> restart:with(linalg):wth(plots):
Warni ng, the protected names norm and trace have been redefined and unprotected

War ni ng, the nane changecoords has been redefined

Fresnel Kummer WAVE
Surfaces

fresnel.mws R.M.Kiehn 11/15/97 updated 2/25/2005

" Thisprogram will compute and plot the Fresnel WAVE surfaces for a generalized
constitutive matrix. The surfaces are specializations of a Kummer quartic surface,
and arerelated to the Clifford algebra CI(3,3). Specialized for ms have been
selected for easy visualization. The formulas can be modified to handlethe
general case.

The constitutivetensor isa 6 x 6 complex matrix partitioned into 3x3 matrices.
The on-diagonal upper 3x3 matrix isthe epsilon matrix.

The epsilon matrix real part describes electric birefringence.

Thelower on-diagonal 3x3 matrix isthereciprocal mu matrix.

Thereal part of the on diagonal reciprocal mu matrix represents magnetic
birefringence

The off-diagonal 3x3 matrix hasareal part which represents Fresnel-Fizeau
effects,

and a complex part Gamma which represents optical activity.

Theimaginary part 3x3 on-diagonal matricesrepresents electric and magnetic
Faraday effects.

Thefundamental reference for the constitutive matrix is
E.J. Post " The Formal Structure of Electromagnetics' Dover 1997
. Thesign convention of Post is used below.
> constitutive_ tensor:=matrix([[-epsilon, Gamma(D)], [ Gamra(H), 1/ mu]])
; D=[ -epsilon] *(-E)+] Ganma(D)] *B;
> H=[ Gamma(H) ] * (- E) +[ 1/ nu] *B;

—€ r(D)}

constitutive tensor ;= 1
il



D=-[-¢] E+[I(D)] B

H=—[I(H)] E+F}B
1)

" The Maxwell Faraday and M axwell Amper e equations become a differntial ideal
annihilated by the exterior product of a wave vector, nml1 or nmz2.

> M =nnil* E- B; MA: =nn2* H+D;

MF:=nmlE-B

. MA:=nm2H + D

[ >

[ > MAT: =subs( D=epsi | on* E+Ganma( D) * B, H=- Ganma( H) * E+( 1/ mu) * B, MA) ;

B
MAT := nm2(—F(H)E+—J+eE+F(D)B
L M
[ > MATRI XEQ =f act or ( MAT/ E) ;
NM2T(H)Ep—nm2B-e¢Eu-I'(D)Bpu
L uE
- The MATRIXEQ isto be solved for its eigen values which represent the effective

index of refraction in the chosen direction. If
the matrix isHermitean, then the eigenvaluesarereal.

MATRIXEQ := -

Typical Constitutive Matrix entries are shown below. The elements have been
scaled such that the " position vector™ to a Fresnel surface point in this space hasa
value equal to the " effective" index of refraction in that direction. The" phase
velocity" in that direction isc/n, where cisdefined as 1/sgrt(epsilon*mu). The
" phase velocity" should be viewed as at the speed of the momentum flux (DxB) in
the direction of the position vector.

For the Fresnel Ray surface which definesthe propagation speed of the energy
flux (ExH) (usually described asthe" group" velocity)

SeeKiehn, R. M., Kiehn, G. P., and Roberds, (1991), Parity and time-reversal symmetry
breaking, singular solutions and Fresnel surfaces, Phys. Rev A 43, pp. 5165-5671
or http://mwww22.pair.com/csdc/pdf/timer ev.pdf

Note that when the media is dispersive, the ener gy flux and the momentum flux do
not propagate at the same speed, but the product of the group speed timesthe
phase speed is always 1/(epsilon.mu).

In that which followstypical entries have been encoded into the submatrices.



With Maple you can changethe entriesto anything you want.

The epsilon (per mittivity) matrix

S eps: =(matri x([[ A*epsil on+0*1*fd, 0,0], [0, B*epsi |l on+0*1*fd,0],[0,0,C

*epsilon+l *fd]]));
Ae O 0
eps:=| 0 Be 0

L 0 O Ce+lfd

" Thereal (symetric) part of the epsilon matrix (above) isthe per mittivity matrix
and leadsto bifrefringence;
the complex antisymmetric part represents dielectric Faraday effects.

The Gamma matrix (Real and |maginary Parts)

> Gamma(real ):=matrix([[0,r,0],[-r,0,0],[0,0, 0]]);

O r O
I'(real):=|-r 0 O

0O 0 O
' Thereal part of the off-diagonal gamma matrix is given above.
The Fresnel-Fizeau and Sagnac effect is contained thereal part of the off diagonal
gamma matrix
and optical activity in theimaginary part.

