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NOTES:

This Maple program computes Maxwell-Faraday formulas from the postulate of potentials
F-dA=0. Given a 1-form of Action on 4D space time, the E and B fields follow.

The Maxwell Ampere equations are computed from the postulate of charge currents,

J-dG=0, and assuming Lorentz vacuum constitutive equations,

D =epsilonE B =muH.

The procedure has as input the 4 potential, and computes

E.B,D,H,Jamp,Jdisp,Jtot, as well as the Torsion vector = -{ ExA+Bphi, AdotB]

the Spin Vector = A x H + Dphi, AdotD, the First Poincare invariant =

FAG -A™J = (BdotH-DdotE) -(AdotJ-rho.phi), and the second Poincare Invariant = FAF = +2EdotB

see http://www?22.pair.com/csdc/pdficlassice.pdf
> with(liesymm):with(linalg):with(plots):with(DEtools):
Warning, the protected name close has been redefined and unprotected

Warning, the protected names norm and trace have been redefined and unprotected
Warning, the name changecoords has been redefined
Warning, the names adjoint and translate have been redefined

> setup(x,y,z,t):defform(x=0,y=0,z=0,t=0,a=const,b=const,c=const,k=const,mu=const,
m=const,alpha=const,beta=const,m=const,n=const,omega=const,epsilon=const,pi=cons
v);

defform(x=0,y=0,z=0,t=0,a= constb = constc = constk = constu = const,m= consta = const,3 = const,

m= constn = const w = const € = const 1= const)

[ The main procedure

> JCM:=proc(Ax,Ay,Az,phi)

local A,A1,A2,A3,A4,BFC, TFC,EF1,EF2,EF3,JAC,JDC,SFC,EXBC:

lobal
Alforn?,BF,EF,TF,HEL,Pl,P2,DF,HF,CD,JA,JD,SPD,SF,JTOT,ExB,NAME,LAGF,AJ,VW,DISS:
Al:=AXx;A2:=Ay;A3:=Az;Ad:=phi: A:=[A1,A2,A3]:
Alform:=Al*d(x)+A2*d(y)+A3*d(z)-A4*d(t):
EF1:=evalm(-grad(phi,[x,y,z])):
EF2:=-[diff(A1,1),diff(A2,t),diff(A3,1)];
EF3:=[EF1[1]+EF2[1],EF1[2]+EF2[2],EF1[3]+EF2[3]];

EF:=[factor(simplify(EF3[1])),factor(simplify(EF3[2])),factor(simplify(EF3[3]))];
BFC:=(curl([A1,A2,A3],[X,Y,z])):

BF:=[factor(simplify(BFC[1])),factor(simplify(BFC[2])),factor(simplify(BFC[3]))];



L I A N

HEL:=-factor(simplify(innerprod(A,BF)));

TFC:=-[crossprod(EF,A)[1]+BF[1]*phi,crossprod(EF,A)[2]+BF[2]*phi,crossprod(EF,A)[3
]+BF[3]*phi];

TF:=[factor(simplify(TFC[1])),factor(simplify(TFC[2])),factor(simplify(TFC[3])),fa
ctor(HEL)];

P2:=factor(simplify(2*innerprod(EF,BF)));

HF:=[factor(simplify(BFC[1]/mu)),factor(simplify(BFC[2]/mu)),factor(simplify(BFC[3
I/mu))];
DF:=[factor(simplify(epsilon*EF3[1])),factor(simplify(epsilon*EF3[2])),factor(simp
lify(epsilon*EF3[3]))];
CD:=factor(diverge([DF[1],DF[2],DF[3]],[X,Y,z]));
JAC:=curl([HF[1],HF[2],HF[3]],[x,y,z]);

JA:=[JACI[1],JAC[2],JAC[3]];
JDC:=-[diff(DF[1],t),diff(DF[2],t),diff(DF[3],1)];
JD:=[factor(JDCJ[1]),factor(JDC[2]),factor(JDC[3])];JTOT:=[factor(simplify(JA[1]+ID
[1])),factor(simplify(JA[2]+JD[2])),factor(simplify(JA[3]+JID[3]))];DISS:=factor(si
mplify(innerprod(JTOT,EF)));

SPD:=factor(simplify(innerprod(A,DF))); VW:=[factor(simplify(CD*EF[1]+crossprod(JTO
T,BF)[1])),factor(simplify(CD*EF[2]+crossprod(JTOT,BF)[2])),factor(simplify(CD*EF[
3]+crossprod(JTOT,BF)[3])];

SFC:=[crossprod(A,HF)[1]+DF[1]*phi,crossprod(A,HF)[2]+DF[2]*phi,crossprod(A,HF)[3]
+DF[3]*phi];

SF:=[factor(simplify(SFC[1])),factor(simplify(SFC[2])),factor(simplify(SFC[3])),SP
DI;

AJ:=factor(simplify(innerprod(A,JTOT)-CD*phi));LAGF:=factor(simplify(innerprod(BF,
HF)-innerprod(DF,EF)));P1:=factor(simplify(LAGF-AJ));
ExBC:=crossprod(EF,HF);ExB:=[factor(simplify(ExBC[1])),factor(simplify(ExBC[2])),f
actor(simplify(ExBC[3]))];print(NAME);print('Lorenz constitutive equations, B = mu
H, D = epsilon E");print("Action’= Alform);print(E field = EF);print("B field =
BF);print("Topological Torsion = TF);print("Helicity AdotB = HEL);print('Poincare
2 E.B™= P2);print("D field = DF);print("H field"= HF);print("Poynting vector
ExH =ExB);print("Current density’= JTOT);print('charge density =
CD);print("Topological SPIN =SF);print("chiralty AdotD = SPD);print(‘'LaGrange
field energy density (B.H-D.E) = LAGF);print("Interaction energy density
(A.J-rho.phi)’= AJ);print("Poincare 1 (B.H-D.E)-(A.J-rho.phi)’= P1);print("Virtual
work “=VW);print('JdotE power "=DISS);

end:
>
>

Enter the name of the problem, and the components of the 4 potential.

> NAME:="Example la-- Real Linear Polarization AAG<>0, A"F =0 INBOUND -;
> theta:=(k*z+omega*t);

> Ax:=cos(theta);Ay:=cos(theta);Az:=0;phi:=0;

Then call the procedure JCM(AX,Ay,Az,phi)



> JCM(AX,Ay,Az,phi):

*hkkkkhkkkhhkkhkhhkhkkhhhkkhkhhkkhkhhkhkhhkhrhhkrkhhkkhkhhkhkrhhrhhkrhhkhkhhhdhhhihhkihikrkxx

NAME:= Example la-- Real Linear Polarization A*G<>0, A*"F =0 INBOUND
0:=kz+wt
Ax:=cogkz+ wt)
Ay:=cogkz+wt)
Az:=0
¢:=0
Example 1a-- Real Linear Polarization A*G<>0, A"F =0 INBOUND
Lorenz constitutive equations, B = mu H, D = epsilon E
Action=cogk z+ wt) d(x) + codk z+ wt) d(y)
E field=[sin(k z+ wt) w, sin(k z+ wt) w, 0]
B field=[sin(k z+ wt) k, —sin(k z+ wt) k, 0]
Topological Torsiore [0, 0, 0,
Helicity AdotB=0
Poincare 2 E.B=0
D field=[esin(k z+ wt) w, e sin(k z+ wt) w, 0]
sin(k z+ wt) k sin(kz+wt)k OE

H field = E

H ' H
cogkz+wt)—-1) (cogdk z+ wt) + 1) wk
Poynting vector Ext: %) 0,2( o )~ 1) (cod ) ) %
]
_ cogkz+wt) (<K +ew’p) cogkz+wt) (-kC+ew )
Current density= — ,0
H M

charge density 0
cogkz+ wt) sinfk z+ wt) k
v

chiralty AdotD=2 cogk z+ wt)esin(k z+ wt) w
(cogkz+wt) - 1) (cogk z+ wt) +1) (k¥ + e W' )
v
cogk z+ wt)? (-I¥+ e W’ )
H
(k¢ +ew’n) (-1+ 2cos(k z+ wt f)
v
cogk z+wt) (=K +& w’ p) sin(k z+ wt) k%
v
cogkz+wt) (K +gw p)sin(k z+ wt) w

L M
[ Enter the name of the problem, and the components of the 4 potential.

Topological SPIN= %) 0,-2 ,2codkz+wt)esin(k z+ wt) w%

LaGrange field energy density (B.H-D.E}P

Interaction energy density (A.J-rho.phi)-2

Poincare 1 (B.H-D.E)-(A.J-rho.ph§ 2

Virtual work = %) 0,2

JdotE power= -2

> NAME:="Example 1b-- Real Linear Polarization A*AG<>0, A*"F =0 OUTBOUND 7;
> theta:=(k*z-omega*t);
> Ax:=cos(theta);Ay:=cos(theta);Az:=0;phi:=0;




Then call the procedure JICM(AX,Ay,Az,phi)
> JCM(AX,Ay,Az,phi):
A A
NAME := Example 1b-- Real Linear Polarization A*G<>0, A"F =0 OUTBOUND
0:=kz-wt
Ax:=cog -k z+wt)
Ay:=coq-kz+wt)
Az:=0
©:=0
Example 1b-- Real Linear Polarization A*G<>0, A*F =0 OUTBOUND
Lorenz constitutive equations, B = mu H, D = epsilon E
Action=coq -k z+ wt) d(x) + cog -k z+ wt) d(y)
E field=[sin(—k z+ wt) w, sin(-k z+ wt) w, 0]
B field=[-sin(-k z+ wt) k, sin(-k z+ wt) k, 0]
Topological Torsior= [0, 0, O, (]
Helicity AdotB=0
Poincare 2 E.B=0
D field=[esin(-k z+ wt) w, € sin(—k z+ wt) w, 0]
H field = % sin(-k z+ wt) k, sin(-k z+ wt) k, OE

H H
cog-kz+wt)-1) (co{-kz+wt)+1)wk
Poynting vector ExH: E) (0} —2( & )~ 1) (cod )+1) E
u
, cof-kz+wt) (KR +ewp) cof-kz+wt) (-KC+ew p)
Current density . - " ,0

charge density 0
cog-kz+wt)sin(-kz+wt) k
M

chiralty AdotD=2 coq—k z+ wt)esin(-k z+ wt) w
(cof-kz+wt)—1) (cog—kz+wt)+1) (K +¢ W 9]

Topological SPIN= %) 0,2 ,2coq -k z+wt)esin(—-k z+ wt) w%

LaGrange field energy density (B.H-D £} 0

cog -k z+ wt)? (-l + & w )
sl
(K +ew 1) (-1 + 2cos(—k z+ wt )
M

cog—k z+ wt) (- +€w’ p)sin(—k z+ wt) k%

vl
cog—k z+wt) (- +&w p) sin(—k z+ wt) w

Il

Interaction energy density (A.J-rho.pki)}-2

Poincare 1 (B.H-D.E)-(A.J-rho.phi 2

Virtual work = E) 0,-2

JdotE power= -2
[ >
[ Enter the name of the problem, and the components of the 4 potential.

> NAME:="Example 2a-- Real Circular Polarization A*"G=0, A*F <> 0 INBOUND";




> theta:=(k*z+omega*t);

> Ax:=cos(theta);Ay:=sin(theta);Az:=0;phi:=0;
Then call the procedure JCM(Ax,Ay,Az,phi)
> JCM(AX,Ay,Az,phi):

*hkkkhhkkkhhkkhkhhkhkkhhhkkhkhhkkhkhhkkhkhhhkhhhkhhhkkhkhhkhkhhhrhhkrhhkhkhhhkhhhihhkihhiixx

NAME := Example 2a-- Real Circular Polarization A*G=0, A*F <> 0 INBOUND
0:=kz+wt
Ax:=cogkz+wt)
Ay :=sin(k z+ wt)
Az:=0
¢©:=0
Example 2a-- Real Circular Polarization A*G=0, A"F <> 0 INBOUND
Lorenz constitutive equations, B = mu H, D = epsilon E
Action=coqgk z+ wt) d(x) +sin(k z+ wt) d(y)
E field=[sin(k z+ wt) w, —cogdk z+ wt) w, 0]
B field=[-cogk z+ wt) k, —sin(k z+ wt) k, O]
Topological Torsior= [0, 0, —w, K]
Helicity AdotB= k
Poincare 2 E.B=0
D field=[esin(k z+ wt) w, —e codk z+ wt) w, 0

]
H field = % cogk z+ wt) k, sin(k z+ wt) k E

,0
Il
. ook
Poynting vector ExH- %) 0,-—
Il
_ cogk z+wt) (KC+ew’p)  sin(kz+wt) (=K +ew )
Current density= = ,0
M M

charge density 0
Topological SPIN=[0, O, O, (]

chiralty AdotD=0

+ew

LaGrange field energy density (B.H-D.E} -

+ew |

Interaction energy density (A.J-rho.pki)- —
Poincare 1 (B.H-D.E)-(A.J-rho.ph§ 0
Virtual work =[0, O, Q]

JdotE power=0
Enter the name of the problem, and the components of the 4 potential.

