restart: with (Iinalg):with(liesymm) :with(difforms):
setup(x,y,z,t):defform(x=0,y=0,z=0,t=0,Vx=0,Vy=0,Vz=0,D1=0,D2=0,D3=0,Ax=0,Ay=0,A
z=0,C=0,Phi=0,a=const,b=const,c=const,Lx=0,Ly=0,Lz=0);

L O |
\%

V V V V

ParticleAFFINE=array([[all,al2,al3,Vvx],[a21,a22,a23,Vy],[a31,a32,a33,Vvz],[0,0,0,
11D:

all al2 al3 Vx

a2l a22 a23 Vy

a3l a32 a33 Vvz

0 0 0 1

There is another group of matrices, with n-1 zeros as constraints, and similar to the affine group, but not
identical to it. The two types are distinguished herein by the words ParticleAFFINE and WaveAFFINE groups.

L The WaveAFFINE group has a representation given by the format:.

[ > WaveAFFINE=array([[all,al2,al13,0],[a21,a22,a23,0],[a31,a32,a33,0], [Ax,Ay,Az,Phi]

D:

ParticleAFFINE =

all al2 al3 O
a2l a22 a23 o0
WaveAFFINE = 231 232 233 0
Ax Ay Az @
A simple translation ParticleAFFINE matrix operates on the differential position vector to yield a Vierbein
L collection of 1 forms:
[ > TransAFFINE:=array([[1,0,0,Vx],[0,1,0,Vy],[0,0,1,VZ],[0,0,0,1]]);:;PVierbein:=inne
rprod(TransAFFINE, [dx,dy,dz,dt]) ;DETTR:=det(TransAFFINE):

1 0 0 Wx
10 1 0 Wy
TransAFFINE := 00 1 Vz
0 00 1
L PVierbein := [dx + Vx dt, dy + Vy dt, dz + Vz dt, dt]

>
> PhaseAFFINE:=array([[1,0,0,0],[0,1,0,0],[0,0,1,0],[AX,Ay,Az,Phi]]);Wierbein:=in
nerprod(PhaseAFFINE, [dx,dy,dz,dt]);

1

1 0 0 O
10 1 0 O
PhaseAFFINE := O 0 1 0
Ax Ay Az O
L WVierbein := [dx, dy, dz, Ax dx + Ay dy + Az dz + @ dt]
[ >

> Action:=WVierbein[4];

L Action := Ax dx + Ay dy + Az dz + @ dt

[ A more general matrix can be represented by the General Linear matrix in 4D

> GL:=array([[all,al2,al3,-Vx],[a2l1l,a22,a23,-Vy],[a31,a32,a33,-Vz], [Ax,Ay,Az,Phi]]
);factor(det(GL)):




1  r

[t

11T

VvV Vv

>

> FFINV:=array([[D2,Lz,0,0],[-Lz,D2,0,0],[0,0,-D1,-Vz],[0,0,0,-Phi]]);

> Vol4:=wcollect(simplify(sigmal&”sigma2&*sigma3&”Z[4])) :rho:=Factor(getcoeff(Vol4

>

GL =

THE INVERSE FRAME FFINVD and the Vierbein.

FFINV :=|

;omega:=(Z[4D):

all al2 al3 -—Vx
a2l a22 a23 -Vy
a3l a32 a33 -Vvz
Ax Ay Az O

D2 Lz O 0
Lz D2 0 0
0 0 -D1

0 0 0

cl:=D2d(x)+ Lzd(y)
o2 :=-Lzd(x)+D2d(y)
o3 :=-D1d(z)-Vzd(t)

DE

® = —D d(t)

p:=® (D2*+ L) D1

-Vz
-0
> Z:=innerprod(FFINV, [d(X),d(y).,d(z2),d(t)]):sigmal:=Z[1];sigma2:=Z[2] ;sigma3:=Z[3]

> FF:=inverse(FFINV):Gun:=subs(innerprod(transpose(FF),FF));

>

> dFF:=array([Ld(FF[1,11),d(FF[1,2]),d(FF[1,3]),d(FF[1,4D)],[d(FF[2,1]),d(FF[2,2])
-d(FF[2,3]),d(FF[2,41)]1, [d(FF[3,11),d(FF[3,2]),d(FF[3,31),d(FF[3,41)], [d(FF[4,1]

> Gammall:=factor(wcollect(cartan[1l,1]));Gamma2l:=Factor(wcollect(cartan[2,1]));CGa

1
D22 + L7

Gun =

0 0 0
L 0 0
D2?+ L7
1 Vz
0 2 - 2
D1 D1’ ®
Vz Vz® + D12
0 D120 D12’

).d(FF[4.,2]),d(FF[4,3]),d(FF[4.,4D1D:
[ > cartan:=Cevalm(FFINV&*dFF)):
[ The Interior (space-space) Connection 1 forms

mma31:=Ffactor(wcollect(cartan[3,1]));

rtl=-

D2 d(D2) + Lz d(Lz)

D2+ L7



—Lzd(D2) + D2 d(Lz)
D2? + L7
L r3r:=0
[ > Gammal2:=Ffactor(wcollect(cartan[1,2]));Gamma22:=Factor(wcollect(cartan[2,2]));Ca
mma32:=Ffactor(wcollect(cartan[3,2]));

I21:=

“Lzd(D2) + D2 d(Lz)

r2:=-
D2+ L7
D2 d(D2) + Lz d(Lz
r22:=-— ( 2) 2( )
D2°+ Lz
32:=0

> Gammal3:=factor(wcollect(cartan[1,3]));Gamma23:=Factor(wcollect(cartan[2,3]));Ga
mma33:=Factor(wcollect(cartan[3,3]));

r13:=0
r23:=0
d(D1
r33 = 40D
D1

>

The "space-time" connection 1-forms are:

> hhl:=Factor(wcollect(cartan[4,1]));hh2:=Factor(wcollect(cartan[4,2]));hh3:=Facto
r(wcollect(cartan[4,3]));

L I I

hhl:=0
hh2 :=0
hh3:=0

>
> ggl:=factor(wcollect(factor(wcollect(cartan[1,4]))));gg2:=Factor(wcollect(cartan
[2,4]));g993:=Factor(wcollect(cartan[3,4]));

1

ggl:=0
092 :=0
-Vzd(D1) +d(Vz) D1
- D1®

093 =

The abnormality (time-time) connection 1-form
> Omega:=wcollect(subs(A=a,simplify(wcollect(cartan[4,4])))):;

