[ > restart;
>

with(liesymm:with(linalg):setup(x,y,z,t);deforns(a=const, b=const, c=const, d=cons

t, p=const, n=const);
Warni ng, new definition for close
Warni ng, new definition for norm
Warni ng, new definition for trace

[X Y, z1]
deforms(a = const, b = congt, ¢ = const, d = const, p = const, n = const)

HOLDER NORMS

R. M. Kiehn
Updated 11/26/2000

Euclidean Three Dimensions
In the theory of implicit surfaces in 3 dimensions, the Jacobian matrix of the Gauss Map can be used to construct the Shape
Matrix of the surface.
That s, for an implicit 2 surface in 3 dimensions, defined by the constraint, phi(x,y,z) = 0,
construct the 5 component gradient, which is orthogonal to the tangent vectors of the surface.
Divide the gradient field by the euclidean homogeneous degree 1, isotropic, norm.
lambda = (square root of the sum of gradient components squared with positive unit coefficients).
The renormalized vector is now homogeneous of degree zero.
Next construct the Jacobian matrix [JAC] of this "normalized" homogeneous vector.
The matrix elements consist of the partial derivatives of the normalized components of the vector.
Each matrix element is a function of the N=3 independent variables (x,y,z)
Form the Characteristic Polynomial of this matrix and determine the Similarity Invariants.
The similarity invarionts are the sum of the eigen values, the sum of the products of pairs of the eigen values, efc.
The similarity invariants are functions on the domain of independent variables.
They are called similarity invariants, for if the matrix [JAC] is changed into a new matrix by means of an invertible
transformation, [T],
such that [JAC new] = [T] [JAC old] [ T inverse], then the similarity invariants of the new matrix are the same as the similarity
invariants of the old matrix.
The Gauss construction always has one zero eigenvalue. hence the determinant of the Jacobian is zero. The Jacobian matrix,
when diagonalized, has 1 zero along its diagonal, and two other, ususally non—-zero, diagonal entries.
The fact that the determinant of the matrix vanishes is a clue to the existence of a "global" 2 surface,
and is due to the fact that the divisor that defines the "unit length” is homogeneous of degree 1.
The trace of the matrix ( some of the two non—zero eigenvalues) yields twice the mean curvature. (the first order similarity
invariant) of the surface.
The trace of the adjoint matrix (or the product of the remaining two eigen values) always yields the Gauss sectional curvature.
(the second order similarity invariant).
If the mean curvature vanishes, then the surface is called a minimal surface.
*okx

Three Dimensions (not necessarily
Euclidean)

A more general definition of the normalization denominator is given by the Holder Norm,
consrtructed in terms of the components of the vector by the formulo
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>
>l anbda: =(a* U*p+b*V*p+c* Wp) ~(n/ p);

H-O:

3

S}

| :=(aU’+bV’+cWP")
The constant coefficients, a,b,c can have any values (plus or minus).
The determinant of the Jacobian matrix constructed from the renormalized vector always vanishes for Holder divisors which are
homogeneous of degree 1 ( any p, any a,b,c, but n=1)

®-H-O:

i
| :=(aUP+bVP+cWP) "
The orthogonal field to a classic implicit surface yields a differential (exact) 1-form constructed from the gradient of the

| function whose zero set defines the surface.
> A =d(Phi(x,y,2));

¥in Sa()+ L S0+ &1 :
A= g, T oy, D2d(@) e F 0y, 2)2d00 + B F (v, 2)2d(y)

[ This exact 1—form can be made homogeneous of degree 1—-n by dividing by the Holder norm .

| However, the Jacobian process and its similarity constructions works for any arbitrary 1—form., A, exact or not.

> A =Urd(x) +V*d(y) +Wd(z);

L A:=Ud(x) +Vd(y)+Wd(2)

[ The procedure is to divide the arbitrary 1—form by the Holder norm, then construct the Jacobian matrix of partial derivatives.
The resulting matrix is a covaraint tensor of second rank, but it is not necessarily symmetric.

The Jacobian matrix, as before, has a set of similarity invariants.

If the Holder norm is homogeneous of degree 1 (n= 1 any p, a,b,c...) then the determinant of the resultin Jacobian matrix is
Zero.

The result implies that the inverse matrix for the Jacobian matrix does not exist,

However, there always exists an algebraically well defined “adjoint” matrix (the matrix of cofactors transposed) which is
contravariant tensor of second rank) even though the inverse does not exist.  This adjoint matrix is not necessarily symmetric,
but may be used as a "raising” tensor, similar to the use of the inverse metric in Riemannian spaces with metrc. However, it
is to be emphasized that the spaces being considered need not be Riemannian, and no (symmetric and invertable) metric has
been assumed to constrain the space of interest.

The "Dual" Current J starting from a covariant 1-form A

When the covariant components of the T—form are premultiplied by the adjoint matrix, a contravariant "adjoint dual” field is
produced.

This dual field can be represented by an N=1 form, J. When the Holder norm is homogeneous of degree 1, then the exterior
derivative of J vanishes. A physicist would say that the "divergence of the current J" is zero. Such statements lead to
topological conservation laws.

This Jacobian process warks in all dimensions, and does not utilize a metric in the usual sense.

Note that for o given T—form A there are many J with dJ = 0. The Holder norm is like an integrating factor, but it is not
unique.

In physics of electromagnetism, this suggests (the heretical statement) that the 1-form of potentials A is more fundamental
than the N=1 form of conserved currents J.

Cuided by electromagnetic experience, it is of interest to compute the "interaction” density, which is defined as the exterior
product of the T-form A and its dual (non—unique) N-1 form current, J

The coefficient of the N—form is equal to the "inner product” of the co and contra vectors, A and J.

Starting from a contravariant J, find the associated A
Note that given a covariant A it is possible to construct many J,
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but given a contravariant J the procedure to construct an A'is not as well defined.

The procedure analogous to that described above, would start with a contravariant J, renormalizing with the Holder norm,,
and then constructing a Jacobian matrix of mixed partial derivatives, [JAC(J)]. This matrix construction yields a mixed tensor
of rank 2.

