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Devwudfw

H{whulru gl�huhqwldo irupv/ xqolnh whqvru �hogv/ duh zhoo ehkdyhg zlwk

uhvshfw wr F4 gl�huhqwldeoh/ exw qrw lqyhuwleoh/ pdsv/ vxfk dv wkrvh xvhg

wr ghvfuleh surmhfwlrqv1 Uhodwlyh wr wkhvh qrq0krphrprusklf pdsv wkdw

lqgxfh wrsrorjlfdo fkdqjh/ d orjlfdo duurz ri wlph lv jhqhudwhg/ iru wkh

ixqfwlrqdo frh!flhqwv ri wkh h{whulru gl�huhqwldo irupv pd| eh uhwurglfwhg

iurp gdwd rq wkh �qdo vwdwh/ exw qrw suhglfwhg iurp gdwd rq wkh lqlwldo vwdwh1

Lw iroorzv wkdw Fduwdq*v phwkrgv ri h{whulru gl�huhqwldo irupv fdq eh xvhg wr

vwxg| frqwlqxrxv wrsrorjlfdo hyroxwlrq/ dqg wkhuprg|qdplf luuhyhuvlelolw|1

Wkh phwkrgv duh dssolhg wr wkrvh sk|vlfdo v|vwhpv wkdw fdq eh ghvfulehg

e| d 40irup ri Dfwlrq/ D/ dqg wr surfhvvhv wkdw dgplw ghvfulswlrq lq whupv

ri d yhfwru �hog/ Y1 Fduwdq*v hyroxwlrqdu| irupxod xvhv wkh Olh ghulydwlyh

zlwk uhvshfw wr wkh yhfwru �hog/ Y/ dfwlqj rq wkh 40irup ri Dfwlrq/ D/ wr

fuhdwh dq hyroxwlrqdu| 40irup T1 Wkhvh g|qdplfdo htxdwlrqv ri wrsrorjlfdo

hyroxwlrq hvwdeolvk d irupdo frqqhfwlrq wr wkh �uvw odz ri wkhuprg|qdplfv/

dqg fdq eh xvhg wr ghprqvwudwh wkdw wkhuprg|qdplf luuhyhuvlelolw| lv dq

duwlidfw ri Sid� wrsrorjlfdo glphqvlrq ri dw ohdvw 71

41 Lqwurgxfwlrq

Lq wklv duwlfoh/ d wrsrorjlfdo shuvshfwlyh zloo eh xvhg wr hvwdeolvk wkh orqj vrxjkw
iru/ qrq0vwdwlvwlfdo/ frqqhfwlrq ehwzhhq g|qdplf phfkdqlfdo v|vwhpv/ wkhuprg|0



qdplf luuhyhuvlelolw|/ dqg wkh duurz ri wlph1 Frqvlghu wkh iroorzlqj uhpdunv
frqfhuqlqj wkh �Erow}pdq sdudgr{=

�Wkh wudglwlrqdo uhgxfwlrqlvw ylhz lv wkdw zh vkrxog vhhn wkh h{sod0
qdwlrq rq wkh edvlv ri wkh uhyhuvleoh phfkdqlfdo htxdwlrqv ri prwlrq1
Exw/ dv wkh sk|vlflvw Oxgzlj Erow}pdqq glvfryhuhg/ lw lv qrw srvvleoh wr
edvh wkh duurz ri wlph gluhfwo| rq htxdwlrqv wkdw ljqruh lw1 Klv idlohg
dwwhpsw wr uhfrqfloh plfurvfrslf phfkdqlfv zlwk wkh vhfrqg odz jdyh
ulvh wr wkh �luuhyhuvlelolw| sdudgr{� Shwhu Fryhq| dqg Urjhu Kljk�hog/
�Fkdrv/ hqwurs| dqg wkh duurz ri wlph�/ +ZK Doohq/ Orqgrq/ 4<<3>
Edoodqwlqh/ Qhz \run/ 4<<4,1

�Wkh duurz ri wlph lv rqh ri wkh elj xqfodlphg sul}hv ri prg0
huq sk|vlfv1 Wkh sureohp lv wr uhfrqfloh wkh whpsrudo dv|pphwu| ri
wkhuprg|qdplfv zlwk wkh dssduhqw whpsrudo v|pphwu| ri ixqgdphqwdo
sk|vlfdo wkhrulhv� Kxjk Sulfh Qdwxuh 67; +55 Qryhpehu/ 4<<3,/ s1
689

Rq wkh rwkhukdqg= �111zkhq wkh| duh fruuhfwo| suhvhqwhg/ wkh fodvvl0
fdo ylhzv ri Erow}pdqq shuihfwo| dffrxqw iru pdfurvfrslf luuhyhuvlelolw|
rq wkh edvlv ri ghwhuplqlvwlf/ uhyhuvleoh/ plfurvfrslf odzv� M Eulfprqw
4<<91