1

d(@)

> L:=Factor(wcollect(hhl&"sigmal+hh2&"sigma2+hh3&*sigma3));

L:=0
> S:=(wcollect(factor(hhl&”™ggl+hh2&"gg2+hh3&°gg3)));

S:=0



[ > Sigmal:=simplify(subs(wcollect(factor(omega&”™ggl))));
Sigma2:=factor(simplify(wcollect(factor(omega&”™gg2))));Sigma3:=simplify(omega’&”™g
93);

>1:=0

>2:=0
Z3h_—Vz@ﬂt)&Ad(Dl))+D1(dU)&Ad0h))

" D1

E WA TORSION 2-forms
[ > Phil:=wcollect(subs(factor(Omega&”™ggl)));Phi2:=wcollect(factor(Omega&”™gg2));Phi3
:=wcollect(factor(Omega&”™gg3));

®1:=0
®2:=0
Vz (d(®) & d(D1)) d(d) & d(Vz)
D3 = p + p
@®° D1 0]

>
> Theta:=array([[ggl&™hhl,ggl&™hh2,gg91&~hh3], [gg2&™hhl,gg2&™hh2,9g92&"hh3], [gg3&™~hh
1,993&"hh2, (gg3&~hh3)11);

0 0
®:=0 0 0
L 0 0 O

[ >
Example 2: Constant rotation, variable velocity (Particle
Affine)

[ > FFINV:=array([[1,c,-b,-Vx],[-c,1,a,-Vy],[b,-a,1,-vz],[0,0,0,Phi]]);

1T T

o

1 ¢ -b -Wx

_|-c 1 a -V

FFINV = b —a 1 _Vz
0O 0 0 o

> Z:=innerprod(FFINV, [d(X),d(y),d(z),d(t)]):sigmal:=Z[1];sigma2:=Z[2];sigma3:=Z[3]
;omega:=(Z[4]);

ol :=d(x)+cd(y)—-bd(z)—Vxd(t)

o2 :=—cd(x)+d(y)+ad(z) - Vyd(t)

c3:=bd(x)—ad(y)+d(z)-Vzd(t)

L ®:=® d(t)

> Vol4:=wcollect(simplify(sigmal&“sigma2&”~sigma3&”™Z[4])):rho:=Factor(getcoeff(Vol4
));

L p=®(1l+c’+a’+b?)
[ >
> FF:=i1nverse(FFINV) :Gun:=subs(innerprod(transpose(FF),FF));




Gun =

[ 1+ ba ca an?+Vzca+abe+Vx}
L1+c+a’+b® 1+c?+a’+b” " 1+c?+a’+b* @ (1+c”+a’+b?)

I ba 1+b? bc bea+Vzbc+Vy+b2Vy}
L1+c?+a’+h? 1+c?+a’+b? 1+c?+a’+bh?’ @ (l+c?+a’+b?)

I ca bc 1+¢ anc+chy+Vz+Vz§}
L1+c?+a’+bh? 1+c?+a’+b? 1+c?+a’+h?" @ (1l+c’+a’+h?)
[vxa?+Vzca+abVy+Vx bVxa+Vzbc+Vy+b?Vy aVxc+bcVy+Vz+Vzc?
L @®(l+c+a’+b?) 1 d(l+f+a’+b) 0 o (l+cd+ai+by) ]

Vx2a2+a2+2anbe+2VszCa+szcz+bZVy2+1+Vx2+b2+20Vszb+Vy2+sz+cz}

(1+c*+a%+b?) @

[ >

[ > dFF:=array([[d(FF[1,1]),d(FF[1,2]),d(FF[1,3]),d(FF[1,4D) 1, [d(FF[2,1]1),d(FF[2,2])
.d(FF[2,3]),d(FF[2,4D1., [d(FF[3,11),d(FF[3,2]),d(FF[3,31).d(FF[3,41) 1. [d(FF[4,1]
).d(FF[4,2]),d(FF[4,3]).d(FF[4.41D11):

> cartan:=(evalm(FFINV&*dFF)):

The Interior (space-space) Connection 1 forms

> Gammall:=factor(wcollect(cartan[1l,1]));Gamma2l:=Factor(wcollect(cartan[2,1]));CGa
mma31:=Ffactor(wcollect(cartan[3,1]));

L N I

I'11:=0
I21:=0
r31:=0

> Gammal2:=Ffactor(wcollect(cartan[1,2]));Gamma22:=Factor(wcollect(cartan[2,2]));CGa
mma32:=factor(wcollect(cartan[3,2]));

ri2:=o0
22:=0
I'32:=0

> Gammal3:=factor(wcollect(cartan[1l,3]));Gamma23:=Factor(wcollect(cartan[2,3]));Ga
mma33:=Factor(wcollect(cartan[3,3]));

I'13:=0
I23:=0
3z:=0

>

The "space-time" connection 1-forms are:

> hhl:=factor(wcollect(cartan[4,1]));hh2:=Factor(wcollect(cartan[4,2]));hh3:=facto
r(wcollect(cartan[4,3]));

L N I

hhl:=0
hh2 :=0
hh3:=0

The "time-space connection" 1-forms are
[ > ggl:=factor(wcollect(factor(wcollect(cartan[1,4]))));gg2:=Factor(wcollect(cartan
[2,4]));g993:=Factor(wcollect(cartan[3,4]));




_d(vx)

1:
g9 o
gq2 = 3)
' ()
d(Vz)
3:=
g9 o

11

The abnormality (time-time) connection 1-form
> Omega:=wcol lect(subs(A=a,simplify(wcollect(cartan[4,4]))));

o= @)

> L:=factor(wcollect(hhl&*sigmal+hh2&*sigma2+hh3&"sigma3));

L:=0
> S:=(wcollect(factor(hhl&™ggl+hh2&°gg2+hh3&°gg3)));

S:=0

> Sigmal:=simplify(subs(Lx=a,Ly=b,Lz=c,wcollect(factor(omega&™ggl))));
Sigma2:=factor(simplify(wcollect(factor(omega&”™gg2))));Sigma3:=simplify(omega’&™g
93);

$1:=d(t) & d(Vx)
£2 = d(t) & d(Vy)
¥3 = d(t) & d(Vz)

| WA TORSION 2-forms
> Phil:=simplify(wcollect(subs(Lx=a,Ly=b,Lz=c,factor(Omega&”™ggl))));Phi2:=wcollect
(factor(Omega&”™gg2)) ;Phi3:=wcol lect(factor(Omega&”™gg3));

d(@) & d(Vx)

@1 =~ "
d(d) & d(V
PO )(DZ (V)
d(®) & d(V.
03 = QL&A
[ >

> Theta:=array([[ggl&™hhl,ggl&~hh2,gg91&~hh3], [gg2&™hhl,gg2&™hh2,9g92&"hh3], [gg3&™~hh
1,993&"hh2, (gg3&~hh3)1]1);

f |

DISCUSSION:
The projective frame field does not induce any curvature on the interior set {x,y,z},

o O o
o O o
o O O
|



Both sets of torsion coefficients depend upon the accererations. (d(Vx) etc.
If the Accelerations are kinematic and depend upon d(t) only, then the PA torsion
coefficients are zero.