Note that [JAC(A)] is not equal to [JAC(J)]. They are both second rank tensors, but the latter is a mixed tensor, while the
formed is o covariant tensor of second rank.

The mixed tensor (or its adjoint) cannot be used as o "lowering" tensor (like a metric in Riemannian spaces) to construct a
covariant A field from the contravariant J field.

A further assumption has to be made to achieve the A dual to the J.

A possibility that is often used is to construct the metric field, [q] = [JAC(J) tranpose] [JAC(J)]

Then given J, an associated "dual" A follows from A = [q] J.

| Note that this procedure loses the anti—symmetry features of the Jacobian, as g is a symmetric matrix.

[ >

[ Example 1: Start with alform A

Let us start with an abstract example:  Note that for any ab,c,o, if n = 1 such that the divisor is homogenous of degree 1,
then the determinant of the Jacobian of the rescaled co—vector is zero.

It is also true that if the rescaled co—vector whose components are used to construct the 1-form A | is premultiplied by the
adjoint of the jacobion matrix, then o "dual" contra—vector J is constructed which has zero divergence. To prove these
statements, constuct the component functions:

> U =u(x,y,z);V:=v(X,y,2z); W=wX,Y, z);

U:=u(xYy, z)
V:i=v(X Y, z)
L W :=w(X,Y, z)

and the rescaled components of the 1 form A:
> Potential s:=eval M [U, V, W/ (Il anbda));

u(x, y, z) v(X, Y, 2)

e
Potentials := g
e
€

a2 3

O:

®-H-O:

oS

o H

(au(x,y, z)’ +bv(xy, 2" +cw(x,y, 2)°) i (au(x,y, 2)’ +bv(xy, 2)" +cw(x,y, 2)")

w(x Y, 2)

L (au(x,y,z)" +bv(xy, z)" +cw(x,Yy, z)p)gpﬂ
[ Construct the Jacobian matrix by constucting the arra
vanishes.

> JAC(A): =jacobi an(Potential s,[X,Yy, z]); DET: =fact or (det (JAC(A)));

JAC(u(x, y, z) d(x) + V(X y, 2) d(y) + W(x, Y, 2) d(2)) :=

= CECCC

of partial derivatives, and show that for n=1, the determinant

e & & 0 &1 0 &1 00
e Pne— T Poe— T Poe— T
8 au(xy, z) pg‘ﬂx u(x, y, z).g bv(x,y, z) pgﬂxv(x, 2 z).g cw(x, Y, z) pgﬂxw(x, 2 z).gi
g u(xy,z) n.:é- + + T
8- u(x,y, z) V(X Y, 2) w(X, Y, z) [}
e a0
&5
g (au(x,y, 2" +bv(xy, )" +cw(xy, z)") ’ p(au(x,y,z)’ +bv(xy, z)" +cw(xY, z)")
1
x u(x,y, z)
+ o
&no

(au(x,y, 2" +bv(xy, )" +cw(xy, z)")
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gea ux, y, z)° p gﬁ/ u(x, y, z)%+ bv(x,y, z)°p gﬂv(x, Y Z)§+ cW(x,y, z)°p gﬁ/w(x, Y Z)gg
u(x, y, z) nté‘ u(x, v, 2) v(X, Y, 2) w(X, Y, z) @

®-H-O

(au(x,y, 2)’+bv(xy, z)" +cw(xy, 2)") i plau(x,y,z) +bv(xy, z)"+cw(xYy, z)")

1

wuxy, z)
+ Ty .
&

Q-HO:

(au(x,y, 2" +bv(xy, )" +cw(xy, z)")

. T iy T . y
gzmm%n%@£MK%@§ memn%@@meng cMnmn%@ﬁwwwzﬁg
u(x ¥, 2) ng u(x, y, z) * V(X Y, 2) " w(x, ¥, 2) o

an

(au(x,y, 2)’ +bv(xy, 2)" +cw(xy, z)") i plau(xy,z)’+bv(xy, z)’ +cw(x,Y, z)")

®-H-O

u
q v
Uy 2) d
+ -l
o
(au(x,y, 2’ +bv(xy, )" +cw(xy, z)") "
e & & 0 & 0 =2l 006
e Png— I Png— I Png— It
g au(x,y, z) pg.ﬂxu(x- y,2)% bv(xy 2) pg.ﬂxv(x- y,2)% cw(xy,2) pgﬂXW(X- Y, Z)r'ai
g v(xy.2)n§ + . :
S- u(x,y, z) V(X Y, Z) w(X, Y, z) [
e 0
&0
g (au(x,y, 2)’ +bv(xy, 2)" +cw(x,y, z)") ’ plau(x,y,z)’+bv(xy, z)"+cw(x,Y, z)")
1
.HXV(X- Y, 2)
+

Q
T

(au(x,y, 2P +bv(xy, z)°+cw(x,Yy, z)p)gpﬂ

x p &-ﬂ_ g p &'ﬂ_ g p &‘ﬂ_ 29

au(x,y, z) pg.ﬂyU(X. Y, 2)% bv(xy 2) pg.ﬂyV(X. y,2)2 cWX Y, 2) pg.ﬂyW(X. 12 Z)fai
v(x,y.2)n§ ' + :
u(x,y, z) V(X, Y, z) w(X, Y, z) [}

(au(x,y,z2)’+bv(x y,z)°+cw(x y,2)’) p(au(xy, z)’ +bv(xy, z)"+cw(xY, z)")

%V(X- Y, 2)

=+

o]
T

(au(x,y, 2P +bv(xy, z)°+cw(x, Yy, z)p)gpﬂ

au(xy, z) Pg.ﬂzu(x- Y Z)fa bv(x,y, z) Pg.ﬂZV(X- Y Z)fa cw(x, Y, 2) pgﬂzw(x, Y Z)bi
v(X, Y, z)ncé- + + p

u(x,y, z) V(X Y, 2) w(X, Y, z) [

(au(x,y, 2’ +bv(xy, 2’ +cw(x,y, z)p)g: p(au(x,y,z) +bv(xy, z)"+cw(xY, z)")

ie

S}
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u
v
Luxy.2) U
1z u
+ aan
&5l
(au(x,y, )" +bv(xy, z)p+cw(x y, ) ) ]
% Cauny. 2 ux v 22 bux 2P pE vk v 22wy, 2 phy wixy, z)-f
e WwW(XxvY,z) ng + + z
8_ u(x,y, z) V(X Y, ) w(X, Y, z) [}
S o
g (au(x,y, 2" +bv(xy, )’ +cw(xy, z)") pﬂp (au(x,y,z)" +bv(xy, 2)" +cw(xy, z)")
1W(x z)
P
+

