> restart;
>
with(liesymnm:with(linalg):setup(x,y,z,t,s,C);deforns(a=const, b=const, c=cons
t, d=const, p=const, n=const, k=const, omega=const, e=const ) ;
Warni ng, new definition for close
War ni ng, new definition for norm
Warni ng, new definition for trace

[X vy, 7zt s Ct]
deforms(a = congt, b = const, ¢ = congt, d = const, p = const, h = const, k = const, w = const, e = const)

Classic Implicit Surfaces in 3D using HOLDER NORMS
R. M. Kiehn
Updated 11/26/2000-12/02/2000-12/22/2000

The similarity invariants for the Jacobian matrix of the surface normal scaled by the Holder norm with
a=b=c=1,n=1,p=2
yields the classic partial differential equations for the Mean and Gauss curvature. The surface is
defined by the zero set of some function Phi(x,y,z). That is, the implicit surface is defined by the

| equation Phi(x,y,z) = 0.

> Phi:= f(x,vy,2);

L F :=f(x Yy, 2)

[ >

[ Construct the Normal field to the implicit surface as the gradient of Phi(x,y,z) with respect to (x,y,z)
> Al:=di ff(Phi, x);A2: =di ff(Phi,y);A3: =di ff(Phi, z);

T
Al = ﬂxf(x’ Y, Z)

::%f(x, Y, Z)

T
I A3 := ﬂzf(x, Y, Z)

r> A =[ AL, A2, A3];

A'—glf(x z)lf(x z)lf(x z)g
TEg o Hhgy Y g Y B

[ Construct the Holder Norm and divide each component of the gradient by the Holder norm.

T > |l anbda: =(a* Al 1] "p+b* Al 2] *p+c* Al 3] *p) A(n/ p); a: =1; b: =1; c: =1;
Force lambda to be homogeneous of degree 1 by choosing n = 1, specialize the degree to p =2, and
euclidean signature 1,1,1 to make a correspondence with the Gauss map and classic implicit surface

theory.
> n: =1; p: =2;

H-O:

S

?;
2 ¢, & ¢ & &0
I = ga ﬂxf(xlyl Z)B+b ﬂyf(xi Y, Z)E+C ﬂzf(xly, Z)%%

T S5 0 T O
YR YRR
N P PR R

[ > NA =eval n{[ AL, A2, A3] /| anbda) ;
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gv I (xyz) +g—f(xyz)g+ ﬂ—zf(xyz)‘
1 f(x, Y, 2) 1 f( XY, Z)

& & o4 0
\/ae‘” f(xy,2)x +g_f(xyZ)Q,+ae‘”_f(XyZ)EJ vﬂ f(xy,2)= +aelf(xy2); o f(x.y, 2)3

X 1z

[ Compute the Jacobian matrix of the normalized gradient
> JAC. =(j acobi an(NA, [ X, Y, z])); DET: =f act or (det (JAQ) ) ;

JAC :=

e
€ = 2
1k oF
€
€
& o ozt 2l P 0 o o T el
gzg‘ﬂx (X, Y, z)ﬂgﬂxzf(x Y, z) +2§ﬂ f(x,y, ) gﬂ ‘ﬂxf(x Y, z) +2 ﬂzf(x,y, Z)Bg‘ﬂz‘ﬂxf(x'y' Z)BB
aefl Fgs’d
/ g X f(xy, Z)— +§—f(x Y, Z)— +g—f(x Y, )==
T
ﬂXZf(X’y'Z) - B f(x yZ)
M ﬂx (x,y,z)gz+§a‘"—f(x,y,z)gz+§e‘”—f(x,y,z)g2 b
® 7 0 o o

00
zgﬂx (x,y,2)= gﬂ i f(x, Y, z)‘ Zgﬂ—f(x Y, z) g—f(x Y, z) +26—f(xY, z)ggﬂzﬂyf(x, Y, Z)EE

