprod(BRAND,VORTICITY)),0mega);ST2:=Factor(coeff
(stretch,Omegan2));st0:=Factor(subs(Omega=0,stretch));
stretch:=4G D’y —4GDYy C+C*yY’G+4Cy’ D*2—4C* 2Dy +C3y’ 2+ C* X% G
—4DXCG+4GD*R+C3z—4DXC* 2 +4CX D 2+8Q B2
ST2:=8Bz
st0:= (Y +x°) (C—2D)*(G+C2) (207)

> Bl :=collect(factor(innerprod(BRAND,BRAND)) ,Omega) ;Bl2:=factor(coeff(BI,



Omegan™2));Bll:=factor(coeff(BIl,Omega)) ;Bl0:=(factor(subs(Omega=0,B1)));

Bl:= (4022 +4 D%y +C2y2 + C2X% +4CXD+4Cy D +16B274) Q° +C*y 72
+4C° D2 —4CK G D+C' X +8GD*°X*Cz—4G° DYy’ C +C*G* ¥
—8C*%°GDz—4CY’DA—4C ¥~ D+2CyVGz4+4C* YDA +2C %Gz
+4G°D*X+8GD°Y¥Cz—8GDY C*z+4G*D*y* + C?y* G
BI2:=4D*x* +4D*y’ + C?y* + C?*X* +4Cx*D +4Cy’* D + 16 B* 7
BI1:=0
BIO:= (y*+%°) (G+Cz)?(C—2D)? (208)

> Theta:=Factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));
0:=8Q (2B’ +2BzA+C*2x*+C?2y* +2Bzy’D+2BzxX*D+GCx* +GYy*C)  (209)

> Theta:=collect(factor(-2*innerprod(grad(phi,[X,y,z]),VORTICITY)),Omega);t2:=
factor(coeff(Theta,Omegan2));tl:=Factor(coeff(Theta,Omega));

> tO:=factor(subs(Omega=1,Theta)/8) ; ThetaHopf:=(factor(subs(G=GGG,D=DDD,Theta)))
; ;FalacoCRIT:=YYg;boundinghopf:=factor (x"2*C"2-2*A*C+2*0megan2+y2*CN2+2*B"2*
zZN2-2*C*z"2*B);

©:=(16B*2+16BzA+8C*2x*+8C°zy* +16 Bzy’D+16BzX*D+8 G C ¥
+8GYy’C) Q
t2:=0
t1:=16B°2 + 16 BzA+8C°zx*+8C%*2y’+16Bzy’D+ 16 Bzx*D+8GCx* +8GYy>C
10:=2B* 2 +2BzA+C°2x* +C%2y* +2Bzy’D+2Bzx¥*D+GC X +GYy°C
ThetaHopf:=8 Q (-BX2C +2AB+2Q° —Cy’B+4B’7) 2
FalacoCRIT := -B2Z* + 3 Q°
boundinghopf:= 2% —2CA+2Q° +C?2 +2B*Z —2C#B (210)

> bbb:=(4/3)*solve(YYg,0megan™2)/(z"2) ;H:=HELICITY;BBB:=solve(H,B) ;Tension:=subs
(B=BBB, bbb) ;Rotat:=(Tension)™(1/2);

Warning., solving for expressions other than names or functions is
not recommended.

_4 2
bbb := 9 B

H=Q(-Cy*—x*C—2A—2B7)

1 CY+x°C+2A

BBB = - .

2,2 2
Tension ::% (Cy +X4C+2A)

z




2,2 2
z

*hkkhkkkhkkhkkhkkhkhhkkikk

HYSTERESIS HOPF OK

> AA:= [x*(-G+C*z)+Omega*y,y*(-G+C*z)-Omega*x,A+B*z+E*z"3+D*(x"2+y"2)];

