> restart: with(linalg):wth(plots):wth(liesymm:w th(difforns):
setup(x,y,z,t):
def f or n(t =0, s=0, Z=0, phi =0, t het a=0, r =0, p=const, g=const, a=const, Y=0,
X=0, E=0, U=0, V=0, W0, x=0, y=0, z=0, CL=const, bet a=0, gamma=0, Orega=0, C=

0, Vz=const , kappa=const , onega=const , Q=const , R=const ) ;

Warni ng, new definition for norm

Warni ng, new definition for trace

Warni ng, new definition for close

Warni ng, new definition for ~ &\’

Warni ng, new definition for d

Warni ng, new definition for m xpar
L Warni ng, new definition for wdegree
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L orentz transfor mations

Lorentz transformations. x => X =[L] X,
take the indefinite quadratic form x"2+y"2+z"2-C"2t"2
into the indefinite quadratic form. X"2+Y"2+Z/2-C"2T"2
viathe matrix product <x|[Minkowski]|x>.
[Minkowski] is the Minkowski metric designated as [MM] in that which follows.
The Lorentz transformations are automorphisms of the correlation group relative to [MM]
(transpose[L]) [MM] [L] = [MM]
L orentz transformations preserve the Minkowski metric.
Applications to electromagnetism and the concept of signals are described at
http://www22.pair.com/csdc/pdf/specrel a.pdf
and
| http://www?22.pair.com/csdc/pdf/specrel 2.pdf
> dim=4;coord :=[Xx,y,z,C]; DR =d(coord);
dm:=4
coord :=[x,Y, z Ct]
L DR:=[d(x), d(y), d(z), d(Ct)]
> W =array([[1,0,0,0],[0,1,0,0],[0,0,1,0],[0,0,0,-111);

H H
7 ~

g 00 o
& 1 0 oY
MM"§0 0 1 og
© 0 0 -1

E MM is the Minkowski metric relative to the coordinates, [x,y,zt]
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Proper and Improper Lorentz Transformations.

Lorentz transformations can be represented by those invertible matrices that preserve the indefinite
guadratic form ,

(transpose[L]) [MM] [L] = [MM]
As the matrices are invertible their determinant must not be zero. The collection of all such matrices
form two digoint components, the proper and the improper Lorentz transformations of the Lorentz
group. Without being too precise, the proper Lorentz transformations have qualities that are similar to
euclidean rotations, and the improper Lorentz transformations have qualities that are similar to
euclidean rotations.
Proper Lorentz transformations can be represented by matrices that have a determinant > O; .hence
they include the Identity transformation. The proper Lorentz transformations form a subgroup of the
full Lorentz group.
Improper Lorentz transformations have adeterminant < 0. The improper Lorentz transformations do
not form a subgroup, for they do not include the identity transformation (whose determinant is plus 1).
Specia Lorentz transformations have determinant equal to plus 1, hence preserve the volume measure.
Special improper Lorentz transformations have determinant equal to minus 1.
Lorentz transformations can be represented by 4x4 matrices, and each matrix can be constructed from
products of primitive matrix generators. The primitive generators depend upon a single arbitrary
function (in the sense of a parameter), and correlate pairs of coordinate variables. The space-space
pairs (xy, yz, zx) have generators that are similar to the rotation and reflection matrices of euclidean
gpace. The space-time pairs (xt,yt,zt) have similar generators, but the correlation behavior of the
coordinate pairsis only approximated by the rotations and reflections of objects in euclidean space
when the the generating parameter has values close to zero..

Proper Lorentz space-timetransfor mations

First consider a matrix generator of a Lorentz transformation that is associated with the xt pair of
coordinates. The functional arguement or "generator parameter”, beta, is often identified with the ratio
of the velocity along the x axis to the speed of light. The function beta can be either positive or
negative, which isinterpreted by saying that the direction of the velocity changes sign. To take this
into account, the parameter beta(x,y,z,t) will be multiplied by the arbitrary number Q, where Q will
take on the values of either plus or minusone. Theideais smilar to the notion in electromagnetism,
where the direction of the current is related to the sign of the charge. Herein Q will be defined as the
"charge conjugation” operator, or the operator that "changes the direction of velocity. In addition, a
numeric factor R (with values plus or minus 1) can be introduced to account for "simultaneous
reflections” in both coordinates (for small beta).

The transformation for R =+ 1 can be interpreted (at least for small beta) as T~+t, X ~+ X"

The transformation for R = -1 can be interpreted (at least for small beta) as a"reflection in both the T
and the X axis.