> NAME:="Example 2b-- Real Circular Polarization A*AG<>0, A"F =0 OUTBOUND ;
> theta:=(k*z-omega*t);

> Ax:=cos(theta);Ay:=sin(theta);Az:=0;phi:=0

Then call the procedure JICM(AX,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):
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NAME := Example 2b-- Real Circular Polarization A*G<>0, A°\F =0 OUTBOUND
0:=kz-wt
Ax:=cog -k z+wt)
Ay:=-sin(-k z+ wt)
Az:=0
¢:=0
Example 2b-- Real Circular Polarization A*G<>0, A*F =0 OUTBOUND
Lorenz constitutive equations, B = mu H, D = epsilon E
Action=coq -k z+ wt) d(x) —sin(—k z+ wt) d(y)
E field=[sin(—-k z+ wt) w, co{-k z+ wt) w, 0]
B field=[-coq -k z+ wt) k, sin(-k z+ wt) k, 0]
Topological Torsiors [0, 0, w, K]
Helicity AdotB= k
Poincare 2 E.B=0
D field=[¢esin(-k z+ wt) w, ecog -k z+ wt) w, 0]
H field = % coq -k i+ wt) k' sin(—k z“+ wt) k, OE

. wk
Poynting vector ExH- %) 0,—%
M

co{ -k z+wt) (- +ew’ p) sin(-kz+wt) (- +ew pn) 0%
H ' H ’
charge density 0
Topological SPIN=[0, 0, O, (]
chiralty AdotD=0

Current density= %

+ew |

LaGrange field energy density (B.H-D.E£) _

+ew

Interaction energy density (A.J-rho.pki)- -
Poincare 1 (B.H-D.E)-(A.J-rho.ph§ 0
Virtual work =[0, 0, Q]
JdotE power=0
Enter the name of the problem, and the components of the 4 potential.

> NAME:="Example 3a-- Complex Linear Polarization A*AG<>0, A"F =0 INBOUND -;
> theta:=(k*z+omega*t);

> Ax:=cos(theta);Ay:=I*cos(theta);Az:=0;phi:=0;

Then call the procedure JCM(Ax,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

*hkkkhkkhkkhhkkhkhhkhkkhhkhkkhkhhkkhkhhkhkhhkhkhhhkhhhkkhkhhhkhhhhhhkrhhkhkhhhkhhhihhihhiixx

NAME := Example 3a-- Complex Linear Polarization AAG<>0, A"F =0 INBOUND
0:=kz+wt
Ax:=cogk z+wt)



Ay:=lcogk z+ wt)
Az:=0
¢©:=0
Example 3a-- Complex Linear Polarization A*G<>0, A"F =0 INBOUND
Lorenz constitutive equations, B = mu H, D = epsilon E
Action=coqgk z+ wt) d(x) +  cogk z+ wt) d(y)
E field=[sin(k z+ wt) w, | sin(k z+ wt) w, 0]
B field=[1 sin(k z+ wt) k, —sin(k z+ wt) k, 0]
Topological Torsior= [0, 0, O, (]
Helicity AdotB=0
Poincare 2 E.B=0
D field=[esin(k z+ wt) w, | esin(k z+ wt) w, 0]
I sif(kz+wt)k sin(kz+ wt) k OE
H ' " '
Poynting vector ExH [0, O, Q]
cogkz+wt) (KR +ew’ p) -l cogkz+wt) (-l +ew ) OE
u ’ u ’
charge density 0
Topological SPIN=[0, O, O, (]
chiralty AdotD=0
LaGrange field energy density (B.H-DED
Interaction energy density (A.J-rho.pki)
Poincare 1 (B.H-D.E)-(A.J-rho.ph§ 0
Virtual work =[0, O, Q]
JdotE power=0
Enter the name of the problem, and the components of the 4 potential.

H field = E

Current density= %

> NAME:="Example 3b-- Complex Linear Polarization A*"G = 0, AA\F =0 OUTBOUND;
> theta:=(k*z-omega*t);

> Ax:=cos(theta);Ay:=I*cos(theta);Az:=0;phi:=0;

Then call the procedure JCM(Ax,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

*hkkkhkkkhhkkhkhhkhkkhhhkkhkhhkkhkhhkhkrhhkhhhkkrhhkkhkhhhdhhrhhrhhkhdhhhkhhhihhihhkrixkx

NAME := Example 3b-- Complex Linear Polarization A*G = 0, AAF =0 OUTBOUND
0:=kz-wt
Ax:=cog -k z+wt)
Ay:=lcog-kz+wt)
Az:=0
¢©:=0
Example 3b-- Complex Linear Polarization A*G = 0, AAF =0 OUTBOUND
Lorenz constitutive equations, B = mu H, D = epsilon E
Action=coq -k z+wt) d(x) + I cog-k z+ wt) d(y)
E field=[sin(-k z+ wt) w, | sin(-k z+ wt) w, 0]



B field=[-I sin(-k z+ wt) k, sin(—k z+ wt) k, 0]
Topological Torsiore [0, 0, 0,
Helicity AdotB=0
Poincare 2 E.B=0
D field=[¢esin(-k z+ wt) w, | € sin(-k z+ wt) w, 0]
-l sin(—k z+ wt) k sin(-kz+ wt)k OE
H ’ u ’
Poynting vector ExH [0, O, Q]
co{-kz+wt) (K +ew ) -lcof-kz+wt) (-kC+ew p) OE

Current density= % :
M H

charge density 0
Topological SPIN=[0, 0, O, (]
chiralty AdotD=0
LaGrange field energy density (B.H-D.ED
Interaction energy density (A.J-rho.phkid
Poincare 1 (B.H-D.E)-(A.J-rho.ph§ 0
Virtual work =0, O, Q]
JdotE power=0
Enter the name of the problem, and the components of the 4 potential.

H field = E

> NAME:="Example 4a-- Complex Circular Polarization A*AG<>0, A°\F <> 0 INBOUND;
> theta:=(k*z+omega*t);
> Ax:=cos(theta);Ay:=I*sin(theta);Az:=0;phi:=0;
Then call the procedure JICM(AX,Ay,Az,phi)
> JCM(AX,Ay,Az,phi):
e e ke e e e ek ek ek ek ek ek ke
NAME := Example 4a-- Complex Circular Polarization A*G<>0, A"F <> 0 INBOUND
0:=kz+wt
Ax:=cogkz+ wt)
Ay :=lsin(k z+ wt)
Az:=0
¢:=0
Example 4a-- Complex Circular Polarization A*G<>0, A*"F <> 0 INBOUND
Lorenz constitutive equations, B = mu H, D = epsilon E
Action=cogk z+ wt) d(x) + I sin(k z+ wt) d(y)
E field=[sin(k z+ wt) w, -l codk z+ wt) w, 0]
B field=[-I cogk z+ wt) k, —sin(k z+ wt) k, 0]
Topological Torsiore [0, 0, =l w, | K]
Helicity AdotB= 1k
Poincare 2 E.B=0
D field=[esin(k z+ wt) w, -l ecogk z+ wt) w, 0]
H field = E—I cos(k;+ wt) k, ~ sin(k ZJ wt) k, 0%




wk (2cogkz+ oot)z—l)%
H
_ cogk z+wt) (K +ew’ p) -l sin(kz+wt) (- +egw’ p)
Current density= , ,0
H H
charge density 0
cogk z+wt) sin(k z+ wt) k
u
chiralty AdotD=2 cogk z+ wt) esin(k z+ wt) w

_ _ (k¢ +ew ) (2cogk z+ wt)> - 1)
LaGrange field energy density (B.H-D.E)

Poynting vector ExH: %) (0}

Topological SPIN= %) 0,-2 ,2codkz+wt)esin(k z+ wt) w%

ol
_ _ (K +ew’p) (2cogk z+wty - 1)
Interaction energy density (A.J-rho.pki)-
v
—IKe+ew’p) (2cogk z+wt)> -1
Poincare 1 (B.H-D.E)-(A.J-rho.phi 2 ( ) ( i ) )
vl
cogk z+ wt) (=K + e’ p) sin(k z+ wt) k
Virtual work = E) 0,2 & ) H) sin ) E
v
cogkz+wt) (k¥ +gw p)sin(k z+ wt) w

JdotE power=-2 0

Enter the name of the problem, and the components of the 4 potential.

> NAME:="Example 4b-- Complex Circular Polarization A*G<>0, A"F <>0 OUTBOUND;
> theta:=(k*z-omega*t);

> Ax:=cos(theta);Ay:=I*sin(theta);Az:=0;phi:=0;

Then call the procedure JCM(Ax,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

*hkkkhkkhkkhhkkhkhhkhkkhhhkkhkhhkkhkhhkhkhhkhkrhhkhhhkhkhhhkrhhrhhkrhhkhkhhhkdhhihhkihhiixx

NAME := Example 4b-- Complex Circular Polarization A*G<>0, A*"F <>0 OUTBOUND
0:=kz-wt
Ax:=cog -k z+wt)
Ay:=-lsin(-k z+ wt)
Az:=0
¢©:=0
Example 4b-- Complex Circular Polarization A*G<>0, A"F <>0 OUTBOUND
Lorenz constitutive equations, B = mu H, D = epsilon E
Action=coq -k z+ wt) d(x) — I sin(-k z+ wt) d(y)
E field=[sin(-k z+ wt) w, | cod -k z+ wt) w, 0]
B field=[-I co{ -k z+ wt) k, sin(-k z+ wt) k, 0]
Topological Torsior=[0, 0,1 w, | k]
Helicity AdotB= 1k
Poincare 2 E.B=0
D field=[esin(-k z+ wt) w, | ecog -k z+ wt) w, 0]



-l cog-kz+wt)k sin(-kz+wt)k OE

Hﬁdd:%
u u

wk (2coq—kz+wt)y-1) E
K
cof -k z+wt) (K +ew ) |Isin(-kz+wt) (k2 +€w’ p) 0%
u ’ H ’
charge density 0
cog-kz+wt)sin(-kz+wt) k
u
chiralty AdotD=2 coq—k z+ wt)esin(-k z+ wt) w

, , (-Ikk+ew’p) (2cog—k z+wt)>-1)
LaGrange field energy density (B.H-D.E)

Poynting vector ExH: E) 0, -

Current density= %

Topological SPIN= %) 0,2 ,2coq—kz+wt)esin(—-k z+ wt) w%

ol
_ _ (K+ewp) (2cog—kz+wt) -1)
Interaction energy density (A.J-rho.pki)-
v
“K+ew p) (2cog—kz+wt)?-1
Poincare 1 (B.H-D.E)-(A.J-rho.ph§ 2 ( ) ( o ) )
v
cog—k z+ wt) (- + €’ p) sin(—k z+ wt) k
Virtual work = E) 0,-2 g ) H) sin ) E
Tl
cog—k z+wt) (- +&w p) sin(—k z+ wt) w

JdotE power= -2
Tl

Enter the name of the problem, and the components of the 4 potential.