If the Accerelations are kinematic and the Abnormality is spatially dependent, then the WA torsion coefficients are
not zero.

>

> FFINV:=array([[D2,Lz,0,0],[-L2z,D2,0,0],[0,0,-D1,0], [AX,Ay,Az,-Phi]]);

D2 Lz 0 0
|-z D2 0 0
FRINV:=| "5 0 O

L Ax Ay Az -O
> Zz=innerprod(FFINV, [d(x),d(y),d(z),d(t)]):sigmal:=Z[1];sigma2:=Z[2] ;sigma3:=Z[3]
;omega:=(Z[4]) ;d(omega);

ol :=D2d(x)+ Lzd(y)
62 :=-Lzd(x)+D2d(y)
03 :=-D1d(z)
® = Axd(x) +Ayd(y) + Azd(z) - @ d(t)
L (d(Ax) &"d(x)) + (d(Ay) & d(y)) + (d(Az) &* d(z)) — (d(P) & d(t))
[ > Vold:=wcollect(simplify(sigmal&~sigma2&”sigma3&”™Z[4])):rho:=Factor(getcoeff(Vol4
));

L p:=® (D2°+L7°) D1
>

> FF:=i1nverse(FFINV) :Gun:=subs(innerprod(transpose(FF),FF));

[l

Gun =
{DZZCD2+LZZCD2+LZZAy2+2D2AyAxLz+Ax2D22 (Lz Ay + Ax D2) (-D2 Ay + Ax Lz)
@ (D22 + L7Y) '
(Lz Ay + Ax D2) Az Lz Ay + Ax D2
~ @?(D2*+ L) D1 '_CDZ(D22+LZZ)}

@ (D2? + L)

{ (Lz Ay + Ax D2) (-D2 Ay + Ax Lz) Lz ®° + D2° ®° + D2? Ay? — 2 D2 Ay Ax Lz + AX® LZ?
% (D22 + L2 ' ®% (D22 + L7Y)
(-D2 Ay + Ax Lz) Az —D2Ay+AxLz}

O’ (D2*+ L) D1 = @*(D2% + L7%)

{ (LzAy +AXD2)Az (-D2Ay+AxLz)Az @°+AZ Az }

-~ @?(D2*+LA)D1 | ®*(D22+L2)D1 ' D1’®* ' D1 @
LzAy+AxD2 -D2Ay+AxLz Az 1

{_ @ (D2%+ L) @* (D22 +L7%) ' D1’ (Dz}

>

> dFF:=array([[d(FF[1,1]),d(FF[1,2]),d(FF[1,3]),d(FF[1,4D1,[d(FF[2,1]),d(FF[2,2])
,d(FF[2,31),d(FF[2,4D)1, [d(FF[3,1]),d(FF[3,2]),d(FF[3,31),d(FF[3,41)]1, [d(FF[4,1]

1T T




| ).d(FF[4,2]),d(FF[4,3]),d(FF[4.,4D1D:

[ > cartan:=(evalm(FFINV&*dFF)):

[ The Interior (space-space) Connection 1 forms

[ > Gammall:=factor(wcollect(cartan[1l,1]));Gamma2l:=Factor(wcollect(cartan[2,1]));Ga
mma31l:=Factor(wcollect(cartan[3,1]));

_ D2d(D2) + Lz d(L2)

r'll:=
D2* + L7
—Lzd(D2) + D2 d(Lz)
21 = 5 5
D2° + Lz
I'31:=0

[ > Gammal2:=factor(wcollect(cartan[1,2]));Gamma22:=Factor(wcollect(cartan[2,2]));CGa
mma32:=factor(wcollect(cartan[3,2]));

~Lz d(D2) + D2 d(Lz)

r2:=-
D2?+ L7
D2 d(D2) + Lz d(Lz
r22:=-— ( 2) 2( )
D2°+ Lz
32:=0

> Gammal3:=factor(wcollect(cartan[1,3]));Gamma23:=Factor(wcollect(cartan[2,3]));CGa
mma33:=Factor(wcollect(cartan[3,3]));

ri3:=o0
r23:=0
d(D1
r33 = 40D
D1

>

The "space-time" connection 1-forms are:

> hhl:=Ffactor(wcollect(cartan[4,1]));hh2:=Factor(wcollect(cartan[4,2]));hh3:=Facto
r(wcollect(cartan[4,3]));

L I I

-D2 d(Ax) ® — Lz d(Ay) ® + d(D) Lz Ay + d(D) Ax D2

hhl := ; ;
® (D2° +L7%)
hhp o —2d(AX) @ + D2 d(Ay) ® —d(P) D2 Ay + d(P) Ax Lz
; ® (D22 + L7)
—d(Az) © +Azd(D
hhg = - —(AZ) @ + Az d(®)
D1 ®

The "time-space connection" 1-forms are
[ > ggl:=factor(wcollect(factor(wcollect(cartan[1,4]))));gg2:=Factor(wcollect(cartan
[2,4]));:9g93:=Factor(wcollect(cartan[3,4]));

ggl:=0
092:=0
0g3:=0

E The abnormality (time-time) connection 1-form
‘ > Omega:=wcol lect(subs(A=a,simplify(wcollect(cartan[4,4]))));



Q:=—£Kgl
D

[ > L:=factor(wcollect(hhl&"sigmal+hh2&*sigma2+hh3&*sigma3)) ;d(omega);

L = (—(d(Ax) & d(x)) @ - (d(Ay) & d(y)) © - @ (d(Az) & d(z)) + Ax (d(D) & d(x)) + Ay (d(D) &" d(y))
+AZ (d(®) & d(2))) / D