X~-x, T~-1t". Rand Q are not the same.

As an example, consider the matrix defined (to within afactor) as:
| Lxt
[ > Lxt = evalm(matrix([[R/ (1-beta”2)”(1/2), 0, O,
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Q betal/ (1-betar2)~(1/2)], [0, 1, O, O], [O, O, 1,0],
[ @ betal/ (1-betar2)”(1/2), 0,0,
R/ (1-betan2)”(1/2)]])); DETLxt: =subs(Q*2=1, R*2=1, det (Lxt));

¢ R b u

6/ 1- b 1-bZH
_€ 0 10 0 u
HNTE 0 01 o0
g Qb R U

€ / 2 00 25
1-b 1-b°u

DETLxt :=1
Note that the determinant is plus one, so these "proper" transformations include the identity
transformation. For small beta, note that x~X and t~T, so that the "signs" of the coordinates stay the
same. Yet thereis a difference between the two generators for the two choices of Q. Infact [Lxt(Q =
+1)] isthe inverse matrix to [Lxt(Q = -1)]. Velocity direction conjugation (plus Q goes to minus Q)
forms the inverse Lorentz matix of the proper Lorentz space-time generator.
To prove that the Minkowski metric is an invariant of the correlation transformation generated by the
above matrix: compute (transpose[L]) [MM] [L] = [MM]
> MM " =(subs(Q‘2=1, R'2 =

1,sinmplify(innerprod(transpose(Lxt), MM Lxt))));

81 0 0 OH
,_€0 1 0 ou
MM"? 0 1 og
& 0 0 -lu
To prove that Q = minus 1 istheinverse of Q = plus 1, compute the product of LxtplusQ times

LxtminusQ:

> Lxt pl usQ =(subs(Q=1, eval m{Lxt))): Lxtm nusQ =(subs(Q=-1, eval m( Lxt))
) :

> sinplify(subs(R*2=1, i nnerprod(Lxtm nusQ LxtplusQ));

81 0 O 08
g) 1 0 OH
g 0 1 OB
e 0 0 1u

QED

Theresultsare valid if Q plus goesto Q minus ( Q minusisinterpreted by saying the velocity direction
has reversed). Note that Q plus goes to Q minus does not imply that t goesto minus T, or X goesto
minus X.

| mproper space-time Lorentz transfor mations

The improper Lorentz transformations have a negative determinant, and although are elements of a
separate component of the group of Lorentz transformations, they, as acomponents, do not form a
group (no identity element has det = minus 1).
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f

Asfor the proper Lorentz transformations, it is useful to introduce another number R, (similar to Q)
that takes on values of either plus or minus 1. The generator of improper Lorentz transformations
involving the xt pair of coordinates takes on the form, L xtimp:
> Ixtinp := matrix([[ R (1-betar2)~(1/2), 0, O,

Q betal/ (1-betar2)~(1/2)], [0, 1, O, O], [O, O, 1,0],

[-Qbetal (1-betanr2)”(1/2),0,0,

-R/(1-betan2)"(1/2)]]); DETLxti nmp: =subs( Q*2=1, R*2=1, det (Lxti np));

>
&4/1- b2 J1-b?2
e u
Lxtim '—8 0 10 0 H
P=g o 0 1 0 u
€ Qb R U
& 2 5 - 1
& 4/1- b 1- b*U
DETLxtimp :=-1
To prove that the improper generators are L orentz transformations, compute the quadratic form:
> MM " =(subs(Q‘'2=1, R*2=1, sinplify(innerprod(transpose(Lxtinp), MM L
xtinp))));
81 00 Og
,_€ 1 0 ou
MM "go 0 1 og
€ 0 0 -1u

QED

The transformation for R =+ 1 can be interpreted (at least for small beta) asa"reflectioninthe T axis.
T~-t, X~+X"

The transformation for R = -1 can beinterpreted (at least for small beta) as a "reflection in the X axis.
X~-X, T~+t"

*kk*k

The remarkable result is that these 4 distinct improper coordinate reflections as Lorentz generators are
such that each matrix isits own inverse. (Proof below)

Matrices such that the square of the matrix is the identity are said to be matrices " in involution™ .
Another term is"areflexive matrix". Reflexive matrices define a"symmetry" or an oscillation
Thisidea is not the same as the symmetrical and anti-symmetrical parts of the matrix. (The
symmetrical projector is{Lxtr + transpose(Lxtr)}/2 and the antisymmetrical projector is{Lxtr -
transpose(Lxtr)}/2.)