Fg3'2
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9z

ot wm oo o o e i

fiy Ix f(x "o - laeﬂ—f(x 2)9
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gﬂ f(xyz) +g f(xyz)g+ f(xyz)
il o T aei aeﬂz 0, & o’ 00
gz f(x,y, z)ﬂ 27k f(x,y, z) +2 f(x Y, z)ﬂ Py f(x,y, Z)E+2 'ﬂzf(x’ Y, Z)Bg'ﬂ_zzf(x'y' Z)BB/
020(3/2)
ggﬂ—xf(xyz) +g—f(xyz) +g—f( yz)——
2 u
u
. ﬂZ ﬂXf(X' yl Z) g
el ¢, el ¢ o ol
M ﬂxf(x' Y, z)E +gﬂyf(x, 2 z)E + 'ﬂzf(x Y, z)a H
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M — f +&—f 02+a=!ﬂ_f g 2°
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Fg3/2
/ ?eﬂﬂx oy 2)3 +g—f(x v.2)% +g—f(x v.2%=

2

1
_f , ,
' bey.2) 1aeM 0
I ,, .. PRR TICHVE):
Mﬂf 92+ae‘ﬂ_f 92+ae‘”—f 92 2 ey ?
gﬂ (X! yl Z)T g (X! y! Z)T gﬂz (X! yl Z)T
il oe ¥ el | oo’ el
gz f(x,y, )g = ﬂxf( yz) +2§ f(x,y, ) g—f( yz) +2 ﬂzf(x,y,z)agﬂ—zzf(x,y,zaa
deslz)
ggﬁf(x Y, z) +g—f(x 2 z) +g—f( Y, Z —E’
2 u
. f(X,y,Z) ﬁ
’ ¢ ae-n G o Gl
Eall il efl 0 u
M X (xyz)g+ f(xyz)g+ ﬂzf(XyZ)BH
e
& =
S 2k (xy.2)%
e
€
¥l ot 0 @ 0@ 6 . o= 60
gzgﬂxf(x, Y, z)agﬂxzf(x,y, z),+2§ f(x,y, z)fgﬂ x f(x, Y, Z)E+2 ﬂzf(x,y, Z)Eg‘ﬂzﬂxf(x'y' z)EE
m e el 92§3/2)
/ggﬂxf(xyz) +g f(xyz) +g f(x,y, )——
2
e V2 1= 0
2 .ﬂz( Y 2)

+
& & g
M%f(x, Yy, 2) % +§:ﬂ—f(X, Y, Z)g +§izf(><, Y Z)i

Byl g—( .22 +zg—f(xyz) g—f(xyz>°+2 Sy Sy 222

3/2)
/ %f(x 2 z)- +gﬂ—f(x 2 z)- +gﬂ—f(x \2 z)
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2

f(x.y,2)

flz Ty 1a 0
2 A
g'ﬂ f(xyz) +g f(xyz)g+ f(xyz)
gZ XY 2)% X, ,zT G} ﬂzf(x,y,z)a ﬂzzf(x,y,z)aa/
3/2)
g—f(xyz) +gﬂ—f(xyz)—+aeﬂ—f(xyz)::
i U
— u
ﬂzzf(xyz) H
u
— f +e—f +6—f 92H
Eﬂ (XyZ)— g (XyZ) g (XyZE;H
DET:=0

- > MEAN_CURVATURE: =f act or (trace(JAC)/ 2) :

2

1 . . .
MEAN_CURVATURE = g 2 % f(x,y, 2) g%f(x, Y, Z) ggﬂﬂﬂ f(x Y, z)g

o)
-2 ﬂ—f(xyz) —f(xyz) gﬁf(xyz) +gﬂ—f(xyz) g—f(xyz)Ej

2

9 0
+ gﬂ—zf(x, Y, z)r$Zj gﬂ—xzf(x, Y, z)g- 2 gﬂ—yf(x, Y, z)ggﬂ—zf(x, Y, 2)= (XY, z)g

ﬂg‘ﬂz ‘Hyf

IS ORI -t IR - AU - BN
+gﬂxf(x,y,z)7gyzf(x,y,z)7+g—y2f(x,y,z)fg f(x,y,z)7+§22f(x,y,z)fgﬂ f(x,y,z)T

2

g—zzf(xyz) gﬂ—f(xyz)—‘/ggﬂ—xf(xyz) +gﬂ—f(xyz) +gﬂ—f(xyz)::

[ Note the classic formula for the mean curvature of a 3D implicit surface in xyz is obtained.
> S2:=factor(trace(i nnerprod(JAC, JAC))):
Gauss: =f act or ( - ( 1/ 2) *(-tr ace( JAC) *tr ace( JAC) +S2));