&HO

(au(x,y, 2" +bv(xy, z)p+cw(x Y, z) )g

aU(X Ys z)ppgﬂ—u(x Ys Z)‘ bv(x,y, Z)ppg.ﬂ V(X Y, Z)‘ CW(X, Y, Z)ppg.ﬂ w(x, Y, Z)“
w(X, Y, z)ng + + +

u(x,y, z) V(X Y, 2) w(X,Y, z) @

an o
—

(au(x,y, 2)’ +bv(xy, z)" +cw(xy, 2)") pﬂp (au(x,y, 2)’ +bv(xy, z)" +cw(xy, 2)")

1W(X- Y, 2)

iy

T

(au(x,y, 2P +bv(xy, z)°+cw(x,Yy, z)p)gpﬂ

au(xy. 2P PE WY DE DU Y2 PE vy DE cwlxy. 2P pE wixy)Es

WXy, 2) ng u(x, y, z) " V(X Y, 2) " w(X, Y, Z) B

an o
—x

(au(x,y, )’ +bv(xy, 2)" +cw(x,y, 2)") pﬂp (au(x,y, 2)’ +bv(xy, 2)" +cw(xy, z)")

1W(X. Y, 2)

9z

© @
o+
CoCCCCCCCoy

(au(x,y, z)p+bv(x Y, z)p+cw(x Y, z) )

DET := g(n - 1) gg— V(X Y, z)igﬂ— u(x,y, z)igﬂ— w(X, Y, z)%- 8?}”—Xv(x, Y, z)gg u(x, y, z)gg w(X, Y, z)%

vy 2)f ﬂ—( y.2)2 —u(xyz)-+gﬂ w(x, Y, 2)% gﬂ vx v 26wy 22

+eu(x Y, z)?%ﬂ—v(x, Y, z)?%ﬂ—w(x, Y, z)$- g&u(x, Y, z)gg@v(x, Y, z)ggﬂ w(X,Y, z )——O/

X 200
g

g(au(x v, z)’ +bv(xy, )’ +cw(x,y, z)° )3

[ The determinant has a factor (n—1), hence for n=1 the determinant vanishes, for ANY co vector field.

Now construct the adjoint vector and show that this vector current J "dual to" A has a zero divergence (Jacobi’s theorem).
The adjoint vector is constructed by multiplying the renormalized co—vector components by the adjoint matrix of the Jacabian
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matrix [JAC(A)].

The adjoint matrix is the matrix of cofactors transposed, and would be equal to the inverse of the original matrix times the
determinant of the original matrix —— if the determinant is non—zero. The adjoint construction exists whether of not the
inverse exists.

[ > ADJ: =adj oi nt (JAC(A)):J:=(innerprod(ADJ, Potentials));D VJ:=factor(diverge(J,[X,Y,
z]));

é
J :=6§§” u(x, y, z)gw(x Y, 2) g:gzv(x 2 z)§+§eﬂlzu(x 2 z);v(x 2 Z)ae‘ﬂ w(X, Y, z)i

fy 0%

il 0 & o & 0 el 9
g.ﬂy u(x, ¥, 2)$v(x, Y. 2) g.ﬂzw(x Y. )% .ﬂzu(x Y, WX, Y, z)g v(xy. 2)%
el o o

=+

V0. 22000y, 2) w2 vy D3k D) By z)==/

anoo’i . .
g(a u(x,y, z)’ +bv(x, vy, z)’ +cw(x,y, z) )g gé?zu(x, 2 z)%v(x, Y, Z) g%(w(x, Y, z)%

CD("O')

<

l

e el o @ @0
U, Y, 2V ¥, 2) G WOk y, 2)E E (Y, 2)Ew(x Y, 2) o Vx, ¥, 2)

X
+§%(u(x, Y, z)%w(x, Y, 2) ?I—v(x, Y, Z)g- %eﬂLLV(X, Y, Z)%U(X' ¥, 2) %W(X' Y z),%

2l **03 e
+g v(X, Y, z) u(x Y, Z) g—w(x Y, z)—/ g(au(x v,z +bv(xy, z)" +cw(x,y, z)° ) g

|

x

- @V(X' Y, ZFU(X' Y, 2) g_W(X. Y, Z)$+ g—xv(x, Y, Z)Eu(x, Y, ) g@w(x, Y, z);Q
+§IX u(x,y, Z)ZW(X Y, Z) g—v(x Y, z)g g@ u(x, v, z)%w(x, Y, 2) ?ﬂ—v(x, Y, z)g

&

o] o & o]
o UG Y D) 2V(x, Y, 2) g—w(x V. D) THE u(x Y 2)2u(x Y, 2) g—w(x .2 )==/

1
DD
=
x

2950

gpﬂ H
S(a u(x y, )P +bv(xy, 2’ +cw(xy, z)’) @

.8 & ot ksl sl okl ot 9
DIV):=3 g(n - 1) gg‘ﬂx v(X,Y, Z)Bgﬂy u(x, y, Z)Bg‘ﬂzw(x' 2 z)B g‘ﬂx v(X,Y, Z)Bg‘ﬂz u(x, y, Z)Bgﬂy w(X, Y, z)B

sl o 0 el 0 & o:il o
- g& w(X, Y, z)%gﬂ—zv(x, 2 Z)%gﬂ u(x, v, z)%+ g& w(X, Y, z)gg@v(x, 2 Z)%gﬂ_ u(x, y, z)g

+E6—u(xy, z)%gﬂ—zv(x, Y, z)%gﬁw(x, Y, z)%- g& u(x, y, z)%g@v(x, Y, z)%gﬂzw( Y, Z )::O/

ix 200
® @%93
g(a u(x y, z)P +bv(xy, )’ + cw(x,y, z)°) "

The vector J is not zero, but its divergence has a factor of (n—1) , hence the divergence of J is always zero for holder norms
which are homogeneous of degree 1. This result is global, hence it would appear that the construction implies that J (for

| n=1)is exact: J = dG. Note that the zero divergence result is independent from a,b,c,p for n=1

[ >

[ The "Interaction” coefficient can be computed as

( > Interaction: =factor(innerprod(J,Potentials));
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Interaction := - gu(x, Y, Z) % u(x,y, z) %W(X, Y, Z) ?ﬂ—v(x, 2 z).itj

8

2l

- u(x,y, 2) - fy

DD

!