Further note that beta goes to minus beta does not generate the inverse matrix.

**

To prove involution, compute:

> subs(Q*2=1, R*2=1, i nnerprod((Lxtinp), Lxtinp));
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81 0 O OE
g) 1 0 OH
g 0 1 OH
€O 0 0 1u

| QED for any of the 4 combinationsof R and Q

" Question for later study:

How do these 4 improper generatorsrelate (if at all) to spinors???

The format for other generators of other coordinate pairs can be constructed by inspection:
The Q R and beta functions are distinct for each generator format. For the yt pair, betais often
| interpreted as the ratio of the velocity in they direction to the speed of light; etc.

> Lyt := evalmmatrix([[O0, 1, O, 0],[0, R/ (1-betar2)™(1/2), O,

Q beta/ (1-betar2)~(1/2)], [0, 0, 1,0],

[0, Qbetal/ (1-betar2)”~(1/2), 0,

R/ (1-betan2)”(1/2)]])); DETLxt: =subs(Q*2=1, R*2=1, det (Lxt));

g) 1 0 0 H
e R Qb u
D 0 !
Lyt o= 1- b’ 1-bZH
P = 0o —4
€ 41-b° 1- b*U
i DETLxt :=1
> Lzt := evalmmatrix([ [0, 1, O, O], [0, O, 1,0],

[0,0, RR(1-betanr2)”(1/2),
Qbetal/ (1-betanr2)”(1/2)],[0,0, Qbetal/ (1-betanr2)"(1/2),
R/ (1-betan2)”(1/2)]])); DETLxt: =subs(Q*2=1, R*2=1, det (Lxt));

o 1 0 0 u

0 0 1 0 U

% 0 R Qb U

EE T it A1 p?y

& Jl-b2 «/1-b2u
DETLxt := 1

| The format of the improper Lorentz tranformations for other coodinate pairs can be constructed in a
| Smilar manner.

' Compound space-time L orentz Transfor mations

The ideais to generate other Lorentz transformation matrices by multiplying generators in a matrix
fashion. The Lorentz generators do not commute. Hence the order of application is important and

| sometimes leads to surprising results.

| Thefirst example isto demonstrate that the "so called" velocity addition formula. Multiply two proper
generators for the same xt pair. Lxtb2 times Lxtb2. First assume the two betas are the same and
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| compute Lxtb1 times Lxtb1:
> Lxtbl : =
Ql*bet al/ (1- betal”2)~(1/2)], [0,
[ Ql*bet al/ (1- betal”2)”(1/2), 0, 0,

1, O,

(Lxtbl)));

D
Pyl
=

DQDIDIPID~
|_\
1
O
[N
N

o

0

Lxtbl :=

= O

[ —
D_OO
=

1
0
0

o

(WIDIDXDIDXDIDX

1- b1?
DETLxtb1 := 1

n2=1, det (Lxtsq)));

A 2

é_ 1+bl

g -1+b1?

e 0 10
Isg:=g 0 1

e

& Rlbl

2—
€ 2
é -1+Db1
1

| Show that the compound matrix is a Lorentz matrix:

),

<
<
i

0
0
1
0

o i Sl 1
oo r o

QED
| Now use two different velocity ratios, betal and beta2:
[ > Lxtb2 : =
@*bet a2/ (1- beta2722)"(1/2)], [0,
[ @*bet a2/ (1- beta2”2)"(1/2), 0, 0,

1,

(Lxtb2)));
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eval m(matri x([[ RL/ (1-betal”2)"(1/2),

eval mmatri x([[ R2/ (1- beta2”2)"(1/ 2),
0,

Oa
[Ol Oa

Oa

0], 1, 0],

RL/ (1-betalr2)~(1/2)]1])): DETLxt bl: =si npl i f y(subs(QLA2=1, R171=1, det

Q1lbl

- =
1
s © o
oy
=
N
o 1o e e ) e ) e g

[ —

1
oy
=

N

> Lxt sQ: =subs(QL"1=1, R17*2=1, i nner prod( Lxt b1, Lxtbl)); si nplify(subs(Rl

R1 b1

-1+b1?
0
0

1+b1?
-1+b1?