Gauss .= ae —f(xyz)— —f(xyz)— —f(xyz) f(xyz)_
T 1z 'n T 1%

2 2

- Oce 0
+2 g‘ﬂ_x f(x,y, Z)Eg‘ﬂz Ty f(x,y, Z)Eg‘ﬂzf(x’ Y, Z)Esgﬂy ."Xf(x, Y, z)E
— (XY, z)ggf(x, 2 z)g%f(x, 2 z)ggnﬂ‘” f(x,y, z)%
0
f(xy,2)= gﬂ—y( Y, 2)E gﬂy—ﬂx( Y, 2)% g—f(xyZ)
(XyZ) gﬂ—( Y ) gﬁ(( yZ) g—f(xyz); gﬁ(( Yy ) gﬂ—f( yZ)‘
- g—‘ﬂy‘ﬂxf(x' Y, z)ria gﬂ—zf(x, Y, Z)E +2 ‘Hy‘ﬂx E —yf(x, Y, z)ggﬂ—zf(x, Y, z)gg—ﬂzﬂxf(x, Y, z)‘ia

i ozt o P ozt oz ¢
+ g&f(x, Y, Z)Eg‘ﬂyz f(x,y, Z)Eg‘ﬂzf(x’ Y, Z)B + gﬂxzf(x, Y, Z)Eg'ﬂzzf(x' Y, Z)Bg‘ﬂyf(x’ Y, Z)B

N3 I N
- Zgﬂzf(X,y, Z)Tgﬂ ‘ﬂyf X, Y, p f(x, Y, z)Tg Xzf(x,y, Z)E,/
&

gﬂ—f(xyZ) +aeﬂ—f(X>/Z)—+aeﬂ—f(XvZ)==
[> ADJAC: =adj oi nt(JAC)
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> ADJO NT_CURVATURE: =f act or (trace( ADJAC)) ;
ADJOINT_CURVATURE = — (X, ger )T +6—f(x vy, 2z 92
gg(y)gﬂﬂy(y)g(y)a

O
+Zg&f( y)gﬂ—ﬂy( Y, 2)E gﬂ—( y)g—( yZ)g
0

+2f fxy D T, )ﬂgﬁ( V)5

i et 0
g—yzf(x, Y, Z)Egﬂ—zzf(x, y.2)%

&l o}

Zgﬂxf(xyz) gﬂ—( Y, 2)= gﬂyﬂx —f(xy2)—

2§((xyz) gﬂ—( Y ) gﬁ(( yz) g—ff(xyz)‘ gﬁ(( yz)‘gﬂ—f( yz)—

%f(xyz) gﬂ—f(xyz)‘ 2 Ty .ﬂx —f(xyz) gﬂ—f(xyz) g—f( yz)‘

2 &
+g (XY, 2)x g—yzf(xyz) g—f(xyz)— g—f(xyz) g—zzf(xyz) g—f(xyz)EJ

el e i

Zgﬂz( Y, 2)E gﬂ ﬂy f(xyz) gxzf(xyz)—/
e

[oxlo3
Z)T + —f XY, Z)E + —f z ::
I ggﬂ(y) g (y) g (xy.2)%
[ >
[ Note that the classic formula for the ADJOINT Gauss curvature of a 3D implicit surface in xyz is
obtained.

Now define the adjoint current, and show that in 3D the adjoint current times the homogeneous vector
is equal to the trace of the adjoint matrix. Moreover show that the 3D divergence of the adjoint current
| so defined is globally zero.
> CurrentJ: =i nnerprod( ADJAC, NA) ; I nteraction: =i nnerprod(CurrentJ, NA); Di vJ: =facto
r(diverge(Currentd,[X,y,2]));
2 O% 2

g o o 1
Currentd := §§§ﬂy f(x,y, Z)Eg‘ﬂz i f(x,y, Z)Egﬂz ﬂyf(x' Y, 2) 5

> 2

g_ﬂ Fl Qaeg_ﬂz 0 &l oz 1
+ ﬂzﬂyf(x’ Y, Z)Egﬂzf(x' Y, Z)E ‘ﬂyﬂxf(x’ Y, Z)B- gﬂyf(x, Y, z)E ‘ﬂy‘ﬂxf X

i Ol oz T 0, = Qe Ol 9
- gﬁf(x, Y, Z)Esgﬂ f(x,y, z)E . ﬂxf XY, z g—yzf(x, Y, z)fg sz(x, Y, z),g f(x,y, z)T

ae‘nz 3/2) ®
g PR 2% ) / g6, 100y, o 2o f iy 29 EaE oy, H =
%ﬂZ . 9 ¢ + 5l 2, £ + = f hod f 9