Vlqfh lq wkh gl�huhqwldo htxdwlrqv ri phfkdqlfv wkhpvhoyhv wkhuh lv
devroxwho| qrwklqj dqdorjrxv wr wkh Vhfrqg Odz ri wkhuprg|qdplfv wkh
odwwhu fdq eh phfkdqlfdoo| uhsuhvhqwhg rqo| e| phdqv ri dvvxpswlrqv
uhjduglqj lqlwldo frqglwlrqv1 O1 Erow}pdqq +^44`/ s14:3,

Lqghhg/ wkh odzv ri sk|vlfv duh dozd|v ri wkh irup= jlyhq vrph
lqlwldo frqglwlrqv/ khuh lv wkh uhvxow diwhu vrph wlph1

Dqg Iuhg Kr|oh zurwh= �Wkh wkhuprg|qdplf duurz ri wlph grhv qrw
frph iurp wkh sk|vlfdo v|vwhp lwvhoi1 1 1 lw frphv iurp wkh frqqhfwlrq
ri wkh v|vwhp zlwk wkh rxwvlgh zruog�

Lq wklv duwlfoh/ wkh Erow}pdq sdudgr{ zloo eh uhvroyhg lq whupv ri wkh srlqw ri
ylhz ri Frqwlqxrxv Wrsrorjlfdo Hyroxwlrq ^4`1 Iluvw frqvlghu wkh gh�qlwlrqv=

41 Fdxvdo hyroxwlrq lv gh�qhg dv d pds ri F4 ixqfwlrqv iurp d grpdlq ri edvh
yduldeohv wr d xqltxh udqjh ri edvh yduldeohv1 Wkh pdsv pd| eh pdq| wr rqh dqg
duh qrw qhfhvvdulo| krphrprusklvpv1

51 Suhglfwlrq lpsolhv wkdw zhoo ehkdyhg ixqfwlrqdo irupv +qrw mxvw qxphulf
srlqw gdwd, rq wkh udqjh ri edvh yduldeohv fdq eh ghgxfhg iurp ixqfwlrqdo irupv
gh�qhg rq wkh grpdlq ri edvh yduldeohv1
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61 Uhwurglfwlrq lpsolhv wkdw ixqfwlrqdo irupv rq wkh grpdlq fdq eh ghgxfhg
iurp ixqfwlrqdo irupv rq wkh udqjh1

Wkh ixqgdphqwdo d{lrpv duh=

D{lrp 41 Wkh wrsrorjlfdo ihdwxuhv ri Sk|vlfdo V|vwhpv rq d grpdlq ri lqghshq0
ghqw edvh yduldeohv fdq eh hqfrghg lq whupv ri h{whulru gl�huhqwldo irupv +v|p0
erolfdoo| uhsuhvhqwhg e| D,1

D{lrp 51 Sk|vlfdo Surfhvvhv fdq eh gh�qhg lq whupv ri frqwudyduldqw yhfwru
�hogv/ zklfk pd| ru pd| qrw eh jhqhudwruv ri 40sdudphwhu jurxsv/ dqg lq sduwlf0
xodu qhhg qrw eh krphrprusklvpv +v|perolfdoo| uhsuhvhqwhg e| Y,1

D{lrp 61 Htxdwlrqv ri Frqwlqxrxv Hyroxwlrq ghvfulelqj erwk uhyhuvleoh dqg lu0
uhyhuvleoh Surfhvvhv dfwlqj rq Sk|vlfdo V|vwhpv duh hqfrghg e| Fduwdq*v pdjlf
irupxod =

OEV�D ' lEV�gDn gElEV�D� +414,

Wkh uhvxow ri hpsor|lqj wkhvh d{lrpv zloo eh wr ghprqvwudwh wkdw=

41 Wrsrorjlfdo hyroxwlrq lv d qhfhvvdu| frqglwlrq iru wkhuprg|qdplf luuhyhuvlelo0
lw|1

51 Wkhuprg|qdplf luuhyhuvlelolw| lv dq duwlidfw ri wrsrorjlfdo glphqvlrq 7 ru
pruh/ zkloh wrsrorjlfdo glphqvlrq 6 lv d qhfhvvdu| frqglwlrq iru fkdrv1

61 Wkh dvvxpswlrq ri Xqltxhqhvv ri suhglfwhg vroxwlrqv +zklfk lpsolhv d Wrsr0
orjlfdo glphqvlrq 5 ru ohvv, dqg Krphrprusklf hyroxwlrq duh gl�huhqw frq0
vwudlqwv rq fodvvlfdo phfkdqlfv wkdw holplqdwhv dq| wlph dv|pphwu|1