> NAME:="Example 5a-- waveguide TM mode (group kinematic in, wave in)’;
> theta:=(k*z+omega*t);

> Ax:=0;Ay:=0;Az:=f(x,y)*cos(theta);phi:=-vg*f(x,y)*cos(theta);

Then call the procedure JCM(Ax,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

*hkkkhkkhkkhhkkhkhhkhkkhhhkkhkhhkkhkhhkhkhhhkhhhkkhhhkhkhhhdhhrhhkrhhkhdhhhkrhhihhihhkiixx

NAME := Example 5a-- waveguide TM mode (group kinematic in, wave in)

0:=kz+wt
Ax:=0
Ay:=0

Az:=f(x y) cogk z+ wt)
@:=-vgf(x y) cogk z+ wt)
Example 5a-- waveguide TM mode (group kinematic in, wave in)
Lorenz constitutive equations, B = mu H, D = epsilon E
Action=1(x, y) cogk z+ wt) d(z) + vgf(x, y) cogk z+ wt) d(t)

0 0
E field= %/g%;xf(x, y) Ecos(k zZ+wt), vg%@f(x, y) Ecos(k z+wt), f(x y) sin(k z+ wt) (-vg k+ w)%

B field= %f(x, y) Ecos(k z+wt), —%;'Xf(x, y) Ecos(k zZ+wt), OE

Topological Torsiore [0, 0, 0,



Helicity AdotB=0
Poincare 2 E.B=0

D field = %vg%zxf(x, y) %cos(k z+wt), evg %%f()g y) Ecos(k z+wt), ef(x y)sin(kz+wt) (-vg k+ w)%

%%f(& y) %cos{k zZ+wt) %zxf(x, ) Ecos(kﬁwt)

H field = - 0
H "

(% y)sin(k z+ wt) (-vg k+ w) %%(f(x, y) %cos(k Z+wt)

Poynting vector ExH :
Il

9 9 7o ]
f(x y) sin(k z+ wt) (-vg k+ w) E@f(x y) ECOS(k z+wt) vgcogk z+ wt)? %f(x, y)% + %;yf(X, V)EE

H H
%%(f(x, y)%sin(k z+wt) (-k+evgwp) %'%f(x, Y) Esin(k z+wt) (-k+evgwp)
H ’ u
0 0 ,
cogkz+wt) %f(x y)%+ %;yzf(x, y)%—sf(x, y) wpvg k+ef(x y) w u%
) M
, 0’ 0
charge density: € cogk z+ wt) %;f(x, y) Evg+ %Tf(x y) Evg—f(x y) Kvg+1f(x y) kw%
X y

Current density=

9 9
f(x y) %1* %&f(x, y) E(—lﬂvg2 W) f(x y) %1’ %@f(x y) E(—HEVQZ H)

Topological SPIN= = ,
H H

—e f(x y)’sin(k z+ wt) (-vg k+ w) vg %1, f(x, y¥ %lesin(k z+ wt) (—vg k+ w)

%1:=coskz+ wt)
chiralty AdotD=f(x, y)* cogk z+ wt) € sin(k z+ wt) (—vg k+ w)

2 2 2
0 0 0
LaGrange field energy density (B.H-D.E%f(x, y)%%1+ %f(x y) E %1 - € vy %f(x y) E %1p
y X X
a 2
-evg %f(x y)E%lu-sf(x y)?vg K W+ e f(x y)* v K %1+ 2e f(x, y)* wvg ki
y

-2¢ef(x y)?wvg kp %1 - f(x y)? w’ p+ e f(x y)zoozu%lﬁ/p

%1 :=cos(k z+ wt)

0° 0
Interaction energy density (A.J-rho.pki¥(x, y) cogk z+ wt)? E—%Qf(x y) %— %Tyzf(x y) E+ 2ef(x y) wpvgk

—ef(x y) w2u+evg2u%§2f(x y)Eﬂngu%ng(x y)%—svgzuf(x, y) kz%/u



2 2 2
0 0 0
Poincare 1 (B.H-D.E)-(A.J-rho.ph§g %f(x, Y) E %1+ %f(x, y) % %1 - vy %f(x, y) % %1p
y X X

2
d
-evg %f(x y)%%lu-sf(x y)? Vg K+ 2 e f(x y)* v K %1+ 2€ f(x, y)* wvg kpt
y

62
—4f(x y)?wvg k%L -ef(x y)?w u+2ef(x y)> o p%L+f(x y)%l%';f(x, y)%
X

& s &
+f(x y) %1%;2“ y) E—f(x y) %levg p %f(x y) E— f(x y) %levg p %yzf(x y)

%1 :=cos(k z+ wt )

Virtual work :E»cos(k z+ wt)zag(f(x, y) E%»svgzu %%zzf(x, y)%—svgzu Hﬁ’;f(x, y) %ﬂsvgzuf(x, y) K
—2¢ef(x y) opvg k+ Hf*;f(x y)% %l;f(x y)%ﬂf(x y) wzu%u,-ws{kﬂwtf%%f(x y)EH
—svgzu%%zf(x y)%—svgzu%%;f(x y)%ﬂvgzuf(x y) K=2¢&f(x y) wpvg k+ %%sz(x y)%+ %;l;f(x y)%

9° 9°
+ef(xy) wzu%u, cogk z+wt)sin(k z+ wt) e f(x y) 4 %';f(x, y)%vgzkhsf(x, y) U %%f(x, y)%vgw

& g
—ef(xy) u%;yzf(x y)Evgzkﬂf(x y) u%;yzf(x V)Evgmsf(x Yk vg - 2ef(x y)* pkivgw

+ef(x y)Zukw2+%,%f(x y)%zk—ﬁf—xf(x y)%zsvgwwﬁ%f(x y)%zk—%%f(x y)gsvgwu@ua

2 2
0 0 0
JdotE power=-sin(k z+ wt) cogk z+ wt) %f(x, y) vg k- %f(x, y)%vgzsoopu %f(x Y)

E
%f(x y)%vgzswu f(xy) %;f(x y) Evg k+ (X y) %;f(x y) Ew f(x y) %;f(x y) Evg k

+f(x V)E;f(x y)%msf(x y) wpvg K -2 f(x )’ w’ pvg k+ef(x y)’ ME/M

[ Enter the name of the problem, and the components of the 4 potential.

2

vg k

> NAME:="Example 5b-- waveguide TM mode (group kinematic in, wave out)’;
> theta:=(k*z-omega*t);
> Ax:=0;Ay:=0;Az:=f(x,y)*cos(theta);phi:=-vg*f(x,y)*cos(theta);
Then call the procedure JCM(Ax,Ay,Az,phi)
> JCM(AX,Ay,Az,phi):
R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R
NAME := Example 5b-- waveguide TM mode (group kinematic in, wave out)
0:=kz-wt
Ax:=0
Ay:=0
Az:=f(x y) co{-k z+ wt)



@:=-vgf(x y) coq-k z+ wt)
Example 5b-- waveguide TM mode (group kinematic in, wave out)
Lorenz constitutive equations, B = mu H, D = epsilon E
Action=1(x, y) cog—k z+ wt) d(z) + vgf(x, y) co{—k z+ wt) d(t)

E field= %/g %f(x, y) Ecos(—k zZ+wt), vg%%f(x, y) Ecos(—k z+wt), f(x y) sin(—k z+ wt) (vg k+ w)%

B field= %%f(x, y) Ecos(—k zZ+wt), —%?’Xf(x, y) Ecos(—k Z+wt), OE

Topological Torsiore [0, 0, 0,
Helicity AdotB=0
Poincare 2 E.B=0

D field = %vg%%f(x, y) Ecos(—k z+wt),evg %%f(x, y) %cos(—k z+wt), ef(x y) sin(—k z+ wt) (vg k+ w)%

a%f(x y) ECOS(—k z+wt) %'%f(x, Y) Ecos(—k z+ wt)

H field = - 0
u u

(% y) sin(-k z+ wt) (vg k+ w) %f()@ y) écos(—k zZ+wt)

Poynting vector ExH )
W

9 9 1 Do i
f(x y) sin(-k z+ wt) (vg k+ w) %Tyf(x, y) Ecos(—k z+wt) vgcog—kz+wt)? %f(x, y)%+ %f(x, y)%H

u u

%%(f(x, y)%sin(—k z+wt) (k+evgwp) %'%f(x, y)%sin(—kz+ wt) (k+evgwp)

Current density=

H H
0? 0? ,
cof-kz+wt) %&f(x y)%+ ajyzf(x y)Eﬂf(x, y) wpvg k+ef(x y) w u%

H
charge density —€ cog -k z+ wt) %H% f(x y) va— H%zf(x, Y) Evg+ f(x, y) Kvg+1f(x y) kw%

9 d
f(x y) %1° %f(x y) E(—lhsvg2 b o f(xy) %2? %;yf(x y) E(—lﬂvg2 H)

Topological SPIN= y T ,
M M

- f(x, y)?sin(—k z+ wt) (vg k+ w) vg %1, f(x, yF %lesin(-k z+ wt) (vg k+ w)

%1 :=cos(-k z+ wt)
chiralty AdotD=f(x, y)*> co{ -k z+ wt) € sin(-k z+ wt) (vg k+ w)



2 2 2
0 0 0
LaGrange field energy density (B.H-D.E%f(x, y)%%1+ %f(x y) E %1 - € vy %f(x y) E %1p
y X X
a 2
-evg %f(x y)%%lu-sf(x y)?vg K W+ e f(x y)* v K %1 - 2e f(x, y)* wvg ki
y

+2¢ef(x y)?wvg kp %1 - f(x y)? w’ W+ € f(x y)zoozu%lﬁ/p

%1 :=cos(-k z+ wt Y

2 2
Interaction energy density (A.J-rho.pki)- f(x, y) cog -k z+ wt)? %s vg p H%f(x, y) %— evg' p %lyzf(x, y)%
& & ,
+evg pf(x y) K+2ef(x y) wpvg k+ %f(x y)%+ ijzf(x, y)%sf(x y) W u%/u
_ o ] ) ] ) ]
Poincare 1 (B.H-D.E)-(A.J-rho.ph %f(x, Y) E %1+ %;Xf(x, y) % %1-¢evg a;(f(x, y)%%lu
a 2
-evg E;yf(x y)é%lu—sf(x y)? Ve K+ 2 e f(x y)? v K %1 - 2e f(x, y)* wvg kp

62
+4ef(x y)? wvg KL %L -ef(x y)* @ p+2ef(x y)? o 1 %1-f(x, y)%lsvgzu%f(x, y)E

o2 &2 &2
—f(x y) %wlevg p %.jyzf(x y) E+ f(x y) %1%&& y) E+ f(x y) %1%@2“& y)

%1 := cos(-k z+ wt Y

Virtual work =E—cos{—k z+wt)? %%f(x, y) E%—svgzu %%sz(x, y)%—svgzp H;l;f(x, y) Ehsvgzpf(x, y) K
+2ef(x y)mpvgk+%;—;f(x, y)%+%l;f(x, y)%hc.f(x, y)wzp% ,—coq -k z+ wt)? %f(x, y)%E
—€V92H%%22f(>c V)E—EVQZH%l;f(X, y)%ﬂ“EVQZHf()Q y) K+2ef(x y)wuvgk+ajf(x, y)% %Tyzf(x V)E

62
+ef(x ) oozu%u,—cos(—kﬁ wt) sin(—-k z+ wt) e f(x y) 1 %f(x y)vazk
0° 0° 0°
—ef(x y)u %f(x y)Evgw—sf(x, y) 1 E@f(x, y)%vgzk—sf(x, y) 1 E;yzf(x, y)%vgmsf(x y) uk vg’
a 2 a 2 2
+2ef(x y) LK vgw +ef(x, yfu'@“%f(x y)%k+ %f(x y)ﬁevgww%f(x y)ﬁk
+E§yf(x y)éevgwu@uﬁ
, 9 i 9 ] 9 i
JdotE power=-sin(-k z+ wt) cog -k z+ wt) E%f(x, y)%vg k- %&f(x, y)%vgzswu - %f(x, y)%vg k
9 ] & g &
- %f(x V)EVQZEOOH”()Q y) H;f(x V)EVQ k+f(x y) %.;f(x V)E&Hf()@ y) ij(x, V)EVQ k
y X X y2



aZ
+ny)%;ﬂxw%w+8KxywaV§¥+28ﬂxyfwﬁu©k+£ﬂxwﬂfu@u

Enter the name of the problem, and the components of the 4 potential.

> NAME:="Example 5c-- waveguide TM mode phi (group kinematic out, wave in)’;
> theta:=(k*z+omega*t);

> Ax:=0;Ay:=0;Az:=f(x,y)*cos(theta);phi:=+vg*f(x,y)*cos(theta);

Then call the procedure JCM(Ax,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

AEAEEEAAAAAAAAAAAAAAAAAAAAAAAAA A A A A AR A AAAA A A A A A A A A A A A A A A A AKX AXK

NAME := Example 5c-- waveguide TM mode phi (group kinematic out, wave in)
0:=kz+wt

Ax:=0
Ay:=0

Az:=f(x y) cogk z+ wt)

@:=vgf(x y)cogk z+ wt)

Example 5c-- waveguide TM mode phi (group kinematic out, wave in)
Lorenz constitutive equations, B = mu H, D = epsilon E
Action=1(x, y) cogk z+ wt) d(z) — vgf(x, y) cogk z+ wt) d(t)

E field= %vg %?Xf(x, y) %cos(k z+wt), -vg a%f(x, y) %cos(k z+wt), f(x y)sin(kz+wt) (vg k+ w)%

B field= %%f(x, y) Ecos(k z+wt), —%?Xf(x, Y) Ecos(k Z+wt), OE

Topological Torsiors [0, 0, 0,
Helicity AdotB=0
Poincare 2 E.B=0

D field = %svg %%(f(x, y)%cos(k z+wt),—€vg %'%f(x, Y) Ecos(k z+wt), ef(x y)sin(k z+ wt) (vg k+ w)%

%%f(x y) %Cos(k z+wt) %'%f(x, y) Ecog(k z+wt)

H field = - 0
u u

0
(% y)sin(k z+ wt) (vg k+ w) a&f(x y) Ecos(k Z+ wt)