(d(Ax) &*d(x)) + (d(Ay) & d(y)) + (d(Az) & d(z)) — (d(P) & d(t))
[ > S:=(wcollect(factor(hhl1&”ggl+hh2&°gg2+hh3&°gg3)));

S:=0
>
> Sigmal:=simplify(subs(wcollect(factor(omega&”™ggl))));
Sigma2:=factor(simplify(wcollect(factor(omega&™gg2))));Sigma3:=simplify(omega&™g
93);

1

21:=0
>2:=0
¥3:=0

| WA TORSION 2-forms
> Phil:=wcollect(subs(factor(Omega&”™ggl)));Phi2:=wcollect(factor(Omega&”™gg2));Phi3
:=wcol lect(factor(Omega&”™gg3));

®1:=0
®2:=0
®3:=0

[ > Theta:=array([[ggl&™hhl,ggl&™hh2,gg1&™hh3], [gg2&™hhl,gg2&™hh2,9g2&™hh3], [gg3&™hh
1,993&"hh2, (gg3&~hh3)11);

\%

0 0 0

®::[O 0 0}

L 0 0 O
[ >
[ >
[ >
[ >
[ >

[ > FFINV:=array([[D2,Lz,0,0],[-L2z,D2,0,0],[0,0,-D1,0],[AX,Ay,Az,-Phi]]);




D2 Lz O 0
_|-Lz D2 0 0
FFINV = O 0 -DlL 0
Ax Ay Az -@
[ > Z:z=innerprod(FFINV, [d(X),d(y),d(z),d(t)]):sigmal:-=Z[1];sigma2:=Z[2];sigma3:=Z[3]
;omega:=(Z[4]);d(omega);

ol :=D2d(x)+ Lzd(y)
o2 :=-Lzd(x)+ D2d(y)
63 :=-D1d(2)
o= Axd(x) + Ay d(y) + Azd(z) - @ d(t)
L (d(Ax) &*d(x)) + (d(Ay) &*d(y)) + (d(Az) & d(z)) - (d(P) & d(t))
[ > Vol4:=wcollect(simplify(sigmal&*sigma2&~sigma3&”™Z[4])):rho:=Factor(getcoeff(Vol4
));

L p:=® (D2°+L7°) D1
>

> FF:=inverse(FFINV):Gun:=subs(innerprod(transpose(FF),FF));

[t

Gun =
{DZZCD2+LZZCD2+LZZAy2+2D2AyAxLz+Ax2D22 (Lz Ay + Ax D2) (-D2 Ay + Ax Lz)
% (D2 + L% '
(Lz Ay + Ax D2) Az Lz Ay + Ax D2
~ @?(D2%+L#) D1 '_<I>2(D22+Lzz)}

% (D2 + L)

{ (Lz Ay + AxD2) (-D2 Ay + Ax Lz) LZ? ®° + D2° ®° + D2* Ay* — 2 D2 Ay Ax Lz + AX® L7
®% (D2? + L) ' ®% (D2 + L)
(-D2 Ay + AxLz) Az -D2Ay+Ax Lz
o’ (D2*+ L) D1 CDZ(D22+LZZ)}
{ (LzAy +AxD2) Az (-D2Ay+AxLz)Az ®*+AZ Az }
C @?(D2?+LA)DL | @ (D22 +L2)D1 ' DI’’’ D1
{ LzAy+AxD2 -D2Ay+AxLz Az L}
@’ (D22+ L) @ (D2 + L) 'DLO @’

>

> dFF:=array([[d(FF[1,11),d(FF[1,2]),d(FF[1,3]),d(FF[1,41)1, [d(FF[2,1]).d(FF[2,2])
.d(FF[2,3]),d(FF[2,4D1, [d(FF[3,1]),d(FF[3,2]),d(FF[3,3]),d(FF[3,4]) ], [d(FF[4,1]
).d(FF[4,2]),d(FF[4,3]),d(FF[4.4D1D:

> cartan:=(evalm(FFINV&*dFF)):

The Interior (space-space) Connection 1 forms

> Gammall:=Ffactor(wcollect(cartan[1,1]));Gamma2l:=Factor(wcollect(cartan[2,1]));CGa
mma31:=Ffactor(wcollect(cartan[3,1]));

[t

L I I

D2 d(D2) + Lz d(Lz)
D2% + L7
~Lz d(D2) + D2 d(Lz)
21 = 5 5
D2°+ Lz

'l :=




L r31:=0
[ > Gammal2:=factor(wcollect(cartan[1,2]));Gamma22:=Factor(wcollect(cartan[2,2]));CGa
mma32:=factor(wcollect(cartan[3,2]));

-Lzd(D2) + D2 d(Lz)
D2% + L7
D2 d(D2) + Lz d(Lz)
- D2+ L7
32:=0
> Gammal3:=factor(wcollect(cartan[1,3]));Gamma23:=Factor(wcollect(cartan[2,3]));CGa
mma33:=Ffactor(wcollect(cartan[3,3]));

T2 .=-

22 :=

ri3:=o0
r23:=0
d(D1
ra3 .= A0L
L D1
[ >
[ The "space-time" connection 1-forms are:

> hhl:=factor(wcollect(cartan[4,1]));hh2:=Factor(wcollect(cartan[4,2]));hh3:=fFacto
r(wcollect(cartan[4,3]));

—-D2 d(AX) ® — Lz d(Ay) ® + d(D) Lz Ay + d(D) Ax D2

hhl := ” ;
@ (D2 +Lz7)
hh = —Lz d(Ax) ® + D2 d(Ay) ® —d(D) D2 Ay + d(D) Ax Lz
: ® (D22 + L7%)
—d(Az) ® + Az d(®
g o= - SR D+ Az d(D)
D1®

The "time-space connection" 1-forms are
[ > ggl:=factor(wcollect(factor(wcollect(cartan[1,4]))));gg2:=Factor(wcollect(cartan
[2,4]));g9g93:=Factor(wcollect(cartan[3,4]));

ggl:=0
092 :=0
L gg3:=0

1

The abnormality (time-time) connection 1-form
> Omega:=wcol lect(subs(A=a,simplify(wcollect(cartan[4,4])))):

d(®)

> L:=fFactor(wcollect(hhl&”sigmal+hh2&"sigma2+hh3&"sigma3)) ;d(omega);

L = (~(d(Ax) & d(x)) @ — (d(Ay) & d(y)) @ — @ (d(Az) & d(z)) + AX (d(®) & d(x)) + Ay (d(®) & d(y))
+Az (d(D) & d(2))) / @