N

u(x, y, Z)ﬂV(X Y, 2) g.ﬂyW(X Y, Z)—+ u(x,y, z) B u(xy, z)%v(x, Y, Z) gﬂ—zw(x, Y, Z);%

&

+u(x,y, z) -

DD

g o & 9 ¥l 9
gz 0% Y D)W v, 2) gﬂ V(% Y, z) gﬂyv(x. v 2)EUx Y, 2) ke WX Y, 2)E

+8€ﬂ— 9 xeal — T+p— 9 zaeﬂ— 9
By 00y, D006y, 27 B w93 B uk v D30 v 2 B winy. 2

I S| =0 PN
x u(x, y, z) BV(X’ Y, 2) gﬂZW(X- Y, Z)B V(X Y, 2) g.ﬂz u(x, y, z) BW(X’ Y, 2) g.ﬂx v(X, Y, Z)B

8

+Vv(X Y, z) g%(u(x, 2 Z)(%W(X, Y, Z) g.ﬂ_ZV(X, 2 Z)g' V(X Y, 2) gﬂﬂzV(X, 2 Z)EU(X' Y, 2) %W(X. 2 Z)g
+Vv(X Y, z) g%(v(x, 2 Z)EU(X' Y, Z) %eﬂlzw(x, 2 Z)%‘W(X, Y, Z) g%V(X' 2 Z)EU(X' Y, 2) %W(X. 2 Z)%
- W(X, Y, Z) gﬂ—xv(x, Y, z)%u(x, Y, Z) g@w(x, Y, z)%- g‘ﬂ_x u(x, y, z)%w(x, Y, Z) g@v(x, Y, z)%

PN RO SO PN |
+g.ﬂyu(X, Y, Z)vW(X- Y, 2) g.ﬂ V(X Y, Z)v+W(X, Y, 2) g.ﬂ u(x, y, Z)BV(X- Y, 2) g.ﬂ w(X, Y, Z)B

2oy
- W(X, Y, 2) g— u(x, y, Z) V(x ¥, 2) g—ww Y, Z)=:/ &au(x y, 2" +bv(x y, 2 + cw(x, y, 2)° )gp”

The result is of interest for the c\esswc specialization of the Holder norm to a=1,b=1c=1,p=2, n=1.

For then the interaction A dot J is equal to the Gauss curvature !l

The forumlas for the similarity invariants lead to complex partial differential equation. The special cases for a=b=c=n=1, p=2
are given explicity below:

> Gauss:=sinplify(factor(trace(ADJ))): Mean: =factor(trace(JAC(A))): MeanEucl i dean: =s
i mplify(subs(a=1, b=1, c=1, p=2,n=1,factor(trace(JAC(A))))); GaussEucl i dean: =f act or (
subs(a=1, b=1, c=1, p=2, n=1, Gauss) ) ;

MeanEuclidean = §u(x, ., 2) v(x, . 2 %V‘X' Y, z)§+ U(x, ¥, 2) W(x, ¥, 2) %W‘X' Y, z)g
: %?X u(x,y, z)%v(x. Y, 2)*- %?X u(x,y, z)gw(x. Y, 21+ V(% ¥, 2) U(x, Y. 2) %%u(x, Y, z)%
V(X Y, 2) WX, Y, 2) %%w(x, Y, z)%- %%v(x. Y, z)gu(x. y,2)*- %%v(x, Y, z)%w(x. Y, 2)°
+W(X, Y, 2) U(x, Y, 2) %eﬂﬂzu(x. Y, z)§+ WX, ¥, 2) (%, ¥, 2) %eﬂﬂzv(x. Y, z)g- %eﬂﬂzw(x. Y, z)%u(x. Y, 2)°
: %?—"Zw(x. Y. 2) %v(x. Y, Z)zg/ (UK, Y, 2P+ V(X Y, 2P+ WX Y, 2)

—- 0 xal 0. & 0 ¥l 9
GaussEuclidean := gg‘ﬂx u(x, y, Z)BV(X, Y, Z) g'ﬂz w(X, Y, Z)B+ g‘ﬂx u(x, y, Z)BW(X, Y, Z) g‘ﬂy V(X Y, z)B

- u(x, Y, 2) g'ﬂ_z ucx, y, z)%w(x, Y, 2) g@v(x, Y, z)%+ u(x, y, z) g'ﬂ_z u(x, y, z) %v(x, Y, 2) gﬁw(x, Y, z)%

+Uu(x, Y, z) gﬁ/ u(x, y, z) %W(X, Y, 2) gﬂ—zv(x, Y, z)%+ w(X, Y, z) g‘ﬂ_x v(X, Y, z)%u(x, Y, 2) gﬁ/w(x, Y, z)%
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il il ) il il

- wW(X, Y, z) g‘ﬂx u(x, v, Z)ZV(X Y, Z) gﬂyw(x Y, z)Z+w(x Y, 2) g‘ﬂy u(x, y, Z)ZV(X Y, 2) gﬂxw(x \2 z)g
il il Sl il

- wW(X,Y, 2) gﬂyv(x 2 z);u(x Y, Z) gﬂxw(x Y, z);+v(x Y, 2) gﬂzv(x 2 z)zu(x Y, 2) gﬂxw(x \2 z)g
il o =l =l 0