AA=[X(-G4+Cz2) +Qy,y(-G+C2) —QX,A+Bz+EZ+D (Y*+x%) ] (212)
> phi:=simplify((AA[1]"2+AA[2]"2+AA[3]"2)) ; W:=[AA[1],AA[2] ,AA[3],phi];
0=V + QR+ A2+ D2y + G2y +2B2A+ C2 AR +CP AV + B2 P —2GXC 2
—ZGyZCz+2Bzy2D+2Bzx2D+x4D2+8222+sz2+2Ax2D+2Ez3y2D
+2ERXD+2AER +2BE+2y?D*X* +2Ay’D
W= [x (-G+C2) +Qy,y (-G+C2) —QxA+Bz+EZ+D (Y’ +x), @V +Q°%  (213)
+ A2+ D+ PP +2BIA+ CP AR+ CPAY +E P —2GX¥Cz—2GYy’Cz
+ZBzy2D+2Bzx2D+x4D2+8222+sz2+2Ax2D+2Ez3y2D+2Ez3x2D
+2AER +2BAE+2y? D’ +2AVD)|

> JAC:=simplify(Jacobian(VWV,[X,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
).d);

JAC:=[[-G+CzQCx0]
[-Q, -G+cCzCy, 0],
[2Dx 2Dy, B+3EZ 0]
[20°x+2C?Ax—4GXxCz+4BDzx+4X°D*+2G X +4DXA+4EZXXD
+4D2yP % 2Q°y +4D2 P +2G Yy +2C?° Ay —4GyCz+4BDzy +4EFRYD
+4D*yx* +4AYD,2AB+2C%zxX* +2C°2y* +6E° 2 —2GC X —2GYy°C
+2DY’B+2BxX*D+2B%z+6EZYD+6EZXD+6AEZ+8BZE,0]]

'+ (-B—2C2—3EZ+2G) ®+ (-2Cy¥’D+ G +C?Z2—2GCz—2C¥D+Q°  (214)
+2BCz+6CZE—2GB—6GEZ) ¢°+ (-G*B—2GDY’C +2C?zDy



—3G°EZ-BC’ZA+2GBCz+6GCZE—2DX¥CG+2DXC*z—3C*7'E
—BQ’ —3Q°EZA) q
> Sl:=factor(trace(JAC)):S2:=factor(trace(innerprod(JAC,JAC))):S3:=Factor(trace
(innerprod(JAC,JAC,JAC))):
> Xm:=S1;Yg:=collect(factor((1/2)*(Xm*S1-S2)) ,0mega) ;Za:=collect(factor((1/3)*

(Yg*S1-Xm*S2+S3)) ,0mega) ; Tk:=Factor (det(JAC));Yg0O:=Factor(subs(Omega=0,YQ));
Zal:=factor(coeff(Za,Omega)) ;Za0:=Factor(subs(Omega=0,7Za));

Xm=-2G+2Cz+B+3E7

Ygi= -2CY’D+G*+C?2-2GCz—2C¥D+Q° +2BCz+6CAE—2GB—6GEZ

Za:

(B+3EZ) Q° +BC?2—2DXC%2+2GDYy’C—2C%2Dy’+2DXCG
+3G°EA+G°B—2GBCz—6GCZE+3C*E

Tk:=0
Yg0:= -2CyY’D+G*+C*7#—-2GCz—2CxX*D—6GEZ+2BCz+6CZE—2GB
Zal:=0
Za0:=(-G+Cz) (3CPE+BCz—2Cy’'D—2Cx¥*D—-3GEZ —GB) (215)

Hopf conditions
> GGG:=factor(solve(Xm,G)) ;ZaGGG:=subs(G=GGG, Za) ;DDD:=factor(solve(ZaGGG,D));
YYg:=factor(subs(G=GGG,D=DDD,YQ));

GGG:=Cz+ + B+ 2 EZ
2P
ZaGGG::(B+3Ezz)Q2+BCZZZ—2DXZC22+2(Cz—i—%B—i—%Ezz)DyzC
1 3 1 3 2
—ZCZZDy2+2DXZC(CZ+EB+?E22)+3(CZ+EB+?E22) EZ
1g.3:2 5 1g,3c2 _ 1
+(Cz+ZB+ZEz)B Z(CZ+ZB+2EZ)BCZ 6(CZ+ZB

+%E22) CAE+3CX A E

B2+ 6BEA+9E A +40°

1
DDD:= -
4 C (Y +x)
a0’ 3 2 9 24 1 0
YYg:=3Q ~ D BEZ - - E'/ - B (216)

Oscillations occur when YYg>0
The Hopf critical surface is
> RRR:=solve(ZaGGG,0megan?2) ;HopfCrit:=Factor(subs(G=GGG,0mega”™2=RRR,YQ));

Warning., solving for expressions other than names or functions is
not recommended.