o 1o v o

> MM " =(sinplify(subs(R1"2=1, i nnerprod(transpose(Lxtsq), VMM Lxtsq))

o
o
ou
A

Oa
[Ol Oa

Oa

0], 1, 0],

R2/ (1-bet a272)~(1/2)]1])): DETLxt b2: =si npl i f y(subs(@"2=1, R2*2=1, det



¢ R2 Q2b2 U

S/ 1- b2 V1- b2 0

= 0 10 0o u

=e u
Lxtb2 = ) o 1 0o 4
S Q2b2 Re_ U

8 ¥

u

oy
1
LNH
o
o
=
1
O
N
N

1- b2

L DETLxtb2 :=1
| Create the product
> Prodblb2: =i nner prod(Lxtb2, Lxtbl);

SR2 R1 +Q2 b2 Q1 bl R2 Q1 bl+Q2b2 RLy
0 0
«/1 b2’ «/1 b1’ «/1-b2 «/1-b12
0

0 0 1 0
ER2 Q1 b1+ Q2 b2 R1 R2R1+Q2b2Q1b1U

00
e«/l b2 «/1 b1? «/1 b2 «/1 blzﬂ
Note the sengitivity on the Reflection and velocity direction numbers. R1,R2,Q1,Q2
The usual velocity composition for velocities in the "same" direction is determined from the expression:
| R1=R2=Q1=Q2=1
>
> "Velocity conposition
rul e’ :=subs(Ql=1, R1=1, @=1, R2=1, eval m{ Prodb1b2));

Prodblb2 :=

o o i

XDEDXDIDXD!

& 1+b2bl bl + b2 H

yl-bzle-bf «/1 b2? «/1 blzﬁ

. . g 0 1 0 u

=e u

Velocity composition rule : = 0 0 1 O H
& bl+b2 1+b2b1 U

0 O d

e«/l b2 «/1 b1? «/1 b2 «/1 b1* U

The ideaisthat Lxt(betal) times Lxt(beta?) does not equal Lxt(betal + beta?). In Lorentz
transformations the "velocity” vector is not additive in standard sense.

' Now repeat the same multiplication of two improper Lorentz transformations.
A self product of improper generatorsyieldsthe identity, astheimproper generator matricesare
reflexive.
| But consider different Reflections and different values of Q for the same xt pair:
[ > Lxtblinp := evalm(matrix([[Rl/(1-betal”2)~(1/2), 0, O,
-Ql*betal/ (1-betai”r2)~(1/2)], [0, 1, O, O], [0, O, 1,0],
[ Ql*bet al/ (1- betal”2)”(1/2), 0, 0,
-R1/ (1-betal”2)”(1/2)]])); DETLxt bli mp: =si npl i fy(subs(QL"2=1, R1"2=1
, det (Lxt b1i nmp)));
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¢ R QLbl g

5/ 1- b1’ J1-b1°§

& 0 10 0 U
Lxtblimp := & u
§Qlobl 0 221 ;

g 00 -———4

u

:

1- b1
L DETLxtblimp :=-1
[ > Lxtb2inp := evalm(matrix([[R2/(1-beta2”2)~(1/2), 0, O,
- QR*bet a2/ (1- beta2~2)~(1/2)], [0, 1, O, O], [0, O, 1,0],
[ @*bet a2/ (1- beta2”2)"(1/2), 0, 0,
-R2/ (1-beta272)”(1/2)]])); DETLxt b2i mp: =(subs(@"2=1, R2"2=1, det ( Lxt
b2im)));

¢ R2 Q2b2 u

5/ 1- b2? 1- b2’ U

. & 0 10 0 u
Lxtb2imp := & u
§onbz 0 gez ﬁ

= F—— 0 0 - 77—}

&/ 1- b2° 1- b2*0

L DETLxtb2imp :=-1

| Choose betal=beta2

[ > prodblb2i np: =subs(R2"2=1, R1"2=1, Q1"2=1, Q2"2=1, bet a2=bet al, i nnerpro
d( Lxt b2i np, Lxtblinp)); MM " :=sinplify(subs(R2"2=1, R1"2=1, Q1"2=1, @
n2=1, bet a2=bet al, i nner prod( pr odblb2i np, MM pr odbl1lb2i np)));

>

g -R2R1+Q2b1*Q1 - R2Q1lbl- Q2b1RLY
§ 1- b1? 1- b1? lHJ
. & 0 1 0 0 u
prodblb2imp := € u
§ 0 0 1 0 2 g
8R2le1-sz1R1 0o . -R2RL+Q2b1 Qlﬁ
e 1- b1? 1- b1? u

& 0 0 Oof

, & 1 0 ou

MM "gno 0 1 og

€@ 0 0 -1d

| The resulting product of xt pair generators (for the same beta) depends on the valuesof Rand Q. The

| products are in involution if R1=R2 and Q1= Q2 or R1=-R1 and Q1=-Q2.