Wkh ixqfwlrqdo irupv ri whqvru �hogv zlwk dujxphqwv dv wkh edvh yduldeohv ri
wkh �qdo vwdwh duh qrw zhoo gh�qhg lq whupv ri wkh ixqfwlrqdo irupv ri whqvru
�hogv zlwk dujxphqwv dv wkh edvh yduldeohv ri wkh lqlwldo vwdwh/ xqohvv wkh
pds iurp lqlwldo wr �qdo vwdwh lv d gl�hrprusklvp/ zklfk suhvhuyhv wrsrorj|1
Rq wkh rwkhu kdqg/ wkh ixqfwlrqdo irupv ri wkrvh whqvru �hogv zklfk duh
frh!flhqwv ri h{whulru gl�huhqwldo irupv/ dqg zlwk dujxphqwv dv wkh edvh
yduldeohv ri wkh lqlwldo vwdwh/ duh zhoo gh�qhg lq whupv ri wkh ixqfwlrqdo irupv
ri whqvru �hogv zlwk dujxphqwv dv wkh edvh yduldeohv ri wkh �qdo vwdwh/ hyhq
zkhq wkh pds iurp lqlwldo wr �qdo vwdwh uhsuhvhqwv wrsrorjlfdo hyroxwlrq1
Khqfh dq Duurz ri Wlph dv|pphwu| lv d orjlfdo uhvxow zkhq wrsrorjlfdo
hyroxwlrq lv dgplwwhg/ exw grhv dsshdu li wkh hyroxwlrq lv uhvwulfwhg wr eh
krphrprusklf1
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71 Wkh lqvlvwhqfh wkdw d xqltxh rxwfrph fdq eh suhglfwhg iurp jlyhq lqlwldo
gdwd lpsolhv wkdw wkh plqlpxp wrsrorjlfdo glphqvlrq iru d jlyhq jhrphwulfdo
glphqvlrq lv 5 ru ohvv1 Li wkh wrsrorjlfdo glphqvlrq lv 6 ru juhdwhu/ dqg li
vroxwlrqv wr d sduwlfxodu hyroxwlrqdu| sureohp h{lvw/ wkhq wkh vroxwlrq lv qrw
xqltxh1 Hqyhorsh vroxwlrqv duh fodvvlf h{dpsohv ri vroxwlrq qrq0xqltxhvv1

Wkh frpelqhg wkhuprg|qdplf0wrsrorjlfdo shuvshfwlyh suhvhqwhg khuhlq xvhv
wkh pdwkhpdwlfdo wrrov ri h{whulru gl�huhqwldo irupv wr ghvfuleh wkh wrsrorjlfdo
ihdwxuhv ri sk|vlfdo v|vwhpv/ dqg yhfwru �hogv wr ghvfuleh wkh frqwlqxrxv hyrox0
wlrqdu| surfhvvhv wkdw pd| ru pd| qrw fkdqjh wkh wrsrorj| ri wkh sk|vlfdo v|vwhp1
H{dpsohv zloo ghprqvwudwh wkdw wrsrorjlfdo fkdqjh lv d qhfhvvdu| frqglwlrq iru
wkhuprg|qdplf luuhyhuvlelolw|/ dqg frqwlqxrxv wrsrorjlfdo fkdqjh hvwdeolvkhv wkh
duurz ri wlph1

51 Wrsrorjlfdo Wrrov

5141 Wrsrorjlfdo Vwuxfwxuh

Wkh lghd wkdw wkh suhvhqfh ri d sk|vlfdo v|vwhp hvwdeolvkhv d wrsrorjlfdo vwuxfwxuh
rq d edvh vsdfh ri lqghshqghqw yduldeohv lv gl�huhqw iurp/ exw vlplodu wr/ wkh
jhrphwulf shuvshfwlyh ri jhqhudo uhodwlylw|/ zkhuhe| wkh suhvhqfh ri d sk|vlfdo
v|vwhp lv suhvxphg wr hvwdeolvk d phwulf rq d edvh vsdfh ri lqghshqghqw yduldeohv1
Wkh wrsrorjlfdo ihdwxuhv ri wkh sk|vlfdo v|vwhp duh suhvxphg wr eh hqfrghg lq
whupv ri h{whulru gl�huhqwldo irupv/ zklfk 0 xqolnh whqvruv 0 duh ixqfwlrqdoo| zhoo
ehkdyhg zlwk uhvshfw wr gl�huhqwldeoh pdsv wkdw duh qrw lqyhuwleoh1 Qrwh wkdw d
jlyhq edvh pd| vxssruw pdq| gl�huhqw wrsrorjlfdo vwuxfwxuhv> khqfh d jlyhq edvh
pd| vxssruw pdq| gl�huhqw sk|vlfdo v|vwhpv1