T > Gamma(imag):=matrix([[1*g,1*p,0],[1*p,1*9,0],[0,0,1*qg]]);

{I g Ip o]

I'(imag):=|Ip Ig O

I 0 0 Ig

' Theoptical activity isdueto the complex part of the off diagonal submatrix above.
Realize that the coefficients used above ar e representative

and can be adjusted to suit.

> Gamma( D) : =eval m{ Gamma(r eal ) +Gamma(i mag) ) ; Ganma( A) : =eval n(transpose
(Gamma(real ) +Gamma(i nag))) ;

lg r+ilp O
r'(D)=|-r+lp 1Ig 0
0 0 g




lg -r+lp O
'(A):={r+lp g 0
0 0 g

The complex conjugate transpose of the Gamma M atrix

> Gamma( H) : =eval n{transpose( Ganma(real )-transpose( Gamma(i nag))));

-lg -r-1p O
'(H)={r-1Ip -lg 0
0 0 -lg

i The Gamma matrix need not be Hermitian. It can be anti-her mitian aswell.

Theinverse mu matrix (reciprocal per meability matrix)

> mu(perneability):=matrix([[a/(mu),[*fTmO],[-1*fmb/(mu),0],[0,0,c/
(mu)11);

a
— [fm O
n
. b
pu(permeability) .= —I fm  — 0
il
c
0 0 -
[V

" Thereal (symetric) part of the mu matri;< Isthe magnetic birefringence part;
theimaginary antisymmetric part represents magnetic Faraday effects.

S mu(i nverse): =eval n(i nverse(nu(perneability)));

b u - fmp2

ab-fm’y® ab-fmp’
Ifmu2 ap

p(inverse) :=
ab-fmfp® ab-fm’p’

0 0 £
L L C
- Thematricesare now scaled for ease of computation and plotting.
Valuesof n =[x.y.z] >1imply aphase velocity lessthan ¢ =1/sgrt(epsilon* mu).

Valuesof n <1imply phase speeds greater than c.




The N matrix (Index of Refraction Operator)

"> cc:=1/sinmplify((epsilon)™(1/2)*(mu)~(1/2),sqrt); N=matrix([[0, z/cc
,-ylcc],[-z/cc,0,x/cc],[ylcc,-x/cc,0]]);
CcC = 1
= «/;
0 zfedn yieiu
N:=|—z4/e 4/ 0 e
: Wodw xfsifu o
The N matrix aboveisthe scaled " index of refraction matrix" which actslikea
cross product operator. The N matrix hasthree components which form the
position vector to the Kummer surface. The magnitude of N isthe " index" of
refraction, n, in the direction of the vector N. The phase speed isthen related to
1n.
The elements of the constitutive matrix have been scaled (below) for algebraic
reduction purposes.

S fd: =f da*epsi | on; p: =pa*epsil on”™(1/2)/ (mu)~(1/2); g: =ga*epsi |l on*(1/2)
[(mu)~(1/2);r:=ra*epsilon®(1/2)/ (mu)~(1/2);fm =f ma/ nu;
fd:=fdae
_pate
il
ga4 e

<

g:=

_

=

fma
fm:=—
! u
fd = dielectric faraday, fm =magnetic faraday, r = axion, p = optical activity, g =
chirality
Now compute the various matrices whose deter minant create the Kummer
. equation.

> eps:=(matrix([[A*epsilon,|*fd,0],[-1*fd, B*epsilon,0],[0,0,C*epsilo

nil));
> M =i nner prod(N, nu(perneability)): MM =i nnerprod(M N);




The Fresnel Hamiltonian M atrix HHH

Ag | fdae O
eps:=|-lfdae Beg 0

0 0 Ce
—zzsb—yzac —Izzsfma+ygcx lzefmay+zebx
MM:=| | Zefma+yecx —Zea-xXec zeay-Ilzefmax
—c(lyfma-xb)z e(ya+lIxfma)z —ey?a—exX°b

> HHH: =eval m( eps) +eval n(i nner prod( Gamma( D), N) -i nner prod(N, Ganma( H) ) )
+eval mM(MV) ;
Acg | fdae O
HHH:=| -l fdae Be 0
0 0 Ce

[—e(ra+1pa)z+e(-ra+lpa)z,2lgacz,-2lgacy+exra+lexpa
+|-2lgagz, - (ra+lpa)z+e(-ra+lpa)z,eyra-leypa+2lgasx
|12l gacsy+exra—Ilexpa, -2lgaesx+eyra+leypa, 0]
| Zeb-yPec -1Zsfma+yecx |zefmay+zebx
+| 1 Zefma+yecx —Zeca-xec zeay-lzefmax
—e(lyfma-xb)z e(ya+lIxfma)z —-ey?a-ex°b

The Kummer Fresnel WAVE Quartic Polynomial

> HAM LTONI AN: =f act or (det (HHH) / epsi | on"3) ;