RRR:= -+ B2~ S BEA—Cx¥D-Cy’D— 2 £2
4 2 4
HopfCrit:= -3Cy*D—B*—6BEZ —9E*Z*—3Cx*D (217)

Chiral - Brand invariants
> VORTICITY:=evalm(curl (AA,[X,Y,z])):CURLX:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);
CURLx:=2Dy—Cy

CURLYy:=Cx—2Dx
CURLz:=-2Q (218)

> HELICITY:=collect(factor(innerprod(AA,VORTICITY)) ,Omega);
HELICITY :=Q (-CyY*—X*C—2A—2Bz—2E7) (219)

> enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)) ,Omega) ;EO:=Factor
(subs(Omega=0,enstrophy));

enstrophy := 4 D?y2 — 4 Cy2D + C2y2 + C2x% —4C X’ D + 4 D2x2 + 4 O
E0:= (y* +x°) (C —2D)? (220)

> BRAND:=innerprod(Jacobian(AA, [X,y,z]),VORTICITY);
BRAND = [-2GDy+CyG+2CyDz—C’yz—CxQ—2QxD, -2DyQ—CyQ —CxG (221)

+2GDx+C?xz—2CxDz -2BQ —6QEZ]
> stretch:=collect(factor(innerprod(BRAND,VORTICITY)) ,Omega);ST2:=Factor(coeff
(stretch,Omegan2));st0:=factor(subs(Omega=0,stretch));
stretch:= (4B +12E7) @ —4GD?y? +4GDY’C —C*y’ G +4Cy’ D’z — 4 C? 7DV
+Cy7—-C°xG+4DXCG—4GD*°X +C¥%*z—4Dx*C’2+4C X D’z
ST2:=4B+12E7
st0:= (y? +x) (C—2D)? (-G +Cz) (222)
> Bl:=collect(factor(innerprod(BRAND,BRAND)) ,Omega) ;Bl2:=Factor(coeff(BlI,
Omegan?2));Bll:=factor(coeff(BI,Omega));Bl10:=(Ffactor(subs(Omega=0,Bl1)));
Bl:= (4022 +4D°y +4B2 +36 27 + C22 + C2x% + 24BEZ +4C XD +4Cy?D) @
—2CGz4+4CHY DA —4CY DA —4C K AD+4CK D A +C A



+C' 2 —-8GD’°X¥Cz—4G* DY’ C+C*G*¥+8C°xX*GDz—2C*%*Gz
+4G° DX +C*Y¥ G —4CX¥G*D+8GDY C*z+4G° D’y —8GD?Y’Cz
BI2:=4D*X +4D°y* +4B*+36 E° ' + C?V* + C*X* + 24BEZ+4CX*D+4CVy'D

BI1:=0
BIO:= (y* +x°) (-G+Cz)?(C—2D)? (223)

> Theta:=factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY));
0:=8Q (3E°7” +B°2+3AEZ +4BE+DY'B+BX¥D+3EAYD+3EZXD (224)

+AB+C*zxX*+C*zy* —GCX¥ —GYy°C)

> Theta:=collect(factor(-2*innerprod(grad(phi,[x,y,z]),VORTICITY)),Omega);tl:=
factor(coeff(Theta,Omega));
> tO:=factor(subs(Omega=1,Theta)/8);

0:=(24E°7° +8B°z2+24AEZX +32BE+8DYy’B+8BX*D+24EZYyD
+24EX¥D+8AB+8C°zxX*+8C%zy* —8GCx —8G)y°C) Q

t1:=24E*2 +8B%2+24AEZ +32BE+ 8Dy B+8BX*D+24EZA Y D+24EZXD
+8AB+8C*zxX*+8C%zy*—8GCx —8GYy°C

t0:=3E°2” +B°2+3AEZ +4BPE+DY'B+BX¥D+3EAYD+3EZX¥D+AB (225)
+C%zx +C%z2y" —GC X —GY°C

> ThetaHopf:=factor(subs(G=GGG,D=DDD, Theta)) ;boundingHopf:=fFactor(9*EN2*z"N4-4*C*
ZABFE+BFBFE*ZA2-4*C*Z*B-4*A*CH+2*yA2*CA2+4*0megar2+2*x\2*C 2+B12) ;