Poynting vector ExH )
H

9 9 1 Do i
f(x y) sin(k z+ wt) (vg k+ w) %;yf(x, y)%cos(k z+wt) vgcogkz+ wt)z%f(x, y)%+ %/f(x, y)EH

u u

by abdlin
f(x, y)%sm(kﬁ wt) (k+evgwp) %f()@ y)%sm(kﬁ wt) (k+evgwp)
X y

Current density= i ,
H H




0? 0
cogkz+wt) %f(x Y)E*’ %;yzf(x Y)E’“?f(x, y) wpvg k+ef(x y) wzuEE

u

charge density € cogk z+ wt) %a% f(x y) va— H!lyzf(x, y) Evg+ f(x, y) Kvg+1f(x y) kw%
X

9 d
f(x y) %2° %f(x y) E(—lﬂvg2 b o f(xy) %2 %yf(x y) E(—lﬂvg2 H)

Topological SPIN= E— v
H H

ef(x y)?sin(k z+ wt) (vg k+ w) vg %1, f(x, y¥ %le sin(k z+ wt) (vg k+ w)E

%1:=coskkz+ wt)
chiralty AdotD=f(x, y)? cogk z+ wt) € sin(k z+ wt) (vg k+ w)

2

2 2
0 4] 0
LaGrange field energy density (B.H-D.E) H—%l %f(x, y)% - %1 %f(x, y) E +evg %;Xf(x, y) E %1
a 2
+e vy E;yf(x y)é%lwsf(x y)? Ve K - e f(x y)? v K %1+ 28 f(x, y)* wvg ki

- 2¢&f(x y)’ wvg kp %1+ef(x y)’ o’ p-ef(x y)szu%@u

%1 :=cos(k z+ wt ¥

0’ 0’
Interaction energy density (A.J-rho.phi)- f(x, y) cogk z+ wt)? %s Vgt i %; f(x y) %— evg' %yz f(x y) E
X

0? 0 ,
+evg pf(x y) K+2ef(x y) wpvg k+ %f(x y)% ijzf(x y)%ﬂf(x y) w u%/u

Poincare 1 (B.H-D.E)-(A.J-rho.ph§ - @%1 %%( f(x y) E - %1 %%f(x, y) % +evg %%(f()g y) % %1p

2
d
+e vy’ %yf(x y)%%lwsf(x y)? Vg K -2 e f(x y)* v K %1+ 2e f(x, y)* wvg kp

62
—4ef(x y)?wvg k%L +ef(x y)?w u-2¢ef(x y)> o p%L+f(x y)%lsvgzp%f(x, y)%

Gl i o’
+(x y) %levg p %jyzf(x y) E— f(x y) %1%1‘0@ y) E— f(x y) %1%};]1)(, y)%u

%1 :=cos(k z+ wt ¥

0 9° 0°
Virtual work :E»cos(k Z+wt)? %;Xf(x, y) E%»svgzu %}f(x, y)%—svgzu %yzf(x, y) %ﬂsvgzuf(x, y) K
+2ef(x y) wpvg k+ %f(x, y)%+ E;lyzf(x, y)%sf(x y) wzuH/u, —cogkz+ wt)za%f(x, y)%ﬁ
9° 0° 0° 9°
—svgzu%&f(x y)%—svgzu%jyzf(x y)%ﬂvgzuf(x y) K+2¢&f(x y) wpvg k+ %}f(x y)%+ %jyzf(x y)%



0? 0?
+ef(x y) wzu%u, cogkz+wt)sin(k z+ wt) Esf(x y) 1 %’;f(x V)Evgzk—sf(x y) 1 %&f(x y)Evgw

& &
—ef(x y) u%;yzf(x y)Evgzk—sf(x y) u%;yzf(x V)Evgmsf(x Y R vE +2ef(x y)* pk vgw

+ef(x y)Zukw2+%,%f(x y)glﬁﬁif(x y)%zsvgwwﬁ%f(x y)%zk%%f(x y)gsvgwua/ua

2

2 2
0 0 0
JdotE power=sin(k z+ wt) cogk z+ wt) %f(x, y)%vg k+ %f(x, y)%vgzswu+ %f(x, y)%vg k
X X y

+ %;'yf(x y)évgzswu-f(x y) H%if(x, V)EVQ k=1(x y) %.%zzf(x V)Ew—f(x y) %;’;f(x, V)EVQ k

az 2 2,2 2,3
- f(x y)%;yzf(x, y)%w—sf(x Y wpvg K -2ef(x y)’ w pvgk-ef(x y)* o HE/H

[ Enter the name of the problem, and the components of the 4 potential.

> NAME:="Example 5d -- waveguide TM mode (group kinematic out, wave out)’;
> theta:=(k*z-omega*t);

> Ax:=0;Ay:=0;Az:=f(x,y)*cos(theta);phi:=+vg*f(x,y)*cos(theta);

Then call the procedure JCM(Ax,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

*hkkkhkkhkhhkkhkhhkhkkhhhkkhkhhkkhkhhkhkhhhkhhhkkhhhkkhkhhkhkhhhrhhkrhhkhkhhhkhhhihhihhiixx

NAME := Example 5d -- waveguide TM mode (group kinematic out, wave out)
0:=kz-wt

Ax:=0
Ay:=0

Az:=f(x y) co{-k z+ wt)

@:=vgf(x y)cog-kz+wt)

Example 5d -- waveguide TM mode (group kinematic out, wave out)
Lorenz constitutive equations, B = mu H, D = epsilon E
Action=1f(x, y) cog -k z+ wt) d(z) — vgf(x, y) cogd -k z+ wt) d(t)

E field= %vg %%(f(x, y) Ecos(—k z+wt), -vg %%f(x, y) Ecos(—k z+wt), f(x y) sin(-k z+ wt) (-vg k+ w)%

B field= %f(x, y) Ecos(—k z+wt), —a%f(x, Y) Ecos(—k zZ+wt), OE

Topological Torsior= [0, 0, 0,
Helicity AdotB=0
Poincare 2 E.B=0
D field =

Ens vg%%f(x, Y) Ecos(—k zZ+wt), —evg %zyf(x, y) %cos(—k z+wt),ef(x y)sin(—k z+ wt) (-vg k+ w)%

a%f(& y) ECOS(—k z+wt) %%f(x, y) Ecos(—k 2+ wt)

H field = - 0
N H




0
(% y)sin(-k z+ wt) (-vg k+ w) %f(x, y) %cos(—k Z+wt)
X
Poynting vector ExH :

Il
f(x y) sin(-k z+ wt) (-vg k+ w) %%f(x, y)%cos(—k z+wt) vgcog -k z+ wt)? %?Xf(x, y)% + %%f(x, y)EH
u ’ H
%'?f(x, Y) Esin(—k z+wt) (-k+evgwp) %f(x, y) %sin(—k z+wt) (-k+evgw)
. X y
Current density= = )
H H
0° 0° 5
cog-kz+wt) %f(x y)%+ %'jyzf(x y) H—sf(x, y) wpvg k+ef(x y) w u%

u
0° 0°
charge density —€ cog -k z+ wt) %f(x, y) Evg+ %Tyzf(x y) %vg— f(x y) Kvg+Tf(x y) kw%

9 9
f(x y) %1* %;Xf(x, y) E(-lﬂvg2 W) f(x y) %1’ %@f(x y) E(—“EV@J2 H)

Topological SPIN= y T ,
H H

e f(x y)?sin(—k z+ wt) (—vg k+ w) vg %1, f(x, yY %1e sin(-k z+ wt) (-vg k+ w)

%1 :=cos(-k z+ wt)
chiralty AdotD=f(x, y)* coq -k z+ wt) € sin(-k z+ wt) (-vg k+ w)

2 2 2
0 0 0
LaGrange field energy density (B.H-D.E%f(x, y)%%1+ %f(x y) E %1 - € vy %f(x y) E %1p
y X X
a 2
-evgf %f(x, y)%%lpw 2f(x y)?wvg kp - 2ef(x y)2wvg kp %l -ef(x y)2w p+ef(x y)?w n %l
y

—ef(x Y vg K p+ef(x Y)ngzkzu%lﬁ/u

%1 :=cos(-k z+ wt Y

0° 0’
Interaction energy density (A.J-rho.pki)- f(x, y) cog -k z+ wt)? %s vg p H; f(x y) %— evg' p %yz f(x y) E
X

o 0
+evg uf(x y) K-2ef(x y) wpvg k+ %f(x y)%+ ijzf(x, y)%sf(x y) wzu%/u
9 ] 9 ] 9 ]
Poincare 1 (B.H-D.E)-(A.J-rho.ph %f(x, y)%%1+ %;Xf(x, y)%%l—evg2 a;(f(x, y)%%lu
a 2
—svgz%yf(x y)%%luwef(x, y)> wvg kp =4 f(x y)* 0vg kp %1 - f(x y)° 0 p+2ef(x y)° 0 1 %1

& s
—ef(x )’ va K p+2ef(x y)?vaf K %1 +f(x, y)%l%f(x y)%”(x y) m%;yﬁ(x, y)%



& &
—f(x y) %levg p %&f(x y)%—f(x y) %levg u %ff(x y)%u

%1 :=cos(-k z+ Wt}

0 0’ 0’
Virtual work :E»cos(—k z+ wt)? %;(f(x, y) E%»s vg' | %}f(x, y) %—svgzu %yzf(x, y) Eﬂzvgzuf(x, y) K
—-2ef(x y) wpvg k+ %f(x, y)%+ E;lyzf(x, y)%sf(x y) wzuH/u, —cog—kz+ wt)zagyf(x, y)%ﬁ
0’ 0’ 0’ 0’
—evg' %&f(x y)%—svgzu %yzf(x y)%ﬂvgzuf(x y) K=2¢&f(x y) wpvg k+ %}f(x y)%+ %jyzf(x y)%

0? 0
+ef(x y) wzu% M, cof -k z+wt) sin(-k z+ wt) %f(x y) 1 %&f(x y)Evgzk—sf(x y) u %}f(xy y)%vgw

& g
+ef(x y) u%;yzf(x y)Evgzk—sf(x y) u%;yzf(x Y)Eng—Sf(K Y R Ve +2ef(x y)? pk vgw

—ef(x y)zusz-%,%f(x y)glﬁﬁif(x y)%zsvgwu—ﬁ%f(x y)%zk%%f(x y)gsvgwu@ua

JdotE power=sin(-k z+ wt) co -k z+ wt) E»%le(x, y)%vg k+ %%(f(x, y)%vgzs WU - %%f(x, y)%vg k

+ %;'yf(x Y)%ZVQZSUWH(X y) %;;sz(x Y)EVQ k=1(xy) %'%zzf(x Y)Ewﬂ(x y) Hj’;f(x Y)EVQ k

aZ
-f(x y) %yzf(xy y)%w-sf(x y) wpvg K +2ef(x y)* w’ pvg k-ef(x, y)zwsua/u

[ >
[ Enter the name of the problem, and the components of the 4 potential.

> NAME:="Example 6a-- Wave guide TTM (kinematic in, wave in);

> theta:=(k*z+omega*t);

> Ax:=0;Ay:=0;Az:=f(x,y)*cos(theta);phi:=-(omega/k)*f(x,y)*cos(theta);
Then call the procedure JCM(Ax,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

A
NAME := Example 6a-- Wave guide TTM (kinematic in, wave in)
0:=kz+wt
Ax:=0
Ay:=0
Az:=f(x y) cogk z+ wt)
- wf(x y)cogkz+wt)
k

Example 6a-- Wave guide TTM (kinematic in, wave in)

Lorenz constitutive equations, B = mu H, D = epsilon E




wf(x y) cogdk z+ wt) d(t)

Action=1f(x, y) cogk z+ wt) d(z) +

k
w%f(x, y)%cos(k Z+wt) w%?f(x, Y) Ecos(k zZ+wt)
E field= X " ) Y " ,0

B field= %%f(x, y) Ecos(k z+wt), —%f’xf(x, y) Ecos(k zZ+wt), OE

Topological Torsiore [0, 0, 0,
Helicity AdotB=0
Poincare 2 E.B=0

E&w%%f(x y)%cos(k zZ+wt) sw%f(x, y)%cos(kﬁoot) E
D field = ,0

k ' k
- E%%f(x, y)%cos(kﬁ wt) %?f(x, y)%cos(k Z+wt) E
H field = " - ,0

E} wcogk z+ wt)’ %f(x Y)E f(>@ W%EE
,0,-

%f()@ y)%sm(kﬁwt)( K +ew ) %f(x y)%sm(kzuot)( IK+ew )

pk Kk

cogkz+wt) %;éf(x y)%+ %.Tyzf(X, y) %@
) "
ewcogk z+ wt) %%sz(x, y)% %;f;f(x y)%
k

Poynting vector ExH

Current density= E

charge density

Topological SPIN=

0 0
@f(xy)cos(kz+wt>2%5f(xy)%(—k%swzm f(xy)cos(kzmt)zga—yf(xy)%(—k%swzm E
,0,0

NS o S
chiralty AdotD=0

a 2 a 2
cogk z+ wt)z%f(xy y)%+ %@f(x V)EE(—k“szu)

LaGrange field energy density (B.H-D.E}

HK
5 0° 0° )
f(x y) cogtk z+ wt)* B 7 (% y) B+ y2f(x Y) EE(-K +ew )
Interaction energy density (A.J-rho.pki) %
M

Poincare 1 (B.H-D.E)-(A.J-rho.ph



cogk z+ wt)? (- + & ' u)%f(x y)% %f(x y)gﬂ(x y)%;*;f(x y)%ﬂ‘(x y)%%;f(x y)%

62
cogk z+ wt)? %&f(x y) E+ %;f(x, y) %E;f(x y)%( K +ew p)
Virtual work =
62
cogk z+ wt)? %&f(x y) H+ E;f(x, y) %E;f(x y)

sin(k z+ wt) (K +¢ o M) cogk z+ wt) %f(x, y)

[T ]

(K +ew p)

a 2
+ %f(x Y)EE
MKk
sin(k z+ wt) (-k¥+ew 1) wcogk z+ wt) %:*Xf(x y)%+ %%f(x, y)%E

JdotE power=
p %

T I

Enter the name of the problem, and the components of the 4 potential.