HAMILTONIAN := -8 zraypagax+2ZraaC+y'cra’+ 47 ra’C— Ay’ pa’— Ay’ ra’
+Zby’pa’+ZbBya+22braC+z'baC+4Zraypafmax+2zra’y +y* cpa’
—4fdagazC+4gaZfmaC+4gayxpaB-2xpazfmayB-Zfma’y’B+2fdaxpazay
+2fdazfmay’ra+2fdaZfmaC+2zbxfdaypa+2y?cxira’— 2y cx* pa’
—4fdagay’ra+fda®x®b+2xra’z+fda’ya— x*pa’B-4ga’y¥’ B+ x pa’c+xra’Z a

+4xrafdaypa-4xrafdaga+2x’ rafdazfma+Ax*cb—AZ fma®x’+4Agax’ zfma
—~2Aypazfmax+ABC-AZaC+AZaxXb-AxXcC+2AzraxXb+Ax’cy’a
—~ABY*a-ABXb-Z'tma®C-4ga?ZC-xra’B+x*ra’c+4Aypagax—2zraBC
+2zrax*cC+2zray’pa®-2AzraC+xXpaZa+2x pa’zra+y cZaC+Z by’ ra’
~yV'cBC+y'cBa+y' cBxXb-ZbBC+Zbx*cC+2zraBy’a-4Aga’x

+2y*czraC+4gay zfmaB—fda’C
' For specific examples choose values for the matrix elements. A,B,C arenumeric
factorstimesepsilon. a,b,c are numeric factorstimesmu. The Optical Activity
part isscaled by theimpedance of " free space” or sgrt(epsilon/mu). Thealgebraic



i

method presented per mits symbolic factorization. Thedielectric Faraday fd is
scaled by epsilon. The magnetic faraday is scaled by mu. The example below isfor
achiral Optical Activity coefficient gamma of sqrt(2)/2. Notethat the phase
velocity of one of the polarization states can be faster than the speed of light and
the other isslower.!!!

Select the effects to be studied algebraically by elimating all effects but one or two
of the scalars,

fma,fdara,pa,ga

Example 1 studies optical activity algebraically (chirality term?), by setting all
factorsto zero, except ga:

Example 2 studies optical activity algebraically, by setting all factorsto zero,
except pa:

Example 3 studies optical activity combined with Faraday rotation algebraically,
by setting all factorsto zero, except ga and pa:

Example 1 Optical Activity - diagonal - chiral,

Reduced Fresnel Kummer guartic polynomial

> HAVRED: =HAM LTONI AN;

HAMRED :=-8zraypagax+2zZraaC+y'cra®+4Zra’C- Ay’ pa’— Ay’ ra’
+22by2pa2+zszy2a+223braC+z“baC+4zZraypafrnax+22ra3y2+y4cpa2
—4fdagazC+4gaZfmaC+4gayxpaB-2xpazfmayB-—Zfma’y*B+2fdaxpazay
+2fdazfmay’ra+2fdaZfmaC+2zbxfdaypa+2y?cxira’— 2y ¢cx* pa’
—4fdagay2 ra+fda®x*b+2x° ra3z+fda2y2a—x2 paZB—4ga2y2 B+x4pa2c+x2ra222a
+4xrafdaypa-4xrafdaga+2x’rafdazfma+Ax*cb—AZfma?x’+4Agax’ zfma
—2Aypazfmax+ABC-AZaC+AZax’b-Ax*cC+2AzraxX*b+Ax’cy’a
~ABy’a-ABX'b-Zfma’C-4ga’ZC-xra°B+x'ra’c+4Aypagax—2zraBC
+2zrax*cC+2zray’pa®-2AzraC+xXpaZa+2x pa’zra+y cZaC+Z by’ ra’
~yVcBC+y'cBa+ycBX¥b-ZbBC+ZbxcC+2zraBy’a-4Aga’x
+2y’czraC+4gay zfmaB—fda’C

Set anisotropic coefficients:




[ > HAMA: =subs( A=1, B=1, C=1, a=1, b=1, c=1, HAMRED) : eval (%9 : HAMA: =eval c( HAM
A ;
>

HAMA:=1-4ypazfmax—8zraypagax+4Zraypafmax+2zra’y’ -y ra’
+4gax’ zfma—xpa’—27Z -2y -2+ X'+ 4fdaxpazy+ X' pa’Z + 2fdazfmay’ra
+xXra®Z-4fdagay’ra+2xra’z+4xrafdaypa—4x rafdaga+2x rafdazfma
+2zray’pa’+2xtpa’zra+8ypagax—Z fma’y’ —4ga’ X -y pa’+ 2 + Y — Z fma® %
+y'pal 42X Y+ X pal+xira?+ 2y pal+ 2y rat + dzrax + 2y X ra’ - 2y X pa’
+dzray+4Zrad+4Pra+fda® X+ 27y +4gay zfma—-4fdagaz+4gaz fma
+2fdaZfma—4ga’y’—4zra-xra’+y'ra’— 2 fma® + fda’ y* — 4 ga® 7 — fda’ + 2 2 X°