9z Ix XYz P ‘ﬂz‘ﬂy >y, Z)Eg‘ﬂx >y, Z)E g‘ﬂy‘ﬂx oy, Z)Eg‘ﬂz Oy, Z)Bm >y, 2)5

al o Ot Sl oz 1 ¢
+ gﬂyf(x, Y, z)ag&f(x, Y, Z)Eg'ﬂ_zzf(x’ Y, z)a- g‘ﬂy f(x,y, z)Tgﬁf(x, Y, z)T

R O < PO T
- gﬂyﬂ f(Xv Y, Z)_gﬂzg f(X1 Y, Z)T f(X1 Y, Z)T' f( y Ys )ngﬂ ﬂyf( ' Ys Z) gﬂxz f(Xv Y, 2)66/

— f — f T+ f(x 9293/2) g f 9—f Qaeﬂz f 9
ggﬂx (%Y, Z) +g (%Y, Z) +gﬂ (%Y, ) g—gﬂyﬂx XY, Z Bg'ﬂy (%Y, Z)Bg_ﬂzﬂx (%Y, Z)E
ﬂ f + f + _f =+ _zf 2&3 ﬂz f gaﬂ_f 9
- m (X! yl Z)agﬂy_ﬂx (X! y! Z)agﬂx (X! y! Z)a gﬂyz (X! y! Z)B ﬂZﬂX (X! y! Z)agﬂx (X! y! Z)a

>® 2
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2

+§T—ﬂﬂyf(x’ Y, z)gg%f(x, Y, z)ggaelf(x, 2 z)g- ?Lff(x, Y, z)%%f(x, 2 z)g?%f(x, Y, z)g

02 g3/

gﬂy—.ﬂ f(x,y,2)= ?—Tf(x Y,z )“/ ggﬂ—f(x y,Z) +g—f(x y,Z) +g—f(x Y, )“ E
Interaction::g-gﬁf(x,y,Z)Eng( y,z) + —f(x y,z) g—f(x y,2)x g—f(x y,z)‘

2 R, oy 2 f Q
+ gﬂx (X1 yi Z)Tgﬂ—ﬂy (Xv yi Z)Tgﬂ (X1 yv Z)Tg— (Xv yi Z)a

+2aeﬂ—f(x,y,z) —f(x Y, 2)% gﬁ( Y )

)0
21
2

‘IT‘IT

=5l 0
- Zgﬂ—xf(x y,z) gﬂ—f(x y,z) Ay ‘ﬂ z) g—zzf(x y,z)_

call el <l 9 el Y
-Zgﬂxf(x y,z) gﬂ f(x, y, ) gﬁ(( y,z) gyzf(x y,z) gﬁ(( y,z) f(x y,Z)
%1-[2 2

N e Oeef el
gﬁ (X y! Z) f(X yl Z) zgﬂyﬂxf(xi yl Z)a ﬂyf(xi yl Z) f(X yl ) g_f( yl Z)_

0 0 v er Oeef’ 0 5
+§—2f(x, Y, z)Ig—yzf(x, Y, z)Igﬂ—f(x, Y, z)g + —Zf(x, Y, z)igﬂ—zzf(x, Y, Z)ggﬂ—yf(x, Y, Z)E

a-[ 2
- Zgﬂ_zf(x Y, 2)% gﬂ 21y f(x.y, Z) _f(X Ys Z) f(X Y, Z)—/

o
f(x,y,2)= +6—f(x,y,2)= +g—f(x, v,z
gﬂx(y)gﬂ(y)g(y)
L Divl:=0
[ It is now apparent that the interaction between the potentials and the conserved current is

| equal to the Adjoint curvature of the simple surface.

[ EXAMPLE
[>

[ The Monkey saddle as an implicit surface phi(x,y,z) mapped to zero.