(d(Ax) &*d(x)) + (d(Ay) & d(y)) + (d(Az) & d(z)) - (d(P) & d(t))
[ > S:=(wcollect(factor(hhl&™ggl+hh2&°gg2+hh3&°gg3)));




S:=0

\%

1

> Sigmal:=simplify(subs(wcollect(factor(omega&”™ggl))));
Sigma2:=factor(simplify(wcollect(factor(omega&”™gg2))));Sigma3:=simplify(omega’&”™g
93);

>1:=0
¥2:=0
23:=0

| WA TORSION 2-forms
[ > Phil:=wcollect(subs(factor(Omega&”™ggl)));Phi2:=wcollect(factor(Omega&”™gg2));Phi3
:=wcol lect(factor(Omega&”™gg3));

®1:=0
®2:=0
®3:=0

[ > Theta:=array([[ggl&™hhl,gg1&™hh2,g9g91&"hh3], [gg2&~hhl,gg2&™hh2,992&™hh3], [gg3&™hh
1,993&"hh2, (gg3&~hh3)11);

\Y

o O o
o O o
o O O
|

L B I R

V V V V

[ > FFINV:=array([[1,0,0,0],[0,1,0,0],[0,0,1,VZ],[0,0,Az,-Phi]]);

10 0 O

101 0 O

FFINV := 00 1 Vs

L 0 0 Az -0
> Z:=innerprod(FFINV, [d(X),d(y),d(z),d(t)]):sigmal:=Z[1];sigma2:=Z[2];sigma3:=Z[3]

;omega:=(Z[4]) ;d(omega);

ol :=d(x)
o2 :=d(y)
o3 :=d(z)+Vzd(t)
o:=Azd(z) - dd(t)
(d(Az) & d(z)) - (d(®) &"d(t))
> Vol4:=wcollect(simplify(sigmal&sigma2&~sigma3&”™Z[4])):rho:=Factor(getcoeff(Vol4
));

p=—-®-VzAz



[l

> FF:=inverse(FFINV):Gun:=subs(innerprod(transpose(FF),FF));

Gun =

>

1
0
0

0

0
1

0 0
0 0
O+ A7 ~® Vz+Az
(D +VzAZY  (®+VzAz)
-® Vz+Az VA +1
(@ +VzZAZ?: (D +VzAZ)

[ > dFF:=array([[d(FF[1,11),d(FF[1,2]),d(FF[1,3]),d(FF[1,4D]. [d(FF[2,1]),d(FF[2,2])
-d(FF[2,3]),d(FF[2,4])], [d(FF[3,11),d(FF[3,2]),d(FF[3,31),d(FF[3,41) ], [d(FF[4,1]
).d(FF[4,2]),d(FF[4,3]).d(FF[4.41D11):

> cartan:=(evalm(FFINV&*dFF)):

The Interior (space-space) Connection 1 forms

> Gammall:=factor(wcollect(cartan[1,1]));Gamma2l:
mma31:=Factor(wcollect(cartan[3,1]));

L I N I

=factor(wcollect(cartan[2,1])):;Ga

I'11:=0
I21:=0
I'31:=0

> Gammal2:=factor(wcollect(cartan[1,2]));Gamma22:
mma32:=factor(wcollect(cartan[3,2]));

=factor(wcollect(cartan[2,2]));Ga

T'12:=0
I22:=0
I'32:=0

> Gammal3:=factor(wcollect(cartan[1,3]));Gamma23:
mma33:=Factor(wcollect(cartan[3,3]));

=factor(wcollect(cartan[2,3]));Ga

ri3:=0
23:=0
Az d(Vz)
D +VzAz

I'33 . =—

>

The "space-time" connection 1-forms are:

> hhl:=Factor(wcollect(cartan[4,1]));hh2:=Factor(wcollect(cartan[4,2]));hh3:=Facto
r(wcollect(cartan[4,3]));

L I I

hhl:=0
hh2:=0
—d(Az) ® + Azd(D
hh3 = (Az) (®)
L o +Vz Az
[ The "time-space connection" 1-forms are

[ > ggl:=factor(wcollect(factor(wcollect(cartan[1,4]))));gg2:=Factor(wcollect(cartan
[2,4]));g993:=Factor(wcollect(cartan[3,4]));

ggl:=0




gg2:=0
__dvz)
T D+ VzZAZ

11

The abnormality (time-time) connection 1-form
> Omega:=wcol lect(subs(A=a,simplify(wcollect(cartan[4,4]))));

_Vzd(Az) d(d)
T ®+VzAz D +ViIAz
[ > L:=Factor(wcollect(hhl&"sigmal+hh2&"sigma2+hh3&*sigma3));d(omega);

|~ (d(A2) &N d(2)) ~ @ Vz (d(AZ) &N (1)) + Az (d() & d(2) + Az V2 (d() & (1))
" d+Vz Az

(d(Az) & d(z)) - (d(®) &"d(t))
> S:=(wcollect(factor(hhl&™ggl+hh2&°gg2+hh3&°gg3)));

oo D (d(AD) 8N A(VD)) Az (d(0) &N d(V2)
T (D +VzZAZ) * (®+VzAz)

>

> Sigmal:=simplify(subs(wcollect(factor(omega&”™ggl))));
Sigma2:=factor(simplify(wcollect(factor(omega&™ggz2))));Sigma3:=simplify(omega&™g
g3);

1

>1:=0
22:=0
3= Az (d(z) & d(Vz)) — @ (d(t) & d(Vz))
O +Vz Az

| WA TORSION 2-forms
[ > Phil:=wcollect(subs(factor(Omega&”™ggl)));Phi2:=wcollect(factor(Omega&”™gg2));Phi3
:=wcollect(factor(Omega&”™gg3));

®1:=0
®2:=0
03 o V2(d(A2) &1 (V2)) d(®) &~ d(Va)
L (@ +VzAz) (®+VzAz)°

>
> Theta:=array([[wcollect(ggl&™hhl) ,wcollect(ggl&™hh2) ,wcollect(ggl&”™hh3)7],[gg2&™h
h1l,gg2&™hh2,gg28&°hh3], [gg3&*hhl,gg3&™hh2, (gg3&™hh3)11);

11

00 0
lo o 0
©:= o o _9dv2) &rd(Az) Az (d(Vz) & d())

L (@ +VzAz) ! (®+VzAz)