Set the numeric valuesfor the coefficients

> HAM =subs(fda=0, ra=0, pa=0, ga=0. 3, f ra=0, HAMA) ;
I HAM :=1.- 236 7 - 236y - 236 X+ X'+ '+ V' + 2V + 22y + 2 7 X

| Coefficients wer e chosen to display optical activity
[ > KUMM =f act or (HAM ; LORENTZ: =( x"2+y"2+z72) "2- 1; KUMVR: =x"2+y"2+z72- 1,

KUMM :=1.-2367-236y —236 X+ X'+ '+ Y+ 2.V + 2. 2y + 2. 22X
2
LORENTZ := (X’ +y*+ Z) -1
KUMMR: =X +y + 7 -1




]

[ > KUMMX: =f act or (subs(x=0, KUW) ) ;

I KUMMX :=1.-236 7 - 236y’ + 2 +y'+ 2. 7y
[ >

X=0 section of Fresnel Kummer Wave Vector Surface

> npl i ci t pl ot (KUMMX=0, y=-2.0..2.0,z=-2..2, nunpoi nts =
15000, scal i ng=CONSTRAI NED, titl e=" OPTI CAL ACTIVITY ga=sqrt(2)/8);

OPTICAL ACTIVITY ga=sqrt(2)/8
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]
[
[ > KUMW: =subs(y=0, KUMWM ;

KUMMY:=1.-236Z7-236 X+ X'+ 7+ 2. 2%

Y =0 section of Fresnel Kummer Wave Vector Surface

> inplicitplot( KUMMY=0, x=-2.0..2.0,z=-2..2,nunpoi nts =

15000, scal i ng=CONSTRAI NED, titl e=" OPTI CAL ACTIVITY ga=sqrt(2)/8);

OPTICAL ACTIVITY ga=sqrt(2)/8
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]

[
[ > KUMMVEZ: =subs(z=0, KUMV) ;

KUMMZ :=1.- 236y - 236 X + X' +y* + 2. X°

Z=0 section of Fresnel Kummer Wave Vector Surface

> nplicitplot( KUMMZ, x=-2.0..2.0,y=-2..2, nunpoints =
15000, scal i ng=CONSTRAI NED, titl e=" OPTI CAL ACTIVITY ga=sqrt(2)/8);




OPTICAL ACTIVITY ga=sqrt(2)/8
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ﬁ Optical Activity gives Two concentric spheres

3-D Plot of Fresnel Wave Vector Surface

> nplicitpl ot 3d( KUWM x=-2..2,y=-0..2,z=-2.. 2, shadi ng=XYZ, | i ght nodel

=l i ght 3, axes=NORMAL, st y| e=PATCHCONTOUR, scal i ng=CONSTRAI NED, ti t| e=
OPTI CAL ACTIVITY ga=sqrt(2)/8

, nunpoi nt s=50000, ori ent ati on=[ - 66, 69] ) ;




OPTICAL ACTIVITY ga=sqrt(2)/8

[
Example 2 Optical Activity - chiral off-diagonal,

[ >

Reduced Fresnel Kummer guartic polynomial

"> HAVRED: =HAM LTONI AN;

HAMRED ::—4Aga2x2—Ay2 paZ—Ay2 ra2+4zzra2C+22ra3y2+y4cra2—x2 ra’B
+ABC+x'ra’c-2zraBC-4ga’ZC+2fdazfmay’ra—2y?cx’ pa’— 4 x’ rafdaga
+4xrafdaypa—ABy’a—ABXb-2AzraC+2Azrax*b—-AZaC+AZax’hb
—szcC+szcy2a+Ax"’cb—Azzfmazxz—41‘dagazC—221‘ma2y2 B+ 2% pazzra
+xepa’Za-2xpazfmayB+2zbxfdaypa+2xrafdazfma+xira?Za+2y cxra’
+Zbypa+Zbyra? -y cBC+y'cBa+y cBxXb+2yczraC+y'cZaC
+223raaC+22ra><ch—8zraypagax+4zzraypafmax+erayzpaz—zszC
+ZbBy*a+2Z2braC+z'baC+ZbxcC+fda®y*a+fda®x*b+y* cpa’— 2 fma® C
—4ga’y'B+x'pa’c—x’pa’B+4gayxpaB+4gay zfmaB+4gazZ fmaC
+2fdaxpazay+ 2fdazzfmaC+2x2ra3z+22raBy2a+4Agaxzzfma+4Aypagax
—4fdagay’ra-2Aypazfmax—fda®C




Set anisotropic coefficients:

[ > HAMA: =subs( A=1, B=1, C=1, a=1, b=1, c=1, HAMRED) : eval ( % : HAMA: =eval c( HAM
A ;
>