[ > Z:=subs(R172=1, Q1"2=1, R2"2=1, @@~ 2=1, eval n(i nner prod( pr odb1b2i np, pr
odb1b2i nmp))): ZZ: =subs( R2=R1, Q=Q1, eval m(Z)): "I nvolution (for R2=Rl
and Ql=Q2) or (R2=-Rl1 and Q@2=-Q1l)
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“=sinplify(subs(R1M"2=1, Q1"2=1, eval m(Z22)));
Lxtimp(bl) times Lxtimp(bl) =1 (no velocity addition law!!!)
>

Involution (for R2=R1 and Q1=Q2) or (R2=-R1 and Q2=-Q1) =

O O

0 u
0 Ou
1

SSiol)

0 0 1u

| If Q2=-Q1 and R2=+R1 or Q2=+Q1 and R2= - R1, then the product does not yield the identity

[ > Z:=subs(R172=1, Q1"2=1, R2"2=1, @@~ 2=1, eval n(i nner prod( pr odb1b2i np, pr
odb1b2i np))): ZZ: =subs(R2=-R1, @=Q1, eval m(2)): "I nvol ution (for
R2=-R1l and Q=) or (R2=Rl and 2=-Ql)

“=sinplify(subs(R1M"2=1, Q1"2=1, eval m(Z22)));

Involution (for R2=-R1 and Q1=Q2) or (R2=R1 and Q2=-Q1) =

€ 1+6b1°+b1’ (1+b1)b1R1Q1

e 2 00 Ll

&  (-1+b1%) (-1+b1%) U

g 0 10 0 ¥

§ 0 01 0 lHJ

2 2 4

§4(1+b1)b1R1Q1 0 0 1+6bl +b1 E

€ (- 1+b1) (- 1+b1) u
Compound space time Lorentz transformations for different axis
pairs

| now study the round trip Lyt(-beta) times Lxt(-beta) times Lyt(beta) times Lxt(beta)

[ > Lxt pl usQ =(subs(Q=1, bet a=bet al, R=1, eval n{Lxt))); Lxt m nusQ =(subs(Q
=-1, bet a=bet al, R=1, eval n(Lxt)));

> Lyt pl usQ =(subs(Q=1, bet a=bet a2, R=1, eval n{Lyt))); Lyt m nusQ =(subs(Q
=-1, bet a=bet a2, R=1, eval n{Lyt)));

> Roundtri p: =sinplify(subs(R*"2=R2, bet al=bet a2, i nner prod(Lyt m nusQ Lx
tm nusQ Lyt plusQ LxtplusQ));

& 1 bl 0
&E——— 0 0 u

8/ 1- b1? 1- b1°U

¢ 0 10 0 u

LxtplusQ := 3 0 0 1 0 H
S u

€ bl 1 4

3 ¢!

u

e
: 1
1
(o
=
N
o
o
[ —
1
(o
=
N
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8 1 0 o bl H
&/ 1- b1 1- b12y
& 0 10 o U
i = u
LxtminusQ : g 0 0 1 0 "
e u
& bl 1 U
& 00 o
& 4/1-Db1° AJ1-Db1% U
L 1 0 0 U
g 1 0 b2 i
& J1- b2 J1- 0224
LytplusQ ;=€ u
€0 0 1 0 U
e u
& b2 1 U
9 —— 0o ——i
& 1- b2 A 1-b2%0
L 1 0 0o U
g) 1 0 b2 H
. &  J1- b2 1- b22U
LytminusQ := € u
€ 0 1 0o u
e u
& b2 1 U
P —— 0 —|
& 1- b2 1- b2* U
Roundtrip :=
& b2 1 b2 u
. T — 0 o
g -1+b2 1- b2? -1+b2 u
§ b2% (4/1- b2% - 1) b2* - 1+b2%4/1- b2? . b2(4/1-b22-1)§
e 2 } 2 2 u
€ (-1+b2%) (-1+b2%) (-1+b2%) U
€ 0 0 1 0 u
& (b224/1- b22- 1)b2 b2(-2+2b22+4/1- b2%) 224/ 1- b2? - 1U
% 2,2 2,2 0 - 2,2 H
L € (-1+b2%) (-1+b2%) (-1+b2°) U

It is quite apparent that the round trip does not give the Identity !! Even though the in the above
example, betal=beta2 in magnitude.