>
> Phi : =z- x"3+3*x*y"2;

L Fi=z- X+3xy
[ >
[ Construct the Normal field to the implicit surface as the gradient of Phi(x,y,z) with respect to (x,y,z)
> Al: =di ff (Phi, x); A2: =di ff (Phi,y); A3: =di ff (Phi, z);
Al:=-3X+3y
A2:=6XYy
L A3:=1
r> A =[ AL, A2, A3];
A:=[-3x+3V, 6xy,1]
[ Construct the Holder Norm and divide each component of the gradient by the Holder norm.
> |l anbda: =(a* Al 1] *p+b* Al 2] *p+c* Al 3] *p) *(n/ p);a: =1; b: =1; c: =1;
Force lambda to be homogeneous of degree 1 by choosing n = 1, specialize the degree to p =2, and
euclidean signature 1,1,1 to make a correspondence with the Gauss map and classic implicit surface

theory.
> n: =1; p: =2;

I :=«/(-3x2+3y2)2+36x2y2+1

a=1
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> NA: =eval n([ Al, A2, A3] /I anmbda) ;

é
NA =&

>

-3X+3Yy Xy 1

g

e

u
u
H
u

.6 ,
J 3243y 436,22 +1 A (-3¢ +3Y7) +36:CY+1 A (-3 +3V) 436,y +1

[ Compute the Jacobian matrix of the normalized gradient
> JAC. =(j acobi an(NA, [ X, Y, z])); DET: =f act or (det (JAQ) ) ;

JAC :=

g 1(-3X+3y") (-12(-3X +3y’) X+ 72xY) 6 X

£2  ((3¢+3y)+36y+1)"” J3x 43y 436841
1(-3x+3y°) (12(-3X+3y) y+72xYy) y U

'5 2 ) (3/2) 6 2 ’OH

((-3X%+3y?) +36X°y +1) 4/(-3x2+3y2) +36Xy’+1 U

€ xy(-12(-3X+3y’) x+72xV) y

%3 ) 2 (312) P !

& ((-3X+3y°) +36xXy +1) J(-3x2+3f) +36X Yy +1
Xy (12 (-3 +3y) y+72xX%y) X U

-3 2 (3/2)+ > ’OH
((-3xX%+3y?) +36X Yy +1) «/(-3x2+3yz) +36Xy+1 0

€ 1 -12(-3X+3y)x+72xY 1 12(-3X+3yY)y+ 72Xy U

5‘ 5 2 G12)'" 5 2 (312) ’OH

& 2((-3X+3y) +36x2y2+1) 2 ((-3X%+3y) +36X Y +1) u

DET:=0

[ > MEAN CURVATURE: =f act or (trace(JAC)/ 2);

X (X +y?) (- X +3Y)
(9x4+18x2y2+9y4+1)(3/2)

MEAN_CURVATURE :=- 27

[ Note the classic formula for the mean curvature of a 3D implicit surface in xyz is obtained.
> S2:=factor(trace(innerprod(JAC, JAQ))):

Gauss: =factor(-(1/2)*(-trace(JAC) *trace(JAC) +S2));

>

obtained.

X +y
(9x“+18x2y2+9y4+1)2

Gauss :=- 36

[ > ADJAC: =adj oi nt (JAQ):
> ADJO NT_CURVATURE: =f act or (trace( ADJAC)) ;

X +y
(9x“+18x2y2+9y“+1)2

ADJOINT_CURVATURE := - 36

[ Note that the classic formula for the ADJOINT Gauss curvature of a 3D implicit surface in xyz is

Now define the adjoint current, and show that in 3D the adjoint current times the homogeneous vector

is equal to the trace of the adjoint matrix. Moreover show that the 3D divergence of the adjoint current

so defined is globally zero.

> CurrentJ: =i nnerprod(ADJAC, NA) ; I nteracti on: =i nnerprod(CurrentJ, NA); Di vJ: =facto

r(diverge(CurrentJ,[x,y,z]));

Page 7



< 6 4 2 4 6+ . U
CurrentJ := £0 9X + 27y’ X' + 27Xy +9y° + X+ I

101_36 v
e (9x4+18x2y2+9y4+1)(5/2) H
X+
Interaction := - 36 Y :
(9X4+18X2y2+9y4+1)
Divl:=0
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