> restart: with(linalg):wth(plots):with(liesymm:w th(difforns):

setup(ct, phi,theta,r):
def f or n( ct =0, Z=0, phi =0, t het a=0, r =0, p=const, q=const, a=const, Y=0, X=0
, E=0) ;

War ni ng, new definition for norm

Warni ng, new definition for trace

War ni ng, new definition for close

Warni ng, new definition for "~ &\

War ni ng, new definition for d

War ni ng, new definition for ni xpar
L Warning, new definition for wdegree

' Cartan Connection coefficients from the Jacobian Matrix as

the Basis Frame
(C) R.M.Kiehn 1999
| adsphjac.mws
> dim=4;coord :=[ct,r, theta,
phi]; LGUN:. =array([[-1,0,0,0],[0,1,0,0],[0,0,1,0],[0,0,0,1]1);
dm:=4
coord:=[ct,r,q,f]
AR
e u
LGUN::gO 0 1 OE
e0 0 O 1u

E Position vector to a point in terms of spherical coordinates
> MR =[ct,r*sin(theta)*cos(phi),r*sin(theta)*sin(phi),r*cos(theta)];
. MR :=[ct,rsin(q) cos(f ), r sin(q) sin(f ), r cos(q)]
[ > JAC. =j acobi an( MR, coord) ; DET: =si npl i fy(det (JAC));
gl 0 0 0
g) sin(q) cos(f) rcos(q)cos(f) -rsin(q)sin(f)
g) sin(g) sin(f) rcos(q)sin(f) rsin(q) cos(f)
€0 cos(q) -rsin(q) 0

DET :=sin(q) r?

[ o e e e i

E Specify the Frame Matrtix
[ > FF: =eval n{JAC);

0 0 0
sin(q) cos(f) rcos(q)cos(f) -rsin(q)sin(f)
sin(q) sin(f) rcos(q)sin(f) rsin(q) cos(f)

I cos(q) -rsin(q) 0
(> GG =eval m(sinplify(inverse(FF)));

'r|
ik
I

o i )

[t o e e i
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gl 0 0 0 H
& sin(q)cos(f) sin(q)sin(f)  cos(q) U
& cos(f)cos(q) sin(f)cos(q)  sn(q)Y
GG:=§ ; i "
8 sin(f) cos(f) H
o o 0 U
L e rsin(q) rsin(q) a
[ > DGG =eval m(d(GQ)):
[ > CARTANRI GHT: =si npl i fy(i nnerprod(-DGG FF));
g) 0 0 0 H
© 0  -rd(g)  -rd(f)+rd(f)cos(q)® Y
€
CARTANRIGHT::g) d(rq) @ -cos(q) d(f ) sin(q) E
€ d(f) cos(q)d(f) sin(q)d(r)+cos(q)d(q)ry
Y : : g
e r sin(q) rsin(q) u

[ > CONJ: =si npl i fy(i nner prod( FF, CARTANRI GHT, - GO) ) :
| The Left Cartan matrix is the Shipov Connection (IMO)
[ > CARTANLEFT: =si npl i fy(i nnerprod(FF, DGG)) ;

CARTANLEFT =
[0,0,0,0]

§o,- (cos(f )% cos(q)? sin(q) d(r) +sin(q) d(r) - cos(f )*d(r) sin(q) + cos(q) d(q) r

- cos(f )* cos(q) d(q) r)/ (r sin()) , (r d(f) sin(q) - sin(f) cos(q)” sin(q) cos(f ) d(r)
+cos(f ) sin(f ) d(r) sin(q) + cos(f ) sin(f ) cos(q) d(q) r) / (r sin(q)),
cog(f ) (-rd(qg) +sin(q) cos(q) d(r)) H

r u

§O , - (sin(f) cos(q)2 sin(q) cos(f ) d(r) +rd(f)sin(q)- cos(f)sin(f)d(r)sin(q)