HAMA =1+ X ra?Z -y ra®+ 7' —2Z - 4ypazfmax+ 2y X ra’ — 2y* X2 pa’ + X' + fda® y?
+dzraX +y'+ 2y ra®+ 2y pat -2y + X pat+ Y pat+ 2V + Xraf 1y ral + 2 2y
+fda® X +2Z2x+4gay’ zima+4Zra— ' fma’ —4ga®Z+ 47 ra® — 4 zra— X pa’
—4ga®y’+8ypagax+4gaxzfma—xra’ -y’ pa’— fda’ - 2x° — 4 ga’ x* — Z fma’ y?
~Zfma® X’ - 4fdagaz+2fdaZ fma+2zra’y’ +4gaz fma+ 2fdazfmay’ra+4zray’
+4fdaxpazy—4xrafdaga+4xrafdaypa+2x pa’zra+2x rafdazfma
—8zraypagax+4Zraypafmax+2zray’pa’+2xra’z—4fdagay’ra+ X’ pa’zZ

Set anisotropic coefficients:

[ > HAMA: =subs( A=1, B=1, C=1, a=1, b=1, c=1, HAMRED) : eval ( % : HAMA: =eval c( HAM
A ;
>

HAMA =1+ X ra?Z -y ra®+ 7' —2Z —4ypazfmax+ 2y X ra’ — 2y* X2 pa’ + X' + fda® y?
+azraX+y + 2V rad+ 2y pat -2y + X pal+ Y pal + 2 Xy + Xra? + yrral + 2 2 VP
+fda® X+ 27X +4gay’zfma+4Zra- ' ftma’ - 4ga® Z+ 4 Zra’ — 4 zra— X2 pa’
—4ga’y’+8ypagax+4gaxizfma—xra’ -y’ pa’— fda® - 2x° — 4 ga® x* — Z fma’ y?
—Zfma’x’ —4fdagaz+2fdaZfma+2zra®y’ + 4gaz’ fma+ 2fdazfmay’ra+4zray?
+4fdaxpazy—4x2rafdaga+4xrafdaypa+2x2 pazzra+2x2rafdazfma
—8zraypagax+4Zraypafmax+2zray’pa’+2xra’z—4fdagay’ra+ X’ pa’z

Set the numeric valuesfor the coefficients

> HAM =subs(f da=0, ra=0, ga=0, pa=2, f ma=0, HAMA) ;

I HAM =1+ 72— 27 -6y +5x ' +5y' +6 2V -6y +6 X -6X

| Coefficients were chosen to display optical activity

[ > KUMM =f act or ( HAM ; KUMVBQ =expand( KUMV) ; LORENTZ: =( x"2+y"2+z"2) "2- 1,
Di fference: =f act or (KUMM LORENTZ) ;

KUMM:=1+7Z' - 27 -6y +5x'+5y*'+6 2y -6y +6 72X - 6X
KUMMSQ:z1+z4—222—6x2y2+5x4+5y4-|r622)/2—6y2+622x2—6x2
2
LORENTZ := (X +Y*+7Z) -1
Difforence:=2-2Z-8X YV +4X' + 4y '+ 4 2V - 6V + 4 X -6 X







[ > KUMWKX: =subs(x=0, KUMVBQ) ;
KUMMX :=1+Z'—-2Z+5y'+ 67y -6y

X=0 section of Fresnel Kummer Wave Vector Surface

> inplicitplot( KUMMX=0,y=-2.0..2.0,z=-2..2,nunpoints =
15000, scal i ng=CONSTRAI NED, titl e=" OPTI CAL ACTIVITY ga=sqrt(2)/8);

OPTICAL ACTIVITY ga=sqrt(2)/8
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[ > KUMMY: =subs(y=. 0, KUMV) ;
KUMMY:=1.+7 - 27 +5x*+62x*-6X

Y =0 section of Fresnel Kummer Wave Vector Surface

> inplicitplot( KUMMW=0, x=-2.0..2.0,z=-2..2,nunpoi nts =
15000, scal i ng=CONSTRAI NED, titl e=" OPTI CAL ACTIVITY ga=sqrt(2)/8);

OPTICAL ACTIVITY ga=sqrt(2)/8
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]

[
[ > KUMMVEZ: =subs(z=. 0, KUMWM) ;

KUMMZ:=1.-6Xy +5x'+5y" - 6y* - 6X

Z=0 section of Fresnel Kummer Wave Vector Surface

> npl i ci t pl ot (KUMMZ=0, x=-2.0..2.0,y=-2..2, nunpoi nts =
50000, scal i ng=CONSTRAI NED, titl e=" OPTI CAL ACTIVITY ga=sqrt(2)/8);




OPTICAL ACTIVITY ga=sqrt(2)/8
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| Optical Activity gives Two concentric spheres