[ > AMAXWELL :=Az*d(2)-Phi*d(t) ; FMAXWELL :=d (AMAXWELL) ; HMAXWELL : =(AMAXWELL&FMAXWELL) ;
Topological_Torsion:=(Phi*d(Az)-Az*d(Phi))*d(z)&"d(t) ;Curvature 2 forms:=(Phi*d(
Az)-Az*d(Phi))*(d(Vz))/(Phi+Vz*Az)"2;PA_torison_2_forms:=AMAXWELL*d(Vz)/(Phi+Az*
Vz);




AMAXWELL := Az d(z) — @ d(t)

FMAXWELL := (d(Az) &\ d(z)) — (d(®) & d(t))
HMAXWELL := -Az &*(d(z), d(®), d(t)) — ® &*(d(t), d(Az), d(z))
Topological_Torsion := (d(Az) ® — Azd(®)) (d(z) & d(t))

(d(Az) ® — Azd(®)) d(Vz)

Curvature_2 forms :=

(@ +Vz Az)?
Az d(z) — @ d(t)) d(V
PA_torison 2 forms ::( 2d(2) (1)) d(vz)
- T @ +Vz Az
[ >
[ >

Example 6: An asymmetric Projective transformation

[ > FFINV:=array([[1,0,0,Vx],[0,1,0,Vy],[0,0,1,Vz], [AX,Ay,Az,-Phi]]);

1 0 0 W
o 1 0 vy
FRINV:=| 0 o

Ax Ay Az -®
> Z:=innerprod(FFINV, [d(X),d(y),d(z),d(t)]):sigmal:=Z[1];sigma2:=Z[2] ;sigma3:=Z[3]
;omega:=(Z[4]) ;d(omega);

ol :=d(x) + Vxd(t)
o2 :=d(y) + Vyd(t)
63 :=d(z) +Vzd(t)
® = Axd(x) + Ay d(y) + Azd(z) — @ d(t)

(d(Ax) &"d(x)) + (d(Ay) & d(y)) + (d(Az) & d(z)) - (d(P) & d(t))
[ > Vol4:=wcollect(simplify(sigmal&“sigma2&~sigma3&”™Z[4])):rho:=Factor(getcoeff(Vol4
));

p:=—-®-VzAz-Vy Ay — Vx Ax

>
E > FF:=inverse(FFINV):Gun:=subs(innerprod(transpose(FF),FF));
Gun :=
D’ +2 A7 D Vz+2 D VyAy + V2 A2 + 2 Vz Az Vy Ay + Vy? Ay? + A2 Vy? + A VZ2 + AX
(® +Vz Az + Vy Ay + Vx Ax)? '
Ay VX @ + Ay VX Vz Az + Ay* Vx Vy + Ax Vy @ + Ax Vy Vz Az + AX* Vly Vx — Ax VZ* Ay — Ax Ay
- (@ + Vz Az + Vy Ay + Vx Ax)? ’
Vx Az @ + Vx Az Vz + Vx Az Vy Ay — AX Vy? Az + Ax Vz @ + Ax Vz Vy Ay + Ax* Vz Vx — Ax Az
- (® +Vz Az + Vy Ay + Vx Ax)? '
—Vx<D—VszAz—VxVyAy+AxVy2+Aszz+Ax}
- (® +Vz Az + Vy Ay + Vx Ax)

Ay VX @ + Ay VX Vz Az + Ay* Vx Vy + Ax Vy @ + Ax Vy Vz Az + AX* Vly Vx — Ax Vz* Ay — Ax Ay
(® + Vz Az + Vy Ay + Vx Ax)?




AV VX + @+ 2 Az ® Vz + 2 O VX AX + VZ2 AZ% + 2 Vz Az VX AX + VX2 AX + VZ2 Ay? + Ay?

(® +Vz Az + Vy Ay + Vx Ax)°
—Ay VX* Az + Vly Az @ + Vy Az* Vz + Vly Az VX Ax + Vz Ay @ + Vz Ay* Vy + Vz Ay Vx Ax — Ay Az
- (@ +Vz Az + Vy Ay + Vx Ax)?
—Any2+Vy<I>+VszAz+VnyAx—VzZAy—Ay}
(® + Vz Az + Vy Ay + Vx Ax)?
VX Az @ + Vx Az Vz + Vx Az Vy Ay — Ax Vy? Az + Ax Vz @ + Ax Vz Vy Ay + Ax* Vz Vx — Ax Az
- (® +Vz Az + Vy Ay + Vx Ax)? ’
—Ay VX* Az + Vly Az @ + Vy Az* Vz + Vly Az VX Ax + Vz Ay @ + Vz Ay* Vy + Vz Ay Vx Ax — Ay Az
- (@ +Vz Az + Vy Ay + Vx Ax) '
VX AZ + VY2 AZ? + @ + 2 O Vy Ay + 2 D VX AX + VY2 Ay? + 2 Vy Ay VX AX + VX2 AXC + AZ?
(O + Vz Az + Vy Ay + Vx Ax)? '
~Vx* Az — Vy* Az + ® Vz + Vz Vy Ay + Vz Vx Ax — Az
(® +Vz Az + Vy Ay + Vx Ax)°
{ —VX ® — VX Vz Az — Vx Vy Ay + AX VY + AX VZ2 + Ax Ay VX* + Vy @ + Vy Vz Az + Vly Vx AX — VZ* Ay — Ay
- (® +Vz Az + Vy Ay + Vx Ax)° ' (® + Vz Az + Vy Ay + Vx Ax ) '
—~Vx? Az — VY’ Az + @ Vz + Vz Vy Ay + Vz VX AX — Az Ve + W+ V22 + 1 }
(® +Vz Az + Vy Ay + Vx Ax)? " (@ + Vz Az + Vy Ay + Vx Ax)?