- cos(f ) sin(f ) cos(q) d(q) r) / (rsin(q)), (- cos(q)? sin(q) d(r)
+ cos(f )? cos(q)? sin(q) d(r) - cos(f )*d(r) sin(q) - cos(f )?cos(q) d(q) r)/ (r sin(q)),
Sin(f)(-rd(Q)+Sin(CI)COS(CI)d(f))g

r u

§0 (sin(q) cos(q) d(r) +rd(q)) cos(f) (sin(q) cos(q) d(r) +r d(q)) sin(f)
€0, : :

r r
d(r) (- 1+ cos(q)®) ﬁ
r u

[ > sinplify(eval n{ CARTANLEFT- CONJ) ) ;
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80 0 0 08
80 0 0 OH
g) 00 OH
L e 0 0 Ou
| CARTANLEFT ISTHE negative CONJUGATE OF CARTANRIGHT

| NOW use tensor methods
| First compute the differentials of the inverse matrix
> for i froml to dimdo for j from1l to dimdo for k from1 to dim

| do d1GHi,j,k] = (diff(Gdi,j],coord[k])) od od od:
| Compute the elements of the matrix product of - d[G][F]

| which istheright Cartan matrix

> for b froml to dimdo for a froml1l to dimdo for k from1 to dim
do s:=0;for mfrom1l1l to dimdo s := s+(d1Gda, mKk]*FF[mb]);
Cda,b,k]:=sinplify(-s) od od od od ;

>

> for b froml to dimdo for a from1l to dimdo for k from1l to dim

do if C(a,b,k]=0 then else print( Cabk (a-1,b-1,k-1)=C a, b, k])

fi od od od ;

THE non zero CARTAN CONNECTION coefficients.
C(abk) index (1,-1,-1)

1
Cabk(2,1,2) ="

1
Cabk(3,1,3) =
Cabk(1,2,2)=-r

1
Cabk(2,2,1) =

cos(q)
sin(q)
Cabk(1,3,3) =-r +cos(q)*r
Cabk(2, 3,3) =-cos(q) sin(q)

Cabk(3, 2, 3) =

1
Cabk(3,3,1) =

cos(q)

Cabk(3,3,2) =—;
I sin(q)
| These results agree with matrix method above.
| Now compute the Anti symmetric [bk] components of the Cartan connection:
> for | froml to dimdo for i froml to dimdo for k from1 to dim

do s := (Cdi,j,kl-C[i,k,j])/2; TTCCS[i,j,k]:=s od od od
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> for i froml to dimdo for j from1l to dimdo for k from1 to dim
do if TTCCS[i,],k]=0 then el se
print( CartanaffineTorsion (i-1,k-1,j-1)=TTCCS[i,k,j]) fi od od od

If no entries appear here, thereisno affinetorsion
| Next construct the induced metric on theinitial state (ct,r,theta,phi)

Christoffel Connection coefficients from the metric
> metric:=sinplify(innerprod(transpose(FF), -LGUN, FF));

gl 0O O 0 8

) €O -1 O 0 u

metric ::é) 0 -1 0 H

I €0 0 0 -r+r? cos(q)zg

[ > netricinverse: =inverse(netric):

> for i froml to dimdo for j from1l to dimdo for k from1 to dim
do dlgunf[i,j,k] := (diff(metric[i,]j],coord[k])) od od od:

> for i froml to dimdo for j fromi to dimdo for k from1 to dim
do C19[i,j,k] :=0 od od od; for i from1l to dimdo for j froml
to dimdo for k from1l to dimdo CL1S[i,j,k] :=
1/ 2*dlgun[i, k,j]+1/2*digun[j, k,i]-1/2*dlgun[i,j, k] od od od;

> for k from1l to dimdo for i froml to dimdo for j from1l to dim
do s :=0; for mto dimdo s := s+netricinverse[k, mM*C1LS[i,j,m
od;, C29[k,i,j] :=sinplify(factor(s),trig) od od od,

> for i from1l to dimdo for j froml to dimdo for k from1 to dim
do if C9[i,j,k]=0 then else
print( Gamma2 (i-1,j-1,k-1)=C2S[i,j,k]) fi od od od;

&2(1,2,2)=-r

G2(1,3,3)=-r+cos(q)’r

1
X(2,1,2) ZT

1

(2, 2, 1)=T
&X(2,3,3)=-cos(q) sin(q)

(3,1, 3)=%

cos(q) sin(q)
-1+ cos(q)?

1
G(3,31)="

G2(3,2,3) =-
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cos(q) sin(q)
i -1+ cos(q)?
Thenon zero Christoffel Connection coefficients 2nd kind

Gammaz2(a,b,k) index (1,-1,-1)

&(3,3,2) =-

>
'NOTE THAT for the Jacobian basis frame, the Cartan Right
matrix isEQUAL tothe Christoffel CONNECTION matrix.