3-D Plot of Fresnel Wave Vector Surface

> nmplicitplot3d( KUMMEO, x=-2..2,y=-0..2,z=-1.5..1.5, shadi ng=XYZ, axes
=NORMAL, st yl e=PATCHCONTOUR, scal i ng=CONSTRAI NED, nunpoi nt s=100000, or
ientation=[-61,59],title="OPTICAL ACTIVITY pa=1");

>

>




OPTICAL ACTIVITY pa=1

Example 3 diagonal Optical Activity +
Faraday,

Reduced Fresnel Kummer guartic polynomial

| > HAVRED: =HAM LTONI AN;

HAMRED :=-8zraypagax+2zZraaC+y'cra®+4Zra’C- Ay’ pa’— Ay’ ra’
+Zby’pa’+ZbBya+22braC+z'baC+4Zraypafmax+2zra’y +y* cpa’
—4fdagazC+4gaZfmaC+4gayxpaB-2xpazfmayB-Zfma’y’B+2fdaxpazay
+2fdazfmay’ra+2fdaZfmaC+2zbxfdaypa+2y*cx’ra’— 2y cx pa’
—4fdagay’ra+fda®x®b+2xra’z+fda’ Y a— X’ pa’B-4ga’y’ B+ x pa’c+xra’Z a




+4xrafdaypa-4xrafdaga+2x°rafdazfma+Ax'cb—AZ fma®x’ +4Agax’ zfma
—2Aypazfmax+ABC-AZaC+AZaxXb-AxXcC+2AzraxXb+Ax’cy’a
—~ABy’a-ABX'b-Z'fma’C-4ga®ZC-¥Xra’B+x'ra’c+4Aypagax—2zraBC
+2zrax*cC+2zray’pa’—2AzraC+x pa’Za+2x pa’zra+y cZaC+Z by ra’
—vV'cBC+y'cBa+y' cBxXb-ZbBC+Zbx*cC+2zraBy?a-4Agax
+2y?czraC+4gay’ zfmaB—fda’C

Set anisotropic coefficients:

> HAMA: =subs( A=1, B=1, C=1, a=1, b=1, c=1, HAMRED) : eval (% : HAMA: =eval c( HAM
A ;
>

HAMA = 1-vy*ra?—y*pa’ + x*ra® + x* pa® + y* pa® + fda® x* + fda’ Y’ + 4 ’ra— 4 ga° 7
—Ffma’+ 47 ra’—4zra-Xraé—4ga’y — X pa’ - 4ga® X’ — 7 fma’ x* — 8 zray pagax
+4Zraypafmax+2zra’y +2fdaZ fma+4gaz fma-4fdagaz— 2 fma’y* + 4 zrax’
+ 2V pl+Xpll+Xrad -2y X pa+ 2y’ X ra’+ 2y ra’ — fda® + 4 gay’ zfma
+4zray’+4fdaxpazy+8ypagax—27Z -2y -2xX+y'ra®+4gax’ zfma
—4ypazfmax+x'+2fdazfmay’ra—4fdagay’ra+2xra’z+4xrafdaypa
—4x’rafdaga+2xrafdazfma+2zray’pa®+2xpa’zra+ 2 +y' + 22XV + 22y
+27%

Set anisotropic coefficients:

> HAMA: =subs( A=1, B=1, C=1, a=1, b=1, c=1, HAMRED) : eval (% : HAMA: =eval c( HAM
A ;
>

HAMA :=1—vy*ra’ -y’ pa’ + x* ra® + X pa® + y* pa” + fda® x* + fda’ y* + 4 ra— 4 ga’ 7
—fma’+4Zra®—4zra-xXra’—4ga’y — X pai— 4 ga’ ¥ — 7 fma® X — 8 zray pagax
+4Zraypafmax+2zra’y’ +2fdaZfma+4gaz fma—4fdagaz— Z fma’y’ + 4 zrax?
+Zypal+ X palZ+xXral -2y e pa+ 2y X ra’+ 2y ral — fda’ + 4 gay’ zfma
+4zray’ +4fdaxpazy+8ypagax—27 -2y -2xX +y'ra®+4gax’ zfma
—4ypazfmax+x'+2fdazfmay’ra—4fdagay’ra+2xra’z+4xrafdaypa
—4x’rafdaga+2xXrafdazfma+2zray’pa’+2xpa’zra+ 2 +y' + 22Xy’ + 22y
+27%

Set the numeric valuesfor the coefficients




[ > HAM =subs(fda=1, ra=1, ga=. 0, pa=0, f ma=. 0, HAMA) ; HAM est : =subs(f da=0, r
a=0, ga=. 3, pa=0, f ma=. 3, HAMA) ;