Hence you do not wind up at the same position for the round trip ( adefect occurs) (A similar result
occurs for the rotation of arigid body in 3 dimensions). The xt and yt pairs however are usually
attributed to trandations, not rotations, yet the compound round trip Lorentz transformations do not
yield theidentity. In euclidean geometry, around trip trandational displacement, first along x, then
along y, then along minus x and then along minus'y yields the identity. Not so in Minlowski geometry.

L orentz Space Space transfor mations

| As above, there are both proper and improper space-space Lorentz transformations that preserve the
Minlowski metric.
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A format for the xy pair generator is given by the expression

. Lxy

[ > Lxy := subs(Q‘2=1, R*2=1,eval n(matri x([[ R*cos(beta),
Qsin(beta),0,0], [-Qsin(beta), R*cos(beta),0,0],[0, O, 1, 0], [0,
0, 0,1]]1))); DETLxy: =si npl i fy(subs(Q*2=1, R*2=1, det (Lxy)));

eéRcos(b) Qsn(b) O OH
e Qsgn(b) Rcos(b) O Ou
Lxy = g 0 0o 1 ou
e 0 0 0 1u

DETLxy =1
> MM " =sinplify(subs(Q*2=1, R*2=1, i nner prod(transpose(Lxy), MM Lxy))

81 00 03

., & 1 0 ou
MM"go 0 1 oﬂ
© 0 o -1

| From experience with 3 dimensions, it is apparent that the proper space space Lorentz transformations
correspond to rotations: LXy is arotation about the z axis. R goes to minus 1 implies for small beta
that both the x and y axes get inverted. Q gors to minus Q implies the sense of rotation is changed.
The Proper Lorentz space space transformations are members of the orthogonal group. transpose[Lxy]
| times[Lxy] =[I]

> "Lxysq :=sinplify(subs(Q‘2=1, R*"2=1, i nnerprod(transpose(Lxy), Lxy)))

ou

%
0 1u

generated from

= O O

7]

[ The improper space-space Lorentz transformations ar
| Lxyimp
[ > Lxyinp := subs(Q'2=1, R*2=1, eval n(matri x([[ R*cos(beta),
Qsin(beta),0,0], [Qsin(beta),-Rcos(beta),0,0],[0, O, 1, 0], [0,
0, 0,1]]1))); DETLxyi np: =si npl i fy(subs(Q*2=1, R*2=1, det (Lxyi np)));
S’Rcos(b) Qsn(b) O
erm(b) -Rcos(b) O Ou
Laimp:=8~ 0 1
e 0 0 0

DETLxyimp :=-1
[ To show that Lxyimp is a Lorentz transformation, compute
> MM " =sinplify(subs(Q‘2=1, R*2=1, i nnerprod(transpose(Lxyinp), MM Lx

yinp)));
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g 00 o
& 1 0 oY
MM"? 0 1 og
© 0 0 -1f

QED

Now observe that the square of an improper Lorentz space-space transformation is the identity. Hence
the improper space space transformations (which reflect one or the other of the paired axes, but not
both) generate involutions.
C> Lxyi npsq :=sinplify(subs(Q'2=1, R*2=1, i nner prod(transpose(Lxyi np),
Lxyimp)));

81 0 0 08
Lxyimpsq := 8) 10 OH
g 0 1 OB
€ 0 0 1

| Comparing space-time and space-space Lorentz transformations it is apparent that the proper
transformations can reflect both axes of the pair (or not), while improper transformations can and will

| aways reflect only one of the elements of the pair.

| To this stage, the functions beta in the above generating formulas (six different betas related to the six
different paired axes)
can be functions of the independent variables, {x,y,z,t}. Henceif careistaken with differentiations of
the matrix elements, it is possible to devise Lorentz transformations that can be associated with
accelerated systems. The induced transformations on the differentials that preserves the differential
line element ds"2 = <dR|[MM]|dR> may lead to a system of ordinary differential equations that are not

| uniquely integrable. For example, compute the vector array of differential 1-forms, sigma:

[ > sigma: =i nner prod(Lxt, DR);

éRd(x) + Qb d(Ct) Qb d(x) +Rd(Ct) 1

s =& ,d(y), d(2),
I &  J1-b° A1- b2 v
[ >

| The question arises. "Is each component of sigma equal to the differential of afunction. In the above
formulait is apparent that dY = dy and dT = dt are perfect differentials, but issigmal = d(X) and is
sigmad = d(T) ??? Thisquestion is subject to test. If true then the exterior differential of sigmal and
| sigma4 must vansish.