> NAME:="Example 6b-- Wave guide TTE (kinematic in, wave out);\
> theta:=(k*z-omega*t);

> Ax:=0;Ay:=0;Az:=f(x,y)*cos(theta);phi:=-(omega/k)*f(x,y)*cos(theta);
Then call the procedure JCM(AX,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

*hkkkhkkhkhhkkhkrhkhkkhhkhkkhkhhkkhkhhkhkhhhkhhhkhhhkhkhhhdrhhrhhkrhhkhkhhhkhhhihhihhkiixx

NAME := Example 6b-- Wave guide TTE (kinematic in, wave out)
0:=kz-wt
Ax:=0
Ay:=0
Az:=f(x y)cod-k z+ wt)
wf(x y)cogd-kz+wt)
B k
Example 6b-- Wave guide TTE (kinematic in, wave out)
Lorenz constitutive equations, B = mu H, D = epsilon E
wf(x y) cod-kz+wt)d(t)
k

w%?xf(x, y) Ecos(—k Z+wt) w%%f(x, Y) Ecos(—k zZ+wt)

E field= )
k k

B field= %f(x, y) Ecos(—k zZ+wt), —%?’Xf(x, y) Ecos(—k Z+wt), OE

Topological Torsiore [0, 0, 0,
Helicity AdotB=0
Poincare 2 E.B=0

Action=1f(x, y) co{-k z+ wt) d(z) +

2w f(x y) sin(-k z+ wt)




D field =

E&w%le(x, y) Ecos(—k Z+wt) sw%%f(x, y) %cos(—k Z+wt)

K ) " ,2ewf(x y)sin(—kz+wt)@

%%f(x, V)ECOS(—kZHJot) %zxf(x, y)%cog(_kprwt) E
,0

H field = -
" H

0
wf(x y)sin(—k z+ wt) %f(x, y) Ecos(—k Z+wt)
X
Poynting vector ExH ,

sl
, 9 L Fo 1 0o ]
2oof(x y)sm(—kz+oot)%;yf(x, y)%cos(—kz“ut) _oocos(—kz+cot) %f(x, y)%+a§f(x y)EEE
H ' ku

%f(x, y)%sm( -k z+wt) (KR+ew pn) %f(x y)%sm( -k z+wt) (KR+ew pn)
Current density= K K )

cof-kz+wt) %;:Zf(x y)%+ %yzf(x y) EJfZszf(X, y) H%
) "

ewcoy-kz+wt) E‘%%Zf(x y) %‘ %;’;f(x y) E’fo()@ y) kz%
k

charge density —

0 0
f(x, y) %1’ @;Xf(x y) E(—k2+sw2u) f(x, y) %2? %@f(x y) E(—k2+sw2u)

Topological SPIN:E— T
polog K K

£ o f(x, y)?sin(—k z+ wt) %1
k
%1 :=cos(-kz+ wt)

,2F(x y)? %le wsin(—k z+ wt) E
chiralty AdotD= 2 f(x, y)? co{ -k z+ wt) € wsin(—-k z+ wt)
9 i 9 i d ]
LaGrange field energy density (B.H-D.E) H—%l K %;yf(x, y) % - %1 K %;(f(x, y)% +ew | %;Xf(x y) E %1

a 2
+sw2u%@f(x y)E%1+4f(>c yY K e’ p—4f(x y)z%swzu%la/(kzu)

%1 := cos(-k z+ wt Y
Interaction energy density (A.J-rho.phi)- f(x, y) cog —k z+ wt)?

E‘iw u%;f(x V)E €W u%;f(x V)E+4800 Hf(x y) k2+k2%.7f(x, )’)H+ kz%;f(x y)%/(k?u)
y2
Poincare 1 (B.H-D.E)-(A.J-rho.ph# - E%lkz%f(x, y)%—%lk2 %f(x, y)%ﬂsoo u%f(x, y)%%l



2

0 92
+sw2u%,;yf(x y)%%l+ 4f(x yF KR e o’ p-8F(x y)P ke u%Ll+f(x y)%lwzp%f(x, y)%

0 0 0
+(x y) %lew p %'Tyzf(x, Y)%—f(x y) %1%%1‘@ Y)E—f(x y) %1%%’;’2&)@ y)%/(k2 H)

%1 := cos(-k z+ wt ¥

Virtual work = E cog-k z+ wt)? %zxf(x, y)%
L 0o , [0 , & &
E‘ﬁw Ha;f(x V)E—ﬁw H%Tf(x y)%+4gu) HE(x y) k°'+kza;f(>§ V)E’sz%f(x. y)%/(kzu).-
X vV X v
cos(—kz+cot)2a?f(x, y)%
E‘ﬁw u%f(x V)E Ew u%ff(x y)%+4gu) HE(x y) k°'+k2%f(>§ V)E’sz%f(x. y)%/(kzu)

cog~k z+wt) sin(~k z+ wt) 12 ' f(x, y)uaf:f(x y)% 28 W’ f(x, y)uE;—yzf(x, y)%wf(x Yy I e W p
+E§Xf(x y)%waf;f(x y)%ﬁt»zw%.%f(x y)ék“%%f(x y)%swzpa/(kp)a
JdotE powerzsin(—kz+mt)mcos(—kz+mt)%;—Xf(x, y)gk%%'%(f(x, y)gsw2p+%zyf(x, y)gkz
+%§—yf(x y)gswzp—Zf(x, y)%%f(x, y)%—zf(x, y)k?%;f;f(x, y)E_“(x, y)ZstwzuE/(kzu)
[ >

[ Enter the name of the problem, and the components of the 4 potential.

> NAME:="Example 6¢-- Wave guide TTM (kinematic out, wave in)’;
> theta:=(k*z+omega*t);
> Ax:=0;Ay:=0;Az:=f(x,y)*cos(theta);phi:=+(omega/k)*f(x,y)*cos(theta);
Then call the procedure JCM(Ax,Ay,Az,phi)
> JCM(AX,Ay,Az,phi):
R R R R R R R R R R R R R R R R R R R R R R R R R R R R R
NAME := Example 6c¢c-- Wave guide TTM (kinematic out, wave in)
0:=kz+wt
Ax:=0
Ay:=0
Az:=f(x y) cogk z+ wt)
_ wf(x y) cogkz+ wt)
- k
Example 6¢-- Wave guide TTM (kinematic out, wave in)

Lorenz constitutive equations, B = mu H, D = epsilon E
wf(x y)cogdkz+ wt) d(t)
k

Action=f(x, y) cogk z+ wt) d(z) -




w%;'xf(x, Y) Ecos(k zZ+wt) w%%f(x, y)%cos(k zZ+wt)

E field= " = " ,2wf(x y) sin(k z+ wt)

B field= %f(x, y) Ecos(k z+wt), —%;'Xf(x, y) Ecos(k zZ+wt), OE

Topological Torsiore [0, 0, 0,
Helicity AdotB=0
Poincare 2 E.B=0

0 0
- sw%&f(x, y)%cos(kzuot) sw%f(x, y)%cos(kzuot) -
D field = " - " ,2ewf(x y)sinf(kz+ wt)
. %ayf(x, y) Ecos{k zZ+wt) %zxf(x, Y) Ecos(k zZ+wt)
H field = 0 = 0 ,0

wf(x y)sin(kz+ wt) af’xf(x, y) %cos(k Z+wt)

Poynting vector ExH
]

, ) L Ho 7 o ]
, wf(x y)sin(kz+wt) a;yf(x, y)%cos(kﬁ wt) wcogkz+wt) %f(x, y)%+ %f()@ y)%@
" ’ q

%'%f(x, y)%sin(kz+ wt) (K+ew p) %'%f(x, y)%sin(k z+wt) (IKR+ew' )

Current density= = .
uk pk

cogk z+ wt) %%zzf(x V)E+ %;*;f(x V)Eﬁswzf(x y) HE
) H

gwcogk z+ wt) %%f(x y) ;— %l;f(x, y)E+2f(x, y) k’H
k

0 0
f(x, y) %1’ %Xf(x y) E(—kZ+sw2u> f(x, y) %2° %@f(x y) E(—k2+sw2u>

Topological SPIN= — ,
polog % %

[

charge density

L o f(x y)? sin(k z+ wt) %1
k
%1:=coskz+ wt)

L 2f(x y)? %lewsin(kz+ wt)

chiralty AdotD= 2 f(x, y)* cogk z+ wt) € wsin(k z+ wt)

2 2 2
0 0 0
LaGrange field energy density (B.H-D.EE%l I % f(x, y)% + %1 I3 % f(x y) E —gw % f(x y) % %1
y X X



2
—swzu%,%f(x y)%%l—ﬂ(x yYikew u+dew f(x y)Zukz%lﬁ/(ukz)

%1 := cos(k z+ wt )
Interaction energy density (A.J-rho.pki)- f(x, y) cogk z+ wt)?

%swzua%if(x y)%—swzu%%;f(x, y)%wswzuf(x, y) l€+k2%§2f(x ”E* %%f(x y)%/(ukz)

- | P 2 P 2 i P 2
Poincare 1 (B.H-D.E)-(A.J-rho.phd P61 K %f()@ y)% + %1k %;(f(x, y)% —tw %;(f(x, y) E %1
2

0 02
—swzu%;yf(x, y)%%l— 4f(x y Pk ew n+8ew f(x y)?uk %L-f(x y)%lswzp%f(x, y)E

, 0o %’ %’ ,
—f(x y)%lew p %'Tyzf(x, Y)%”(x y) %1%%1‘()@ Y)E”()Q y) %1%%@2f(>@ y)%/(uk )

%1 := cos(k z+ wt )

Virtual work = E cogk z+ wt)? %zxf(x, y)%
) 62 5 62 ) 62 62 ,
E‘ﬁw Ha;f(x V)E—ﬁw H%f(x y)%+4gu) HE(x y) k°'+kza;f(>§ V)Eﬂe%f(x y)%/(uk),—
X y? X Y
cos(kz+oot)2%?f(x, y)%
E‘iw u%f(x V)E Ew u%ff(x V)E+4800 HE(x y) k°'+k2%f(>§ V)Eﬂe%f(x y)%/(ukz

cogk z+ wt) sin(k z+ wt) -2 w*f(x y)u%;—zf(x, y)% stf(x,y)u%%f(w)éwf(x, yy K e w
+%§f(xy)%kz+@;—xf(xy)%sdw@,%f(x y)ék“%%f(x y)%swzpa/(pk)a

JdotE power= - sin(k z+ wt) wcogk z+ wt) E%f(x, y)%zkz—%le(x, y)gswzu—%%f(x, y)gk2
—%Ba—yf(x y)gswzum(x, y)%%f(x, y)%wf(x, y)k?%;f;f(x, y)%ﬂf(x, y)ZstwzuE/(ukZ)

[ Enter the name of the problem, and the components of the 4 potential.