HAM = 6X° 2+ 6V 2+ 47+ 27 -2y -2 - 4z+2X' + '+ 2y '+ AX° V + 32 YV + 37X
HAMtest := .36 22+ .36 Y’ z+ .36 ¥ 2— 2.36 7 - 2.36 Y — 236 ¥ + X* + 1. + 1.91 7 y* + .91 7*

+y4+1.9122x2+2x2y2

| Coefficients were chosen to display optical activity mixed with Faraday
[ > KUMM =f act or ( HAM ; KUMVBQ =expand( KUMV) ; LORENTZ: =( x"2+y"2+z"2) "2- 1,
Di fference: =fact or (KUMM LORENTZ) ;

KUMM :=(2y2+22+zz—2+2x2)(y2+22+22+x2)
KUMMSQ :=
6Xz+6Y 2442 +27 -2V -2X—-4z+2X'+ 2+ 2y + 4V + 32V + 37X

2
LORENTZ = (X’ +Y*+7) -1
Diﬁerence:z6x22+6y22+4z3+222—2y2—2x2—4z+x4+y4+2x2y2+zzy2+22x2+1

>



]

[ > KUVMMX: =subs( x=0, KUMVEQ) ;
KUMMX =6V’ z+47+27 -2y - 4z+ 7'+ 2y + 32y

X=0 section of Fresnel Kummer Wave Vector Surface

> inplicitplot( KUMX=0,y=-2.0..2.0,z=-2..2,nunpoints =
15000, scal i ng=CONSTRAI NED, titl e=" OPTI CAL ACTIVITY ga=sqrt(2)/8);

OPTICAL ACTIVITY ga=sqrt(2)/8




]

[ > KUMMY: =subs(y=. 0, KUMV) ;
KUMMY := 1.000000000 — 2.090000000 x? — 2.000000000 Z + 1.090000000 x*
+ 2.000000000 Z x* + .9100000001 Z*

Y =0 section of Fresnel Kummer Wave Vector Surface

> inplicitplot( KUMW=0, x=-2.0..2.0,z=-2..2, nunpoi nts =
15000, scal i ng=CONSTRAI NED, titl e=" OPTI CAL ACTIVITY ga=sqrt(2)/8);

OPTICAL ACTIVITY ga=sqrt(2)/8
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]

[ > KUWMZ: =subs(z=. 0, KUMV) ;
KUMMZ := .9100000001 — 2.000000000 x* — 2.000000000 y* + 1.090000000 x*
+1.090000000 y* + 1.820000000 X* y*

Z=0 section of Fresnel Kummer Wave Vector Surface

(> nmplicit pl ot (KUMVZ=0, x=-2.0..2.0,y=-2..2, nunpoi nts =
50000, scal i ng=CONSTRAI NED, titl e=" OPTI CAL ACTIVITY ga=.3,fnr. 3");




OPTICAL ACTIVITY ga=.3,fm=.3
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| Optical Activity gives Two concentric spheres

3-D Plot of Fresnel Wave Vector Surface

> nplicitplot3d( KUMMEO, x=-2..2,y=-0..2,2z=-2.. 2, shadi ng=XYZ, axes=NOR
MAL, st yl e=PATCHCONTOUR, scal i ng=CONSTRAI NED, nunpoi nt s=100000, ori ent
ation=[-61,59],title= OPTICAL ACTIVITY pa=.3, fnr. 3);

>

>




OPTICAL ACTIVITY pa=.3, fm=.3

Example 3 Optical Activity combined with
* magnetic Faraday,
E>

Reduced Fresnel Kummer guartic polynomial

"> HAMVRED: =HAM L:
HAMRED := HAMIL

Set anisotropic coefficients:

> HAMA: =subs(A=1, B=1, C=1, a=1, b=1, c=1, HAMRED) : eval (% : HAMA: =f act or (HA
MA) ;
>

HAMA := HAMIL



Set the numeric valuesfor the coefficients

[ > HAM =subs(fda=0, r a=0, pa=0, ga=. 3, f ma=1, HAMA) ; eval (% ;
HAM := HAMIL

| HAMIL

| Coefficients were chosen to display chiral vacuum effect.

[ > KUW =factor (HAM ; LORENTZ: =(x"2+y~2+z~2)"2-1; Di fference: =f act or ( KU
MVt LORENTZ) ;

KUMM := HAMIL
2
LORENTZ := (X’ +y*+Z) —1
Difference := HAMIL - X' - 2y - 27X -y - 27y -7 +1




' Now for an x=0 section to get more detail.