[ > sigmal: =sigma[ 1] ; si gma4: =si gma[ 4] ; d(sigmal) :=sinplify(d(sigm|1]
)); d(sigmad) :=sinmplify(d(sigma[4]));ffx:=sinplify(wollect(signm
[1] & d(sigma[1]))):fft:=sinplify(wcollect(sigma[4]&d(sigma[4]))):

1= Rd(x) + Qb d(Ct)

A 1-Db°

_ Qbd(x) +Rd(Ct)
A 1-Db°
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s4:




Rb (d(b) &*d(x)) +Q (d(b) & d(Ct))

(-1+b%)4/1-b°
Q(d(b) &* d(x)) + Rb (d(b) & d(Ct))

: d(sigmad) :=- (-1+b2)m
TO BE CONTINUED

E > DEQ =cos(Orega) *d( X)-d(x)-sin(Orega) *d(t); d(DEQ ; FRO =DEQ&"d( DEQ) ;
| For FRO goesto zero implies X = X(x,t) which is the desired solution.

d(sigmal) :=-

[ > GG =eval n(sinplify(inverse(FF)));

[ > signma: =i nner prod( FF, d(coord));

> 'd_sigmal' =d(sigm[1l]);

> 'd_sigma2' =d(sigm[2]);

> 'd_sigma3' =d(sigma[3]);" ' d_signad' =d(sigma[4]);toptorsionl:=sigm[1l

] &*d(sigma[1]);

>

| Theinduced 1-forms are not exact, and not closed, but they are integrable. If the induced 1-forms

| were al closed, the the fundamental group is the group of trandations. (Slebodzinski p. 293)

(> DG =array([[d(Gd1,1]),d(Cd1,2]),d(Cd1,3]),d(Cd1, 4])],[d(CH 2,
1]),d(GH2,2]),d(GH2,3]),d(CH2,4])],[d(Cd3,1]),d(CH3,2]),d(H
3,3]),d(GH3,4])],[d(CH4,1]),d(CH4,2]),d(CH4,3]),d(CH4,4])]]):

>
[ > CARTANRI GHT: =si npli fy(i nner prod(-DGG FF));

[ > CONJ: =sinplify(innerprod(FF, CARTANRI GHT, - GG ) :

| The Left Cartan matrix is the Shipov Connection (IMO)

[ > CARTANLEFT: =si npli fy(innerprod(FF, DGG ) ;

[ > sinplify(eval M CARTANLEFT- CONJ) ) ;

[ > beta:=vV(CQ)/C

| CARTANLEFT ISTHE negative CONJUGATE OF CARTANRIGHT
| NOW use tensor methods

| First compute the differentials of the inverse matrix
> for i froml to dimdo for j from1l to dimdo for k from1 to dim

| do di1GHi,j,k] := (diff(Gdi,j],coord[k])) od od od:
| Compute the elements of the matrix product of - d[G][F]

“which istheright Cartan matrix

> for b fromlto dimdo for a from1l to dimdo for k from1 to dim
do ss:=0;for mfrom1l to dimdo ss := ss+(d1GH a, m k] *FF[ m b]);
Cda,b,k]:=sinplify(-ss) od od od od ;

>

> for b fromlto dimdo for a from1l to dimdo for k from1 to dim

do if CJa,b,k]=0 then else print( Cabk (a,b,k)=C(a,b,k]) fi od

od od ;
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THE non zero CARTAN CONNECTION coefficients.
C(abk) index (1,-1,-1)

| These results agree with matrix method above.
| Now compute the Anti symmetric [bk] components of the Cartan connection:
> for j froml to dimdo for i from1l to dimdo for k from1 to dim
| do ss :=(Cdi,j,k]l-Cdi,k,j])/2; TTCCS[i,),k]:=ss od od od ;
> for i froml to dimdo for j from1l to dimdo for k from1 to dim
do if TTCCS[i,],k]=0 then else
print( CartanaffineTorsion (i,k,j)=TTCCS[i,k,j]) fi od od od ;

If no entries appear here, there is no affine torsion

Next construct the induced metric on the initial state

. Notethat if W isnot afunction of x, y, or z, then there is no affine torsion.

| Christoffel Connection coefficients from the metric

[ > nmetric:=sinplify(innerprod(transpose(FF),LGUN, FF)); det(netric);

[ > ssigma: =i nnerprod(netric,d(coord));

> d(ssigma[1]);d(ssigm[?2]);

> d(ssigma[3]);d(ssigma[4]);toptornetric3: =wcol | ect (ssi gma[ 3] & d(ssi
gma[3]));toptornetricd: =wcol | ect (ssi gma[ 4] & d(ssigma[4]));