- u(xy, 2) g‘ﬂy u(x, y, Z)ZV(X Y, 2) gﬂzw(x Y, z)g- v(X,Y, 2) gﬂxv(x Y, Z)Zu(x Y, ) gﬂzw(x Y, z)g
il il sl il

vy, 2) B kv B0y, 2 vy D3 vk v 2 o ux v 9 2utey, ) B vy 22

B Ly Ry, 2 B vk, v, 1) B v(x, v, 2) U, Y, 2) B w(x, v, 2)5
gy U0V D ZWOx Y, g‘ﬂx 3 bg‘ﬂy Y, 25Uy, 2) ke WXy, )8

g vy, 2)2u(x, ¥, 2 Gy, %Y. 2)- G, Uk, 2)2U(x, 1.2 G, Ok, 2%/

(U(X, Y, 2)° + (X, Y, 22+ W(X, ¥, 2)°)

The usual differential form processes can be applied to the 1—form A to construct the fields (Vorticity = dA) and the Helicity

(A~dA)

> Al:=factor(Potential s[1]): A2: =factor(Potential s[2]): A3:=factor(Potential s[3]):
>

[ > Action:=innerprod([ ALl A2, A3], [d(x),d(y),d(z)]);

u(x, ¥, z) d(x) +Vv(x, y, 2) d(y) + w(x, y, z) d(2)

Action :=

L (au(x,y, 2" +bv(xy, )" +cw(xy, z)") e

> Vorticity:=wcol l ect (d(Action));Helicity:=sinplify(wollect(Action&Vorticity));

Vorticit '-ga%%au(x z)paeﬂ—u(x z)gv(x Z)wW(x,y, z) + nbv(x z)paeﬂ—v(x z)gu(x Z) w(x, Y, 2)
y:= &g Y g.ﬂz Y, 22V Y, Y Y g.ﬂz Y, 2)ZUX Y, VY,

=Sl 0 =Sl 0
+ncw(x,Yy, z) gﬂ—zw(x, 2 z)gu(x, Y, 2) V(X Y, ) - gﬂ—zv(x, 2 z)gu(x, Y, Z) W(X, Y, z) au(x,y, z)

" " L o)
- gﬂlzv(x, Y, z)%u(x, Y, Z) W(X, Y, z) bv(x, y, z)° - gﬂlzv(x, 12 z)%U(X. Y, Z) W(X, Y, Z) cW(X, Y, Z)pg/ :

ﬁ

Q-HO:

pe

o)
(au(x, ¥, 2)"+bv(x, y,2)P +cw(x,y,2)")  u(x Yy, z)w(x Yy, z)(au(xy,z)’ +bv(xy, z)" +cw(x,Yy, z)’ )B

)
&
-nau(x,y, z) g;;—; u(x, y, z)gv(x, Y, Z)W(X, Y, z) - nbv(x,y, z)° g%v(x, 2 z)gu(x, Y, Z) W(X, Y, Z)

k=Sl 0 k=Sl 0
- ncw(x,y, z) gﬁ/w(x, 2 z):ﬂu(x, Y, Z) V(X Y, Z) + gﬁw(x, 2 z):ﬂu(x, Y, z) V(X y, z) au(x,y, z)°

cal 0 o & 0 2 /€
+ gﬂyw(x, 2 Z)BU(X, Y, Z) V(X Y, 2) bv(x,y, )" + gﬂyw(x, 2 Z)BU(X, Y, Z) V(X Y, Z) cW(X, Y, Z) - / 8

gl 60
(au(x,y, 2)’ +bv(xy, )" +cw(xy, 2)") P u(x, y, z) v(x, v, z) (au(x,y, z)’ + bv(x,y, )’ + cw(x,Yy, z)p)EE

®-H-O:

&e & 0
(d(y) &~ d(2)) + nau(x . 2 g u(x ¥, 2 2U(x ¥, 2) w(x, . 2)
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k=Sl 0 k=Sl 0
+nbv(xy, z)° g@v(x, 2 z)gu(x, Y, Z) W(X, Y, ) +ncw(x,y, z)’ gﬁ/w(x, 2 z)gu(x, Y, 2) V(X, Y, )

cal -l ] :
- g‘ﬂy u(x,y, z) BV(X' Y, Z)W(X, Y, z) au(x,y, z)" - g'ﬂ u(x,y, z) BV(X' Y, Z)W(X, Y, z) bv(x,y, z)

ai%/u(xyz) v(xyz)w(xyz)cw(xyz)p‘/g

&HO

o)
(au(x,y, 2)’P+bv(xy, )’ +cw(xy, z)° ) v(x Y, Z) W(X, Y, z) (au(x, Yy, )’ +bv(x,y, 2)" +cw(x,y, z)° )B

)
&
-nau(x,y, z)’ g‘ﬂ_x u(x, y, z)%v(x, Y, Z)W(X, Y, z) - nbv(x,y, z)° g‘ﬂ_x v(X,Y, z)%u(x, Y, Z) W(X, Y, Z)

k=Sl 0 k=Sl 0
- ncw(x,y, z) g& w(X, Y, z):ﬂu(x, Y, Z) V(X Y, Z) + g& V(X Y, z):ﬂu(x, Y, Z) W(X, Y, z) au(x,y, z)

" " " - <)
+ g%(v(x, Y, z)%u(x, Y, Z)W(X, Y, 2) bv(x,y, z)° + %e%v(x, 2 z)%u(x, Y, Z) W(X, Y, Z) cw(X, Y, z)pg/ 8
oy 60
(au(x,y, 2)’ +bv(xy, )" +cw(xy, 2)") i u(x,y, z) w(x,y, z) (au(x, y, 2’ +bv(x,y, 2P + cw(x,y, z)p)'@a
e ol 0
(d(x) &~ d(y)) + Egnau(x, v, 2" g u(x ¥ )2, ¥, 2) W(x, ¥, 2

k=Sl 0 =Sl 0
+nbv(xy, z)° gﬂ—zv(x, 2 z):ﬂu(x, Y, Z) W(X, Y, Z) +ncw(x,y, z)’ gﬂ—zw(x, 2 z):ﬂu(x, Y, 2) V(X, Y, )

vl @ ] :
- g'ﬂz u(x, y, Z)BV(X, Y, Z) W(X, Y, z) au(x,y, z)" - g'ﬂz u(x,y, z) BV(X' Y, Z)W(X, Y, z) bv(x,y, z)

el &
- g‘ﬂ_z u(x,y, z)%v(x, Y, Z) W(X, Y, Z) cW(X, Y, z)p% / 8

HWO

o)
(au(x,y, 2P +bv(xy, z)°+cw(x,Yy, z)p) v(x Y, Z) W(X, Y, z) (au(x, Yy, )’ +bv(x,y, 2)" +cw(x,y, z)° )B