[ >

[ > dFFz=array([[d(FF[1,1]),d(FF[1,2]),d(FF[1,3]1),d(FF[1,4]D)1, [d(FF[2,1]),d(FF[2,2])
,d(FF[2,3]).d(FF[2.4D1. [d(FF[3.1]).d(FF[3,2]),d(FF[3,31).d(FF[3.4D)1. [d(FF[4.1]
),d(FF[4,2]),d(FF[4,31),d(FF[4,4D1D:

[ > cartan:=(evalm(FFINV&*dFF)):

[ The Interior (space-space) Connection 1 forms
[ > Gammall:=factor(wcollect(cartan[1,1]));Gamma2l:=Factor(wcollect(cartan[2,1]));Ga

mma31:=Ffactor(wcollect(cartan[3,1]));

r1l = Ax d(Vx)
T @+ VzZAZ+ Vy Ay + VX AX
Axd(V
21 :=- (Vy)
O +Vz Az + Vy Ay + VX Ax
Ax d(Vz)
r31:=-
® +Vz Az + Vy Ay + VX Ax

[ > Gammal2:=factor(wcollect(cartan[1,2]));Gamma22:=Factor(wcollect(cartan[2,2]));Ga
mma32:=factor(wcollect(cartan[3,2]));

- Ay d(Vx)
T @+ VzZAZ+ VyAy + VX AX

Ay d(V

e y d(Vy)
O +Vz Az + Vy Ay + VX Ax

Ay d(Vz

r32:=- y d(vz)
@ +Vz Az + Vy Ay + VX Ax

> Gammal3:=factor(wcollect(cartan[1,3]));Gamma23:=Factor(wcollect(cartan[2,3]));Ga
mma33:=factor(wcollect(cartan[3,3]));




- Az d(Vx)
T @+ VzZAZ+ Vy Ay + VX AX
Az d(V
23 :=- (Vy)
O +Vz Az + Vy Ay + VX Ax
Az d(Vz)
r33:=-
O +Vz Az + Vy Ay + VX Ax

[ >

[ The "space-time" connection 1-forms are:

[ > hhl:=Factor(wcollect(cartan[4,1]));hh2:=Factor(wcollect(cartan[4,2]));hh3:=Ffacto
r(wcollect(cartan[4,3]));

—@ d(Ax) — d(Ax) Vz Az — d(Ax) Vy Ay + Ax Vy d(Ay) + Ax Vz d(Az) + d(D) Ax

hhl :=
® +Vz Az + Vy Ay + VX Ax
— —Ay VX d(Ax) + d(Ay) @ + d(Ay) Vz Az + d(Ay) Vx Ax — Vz Ay d(Az) — Ay d(D)
@ +Vz Az + Vy Ay + Vx Ax
hh3 = —Vx Az d(Ax) — Vy Az d(Ay) + d(Az) @ + d(Az) Vy Ay + d(Az) VX Ax — Az d(®D)
L @ +Vz Az + Vy Ay + Vx AX
L The "time-space connection" 1-forms are

[ > ggl:=factor(wcollect(factor(wcollect(cartan[1,4]))));gg2:=Factor(wcollect(cartan
[2,4]));:;993:=Factor(wcollect(cartan[3,4]));

1= d(Vx)
99 = b Vz Az + Vy Ay + VX Ax
-~ d(Vvy)
gg2 := o
+Vz Az + Vy Ay + Vx AXx
d(Vz)
gg3 := o
L +Vz Az + Vy Ay + Vx Ax

[ The abnormality (time-time) connection 1-form
[ > Omega:=wcollect(subs(A=a,simplify(wcollect(cartan[4,4]))));
0= Vx d(Ax) - Vy d(Ay) ~ Vz d(Az)
O+VzAz+VyAy+Vx AX D +VzAz+VyAy+VxAx @ +VzAz+VyAy+ VxAx
d(®)
L _CI)+VzAz+VyAy+VxAx

> L:=fFactor(wcollect(hhl&”sigmal+hh2&"sigma2+hh3&"sigma3)) ;d(omega);

L:=— (D Vx (d(Ax) & d(t)) + (d(Ax) & d(x)) ® + Vz Az (d(Ax) & d(x)) + Vy Ay (d(Ax) & d(x))
— Ay Vx (d(Ax) & d(y)) — Vx Az (d(Ax) & d(z)) + @ Vy (d(Ay) & d(t)) — Ax Vy (d(Ay) & d(x))
+(d(Ay) & d(y)) @ +Vz Az (d(Ay) &"d(y)) + Vx Ax (d(Ay) &" d(y)) - Vy Az (d(Ay) &" d(z))
+® Vz (d(Az) & d(t)) — Ax Vz (d(Az) & d(x)) — Vz Ay (d(Az) & d(y)) + @ (d(Az) & d(z))
+ Vy Ay (d(Az) & d(z)) + Vx Ax (d(Az) & d(z)) — Ay Vy (d(®) & d(t)) — Ax Vx (d(®) & d(t))
—AzVz (d(®) & d(t)) — Az (d(D) & d(z)) — Ay (d(D) & d(y)) — Ax (d(D) & d(x))) / (
O +Vz Az + Vy Ay + VX AX)

L (d(Ax) & d(x)) + (d(Ay) &*d(y)) + (d(Az) &" d(z)) - (d(P) & d(t))

( > S:=(wcollect(factor(hhl&”™ggl+hh2&™gg2+hh3&™gg3)));




_ (=P -Vz Az - Vy Ay) (d(Ax) & d(Vx)) Ay Vx (d(Ax) & d(Vy)) Vx Az (d(Ax) &* d(Vz))

3 (O +Vz Az + Vy Ay + Vx Ax)* +(<I>+VzAz+VyAy+VxAx)2+(cD+VzAz+VyAy+VxAx)2
Ax Vy (d(Ay) & d(Vx)) (—® - Vz Az — VX AX) (d(Ay) &*d(Vy)) Vy Az (d(Ay) &*d(Vz))
(CI)+VzAz+VyAy+VxAx)2+ (® +Vz Az + Vy Ay + Vx Ax) +((D+VzAz+VyAy+VxAx)2
Ax Vz (d(Az) & d(Vx)) Vz Ay (d(Az) & d(Vy)) (—® - Vy Ay — Vx AX) (d(Az) & d(Vz))
(® +Vz Az + Vy Ay + Vx Ax)° i (® + Vz Az + Vy Ay + Vx Ax)? i (® + Vz Az + Vy Ay + Vx Ax)
Ax (d(®) & d(Vx)) Ay (d(®) & d(Vy)) Az (d(D) & d(Vz))
L (@ +Vz Az + Vy Ay + Vx Ax)° i (@ +Vz Az + Vy Ay + Vx Ax) i (® + Vz Az + Vy Ay + Vx Ax)?
r>

> Sigmal:=simplify(subs(wcollect(factor(omega&”™ggl))));
Sigma2:=factor(simplify(wcollect(factor(omega&™gg2))));Sigma3:=simplify(omega&™g
93);

o1 .o AX(A0) & (VX)) + Ay (d(y) & d(VX)) + Az (d(2) & d(Vx)) — @ (d(t) &" d(Vx))