[ > metricinverse: =inverse(netric):

> for i froml to dimdo for j from1l to dimdo for k from1 to dim
do dlgunf[i,j,k] := (diff(metric[i,]],coord[k])) od od od:

> for i froml to dimdo for j fromi to dimdo for k from1 to dim
do C1S[i,j,k] :=0 od od od; for i froml to dimdo for j froml
to dimdo for k from1 to dimdo C1S[i,j,k] :=
1/ 2*digun[i, k,j]+1/2*dlgun[j,6k,i]-1/2*dlgun[i,]j,k] od od od;

> for k froml to dimdo for i froml to dimdo for j from1l to dim
do ss :=0; for mto dimdo ss := ss+netricinverse[k,n]*C1S[i,j,n
od; C29[k,i,j] := sinplify(factor(ss),trig) od od od;

> for i froml to dimdo for j from1l to dimdo for k from1 to dim
do if C29[i,j,k]=0 then else print(  Gamma2 (i,j,k)=C29[i,j,k]) fi

| od od od;

" Thenon zero Christoffel Connection coefficients 2nd kind

I Gamma2(a,b,k) index (1,-1,-1)

[ >

| NOTE THAT for the Jacobian basis frame, the Cartan Right matrix is EQUAL to the Christoffel
CONNECTION matrix. This conjecture works, but | have not proved it abstractly.

i NOw compute the Tabk as

( Tright(abk) = Cartanright(abk) - Gamma(abk)
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]

> for i fromlto dimdo for j from1l to dimdo for k from1 to dim
do ss:=0; ss := (CCi,j,kl-C29[i,j,k]); CCTR[i,j,k]:=sinplify(ss)

| od od od

> for i fromlto dimdo for j from1l to dimdo for k from1 to dim
doif (C29[i,j,k]=0 and CJi,j,k]=0) then el se
print("T (i,j,k)=simplify(CCTR[i,j,k])) fi od od od ;

The" Right Rotation Coefficients' vanisn if theframeisan
Integrable Jacobian matrix. Thereisno AFFINE torsion in the
sense of an anti-symmetric component of the connection.

The Anti-symmetric part of the RIGHT CARTAN MATRIX vanishes for aframe constructed from the
Jacobian matrix of a map.

Now compute the Shipov Delta connection, which isthe L eft
Cartan matrix

> for afroml to dimdo for j from1l to dimdo for k from1l to dim
| do diGda,j,k] :=sinmplify(diff(Gda,j],coordlk])) od od od:
| Compute the elements of the matrixx product of [F]d[G]
> for i froml to dimdo for j from1l to dimdo for k from1 to dim
do ss:=0;for mto dimdo ss := ss+FF[i,n]*(d1Gd mj, Kk]);
| DD[i,],k]:=sinplify(ss) od od od od ;
> for i froml to dimdo for j from1l to dimdo for k from1 to dim
do if DOi,j,k]=0 then else print( Delta (i,j,k)=DD[i,j,k]) fi od
od od ;
NON-ZERO SHIPOV CONNECTION coefficients
L Cartan left matrix =Delta(ijk) index (1,-1,-1)
| These values agree with the matrix methods.
| The anti-symmetric part of the Shipov (Left) CARTAN Connection
> for j froml to dimdo for i from1l to dimdo for k from1 to dim
do ss := (DDi,j,k]-DDfi,k,j])/2; TT9[i,j,Kk]:=sinmplify(ss) od od
od ;
> for i froml to dimdo for j from1l to dimdo for k from1 to dim
do if TTS[i,],k]=0 then else
print (" ShipovTorsion (i,k,j)=TTS[i,k,j]) fi od od od ;
. Now compute the Tijk assuming the formula
[ T(ijk) = Cartanleft(ijk) - Gamma(ijk)
> for i froml to dimdo for j from1l to dimdo for k from1 to dim
do ss:=0; ss := (DOi,j,k]l-C29[i,j,k]);
SH PTR[i,],k]:=sinplify(ss) od od od
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>

>

> for i froml to dimdo for j from1l to dimdo for k from1 to dim
doif (C29[i,j,k]=0 and DOi,j, k]=0) then el se
print("T (i,j,k)=sinmplify(SH PTR[i,j,k])) fi od od od ;

[ >

' The"LEFT Rotation Coefficients'

| But it does not seem to make sense (to me) to subtract the Christoffel part from Delta.
[ >

[ >
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