ThetaHopf::%(ZQ(B—l-BEzz) (-B2—6BEZ+4BCz—2C?yY—2C*%*—4Q

2

—9E’#+4CA+4CZFE))
boundingHopf:= 9 E27* —4 C2E+6BEZA —4BCz—4CA+2C2y2 +4Q° +2C%x% +B? (226)
> H:=HELICITY;BBB:=z*solve(H,B) ;BBB*BBB;ZZZ:=0mega”2-3/4*(BBB*BBB) ;
H=Q(-Cy"—x¥*C—2A—-2Bz—2E?)
1 2 1

Cy—ﬂ—fC—A—Ef

BBB:= - —
2 2

Llep L o2a_a paY
(ch2 > XC—A Ez)

2
ZZZ:=QZ—%(—%Cyz—%XZC—A—Ezsj (227)
> YYg;
30— 2 BEA- DA 1p (228)

2 4 4



Generalized Langford

> AA:= [x*(G+C*z)+O0mega*y,y*(G+C*z)-Omega*x,P*sinh(alpha*z)+A-0*B*z+0*F*z/"2+0*E*
zZN3+D* (x"N2+y™"2) ] ;

AA=[X(G+Cz) +Qy,y (G+Cz) —Qx Psinh(oz) +A+D (Y +x°) | (229)

> #AA:= [x*(G+C*z)+Omega*y,y*(G+C*z)-0Omega*x,P*(sinh(z))+D*(x"2+y"2)];

> phi:=simplify((AA[1]"2+AA[2]"2+AA[3]72)) ;W :=[AA[1],AA[2].AA[3],phi]:

o= 62X2+2GX2C2+C222X2+Q2y2+G2y2+2Gy2C2+C222y2+QZX2+PZSinh(OLZ)2
+2Psinh(az) A+2Psinh(az) y*D+2Psinh(az) ¥D+A2+2Ay’D+2AXD
—I—D2y4-|-2y2D2x2-|-x4D2

W= [x (G+C2) +Qy,y (G+Cz) —Qx Psinh(oz) +A+D (Y2 +x), G2 (230)
—i—2Gx2Cz—i—C222x2—i—QZyZ—i—GZyZ—i—2Gy2Cz—|—C222y2—i—szz—l—PZsinh(ocz)2
+2Psinh(oz) A+2Psinh(oz) YYD +2Psinh(0z) D +A*+2Ay'D+2AXD
+D2y4+2y2D2x2+x4D2]

> JAC:=simplify(Jacobian(VV,[X,y,z,t]));collect(simplify(expand(charpoly(JAC,q))
).d);

JAC:=[[G+CzQ Cx0]
[-0.G+CzCy,0],
[2Dx 2Dy, Pcosh(az) o, 0]
[2x (G +2GCz+C2A+ Q" +2Psinh(0z) D+2AD+2D%y +2 D), 2y (G
+2GCz+C2+Q +2Psinh(0z) D+2AD+2D* Y +2D°%),2GC X
+2C%2x% 426Gy C+2C%zy* + 2 P?sinh(az) cosh(az) o+ 2 P cosh(oz) oA
+2Pcosh(az) ey’ D+ 2P cosh(az) X’ D, 0]]

¢+ (-2Cz—Pcosh(0z) a—2G) ¢° + (-2C¥D+2GCz+Q° +G +C27 (231)
+2CzPcosh(az) o —2Cy?D+2GPcosh(oz) o) g? + (-C*ZP cosh(oz) o

+2022Dy2+2szczz—Qchosh(ocz) o.—G?Pcosh(az) o +2DXCG



—2GCzPcosh(az) o +2GDY?C) g

> Sl:=factor(trace(JAC)):S2:=fFactor(trace(innerprod(JAC,JAC))):S3:=Factor(trace
(innerprod(JAC,JAC,JAC))):