> NAME:="Example 6d-- Wave guide TTM (kinematic out, wave out)’;
> theta:=(k*z-omega*t);

> Ax:=0;Ay:=0;Az:=f(x,y)*cos(theta);phi:=+(omega/k)*f(x,y)*cos(theta);
Then call the procedure JICM(AX,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

AEAEAEAAAAAA A XA XA A A A A XA A A A A A A A A A A AAAAAAAAA A A A A A A A A A A AR A A A A A AA*

NAME := Example 6d-- Wave guide TTM (kinematic out, wave out)
0:=kz-wt
Ax:=0



Ay:=0
Az:=f(x y)cod-k z+ wt)
wf(x y) cod—kz+wt)
Q=
k
Example 6d-- Wave guide TTM (kinematic out, wave out)

Lorenz constitutive equations, B = mu H, D = epsilon E
wf(x y) cog-kz+wt)d(t)
k

w%%(f(x, y) Ecos(—k Z+wt) w%%f(x, y) Ecos(—k Z+wt)

E field= VT 0
k k

B field= %f(x, y) %cos(—k z+wt), —%;'Xf(x, y) %cos(—k zZ+wt), OE

Topological Torsior= [0, 0, 0,
Helicity AdotB=0
Poincare 2 E.B=0

sw%;'xf(x, Y) Ecos(—k Z+wt) sw%%f(x, Y) Ecos(—k Z+wt)
k k

Action=f(x, y) co{-k z+ wt) d(z) —

D field = ,0

%?f(x, y) Ecos(—k Z+wt) %%(f(x, Y) Ecos(—k zZ+wt)

H field = = ,0
u

W
, a 2 a 2
. wcog—kz+wt) %f(x y)%+%f(x, y)%E
kp

Poynting vector ExH: FO, 0,

%%f(x, y) Esin(—k z+wt) (K +ew’ p) %%f(x, y) Esin(—k z+wt) (K +ew’ p)

Current density= y = ;
Mk Mk

cog-kz+wt) %%Zf(x y) % %;*;f(x y)%
) H
ewcoy-kz+wt) %%Zf(x y)% %;*;f(x y)%
k

charge density -

Topological SPIN=

0 0
f(x, y) cof —k z+ wt)? E;Xf(x y) E(-kawzp) f(x, y) cof—k z+ wt)? %yf(x y) %(—k%swzu)

s o HK 0.0

chiralty AdotD=0




2 2
cog -k z+ wt)? %f(x y)E+ f(x, y)%@(—kﬁswzm
LaGrange field energy density (B.H-D.E) Y
1l

K2
f(x y) cog~k z+ wt)? %f(x, y) E+ E;l;f(x, y)%(_kuwzu)

Interaction energy density (A.J-rho.pki)

Poincare 1 (B.H-D.E)-(A.J-rho.ph§

] P g
cog -k z+ wt)* (- + £ &’ u)%f(x y)% %f(x y)%”(x y)%f(x y)%ﬂ‘(x y)%ff(x y)%
62
| COS(—kZ+wt)2%¥f(x V)E+ E;f(x, y)%@;f(x y)é( K +ew 1)
Virtual work =
62
cox—kz+wt)2%;f(x y)%%’jf(x y)%@jf(x y)%( K +ew )
sin(-k z+ wt) (- 1+ W) coq - kz+wt)%f(x, y)% %f(x, y)%@
. , ) 3 2 3 2
sin(-k z+ wt) (k¥ + £ w p) wcog kz+wt)%f(x y)%+%@f(x, y)EE

JdotE power=

Enter the name of the problem, and the components of the 4 potential, and the Holder norm
indices.

> NAME:="Example 7a = 8a-- Index 1 Irreversible solution EdotB < 0 (kinematic out)
Type 17;

> ff.=1;p:=2;n:=4;

> lambda:=(x"p+y"p+z"p-(c*t)"p)(n/p);

> Ax:zy*ff/lambda;Ay:=-x*ff/lambda;Az:=c*t*ff/lambda;phi:=+z*c*ff/lambda;

Then call the procedure JCM(AX,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

*hkkkhhkkhkhhkkhkhhkhkkhhhkkhkhhkkhkhhkhkhhhkhhhkrhhkhkhhhkhhhrhhkrhhkhdhhhkhhhihhihhkidxx

NAME := Example 7a = 8a-- Index 1 Irreversible solution EdotB < 0 (kinematic out) Type 1

ff:=1
p:=2
n:.=4
A= (R4 +7-EF)
y

AX = >
(C+y+Z-ct?)



X

Ay :=- 5
(R +y+7-ct?)
ct
Az:= 5
(C+y+7-ct7)
zc

(x2+y2+zz—czt2)2
Example 7a = 8a-- Index 1 Irreversible solution EdotB < 0 (kinematic out) Type 1
Lorenz constitutive equations, B = mu H, D = epsilon E
yd(x) xd(y) ctd(z) zcd(t)
-_— + -_—
%1° %1? %1° %31°
%Nl:=xX+y +7-ct
c(zx-yc c(zy+ xc c(X+y -Z+ct%)
E%m:% (x-yey , clyrxey c(é+y- g
(C+y+Z7-c?t)  (C+y+7-ct) (@+y+7-c1)
ct+zx -zy+ xct X+y -7+t
Bfieldz%% Y 4 Y 52 Y E
(C+Yy+Z-Ct1) (X+y+Z-01) (C+y+7-ct?)
cy cz ct E
%1’ %14’ %1 %1
%N1l=xX+y+7-ct°
ct
(x2+y2+zz—czt2)4
c
(C+y2+Z2-t)
gc(zx-yc gc(zy+ xc ec(XC+y -7+t
Dﬁeld:% ( yc) 4 (zy h ) (¢ +y° )E

Action=

Topological Torsiorr %

Helicity AdotB= 2

Poincare 2 E.B=-8

(C+Y+Z-CB)  (R+y+2-C8)  (C+yY+Z2-C8)
Hfieldz%% yct+zx _— -zy+ xct _— x+y2—zz+ct3 E
(R+y+2-0) 1 (ryeZ-cR)y (Erpez-ce)

C(X+Yy -Z+P)xt P (X+y -2+t yt czt(y+x
Poynting vector Exl—#El ( Y- ) 16 ( y )Y 32 v ) E

(C+y+Z-FE) n (C+y¥+Z-F0) n (CHy+Z-E0) p
_ Eﬂ(yxz+y3+yzz+5yczt -6ctzx) (-1+&c u)
Current density=
X+y+7-¢ t) u
(x3+xy2+x22+50 t?x+6ctzy) (-1+ec’p) ct(2x2+2y2—22+c2t2)(—1+sczu)E
(C+y+7 - ct)p ’ (x2+y2+22—02t2)4u

charge density 0
X -XY+xZ-3tPx+2ctzy+2ecCZux-2¢¢c’ zuyt
%1° 1
2—3yczt2—2ctzx—y>€—y3+yz"+2£czzzpy+25032pxt
%1° 1

Topological SPIN= %




2z(2y2+2x2+:scsz2+eczuy2—:sczzzu+sc“ut2) 2eczt(3y2+3x2—zz+czt2)E
%1° ’ %I’
%l:=xX+y +7Z-ct
eCCt(3yY+3X° -7+ 1Y)
(x2+y2+zz—c2t2)5

chiralty AdotD= -2

LaGrange field energy density (B.H-D.E)
A (BYCE+2Z2X+2Z2 YV +6X 2 +X +2X Y +y'+Z 273 +c* ") (-1+ecp)
(C+y+7-¢ )

Interaction energy density (A.J-rho.phi)
. (F1+ecPp) (XY +Y +Z Yy +9y P+ X+ 2 X +9X PP -2Z2 P+ 2" th)
(K +y+Z =) p

Poincare 1 (B.H-D.E)-(A.J-rho.ph§g
A (-1+ec® ) (15Y° PP+ 32X +3 2y + 15X P +2X' +4X° Y+ 2y + -4 7 Pt + 3c'tY)
(¢ +y*+7-cF) 1

Virtual work :ES (F1l+ePp) (X+2X Y +14X3 PP +x Y+ 14xyY Pt -x 7 -8xZ PP +9c' t' x

—thzy%—2ctzf—2ct23y+2c3t3zy)/((x2+y2+zz—czt2)7p),—8(—1+sczp)(14czt2x2y+thx32
+14C PPy +2ctyYzx-8CtPZy+2ctZx+9c't'y-2c Pz x+ y>é‘+2y3x2+y5—yz“)/(
(-l+ecPp) z(Y+X) (¥ +y +11c° 2+ 7)
(x2+y2+22—czt2)7u E

(C+y+7-¢° t2)7 n), -16

JdotE power=
16 (-l+eCPP)Ct(6X Y +4Z Y +4ZX - 27 +8X P+ 72+ ' +3y +8y° P t*+3X)
(C+y'+7 -0 F) 1
Enter the name of the problem, and the components of the 4 potential, and the Holder norm
indices.

> NAME:="Example 7b-- Index 1 Irreversible solution EdotB < 0 t (kinematic in) t
goes to -t in coefficients, not dt’;

> ff.=1;p:=2;n:=4;

> lambda:=(x"p+y"p+z"p-(c*t)"p)(n/p);

> Ax:zy*ff/lambda;Ay:=-x*ff/lambda;Az:=-c*t*ff/lambda;phi:=+z*c*ff/lambda;

Then call the procedure JCM(AX,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

*hkkkhkkhkkhhkkhkhhkhkkhhhkkhkhhkkhkhhkhkhhhkhhhkkhhhkhkhhhdhhrhhkrhhkhdhhhkrhhihhihhkiixx

NAME := Example 7b-- Index 1 Irreversible solution EdotB < 0 t (kinematic in) t goes to -t in coefficients, not dt

ff:=1
p:=2
n:.=4
A= (R4 +7-EF)
y

AX:= >
(C+y+Z-ct?)



X

Ay :=- 5
(R +y+7-ct?)

ct
Az:=- p
(R+y+7-ct?)

zc

Q= 2
(C+y+7-ct7)
Example 7b-- Index 1 Irreversible solution EdotB < 0 t (kinematic in) t goes to -t in coefficients, not dt
Lorenz constitutive equations, B = mu H, D = epsilon E
yd(x) xd(y) ctd(z) zcd(t)
%Z % %P %P
%Nl:=xX+y +7-ct
2 42
Efield:%l c(zx-ych y c(zy+xch 4 c(Z+c?t?) 3%
(C+y+Z7-c1?)  (EC+yV+7-01?) (EC+y+Z7-ct)

B field %4 zX—yct 4 Zy+ xct , X2+y2—22+czt2 E
ield= - |
(x2+y2+22_cztz)3 (X2+y2+22—czt2)3 (X2+y2+22—(:2t2)3

Action=

cz ct
Topological Torsiors E) 0,2 22 4H
(C+y¥+72 -t (C+y+ 72 -2t
ct
Helicity AdotB= -2 ;
(C+y +Z-c*t)
c(Z+c*t?)

Poincare 2 E.B=-16 s
(XC+y+Z7-ct?)

B 2 12
Dﬁdd=E4 eolzx yc°3,4 eolzyr xel -4 gc(Z+c’t) SE
(X2+y2+22—02t2) (X2+y2+22_C2t2) (X2+y2+zz_czt2)

_ zx-yct zy+ xct X+y -7+t
H field = -4 T 4 s 2 s
(+y+Z-c)p (XY +Z-C0) u (XY HZ-C) p

c(zy+ xch (XC+y +Z2+3c°t%) 8c(zx— yc) (C+y+Z+3c* %) 0%

Poynting vector ExH % 5 - 5
(X+y'+Z-ct) (X+y'+Z-ct)

Current density= E

4—y><2—y3—yz"—5yc2t2—6ctzx+sc2uyx2+sczpy3+sczzzpy+5$.c4pyt2—6£c3zuxt
(€+y+Z-2t) 1 |
X=Xy -XZ-5Ct’x+6ctzy+eCux+ecCuxy+eccZux+5s5ectut’x+6eczpuyt
(E+y+Z-cf) p |
8ct(—2x2—2y2+22—czt2+sczux2+sczuy2+4eczzzu+2£C4ut2)E
(R+y+7-ct) p

ccz(C+y +Z+5ct?)
(C+y2+Z - )

charge density -8



C-XyY+xZ-3ct’x-2ctzy+2ecPZux-2¢ec’zuyt

Topological SPIN= %

%1° '
2thzx—3y<:2t2—yx2—y3+y22+2:5czzzuy+2803’zuxt 4z(—yz—x2+sczzzu+ec“ut2)
%1% u ’ %1% u ’
_4sczt(y2+x2+zz+czt2)E
%1°
%l:=xX+y +7 -t
eCt(YV+X+ 7+ 1)

chiralty AdotD= -4 :
(C+y+7-ct?)