@ +Vz Az + Vy Ay + Vx Ax
5y oo DX (d(x) &"d(Vy)) + Ay (d(y) & d(Vy)) + Az (d(z) &" d(Vy)) — @ (d(t) &"d(Vy))
@ +Vz Az + Vy Ay + Vx Ax
532 Ax (d(x) & d(Vz)) + Ay (d(y) & d(Vz)) + Az (d(z) & d(Vz)) — ® (d(t) & d(Vz))
L ' @ +Vz Az + Vy Ay + Vx Ax

| WA TORSION 2-forms

[ > Phil:=wcollect(subs(factor(Omega&”™ggl)));Phi2:=wcollect(factor(Omega&”™gg2));Phi3
:=wcollect(factor(Omega&”™gg3));

o o VXAV Vy(d(AY) & A(VX)) Ve (d(Az) & (V)
" (P+VzZAZ+VyAy+VxAX) (@ +VzAz+VyAy+VxAx) (D +VzAz+VyAy+Vx Ax)
d(D) & d(Vx)
(@ +Vz Az + Vy Ay + Vx Ax)?
o Vx (d(Ax) & d(Vy)) Vy(d(Ay) &d(vy)) Vz(d(Az) & d(Vy))
© (O +VZAZ+VYAY + VXAX)? (D +VzAz+Vy Ay + VxAX)? (D +Vz Az + Vy Ay + Vx Ax)’
d(®) & d(Vy)
(@ +VZ Az + Vy Ay + Vx Ax)?
e VKA NAVD)  Vy(d(AY) &N d(VD) Ve (d(An) & d(V2))
© (D4 VZAZ+VY Ay +VXAX)? (D +VzAz+VyAy+VxAx)® (D +VzAz+Vy Ay + Vx Ax)
d(®) &~ d(Vz2)
L (@ +Vz Az + Vy Ay + Vx Ax)
r >

> Theta:=array([[wcollect(ggl&™hhl) ,wcollect(ggl&™hh2) ,wcollect(ggl&”™hh3)7],[gg2&™h
h1l,gg2&™hh2,gg28&°hh3], [gg3&~hhl,gg3&™hh2, (gg3&™hh3)11);

0=

{(—(D—Vz Az — Vy Ay) (d(Vx) & d(Ax)) Ax Vy (d(Vx) & d(Ay)) Ax Vz (d(Vx) & d(Az))
+ +
(® + Vz Az + Vy Ay + Vx Ax)? (O +VzAz+Vy Ay + VX Ax)* (@ +Vz Az + Vy Ay + Vx Ax)?




VVVVVVVYVVVVYVVVYVVYVVYVVYVYVYVYVYV

rihrarara1rairrairrairra1rraarraiarraa a1 —rr [t

Ax (d(Vx) & d(D)) Ay Vx (d(Vx) & d(Ax)) (@ +Vz Az + Vx AX) (d(Vx) & d(Ay))
(O +VzAz+Vy Ay + VX AX)® " (D + Vz Az + Vy Ay + Vx Ax)? (® + Vz Az + Vy Ay + Vx Ax)?
Vz Ay (d(Vx) & d(Az)) Ay (d(Vx) & d(D)) Vx Az (d(Vx) &" d(Ax))
+ 1
(®+VzAzZ+VyAy + VX AX)® (D +VzAz+VyAy+VxAx)* " (D +Vz Az + Vy Ay + Vx Ax)?
Vy Az (d(Vx) & d(Ay)) (@ + Vy Ay + Vx Ax) (d(Vx) & d(Az)) Az (d(Vx) & d(®D)) }
- +
(® +Vz Az + Vy Ay + Vx Ax)° (® +Vz Az + Vy Ay + Vx Ax)° (® +Vz Az + Vy Ay + Vx Ax)°
{(—(D—Vz Az — Vy Ay) (d(Vy) &* d(Ax)) . Ax Vy (d(Vy) & d(Ay)) . Ax Vz (d(Vy) & d(Az))
(® +Vz Az + Vy Ay + Vx Ax)? (O +VzAz+Vy Ay + VX Ax)® (D +Vz Az + Vy Ay + Vx Ax)?
Ax (d(Vy) & d(®D)) Ay Vx (d(Vy) &" d(Ax)) (D +Vz Az + Vx AX) (d(Vy) & d(Ay))
(O +VzAz+Vy Ay + VX AX)> " (D + Vz Az + Vy Ay + Vx Ax)’ (® + Vz Az + Vy Ay + Vx Ax)?
Vz Ay (d(Vy) & d(Az)) Ay (d(Vy) & d(D)) Vx Az (d(Vy) & d(Ax))
+ 1
(®+VzAz+Vy Ay + VX AX)® (@ +VzAz+Vy Ay +VxAx)* " (D + Vz Az + Vy Ay + Vx Ax)?
Vy Az (d(Vy) & d(Ay)) (® + Vy Ay + Vx Ax) (d(Vy) & d(Az)) Az (d(Vy) & d(®D)) }
- +
(® +Vz Az + Vy Ay + Vx Ax)° (® +Vz Az + Vy Ay + Vx Ax)° (® +Vz Az + Vy Ay + Vx Ax)
{(—(D—Vz Az — Vy Ay) (d(Vz) & d(Ax)) . Ax Vy (d(Vz) & d(Ay)) . AxVz (d(Vz) & d(Az))
(® +Vz Az + Vy Ay + Vx Ax)* (®+VzAz+VyAy +VxAx)> (D +Vz Az + Vy Ay + Vx Ax)?
Ax (d(Vz) & d(®D)) Ay Vx (d(Vz) & d(Ax)) (@ +Vz Az + VX AX) (d(Vz) & d(Ay))
(@ +VzAz+Vy Ay +Vx Ax)* ' (® + Vz Az + Vy Ay + Vx Ax)? (® +Vz Az + Vy Ay + Vx Ax)
Vz Ay (d(Vz) & d(Az)) Ay (d(Vz) & d(D)) Vx Az (d(Vz) & d(Ax))
+ 1
(O +VzAz+VYy Ay + VX AX)® (@ +VzAz+Vy Ay +VxAx)* " (D + Vz Az + Vy Ay + Vx Ax )?
Vy Az (d(Vz) & d(Ay)) (@ + Vy Ay + VX Ax) (d(Vz) & d(Az)) Az (d(Vz) & d(D)) J
- +
(® +Vz Az + Vy Ay + Vx Ax)° (® +Vz Az + Vy Ay + Vx Ax)° (@ +Vz Az + Vy Ay + Vx Ax)°
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