> Xm:=S1;Yg:=collect(factor((1/2)*(Xm*S1-S2)) ,0mega) ;Za:=collect(factor((1/3)*
(Yg*S1-Xm*S2+S3)) ,0mega) ; Tk:=Factor (det(JAC));Yg0O:=Factor(subs(Omega=0,YQ));
Zal:=factor(coeff(Za,Omega)) ;Za0:=Factor(subs(Omega=0,7Za));
Xm:=2G+2Cz+Pcosh(az) o

Yg:= -2Cx¥D+2GCz+Q +G +C?2+2CzPcosh(az) o.—2Cy’D
+2GPcosh(az) o
Zai=-2GDY'C—2C?zDy*—2DXCG—2DxXC*z+C?ZAPcosh(0z) a

+G?P cosh(o.z) oc—i—Qchosh(ocz) a+2GCzPcosh(az) a

Tk:=0
Yg0:= -2Cx¥*D+2GCz—2Cy’D+G*+C*Z+2CzPcosh(az) oo+ 2 GP cosh(oz) o
Zal:=0
Za0:=-(G+Cz) (-CzPcosh(oz) a+2Cy*D+2C X D—GPcosh(az) o) (232)

Hopf conditions

> GGG:=factor(solve(Xm,G)) ;ZaGGG:=subs(G=GGG, Za) ;DDD:=factor(solve(ZaGGG,D));
YYg:=factor(subs(G=GGG,D=DDD,YQ));

GGG:=—Cz—%Pcosh(ocz)oc
— 1 2 2 2 2
ZaGGG = -2 —CZ—EPcosh((xz)(x Dy"C—-2C"zDy —2DxC|-Cz

—% P cosh(az) oc) —2DxXC%z+C*ZPcosh(oz) o+ (—Cz

2

—% P cosh(a.z) oc) P cosh(a.z) oc—i-QZPcosh((xz) o+2 (—Cz

—% P cosh(az) oc) CzPcosh(az) o

1 chosh(ocz)20c2—|—4£22
DDD = - — >
4 C (Y +x°)
YYg = —% p? cosh(ocz)zocz—H%Q2 (233)

Oscillations occur when YYg>0

The Hopf critical surface is

> RRR:=solve(ZaGGG,0megan?2) ;HopfCrit:=factor(subs(G=GGG,0mega™2=RRR,YQ));Pcrit:=
solve(HopfCrit,P);

Warning, solving for expressions other than names or functions is
not recommended.



RRR := —CyZD—CXZD—% P2 cosh(0.z)” o’

HopfCrit:= -3C X’ D —3 Cy*D — P?cosh(auz) > o

2 -3cy’D-3Cx¥De* 2 -3Cy’D-3Cx°D e™

Pcrit:= , (234)
2 2
((e*)" +1) o () +1) &
Chiral - Brand invariants
> VORTICITY:=evalm(curl (AA, [X,Y,z])):CURLx:=simplify(VORTICITY[1]);CURLy:=
simplify(VORTICITY[2]);CURLz:=simplify(VORTICITY[3]);
CURLx:=2Dy—Cy
CURLYy:=Cx—2Dx
CURLz:=-2Q (235)
> HELICITY:=collect(factor(innerprod(AA,VORTICITY)),Omega);
HELICITY := (-Cy* —x*C — 2 Psinh(o0z) —2A) Q (236)

> enstrophy:=collect(factor(innerprod(VORTICITY,VORTICITY)) ,Omega) ;EO:=Factor
(subs(Omega=0,enstrophy));

enstrophy := 4 D?y? — 4 Cy2D + C2y2 + C2x% —4C X’ D + 4 D2 ¥ + 4 O
E0:= (Y +x%) (C—2D)? (237)

> BRAND:=innerprod(jacobian(AA,[X,Y,z]),VORTICITY);
BRAND := [ZGDy—CyG+2CyDz—C2yz—CxQ—2QxD, -2DyQ—-CyQ+CxG (238)