&
i
-nau(x,y, z) g‘ﬂ_x u(x, y, z)%v(x, Y, Z)W(X, Y, z) - nbv(x,y, z)° g‘ﬂ_x v(X,Y, z)%u(x, Y, Z) W(X, Y, Z)

k=Sl 0 k=Sl 0
- ncw(x,y, z) g‘ﬂ_x w(X, Y, z):ﬂu(x, Y, Z) V(X Y, Z) + g‘ﬂ_x w(X, Y, z):ﬂu(x, Y, z) V(X y, z) au(x,y, z)°

+ %e%(w(x, 2 z)%u(x, Y, Z) V(X Yy, z) bv(x,y, z)" + g%w(x, 2 z)%u(x, Y, Z) V(X, Y, Z) cw(X, Y, z)p%/ 8

e 66
(au(x,y, 2)’ +bv(xy, )" +cw(xy, 2)") P u(x, y, z) v(x, y, ) (au(x, y, 2)° + b v(x, y, 2)° + cw(x, y, z)°) B
(d(x) & d(z))

Q-HO:

Helicity := - &(d(x), d(y), d(z))g v(xy, 2)% P u(x, y, z)aeﬂ—u(x Y, z) W(x y,2)b

+u(x,y, 2)%P v(x, y, z) gﬂ—zv(x, Y, 2) Ew(x, y,z)a- w(x Y, 2)? P v(xy, z) g‘ﬂ_x v(X, Y, z)gu(x, y,2)C
+v(x Y, 2)%P w(x,y, z) ?Iﬂ—xw(x, Y, z)gu(x, y,zZ)b- u(xy, 2)?*Pw(x,y, z) g%w(x, Y, z)gv(x, y,2)a
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il u(x, y, z) gv(x, Y, Z)W(X Y, z)°a

& 0
(1+p) g— T 2 (1+p)
+Vv(X,Y, 2) g‘ﬂz v(X, Y, z).ﬂu(x, Y, 2)"W(X, Yy, Z) b+ u(x,y, z) g‘ﬂy

+u(x, Y, 2) g% u(x, y, z) %v(x, Yy, 2)M P w(x, y, 2)* b+ v(X, Y, Z) g%v(x, Y, z)%u(x, v, 2)°w(x y, z)* P ¢

- W(X, Y, Z) g%w(x, Y, z)%u(x, Y, 2)° V(% Y, )P b- w(x,y, z)* P g%w(x, Y, z)%u(x, Y, 2)°V(X, Y, Z) C

i

DD

+W(X, Y, Z) g%w(x, Y, z)%u(x, v, 2)P P v(x y, z)?at+wix Y, 2)M P e w(x, Y, z)%u(x, Yy, Z) V(X Yy, 2)°¢c

X

- V(X Y, Z) gﬂ—v(x, Y, z)gu(x, v, 2)M P w(x y, z)?a- v(x,y, z)* g%v(x, Y, z)gu(x, Y, Z) W(X,y, )’ b

S 0 S 0
- (1+p) g— - T 2 (1+p)
u(x,y, z) P u(x, v, z) v(x 2 z) w(x, Yy, z)a- u(x,y, z) g'ﬂz u(x, y, z).ﬂv(x, Y, 2)°W(X, Y, z) c

24 el 0 0
+w(x Yy, )% P u(x,y, z) gﬂ/ u(x,y, z) Ev(x, Y, Z) CE / gw(x, Y, Z) V(X Y, Z) u(X, Y, 2)

e 0

L (au(x,y,2)" +bv(xy, 2)" +cw(x,y, 2)") pﬂ(a u(x,y, z)’ +bv(x,vy, z)’ +cw(x, Y, z)p)B

[ It is important to note that the renormalized 1—form of potentials A can be of Pfaff dimension greater than 2, even though
the renormalization is homogeneous of degree 1. That is, the topological torsion , A~dA is not necessarily zero. In
dimension 5, the set of points that yields o surface of zero Helicity si o surface where the curl of the potenticls is
orthogonal to the vector of potentials. Such surfaces are called Lamb surfaces in the theory of streamline hydrodynamics.
This surface of zero helicity separates domains of positive from negative helicity.

L
| A Monge surface Example:

The similarity invariants for the Jacobian matrix of the surface normal scaled by the Holder norm with a=b=c=1,n=1p=2
| fields the classic partial differential equations for the mean and Gauss curvature.

[ > Phi:=z-phi(x,y);

F:=z-f(xvy)

[ > A =grad(Phi,[x,y,z]);

A=E B )2- Bt (x, y)2 1
i T8 & V5 gy TG

[ > magn: =i nnerprod(A A);

o ¢ @
magn := ﬂxf(x,y)5+gﬂyf(x,y)5+1

> NA: =eval m( A/ magn™(1/2));

1 1
ﬂxf(x, y) ﬂyf(x, y)

el g el g e g el ¢
M ﬂxf(x'y)5+gﬂyf(x'y)5+l M ﬂxf(x'y)5+gﬂyf(x'y)5+l

v% f(x y)‘ + —f(x y)— +1

[ > JAC:. =j acobi an(NA [x Yy, z])
JAC =

p

>

I
(DODDMDDDD

ot o ) ) e i
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é oz &

%1 ™ f(x y)5g2 x f(x, y) g—f(x y) +2g@ (X, y) m (x y)
€2 e T & g2

& gg— (%, y)‘+ —f(x y)‘+1‘

e

2

T
_f(X y)