LaGrange field energy density (B.H-D.E}4 (-6y° C’t° - 27X - 27y -6X P -xX' -2y -y'-7
+27CP-c't'+4eCuxtZ+asctuyt+4eCpy Z+4eciuxtt+4ectZp+8ect Zutt+4eciut?)
J((C+y+2-E) )

Interaction energy density (A.J-rho.pRij (2e Cpuy’ X +eccuy' +ec’uxt+7ec’py’t?+18sc* Z ut
+3eCPY 2+ T7ect U t?+3eP U2 -2y -2y -2c't"+4ectputt -y - X+ 222 - 9xX° P
—9y P E-2X+2e7 ) [ ((R+y+2 - 1) p)

Poincare 1 (B.H-D.E)-(A.J-tho.phd -4 (2e Ppuy’ ¥ +ecPpy'+eceux+1lec' py’t?+26ec* Z put
+7eCPYZ+11lect uxXtt+7epuxtZ2-4xy -32y -3c*t*+6ec*Zp+8ectut' -2y -2x*
+4zzc2t2—15x202t2—15y2c2t2—322x2—z4)/((x2+y2+zz—czt2)6p)

Virtual work =[-8 (e X +e P uxy' +10ec’ uxy?+2euxy? +10ec* pxt? +32e c* Zpt’x
—6eCzZUtY+4eCCZUX+6eCZUXYt+4eCCZ Uy x+6eCCzpyt+3ecCl ux+6ecCZuyt
+13ecput'x-2ctzyX-9c't'x+xZ2 -2y - xy -14X3 Pt - X - 14x Y *t° +8x 2P t* - 2¢ctZy
—20tz3f+2c3t3zy)/((x2+y2+zz—czt2)7u),—S(ZSCZpy3x2+sczpy5+sc2pyx4+13c6t4spy
+10c* ey +10c* Pep Xy +3ec? A py-6ecC 2 uxt+32ec* Zutly-6ecPzpy?xt+6ecczutix
+4eCZuXy-6eCzuXt+4ecCZuy’-yxX' -2y’ +yZ+2ctyzx+2ctxXz+8c*t?Zy+2ctZx
—Zce’te’zx—14czt2y3—9c“t4y—yg—14czt2x2y)/((x2+y2+zz—czt2)7p),—162(—22x2+sczux4
+2eCPUY X +e Py - 114 PP+ 12ec’ ZutP+10e P ut* - 11y PP -2y +ect u X t? +3e P py’ 7
+sc4uy2t2+2£sz4u+3€czux222—2x2y2—y“—x4)/((x2+y2+22—czt2)7u)]

JdotE power=-16c’t (e pux*+7ectuy’ t+epy'+12ec* Zput?+8e 2 u+9e CuxtZ2+9efuy’ 72
+2£Czpy2x2+7£c4ux2t2—9y202t2—y4+224—9x202t2—x4—204t4+22y2—2x2y2+22x2+4scept4)/(
(C+y+7 =) )

[ Enter the name of the problem, and the components of the 4 potential, and the Holder norm

indices.

> NAME:="Example 8b-- Index 1 Irreversible solution EdotB >0 (kinematic out) Type
27

> ff.=1;p:=2;n:=4;

> lambda:=(x"p+y"p+z"p-(c*t)"p)(n/p);

> Ax:=c*t*ff/lambda;Ay:=-z*ff/lambda;Az:=y*ff/lambda;phi:=+x*c*ff/lambda;

Then call the procedure JICM(AX,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

AEAEEEAAAAAAA XA A A XA A AAAAAAAAAAAAAAAAAAAAAA A A A A A A A A A A A A A A A A A AA*



NAME := Example 8b-- Index 1 Irreversible solution EdotB >0 (kinematic out) Type 2

ffi=1
p:=2
n:=4

Ni=(C+yP+2-CF)

ct
Ax:= 5
(XC+y+Z-ct?)

z
Ay :=- 5
(C+y+7-ct?)
Az.= Y 5
(C+y+7-ct?)

XC

¢:= 2
(C+y+7-ct?)
Example 8b-- Index 1 Irreversible solution EdotB >0 (kinematic out) Type 2
Lorenz constitutive equations, B = mu H, D = epsilon E
. ctd(x) zd(y) vyd(z) xcd(t)
Action= P , + P 5
%1 %1 %71 %71
%N1l=xX+y+7 -t
c(X¥-y-7Z-ct c(xy+zc c(zx-yc
Efield:% (<o 3),4 (xy ! 4 ( yed 3
(XC+y+Z7-ct?)  (C+y+Z2-Ct?) (X¥+y+Z-ct)
X -y -Z-ct -ZCt+ X zx+yct
Bfieldz%& Y 54 Y 4 . 3
(XC+y+Z-Ct) (FC+y+Z2-01) (C+y+7-¢td)
CX cy cz ct E
%1 %l %l %l
%N1l=xX+y+7-ct
ct

($+y+2-E1)

E
E

Topological Torsiors %Z

Helicity AdotB= -2

Poincare 2 E.B=8

(x2+y2+zz—czt2)4
RS . ) _
Dﬁeldzﬁsc(x2 V-7 Ct3)14 gc(xy+zch 4 gc(zx-ych 3E
(C+y+Z7-ct?) (C+y+Z7-Ct°)  (F+y+Z7-ct)
H field % X-y-7-c1 4 -ZCt+ Xy 4 zZx+yct %
ield= : ,
(Cry+Z-CF)n  (Cry+Z-CF)n (R+y¥+Z-¢0)p
PoyntingvectorExI—#%Z cxt(zz+y2) 5 ,—16C (x —yz—zz—cte)yt1_16c (x —yz—zz—cte)ztg
(C+y +Z-c"t) (C+y+Z-c"t) (C+y +Z-c"t)
ct(X¥-2y*-27-¢t°) (-1+&c”p)
(C+y+Z-dt)n

Current density= E»S




(zx2+zy2+23+5zczt2+6ctxy)( 1+ec? u) (yx2+y3+y22+5yczt2 6ctzX) (-1+ec? u)E

(C+y+2-30) 1 (C+y+2-E0)
charge density 0
(2Z7-2y"+ec*Xu-scPpy-eccZu-¢c ut)

Topological SPIN= %

%1° 1
yx2 Y -yZ-3ycdt-2ctzx+2ec® X py+2eczuxt
%1° '
2—3202t2+20txy+z>% zy¥-Z2+2ec*¥puz-2¢ct xuyt cst(x2—3y2—322—czt2)H
%12° 1 %1°

%l:=xX+y +Z-ct
cCet(X¥-3y"-37-ct)
(C+y+2-C 1)

chiralty AdotD=2

LaGrange field energy density (B.H-D.E)
(x4+2x2y2+222x —2X P +Y +22 YV +6YV P+ +6 2P+ ) (m1+ecP )

(C+y+2-EF) 1

Interaction energy density (A.J-rho.phi)
4(—1+ac2p)(2x2c2t2—9y2c2t2—92202t2—2c“t“—zzxz—Zzzyz—z“—xzyz—y“)
(C+y+Z =) |
Poincare 1 (B.H-D.E)-(A.J-rho.ph§
(1+scpﬂ%+3xf+3fx—4%§F+2f+4ff+15fcF+2f+15£cf+30ﬁ)
(C+y+2-E1)
_ ( 1+ePP)X(Z+Y) (Y +Z2+11 2 +X)
Virtual work =
(C+y+2-E0) 1
-14 Py -y 72 - 147t Zy-9¢’ t“y—20t><32—20ty22x—20tfx+203t3zx)/((x2+y2+22—czt2)7u)
,8(-1+ec’p)(
8 tPXz+2ctXy- 14y z+2¢cty’ x—- 14t 2+ 2ctZxy-9c't'z-23 P xy+ zX-zy -272y -7

)/«%+f+f—&€fmﬁ

8 (-l+ec’p)(yX'+8c°t°Xy-y -2y’ 7

JdotE power=
C(-1+eP)t (X' -2XCP+3y' +8y P +372+8ZC P +4X Y +4Z7 X +6 7y +c'tY)
(R+y+Z2-CF)

Enter the name of the problem, and the components of the 4 potential, and the Holder norm
indices.

-16

> NAME:="Example 9-- Index 1 Irreversible solution EdotB =0 Type 1 + Type 27;

> ff.=1;p:=2;n:=4;

> lambda:=(x"p+y"p+z"p-(c*t)*p) (n/p);

> Ax:=(c*t+y)*ff/lambda;Ay:=(-z-x)*ff/lambda;Az:=(c*t+y)*ff/lambda;phi:=(+x+z)*c*f
fllambda;

Then call the procedure JCM(AX,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):



AEEEAEAAAAAAA A A A A A A A A A A A A A A A A A A A A A A A A A A AAAA A A A AR A A A A A A AR AKX K

NAME := Example 9-- Index 1 Irreversible solution EdotB =0 Type 1 + Type 2
ff:=1
p:=2
n:=4
A= (@+yP+ 2 -2)

ct+
AX = Y

) (x2+y2+zz—czt2)2

-Z- X
Ay =

(x2+y2+zz—czt2)2
ct+y

Az:= 5
(C+y+7-ct7)
(x+2)c
¢:= 2
(C+y+7Z-ct7)
Example 9-- Index 1 Irreversible solution EdotB =0 Type 1 + Type 2
Lorenz constitutive equations, B = mu H, D = epsilon E
(ct+y)d(x) (-z-x)dly) (ct+y)d(z) (x+2) cd(t)
+ + -
%1 %71 %1 %71
%Nl:=xX+y +Z7-ct
, c(X¥-y-Z-c*t?+2zx-2yct) (x+2) c(ct+y) C(X+y -Z+CtP-2zx+2yct)
E field= 4 -2

Action=

(C+y+7-ct) (@A) (C+y2+7-ct)
B field= x—yz—zz—ct—Zycts—ZZX,4 (ct+y)(—z+x)3’2x2+y2—zz+ct+22x+32yctE
(C+y+Z-ct?) (C+y+7-ct?) (C+y*+7-ct?)

Topological Torsior= [0, 0, 0,
Helicity AdotB=0
Poincare 2 E.B=0

D field =
%ec(xz—yz—zz—czt2+22x—2yct) 4:s(x+z) c(ct+y) _2sc(x2+y2—zz+czt2—22x+2yct)E
(x2+y2+zz—czt2)3 (x2+y2+zz—c2t2)3 (x2+y2+zz—czt2)3
. X¥-y-Z-ctP-2yct-2zx (ct+y)(-z+X) X+y -7+t +2zx+2yct
H field = 3 4 P 3
(C+y+Z-ct) (C+y+Z-ct) (C+y+Z-c*t)

Poynting vector ExH
ElG c(ct+y) x%1 8c(x2+zz—y2—2yct—c2t2)%116 c(ct+y) z%1 E
¢4y +Z-2 ) 1 (C+y+Z2-FB) . (Rry+Z-ce)p
%l:=xX+y +Z+2yct+ Ct
(2ctX-4cty-4ctZ-2ct-yX -y -yZ-5yct?+6¢ctzx) (-1+ec’p)
(Cry+Z-c1) p |

Current density= <4




4(x+z)(x2+y2+22+5czt2+6yct)(—1+eczu)
(R+y+7-c )
4(4ctx2+4ctyz—20t22+203t3+yx2+y3+y22+5y<:2t2—60tzx)(—1+:sczu)E
€4y +Z2-c6) 1
charge density 0

Topological SPIN=%(—x3—3xy2—x22+23f—3z><2+z3+3aczx2pz—2‘s303xuyt—60txy+acsz3

—eCuZ-eluxy—ecfpzy+eccuxZ-ectuxt-ectpzt-2ectpuzyt+ zét*+2zyct-3xct?)
ct+y) (Y -Ct-2yct—2zXx+eCXU+2eCCUZX+ECCZ )
%1° 1
+3ZY+2ZX+Z2-eCCXPZ+2eCXUYt-2CtXY+eCCPUX - UZ+eCUxXy +ecCpzy -3eccux?
+ectuxt+ectpzt+2ec®uzyt+3z7¢tP+6zyct- xétz)/(%lsu),

_4(ct+y)sc(x2+y2+zz+2yct+ cztz)E
%71°
%l:=xX+y +7 -t

/(%15H),4( ,=2(C-xy+3x7

A (ct+y)ec(X+y+Z+2yct+ Ct)
(x2+y2+zz—c2t2)5
(C+y+Z+2yct+ 6t2)2(—1+sc2u)
(€+y+Z-ct) p

Interaction energy density (A.J-rho.phiY (-1 +ec®pn) (10cty X +10ctyZ-2ct?zx+3X°y' +32 Y
+AC + 2y + X 4282 x+2Z R+ T2 P+ TX P+ 18y PP +27 X +2zx Y + 143ty +10cty’ + 7)
J((C+y¥+2-E) )

Poincare 1 (B.H-D.E)-(A.J-rho.phd -4 (-1 +ec®pn) (18cty X +18ctyZ -2t zx+ 7X° Yy + 72y +6 't
FAY +3xX+27x+22 X + 112 P+ 118+ 30y P +6 2 +22x Y +22¢* Py +18cty’ +37) /(
(C+y+Z-Ct) )