—2GDx+C’xz—2CxDz -2Pcosh(oz) Q]
> stretch:=collect(factor(innerprod(BRAND,VORTICITY)) ,Omega);ST2:=Factor(coeff
(stretch,Omegan2));st0:=Factor(subs(Omega=0,stretch));
stretch:=4GD*yY’ —4GDY’C+C*yYG+4Cy’ D°z—4C*zDYy* +C3y’ 2+ C*¥° G
—4DXCG+4GD?R+C¥2—4DXC22+4C2D%2+4Q°Pcosh(az) o
ST2:=4Pcosh(az) o
sto:= (y*+x%) (C—2D)*(G+Cz) (239)

> Bl:=collect(factor(innerprod(BRAND,BRAND)) ,Omega) ;Bl2:=Factor(coeff(BI,
Omegan?));Bll:=factor(coeff(BI,0Omega)) ;Bl0:=(factor(subs(Omega=0,Bl1)));



Bl:= (4 D232 +4D*y’ +C%y? + C2x% + 4 P2cosh(az) ol +4CXD+4Cy’ D) @

>
)

]

tl

t0

>

+CY A +4CK D P —4CK G D+C A +8GD* X Cz—4G° DY’ C+C°G* X
—8C2szDz—4C3y2D22—4C3x222D+2ngsz+4CZy2D222+2C3szz
+4G* D +8GD°YCz—8GDY C*z+4G* D’y +C*y*G°
BI2:=4D?x% +4D?y* + C2y2 + C2X% + 4 P2cosh(az) o + 4 C X2 D +4 Cy*D
BI1:=0
BIO:= (y*+%°) (G+Cz)?(C—2D)? (240)

Theta:=factor(-2*innerprod(grad(phi,[X,y,z]),VORTICITY));

=8Q (GCX¥+C*2x* +GYy*C +C*zy* + P?sinh(az) cosh(az) oo+ Pcosh(oz) A (241)

+Pcosh(oz) ay? D + P cosh(az) ax’ D)

Theta:=collect(factor(-2*innerprod(grad(phi,[X,Y,z]),VORTICITY)),Omega);tl:=
factor(coeff(Theta,Omega));
t0:=factor(subs(Omega=1,Theta)/8);

= (8GCx*+8C*2x* +8GYy*C +8C?zy* +8P%sinh(0o.z) cosh(oz) o

+8Pcosh(az) oA+ 8Pcosh(oz) ay’D+8Pcosh(cz) ax’D) Q

=8GCxX +8C*2x¥*+8GYy* C+8C?zy* +8P*sinh(az) cosh(az) o

+8Pcosh(az) oA+ 8P cosh(az) oy’ D +8Pcosh(az) ax’D

=GCX +C*2x¢ +Gy*C +C*zy? + P?sinh(az) cosh(az) o+ P cosh(oz) oA (242)

+Pcosh(az) oy’ D+ Pcosh(az) ax? D

ThetaHopf:=factor (subs(G=GGG,D=DDD, Theta)) ;boundingHopf:=factor (9*EN2*z"4-4*C*
ZN3*E+6*B*E*zN2-4*C*z*B-4*A*C+2*y"2*CN2+4*0megan2+2*x"2*CN2+BN2) ;

ThetaHopf := %(29 (-2¢2¢2 —2¢?y?* —P?cosh(0z)’ o +4CA+4Psinh(az) C

—4 QZ) P cosh(az) o)

boundingHopf := 9 E27* —4 C°E +6BEZ —4BCz—4CA+2C% 2 +4Q° +2C%% + B (243)

>

H:=HELICITY;BBB:=z*solve(H,P) ;BBB*BBB;Z7ZZ:=0mega”2-3/4*(BBB*BBB) ;
H:=(-Cy’"—x*C —2Psinh(az) —2A) Q

1 z(Cy¥"+x*C+2A)

BBB:= -
2 sinh(o.z)
2
1 Z(Cy" +x*C+2A)
4 sinh(ocz)2
2 2,2 2
yr7e gl 3 2 (Cy +x°C+2A) (244)

16 sinh(ocz)2



> YYg;

-% P2 cosh(az)’ of +3Q° (245)