 Thisconjectureworks, but | have not proved it abstractly.
' NOw compute the Tabk as

Tright(abk) = Cartanright(abk) - Gamma(abk)

"> for i from1 to dimdo for j froml to dimdo for k from1l to dim
do s:=0; s := (CJi,j,k]-C29[i,j,k]); CCTRi,j,k]:=sinmplify(s) od
od od

"> for i from1 to dimdo for j froml to dimdo for k from1 to dim
do if (C29[i,j,k]=0 and CJi,j,k]=0) then el se
print("T (i-1,j-1,k-1)=sinplify(CCTRi,j,k])) fi od od od ;

T(1,2,2)=0
T(1,3,3)=0
T(2,1,2)=0
T(2,2,1)=0
T(2,3,3)=0
T(3,1,3)=0
T(3,2,3)=0
T(3,3,1)=0

L T(3,3,2)=0

The" Right Rotation Coefficients' vanish if theframeisan

integrable Jacobian matrix. Thereisno AFFINE torsion in the

sense of an anti-symmetric component of the connection.

The Anti-symmetric part of the RIGHT CARTAN MATRIX vanishes for a frame constructed from the
Jacobian matrix of amap.

‘Now compute the Shipov Delta connection,
which isthe Left Cartan matrix
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]

> for afroml to dimdo for j froml1l to dimdo for k from1 to dim
| do d1GH a,j,k] :=sinplify(diff(Gda,j],coord[k])) od od od:

| Compute the elements of the matrixx product of [F]d[G]

> for i froml1l to dimdo for j from1l to dimdo for k from1l to dim
do s:=0;for mto dimdo s := s+FF[i,n]*(d1Gd m |, k]);
DDO[i,j,k]:=sinplify(s) od od od od ;

> for i froml to dimdo for j from1l to dimdo for k from1 to dim
do if DOji,j,k]=0 then else print( Delta (i-1,j-1,k-1)=Di,j,K])
fi od od od ;

NON-ZERO SHIPOV CONNECTION coefficients
Cartan left matrix =Delta(ijk) index (1,-1,-1)
cos(f )? cos(q)? + 1 - cos(f )?

D(1,1,1)=- ]
_ (-1+cog(f)*) cos(q) sin(q)
D(1,1,2)= 1+ cos(q)?
_ cos(f)sin(f) (- 1+ cos(q)?)
D(1,21)=- ]
_ sin(q) sin(f ) cos(f ) cos(q)
BT T L eay’
D(1,2,3)=1
o1 3, 1) =-20Xa) cos(f) sin(a)

r
D(1, 3,2) =-cos(f )

cos(f) sin(f ) (- 1 + cos(q)?)
r
sin(q) sin(f ) cos(f ) cos(q)
-1+ cos(q)?
D(2,1,3)=-1
- cos(q)® + cos(f )* cos(q)” - cos(f )?
r
sin(q) cos(f ) cos(q)
-1+ cos(q)?

D23, 1) = cos(q) Sinr(f ) sin(q)

(2, 3,2) =-sin(f)

D(2,1,1)=-

D(2, 1,2)=-

D(2,2 1) =

D(2,2,2) =

Page 6



_ cos(q) cos(f ) sin(q)
X3,1,1)= ;
D(3,1,2)=cos(f)
_ cos(q) sin(f ) sin(q)
3,2,1)= .
D(3,2,2)=sin(f)

-1+ cos(q)?
r

D(3,31)=

| These values agree with the matrix methods.

| The anti-symmetric part of the Shipov (Left) CARTAN Connection

> for | froml to dimdo for i froml to dimdo for k from1 to dim
do s :=(DDi,j,k]-DOji,k,j]1)/2; TT9[i,j,k]:=sinplify(s) od od od

"> for i from1l to dimdo for j froml to dimdo for k from1l to dim
do if TTS[i,],k]=0 then el se
print(  ShipovTorsion (i-1,k-1,j-1)=TTS[i,k,j]) fi od od od ;

ShipovTorsion(1, 2,1) ::—2L (-cos(q) sin(q) r +cos(q) sin(q) r cos(f )2 - cos(f ) sin(f)

+2 cos(f ) sin(f ) cos(q)?- cos(f ) sin(f ) cos(a)*) / ((- 1+ cos(q)?) r)