Virtual work =[-8 (-1+ec®n) (2X°Z -2¢ctXRyz+3xy' +xZ+2X Z2+X+4XyY -22y -7 +c't'z
+18ctXy+18cty’x+18ctZxy+30CtPxy-4cPt?xXz+3zX -zy +14xZ PP +36xy PP -2y ct
—szct+22cgt3y+9xc4t4+2x2y22+4xy222+14x302t2)/((x2+y2+22—czt2)7u), 16 (-1+ec®p)(
y*Z+3ctZ-3ctyZ+6¢ctXZ-3ctXy -2ctyzx-2ctxXz-3c°t?Zy-2ctZx+2c’t°zx
—14 Y -9ty -y -3 Xy +2y Pt zx—2yzx-2yZx-2y ¥ z+3ctX¥-6¢cty -t %
—c3t3zz—16c3t3y2—2c5t5—y3x2)/((x2+y2+zz—c2t2)7u),8(—1+sc2p)(—2x322—18ctx2yz+ xy
—3xXxZ-2XZ+X+2X Y -4y -7-9c"t"z+2ctXy-36C° Py z+2ctyYx+2ctZxy-2ct°xy
—14tPXz-2zX-3z2y - 142 +4xZ2cPtP- 1872y ct-18zyct-30zC Py -xt' -4y’ z
~2x¥7) / (F+Y+Z =) )]

JdotE power=

6(—1+sczp)c(x2+y2+zz+2yct+ CtY)(4ctxX+yX+5yCtP+4ctZ+2ct+yZ+4cty +Yy°)
i (C+y+Z2 -t p
[ Enter the name of the problem, and the components of the 4 potential, and the Holder norm

chiralty AdotD= —

LaGrange field energy density (B.H-D.E)8




indices.

vV V.V V

NAME:="Example 10a -- Plasma Accretion disc -- Hedge Hog solution.™;
Gamma:=-z*I/(x"2+y"2)*m/(a*x"2+a*y"2+c*z"2)\(1/2);
Ax:=Gamma*(-y);Ay:=Gamma*x;

Az:=0; phi:=0;

Then call the procedure JCM(AX,Ay,Az,phi)

>

JCM(AX,Ay,Az,phi):

AEEEEAAAAAAAAAA A XA A A A A A A AAAAAA A A A A A A A A A A A A A A A A A A AR AL A AR AR A XK

NAME := Example 10a -- Plasma Accretion disc -- Hedge Hog solution.
—lzm

M=
(X¥+y)rWaxX+ay+Zc
Ax lzmy
(X+y)iaxX+ay+Zc
-lzmx
Ay =
(¥+y)raxX+ay+Zc
Az:=0
¢:=0

Example 10a -- Plasma Accretion disc -- Hedge Hog solution.
Lorenz constitutive equations, B = mu H, D = epsilon E
I zmyd(x) I zm xd(y)

Action= -
O ery)Jadtay+Zc (C+y)Jartay+Ze

E field=[0, O, O]
i lamx lamy lazm
B field= E (312)° (312)* (312) E
(aX+ay+7c) (aX+ay +7c) (aX+ay +7c)
Topological Torsior= [0, 0, 0,
Helicity AdotB=0
Poincare 2 E.B=0
D field=[0, 0, O
) lamx lamy lazm
H fleld = E (3/2)° (312" (3/2) H
pu(axX+ay+7c) H(aX+ay+7c) H(axX+ay+7c)
Poynting vector ExH [0, O, Q]
3lazmy(-a+c) -3lamxz(-a+c) E
(5/2)7 (5/2)"
n(axX+ay+7c) H(axX+ay+7c)
charge density 0
Zntxa Znfya znfa OE
(x2+y2)(ax2+ay2+zzc)2u,(x2+y2)(ax2+ay2+zzc)2u, u(ax2+ay2+zzc)2’
chiralty AdotD=0

Current density= E

Topological SPIN= E

nmt & (¢ + Yy + Z)
p(ax2+ay2+zzc)3

LaGrange field energy density (B.H-D.E)



Znfa(-a+c)

Interaction energy density (A.J-rho.pki)-3

p(ax2+ay2+zzc)3
_ _ nmfa(aX+ay+4az-37c)
Poincare 1 (B.H-D.E)-(A.J-rho.ph - 3
n(aX+ay+7c)
Virtualworkz%% amzxzz(—a+c)4,3 azzmzy(—a+c)4,_3azn%(—a+c)(x2+3:2)g
n(aX+ay+7c) p(aX+ay+7Zc) H(aX+ay+7c)

JdotE power=0
Enter the name of the problem, and the components of the 4 potential, and the Holder norm
indices.

NAME:="Example 10b -- Dirac Hedge Hog solution.";
r=(x"2+y"2+1*z"2)"(1/2);Gamma:=factor(I*(m/2)/(r*(z-r)));
Ax:=Gamma*(-y);Ay:=Gamma*x;

Az:=0; phi:=0;

Then call the procedure JICM(AX,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

EAEEEAEAAAAAAA A A A A XA A A A A A A A A A A AA A A A A A A A A A A A A A A A A A AR AR A A A ALK XK

V V.V V

NAME := Example 10b -- Dirac Hedge Hog solution.

-1
—Im

2
' TR (2[4 2)
1

—Im
> y

AX::4/x2+y2+zz (=z+4/X+y +Z)
-1

—Imx

2
ol AN+ +Z (m2+4/ X+ + D)
Az:=0
©:=0
Example 10b -- Dirac Hedge Hog solution.
Lorenz constitutive equations, B = mu H, D = epsilon E

1| d 1| d
—im —im
2 y (X) 2 X (y)

%l:=xX+y+7

E field=[0, 0, 0]
1 1 -1
Elxm Elym EI(—xz—y2—222+24/%1z)zm
B field= , )
61" 7" 01" ? (~z+4/%1) %1°"?

%l:=xX+y+7



Topological Torsiore [0, 0, 0,
Helicity AdotB=0
Poincare 2 E.B=0
D field=[0, 0, Q]

1 1 -1
Elxm Elym EI(—xz—yz—Zzz+24/%1z)zm

H field =
(312)° (3/2)° 2
H%l " %l u(—z+4/%1) %1""?

%N1=X+y+7
Poynting vector ExH [0, O, Q]
Current density=[ 0, 0, Q]
charge density 0
Topological SPIN=

%1#X(—ﬁ—f—2f+2«/%z)z_}mzy(—xz—yz—222+zmz)z_} 2 (2 +?) OE

‘ %1 (~2++/%1) 4 %1 (~z++/%1) i |4 %T (~z+4/%1)
%Nl=xX+y' +7
chiralty AdotD=0
LaGrange field energy density (B.H-D.E)

1(X'=-8XZ-2Xy +4x 24/ %L + 4y* 24/ %1 + 8/ %1 Z -8y Z-87Z -y") nf

4
4 L9612 (-2 +/%1)
%l:=xX+y +7

Interaction energy density (A.J-rho.pk))
Poincare 1 (B.H-D.E)-(A.J-rho.ph

1(X-8XZ =20y +4x 2 %1 + 4y? 2/ %1 + 8%l 2 -8y Z-87 ~y) n?

4
4 U %12 (—z+4/ %1)
%l:=xX+y+7

Virtual work =[0, O, Q]

JdotE power=0
[ Enter the name of the problem, and the components of the 4 potential, and the Holder norm
indices.

NAME:="Example 11-- Coulomb plus Bohm-Aharanov singular vortex string;
ff:=b;p:=2;n:=2;

lambda:=(x"p+y~p)(n/p);
Ax:=y*ffllambda;Ay:=-x*ff/lambda;Az:=0;phi:=m/((4*pi*epsilon)*(x"2+y"2+2"2)"(1/2
)

Then call the procedure JICM(AX,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):

AEAEEEAAAAAA A XA XA A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A AR A A A A A A ALK A*

V V. V V

NAME := Example 11-- Coulomb plus Bohm-Aharanov singular vortex string
ff:=b
p:=2
n:=2



[ >
[ Enter the na
indices.

A=X+Y

yb
AXx:= ry
_ xb
Ay.:—x2+y2
Az:=0
1

m
o=
Anies/ X +y+7
Example 11-- Coulomb plus Bohm-Aharanov singular vortex string
Lorenz constitutive equations, B = mu H, D = epsilon E
bd(x) xbd 1
Action= yba(x) - () -=

md(t)
X +y X HY Aqey Ry 7
. m X 1 my 1 m z
Eﬂeld:% (3/2)':1 (3/2)':1r (3/2) H
e (X +y +7) e (C+y +7) e (X +y +7)
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> NAME:="Example 12 -- Black Hole singular vortex ring ;

>

> phi:=
E*C/(XNA+2*XN2*YN2+2* 72N 2*X N2 +y N+ 2*y N2 * 7N 2+ 2N+ @ 2* 2N 2)* (XN 2+y N 2+27 2) N (312)  AX
e/ (XNA+2¥XN2¥YN2+2*¥ 7N Q¥ XN 2+Y N+ 22Xy N2 * 7N 2+ 72N+l 2% 2\ 2) (XN 2+y N 2+2 )N (1/2) *aty; Az
=0;Ay :=
-€/(XNA+2FXN2FYN 242X ZN 2 XN 2HYNAA 2R YN ¥ 7N 2+ 2N+ N 2* 2N 2) H (X2 +y N2+ 2 2) N (12) *arx;

Then call the procedure JCM(AX,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):
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Enter the name of the problem, and the components of the 4 potential, and the Holder norm
indices.

> NAME:="Example A-- Hopf signature index 0. The 1-form is divided by the Holder
norm p=2, n=4 -,

> ff:=1;p:=2;n:=4;

> lambda:=(x"p+y"p+z"p+(c*t)"p)*(n/p);

> Ax:=y*ffllambda;Ay:=-x*ff/lambda;Az:=c*t*ff/lambda;phi:=z*c*ff/lambda;

Then call the procedure JCM(Ax,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):
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Enter the name of the problem, and the components of the 4 potential, and the Holder norm
indices.

> NAME:="Example B-- Hopf signature index 1. The 1-form is divided by the Holder
norm p=2, n=47;

> ff.=1;p:=2;n:=4;

> lambda:=(x"p+y"p+z"p-(c*t)"p)(n/p);

> Ax:=y*ffllambda;Ay:=-x*ff/lambda;Az:=c*t*ff/lambda;phi:=z*c*ff/lambda;

Then call the procedure JCM(AX,Ay,Az,phi)

> JCM(AX,Ay,Az,phi):
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A (-1+ec®n) (3R Z+15Y° P +3y Z+ 15X PP +2X +4X° Y+ 2y + /- 47 Pt +3c'tY)

(X +y?+7 -0 F) 1

Virtual work :ES (Fl+ecPp) (X+2Xx Y +14X3 PP +x Y+ 14xy Pt -xZ -8xZ2 PP +9x 't

—20tzy>€—2ctzf—2ct23y+2c3t3zy)/((x2+y2+zz—czt2)7u),—8(—1+sczp)(2tcx32+14t2c2x2y
+2tcy2xz+14t202y3+2tcfx—8t20222y—2t3c3xz+9t4c4y+)(‘y+2x2y3+y5—yz“)/(
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(C+y+Z-ct) p
JdotE power=
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> NAME:="Example 12 -- Black Hole 2 singular vortex ring ;
>

> phi:=1; Ax:za*y/(x"2+y"2+z/"2);Ay = -a*x/(x"2+y"2+z"2);Az:=0;
Then call the procedure JCM(AX,Ay,Az,phi)
> JCM(AX,Ay,Az,phi):
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>

NAME := Example 12 -- Black Hole 2 singular vortex ring

¢o:=1

ay
AX =——————
XHy+7
A%
y= X+ + 2

Az:=0

Example 12 -- Black Hole 2 singular vortex ring
Lorenz constitutive equations, B = mu H, D = epsilon E
ayd(x) axd(y)
XAy +7 Ay +7

E field=[0, O, O]

Action= - d(t)

_ axz ayz az
Bf|eld=E~2 5 2 5 2 ZE
(X+y+Z)  (X+y+Z) (X HyY+D)
axz ayz az
2 52 oy OE
OC+Y+2)  (C+V+2D)  (C+y+D)
Helicity AdotB=0
Poincare 2 E.B=0
D field=[0, 0, O
. axz ayz az
Hfleld:EZ o 2 o 2 2 E
(C+y+Z) u (CHy+Z)p (XFHY+Z) p
Poynting vector ExH [0, O, Q]
. ay ax
Current density= EZ S 2 P OE
(C+y+Z) u (XHy+Z) p
charge density 0
ix?_ ,_ dy? *Z““”?,og
(C+y+Z) p (CHy+Z)p (FHy+Z) p
chiralty AdotD=0

Topological Torsiorr %

Topological SPIN= %



1 rar

VvV V V

47
(R+y2+7)
(X2+y2+22)3H
a’ (27 + X +Y’)
(X2+y2+22)3H
Virtualwork:Eﬂ axZ —. 4 ayz — 4 azz(x2+y24) E
(C+V+2) 1 (R+V+2) i (R+y¥+D) 1
JdotE power=0

LaGrange field energy density (B.H-D EX%

Interaction energy density (A.J-rho.phiR

Poincare 1 (B.H-D.E)-(A.J-rho.phi -2