V ﬂXf(x g +gﬂ—f(x ng+1
ﬁ 2

EIERY) 23 SCR gﬂ—ﬂxf( )3 +2gﬂ—f(x y)g% e

1
5 el el H3/2)
gg.ﬂx (%, y) +g.ﬂ f(x y) +1—
~fxy) d
Ty x ol
& & u
M e (x,y)i+§f(x.y)i+1 ﬁ
S,(?e‘”(xy) 2_f(xy)= f(xy) +2—(y)g—(y)—
g;gﬂy g g‘ﬂ §7 g‘ﬂy Ty Tx
62 mﬂ_ ¢ el g _3/2)
: £ i +gﬂ oY)z +1=

2

Ty ‘ﬂx

M .ﬂx f(x y)5+ —f(x y)—+1
2l

B, 6 e ()3 gmf( o 2gﬂ—f(x 9% gﬁ ()

f(xy)

1
5 3/2)
gg.ﬂ—x (X, y) +g.ﬂ—f(x y) +1—

T U

—f(x, u

gy V) R

e 6@ o U

il = il = u

/\/ ﬂxf(X-Y)E"'gﬂyf(X-Y)g"'l H

el ozf’ o _af oz T )
2 ‘ﬂxf(x' y)fg—f(x, y)7+2gﬂyf(x, y)Bg‘ﬂy_‘ﬂxf(X' y)B

3/2)

(DADDPDDDD
N -~

&
ggﬂ f(x y)— +g.ﬂ—f(x y)— +1—

28 x93 Al ~T(x )++2 —f(x,y)E 2f(x 2 i
2oy ge ey e |
2 mﬂ +312) u

B 1 0+ oy VE 12 i

( > MEAN_CURVATURE: =f act or(t race(JAC)/Z)
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[ Note the classic formula for the mean curveture of @ Momge surface is obtained.
[ > ADJAC. =adj oi nt (JAQC);

_lee oo o0 @ o F
MEAN_CURVATURE := - zg-Zgﬂ f(x, y)fgﬂ f(x, y)fmf(x, y)7+gﬂxzf(x, y),@gﬂyf(x, y)f

g3/

- P
gff(x Y) +g7f(x Y) _f( Y)‘ f( Y)_/g.ﬂ_f(x Yz + _f(X Y) *1%

[ > GAUSS_CURVATURE: =f act or (trace( ADJAQ) ) ;

AV . IO
'éﬂyﬂxf‘X-W*+g—f<x.y>fg—f<x,y>5

&
B g B gl

[ Note that the classic formula for the Gauss curvature of a Monge surface is obtained.

GAUSS CURVATURE :=

rrent,[x,VY,2]);

e e ge &
Current:=§0,0,g-gﬂ—f(x,y)$ gﬁ(f(x,y)lg —f(x y)‘g—f(x y) g—f( y)‘

2

& oot ¢ e el g 0 ¢
gﬁ(( y) f( y) gﬂxzf(x.y) f( y)= g f(x, y) y Tx (><.y)7a

ds/z)u

g_f(x Y) gﬂ_xzf( Y)_/g& f(x, Y) + _f(X Y) Tz ﬁ
g‘ﬂy_‘ﬂx( Y)' g_f(x Y) f(X Y)—

&
B o +g—f(x ng 41

Divl:=0

Interaction :=

Page 12

It is now apparent that the interaction between the potentials and the
conserved current is equal to the Gauss curvature of the Monge surface in

ADJAC :=

[0,0,0]

[000]

é

e i = - hod

g O y)zggw_ﬂx( y) g*f(x y) gﬂxzf( y)

& aee] _ y ¢ '

g gg—xf(x,y)$+g—f(x,y)$+1$
oee T 00 e T Y Qﬁﬁi 9

ﬂy (xy)aggﬂyﬂxf(xy)— gff(xy) f(xy) gﬂyﬂx(y) gﬂyzf(x.y)aﬂxzf(x,y)a
azef| il ¢ 92 -l g e ¢, ¢
BEq ' y’a *§ﬂyf‘x' y’a Y1z BEq ' y’a *%Wf‘x' NG5

H

¥

¥

H

u

> Current: =i nnerprod(ADJAC, NA) ; I nteraction: =i nnerprod(Current, NA); Di vJ: =di ver ge(Cu



| Euclidean space.
> Vorticity:=curl (NA [X,y,z]);Helicity:=innerprod(NA Vorticity);

& =l o 1° 0 & CES 0
e — T = — = =
g 12 ﬂxf(x,y).g f(x,y)_+2§ﬂ f(x,y).gff(x,y)_Q
Vorticity : =g 5 o o (3/2) ’
: 66, 0+ PMICIIEREE:
o o0 a0
}2 ﬂxf(X,Y)BgﬂXzf(X,Y)#Zgﬂ f(X,Y)v fy .ﬂ f(x
2 H312)
EMICRIF: +aeﬂ—f(x y)E+1%
o om0 0 & o= 00
1 .ﬂyf(x.xf)rgng.ﬂxf(x.y)vg*f(x.y)f+Zg.ﬂyf(><.y)vg.ﬂy.ﬂxf(x.y)j;m;U
2 H312)

i ()3 +gﬂ—f(xy) +13

8eﬂf anZEeﬂ— f(x,y)z+26 f — OOH
g‘ﬂx (6 Y)5E2 g, F(X W g‘ﬂ g y) g‘ﬂ () g'ny2 (xy)zsu
g3/ H
ggﬂ—xf(x y) +gﬂ—f(x y) +1— H
Helicity := 0
[ NOTE that the Helicity of o Monge surface is zero, and the conserved current is NOT orthogonal to the surface,

I\JII—\

r> crossprod(Current NA)'