1 cos(q) cos(f) sin(q)
2 r

ShipovTorsion(1, 3,1) =

ShipovTorsion(1, 1, 2) =- %(-cos(q)sin(q) r +cos(q) sin(q) r cos(f )*- cos(f ) sin(f)
+2cos(f ) sin(f ) cos(q)? - cos(f ) sin(f ) cos(q)*) /' (- 1 +cos(q)) 1)
ShipovTorsion(1, 3, 2) =- gcos(f ) - g

1 cos(q) cos(f ) sin(q)
2 r

ShipovTorsion(1, 1, 3) =-
. , 11
ShipovTorsion(1, 2, 3) 25 + 5 cos(f )

ShipovTorsion(2, 2, 1) ::—2L (sin(q) sin(f ) cos(f ) cos(q) r + cos(q)* - cos(q)*

- 2 cos(f )? cos(q)? + cos(f )? cos(q)* + cos(f )2) /' ((- 1+ cos(q)?) )

1r+sin(f)co sin
ShipovTorsion(2, 3, 1):5 (f) rS(CI) (9)

ShipovTorsion(2, 1, 2) =- %(sin(q) sin(f ) cos(f ) cos(q) r + cos(q)? - cos(q)*
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ShipovTorsion(2, 3, 2) =

- 2 cos(f )? cos(q)? + cos(f )? cos(q)* + cos(f )?) /' ((- 1+ cos(q)?) r)
- ésin(f)

1r+sin(f) cos(q) sin(q)

ShipovTorsion(2,1, 3) =- >

r

1
ShipovTorsion(2, 2, 3) = 5 sin(f)

1 -cos(f)r+sin(f) cos(q) sin(q)

ShipovTorsion(3, 2, 1) = 5

1
ShipovTorsion(3, 3,1) = 5

ShipovTorsion(3, 1, 2) =-

r

-1+ co3(q)°

r

1 -cos(f) r+sin(f) cos(q) sin(q)

2

E Now compute the Tijk assuming the formula

T(ijk) = Cartanleft(ijk)

do s:=0; s := (DOi,j,k]-C29[i,j,k]);
od od od

1
ShipovTorsion(3, 1, 3) =- 5

r

-1+ cos(q)?

r

- Gamma(ijk)
> for i froml to dimdo for j from1l to dimdo for k from1 to dim

SHIPTR[ i, , k]:=sinmplify(s)

> for i froml to dimdo for j from1l to dimdo for k from1 to dim
do if (C29[i,j,k]=0 and DOJi,], k]=0) then el se
print("T (i-1,j-1,k-1)=sinplify(SH PTR[i,j,k])) fi od od od ;

cos(f )* cos(q)? + 1 - cos(f )?

T(1,1,1)=-
2 .
T(L12)=- (-1 +cos(f) )COS(j)Sn(q)
-1+ cos(q)
. 2
T(121)=- cos(f)sm(f):-1+cos(q) )
. . 2
T(1,22)=- sn(q)sn(f)cos(f)cos(qzﬂ- cos(q)°r
-1+ cos(q)
T(1,2,3)=1
(1,3 1)= cos(q) cos(f ) sin(q)

r
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T(1,3,2)=-cos(f)
T(1,3,3)=r- cos(q)*r

cos(f ) sin(f ) (- 1+ cos(q)*)
r

T(2,1,1)=-

sin(q) sin(f) cos(f)cos(q) r- 1+ cos(q)2

L= [ (-1+005(q)?)
T(2,1,3)=-1
2 2 2 2
(2,2, 1)= -cos(q)” + cos(f ) c;os(q) -cos(f) -1
sin(q) cos(f )* cos(q)
T(2,2,2)= -1+cos(q)2
cos(q) sin(f ) sin(q)

T(2,3,1)= .

T(2,3,2)=-sin(f)
T(2,3,3)=cos(q) sin(q)
cos(q) cos(f ) sin(q)
r
T(3,1,2)=cos(f)

T(3,1,1) =

1
T(3,1,3)=- T

cos(q) sin(f ) sin(q)
r
T(3,2,2) =sin(f)
cos(q) sin(q)
-1+ cos(q)?
-2 +cos(q)?

T(3,2,1) =

T(3,2,3) =

T(3,3,1) =

cos(q) sin(q)

T(3.3.2)=" 1+ cos(q)?

[ >
| The"LEFT Rotation Coefficients"

But it does not seem to make sense (to me) to

subtract the Christoffel part from Delta.
[

Page 9



[ >

Page 10