> KUMVX: =subs(x=0, KUW ;
KUMMX := HAMIL

X=0 section of Fresnel Kummer Wave Vector Surface

(> nmplicitpl ot (KUMMX=0, y=-4.0..4.0, z=-4. .4, nunpoi nts =
15000, scal i ng=CONSTRAI NED, titl e=" OPTI CAL ACTIVITY ga=sqrt(2)/4 \n
wi t h FARADAY fa=sqrt(2)/4°);

>
Error, (ininplicitplot) could not eval uate expression




]
[ > KUMW: =subs(y=0, KUMV) ;

Y =0 section of Fresnel Kummer Wave Vector Surface

> inplicitpl ot (KUMW=0, x=-4.0..4.0, z=-4. . 4, nunpoi nts =
15000, scal i ng=CONSTRAI NED, titl e=" OPTI CAL ACTIVITY ga=sqrt(2)/4 \n
wi th FARADAY fa=sqrt(2)/4);




]
[
[ > KUMVZ: =f act or (subs(z=0, KUMV) ) ;

Z =0 section of Fresnel Kummer Wave Vector Surface

> inplicitpl ot (KUMZ=0, x=-2.0..2.0,y=-2..2, nunpoi nts =
5000, scal i ng=CONSTRAI NED, ti tl e=" OPTI CAL ACTIVITY ga=sqrt(2)/4 \n
wi th FARADAY fa=sqrt(2)/4);




>

>

>

>

>

| 1t would appear that the propagation velocity exceeds c for the inner sphere?

3-D Plot of Fresnel Wave Vector Surface

i nplicitplot3d( KUMVEO, x=-2..2,y=-0..2,z=-2.. 2, shadi ng=XYZ, | i ght nod
el =l i ght 3, axes=NORMAL, st yl e=PATCHCONTOUR, scal i ng=CONSTRAI NED, titl e
= OPTI CAL ACTIVITY ga=sqrt(2)/4 \n with FARADAY fa=sqrt(2)/4 \n 4
Di stinct wave

speeds’, nunpoi nt s=50000, ori entati on=[ - 69, 62]); R4: =subs(y=0, x=0, KUM
M : R4x: =subs(subs(z=x, R4)): Zaxi sRoot s: =al | val ues( Root O ( R4x=0) ) ; Ro
ot O (R4x=0);

eval f (al | val ues(Root O (R4x=0)));

Example 4 Anisotropic Ferrite,

HAM L: =subs(f da=0, pa=0, ra=0, HAM LTONI AN) ; eval (99 ;

Reduced Fresnel Kummer guartic polynomial

HAMRED: =HAM L;

Set anisotropic coefficients:

HAMA: =subs( A=1, B=1, C=1, a=5/ 4, b=5/ 4, c=1/ 2, HAMRED) : eval (% : HAMA: =f ac
t or (HAMA) ;

Set the numeric valuesfor the coefficients

HAM =subs(f da=0, r a=0, pa=0, ga=0*2~(1/2)/ 4, fma=2"(1/ 2)/ 4, HAMA) ; eval (
9 ;

ﬁ Coefficients were chosen to display chiral vacuum effect.

KUW =f act or (HAM ; LORENTZ: =( x"2+y"2+z"2)"2-1; Di f f erence: =f act or (KU
MW LORENTZ) ;



]

' Now for an x=0 section to get more detail.

[ > KUMVK: =subs(x=0, KUMM ;

X=0 section of Fresnel Kummer Wave Vector Surface

> nplicitpl ot (KUMMX=0, y=-4.0..4.0, z=-4..4, nunpoi nts =
15000, scal i ng=CONSTRAI NED, title="Ferrite with a=b=5/4,c=1/2
fa=sqrt(2)/4);




]
[ > KUMW: =subs(y=0, KUMV) ;

Y =0 section of Fresnel Kummer Wave Vector Surface

> inplicitpl ot (KUMW=0, x=-4.0..4.0, z=-4. . 4, nunpoi nts =
15000, scal i ng=CONSTRAI NED, title="Ferrite with a=b=5/4,c=1/2
fa=sqrt(2)/4);




]
[
[ > KUMVZ: =f act or (subs(z=0, KUMV) ) ;

Z =0 section of Fresnel Kummer Wave Vector Surface

> npl i ci t pl ot (KUMMZ=0, x=-2.0..2.0,y=-2..2, nunpoi nts =
5000, scal i ng=CONSTRAI NED, title="Ferrite with a=b=5/4,c=1/2
fa=sqrt(2)/4);




>
| 1t would appear that the propagation velocity exceeds c for the inner sphere?

3-D Plot of Fresnel Wave Vector Surface

> inplicitplot3d( KUME=O, x=-2..2,y=-0..2,z=-2.. 2, shadi ng=XYZ, | i ght nod
el =l i ght 3, axes=NORMAL, st yl e=PATCHCONTOUR, scal i ng=CONSTRAI NED, titl e
= Ferrite with a=b=5/4,c=1/2
fa=sqrt(2)/4°, nunpoi nt s=50000, ori ent ati on=[-69, 62]); R4: =subs(y=0, x
=0, KUMM) : R4x: =subs(subs(z=x, R4)): Zaxi sRoot s: =al | val ues( Root O ( Rdx=
0));

\
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