2 2

— = f(x —f = f okl T gz%ﬂ_f 92
gg f(xy)* g.ﬂy—.ﬂx (X, y) (X, y) gﬂxz (X, y)ﬂg.ﬂy2 (X, y) g.ﬂy.ﬂx (><.y)7a fy (><.y)7a
+ f + — f T e—f + f ++ _2f Te—f ggae‘ﬂ_f 99/
éﬂ_xz gy y’aéﬂyz 05 éﬂyﬂx 95 gy T y’aéﬂxz OV 5ty "5
PN < PO &< BN - i ¢
BEq | V)5 B TOONIZ 1%, - BB TOMIT B o FV)
Sl & et o 0 &fT & aefl &
B N E BT ST 0enZ- B C o2 iz
o 0GR 0 @¥ & aF o omf 0w o0
e O kg TS B 2 TOy)T B g T E + B o TOa ) o T ) g TN TS /

aegell ¢ el ¢ ¢ u
§Eq V)G * Eq T VT +12, 08

Explicit EXAMPLE for o nonlinear surface function. The current J is evaluated for n=1, and has zero divergence. Note that in
this example The interaction N form, A~J, is a non—zero volume element almost everywhere. However there esists a surface
L for which the interaction vanishes.
[ > U =x*y; V:=y*z; W=z*x,
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M >
> AA =eval m([ U, V, W/ (subs(a=1, b=1, c=1, p=2, n=1, | anbda) ) ) ;
e Xy yz zZX u
M= - - f
L SR+ 2+2X R+ P2+ 2R P+ 2+ 2R
[ Construct the Jacobin and show that or n=1, the determinant vanishes.
> JACWN =j acobi an( AA [ X, Y, z]): DETJACAA: =f act or (det (JACWY ) ; Mean: =f act or (t race( JACW
W/ 2); ADIQQ =adj oi nt (JACWN : GaussCurvat ure: =factor(trace( ADJQQ ) ;
>
>

DETJACAA =0
1 Y Z47RHyR

ean ;= @12
2P+ 2+ 7 R)
GaussCurvature := zxy(x2y+yzz+zz>§)
L (CY+yYZ+7X)

™ Now construct the adjoint vector and show that this vector current J, "dual to" A, has o zero divergence (Jacobi’s theorem).
The divergence of the adjoint dual is equal to the determinant of the Jacobian matrix generated by the components of the
1=form A

[ > ADJAA: =adj oi nt (JACWN : JA: =(i nner pr od( ADJAA, AA) ) ; DI VJA: =fact or (di verge(JA [ X, Y, Z]
)); InterA: =i nner prod( AA, JA);

JA'—é yzx° YV ZX y 2 X H
8y ryZ+2X) T ey ey 72+ 2x) T (R v 2+ 2x) 0
DIVJA:=0
zxy (Cy+y? z+7X)
InterA := 3
(Y +V 2+ 72X

[ >
Four Dimensions
[ The remarkable feature is that simply by fixing the exponent such that n=1 making the divisor homogeneous of degree 1, but
anisotropic with any signature, produces a dual CURRENT defined as the Adjoint pullback of the scaled normal field.
This dual current J has a divergence which is ZERO.!
L THIS MEANS THERE IS A FAMILY of CONSERATION LAWS! (o N+1 parameter family for every p,a,b,c,)
[ >
T > ACTI ON: =wcol | ect ((U*d(x) +V*d(y) +Wd(z) +0*T*d(t)) /1 anbda) ; F: =d( ACTI ON) : TORS: =f act
or (subs(n=1, p=2, wcol | ect (ACTI ON&*F) ) ) ;
| NTERACTI ON: =f act or (i nner pr od( VWV CURRENT) ) ;
FF: =wcol | ect (factor (d(ACTION)) ) :
HELI CI TY: =wcol | ect (fact or (wcol | ect (ACTI ON&FF) ) ) : PO NCARE: =wcol | ect ( FF&FF) : HELn
1: =subs(n=1, HELI CI TY) ; PO NCnl: =f act or ( subs( n=4, p=2, PO NCARE) ) ;
AA: =eval n{[ U | anbda, V/ | anbda, W | anbda, T/ | anbda] ) ;

vV V V

ACTI ON: =f act or (AA] 1] *d(x) +AA[ 2] *d(y) +AA[ 3] *d(z) +AA[ 4] *d(t));
FF: =wcol | ect (factor (d(ACTION)));
ACT| ON&MFF;

L A A A B A 1T

V V.V V V V
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[ >
[ > restart;
[> with(liesym:with(linalg):
Homogeneous vector fields: map (x,y,z,t) to four functions, plus fifth function which is a homog
polynomial in the other functions. 4d to 5d map, then project to 4d homogeneous vector.  Construct Jacobian of the map
and Cayley Hamilton features and invariants.
> | anbda: =(a* U*p+b* V*p+c* W p+d* T p) *(n/ p) ;
> VECT: =eval m([ U, V, WT] /| anbda) ;
>

[

JAC: =j acobi an( VECT, [ U, V, W T] ) ; GUN: =i nner prod(transpose(JAC), JAC):
ADJ: =adj oi nt (JAC);

Z: =i nner pr od( ADJ, VECT) ;

Dl vVz: =factor (diverge(Z [U V,WT]));

V V V V V

Dl V: =fact or (di verge( VECT, [U, V, WT]));

DET: =det (JAC) ;

FFSQ =i nner pr od( JAC, JAC) ; FF4t h: =i nner pr od( FFSQ, FFSQ) ; FF3r d: =i nner pr od( JAC, FFSQ) ;
> factor(charpol y(JAC, al pha)); factor(charpol y(FFSQ al pha)); FFSd 1, 1];

characteristic polynomial has n—1 degenerate roots and 1 zero root if n=1,

it has 4 degenerate roots otherwise determined by (1/lambda)!l!!

this result is valid forany a,b,c,d, n, p

When n=2 any a,b,c,d,p the jacobian is involutitive in the sense that its square is proportional to the identity times
(1/lambda)~2

V V V V V

L e e e O A O A O B

[ >

[ Jis involutive for n=2, has zero div for n = 4, and is of rank 3 (zero det for n= 1)
the curl vanishes if isotropic and p=1 or p=2, any n.

LIS THIS WHY THE QUADRATIC and LINEAR FORM 1S SO IMPORTANT?

[ > solve(n"2-2*n+2,n); sol ve(n™2-3*n+3);

L >

[ >

[ > CURL: =eval m(transpose(JAC) - eval m(JAC) ) ;

[ > FORCE: =i nner pr od( CURL, VECT) ; DETCURL: =det ( CURL) ;
{ > zz:=eval n(i nner pr od( CURL, VECT) ) ;

[ > TRADJ: =factor(trace(ADJ));

[ >

[ >

[ >
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