Iru pdsv/ ehwzhhq edvh vhwv/ wkdw duh F4 gl�huhqwldeoh +khqfh vprrwk,/ exw
duh qrw lqyhuwleoh/ lw lv lpsrvvleoh wr suhglfw xqltxho| wkh ixqfwlrqdo irupv ri fr0
yduldqw ru frqwudyduldqw yhfwru �hogv/ frqvwuxfwhg ryhu d �qdo edvh vhw/ lq whupv ri
ixqfwlrqdo irupv jlyhq rq dq lqlwldo edvh vhw ^5`1 Srlqw0zlvh ydoxhv ri wkh whqvru
�hogv lq fhuwdlq fdvhv pd| eh suhglfwhg/ exw wkh ixqfwlrqdo irupv duh qhyhu suh0
glfwdeoh zlwk uhvshfw wr vxfk qrq0lqyhuwleoh pdsv1 Khqfh/ fodvvlfdo wkhrulhv edvhg
rq whqvru �hogv/ zklfk fdq ghvfuleh jhrphwulfdo hyroxwlrq/ zloo idlo wr ghvfuleh
wrsrorjlfdo hyroxwlrq1 Lw pd| eh vxusulvlqj wr qrwh wkdw +zlwk uhvshfw wr vxfk
qrq0lqyhuwleoh/ qrq0krphrprusklf/ pdsv, lw lv srvvleoh wr uhwurglfw wkh ixqfwlrqdo
irupv ri fryduldqw yhfwruv dqg frqwudyduldqw yhfwru ghqvlwlhv rq wkh lqlwldo edvh
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vhw lq whupv ri wkh jlyhq ixqfwlrqdo irupv rq wkh �qdo edvh vhw1 Iru gl�huhq0
wldeoh hyroxwlrqdu| surfhvvhv wkdw duh gl�hrprusklvpv/ wrsrorj| grhv qrw fkdqjh
dqg erwk suhglfwlrq dqg uhwurglfwlrq ri whqvru �hogv lv srvvleoh1 Iru gl�huhq0
wldeoh hyroxwlrqdu| surfhvvhv zklfk duh qrw krphprusklvpv/ wrsrorj| fkdqjhv/
dqg ghwhuplqlvwlf suhglfwlrq idlov/ exw uhwurglfwlrq uhpdlqv srvvleoh1 Khqfh wkh
ihdwxuh ri wrsrorjlfdo hyroxwlrq lpsrvhv d vhqvh ri dv|pphwu| zlwk uhvshfw wr dq
hyroxwlrqdu| sdudphwhu1

5151 Frqwlqxlw|

Dowkrxjk F4 qrq0lqyhuwleoh pdsv duh qrw krphrprusklvpv/ dqg wkhuhiruh wkh
wrsrorj| ri wkh lqlwldo vwdwh dqg wkh wrsrorj| ri wkh �qdo vwdwh duh qrw wkh vdph/
vxfk pdsv fdq eh frqwlqxrxv1 Frqwlqxrxv wrsrorjlfdo hyroxwlrq lv qrw dq r{|0
prurq/ iru wrsrorjlfdo frqwlqxlw| lv gh�qhg vxfk wkdw wkh olplw srlqwv ri hyhu|
vxevhw lq wkh grpdlq +uhodwlyh wr wkh wrsrorj| rq wkh lqlwldo vwdwh, shupxwh lqwr
wkh forvxuh ri wkh vxevhwv lq wkh udqjh +uhodwlyh wr wkh wrsrorj| rq wkh �qdo vwdwh,1
Wkh lqlwldo dqg �qdo vwdwh wrsrorjlhv qhhg qrw eh wkh vdph1

Sdvwlqj wrjhwkhu lv d frqwlqxrxv surfhvv iru zklfk wkh wrsrorj| ri wkh �qdo
v|vwhp vwdwh lv qrw qhfhvvdulo| wkh vdph dv wkh wrsrorj| ri wkh lqlwldo v|vwhp vwdwh1
Vhsdudwlrq ru fxwwlqj lqwr sduwv lv d glvfrqwlqxrxv surfhvv iru zklfk wkh v|vwhp
wrsrorj| ri wkh �qdo vwdwh lv qrw wkh vdph dv wkh v|vwhp wrsrorj| ri wkh lqlwldo
vwdwh1 Wkh reylrxv wrsrorjlfdo surshuw| wkdw fkdqjhv lv wkh qxpehu ri sduwv1
Surmhfwlrqv iurp kljkhu glphqvlrqv wr orzhu glphqvlrqv duh fodvvlf h{dpsohv ri
pdq| wr rqh gl�huhqwldeoh pdsv wkdw duh qrw lqyhuwleoh1 Wkh reylrxv wrsrorjlfdo
surshuw| wkdw fkdqjhv lv wkh surshuw| ri glphqvlrq1 Frqvlghu d  dw sxww| glvf
lq wkh vkdsh ri dq dqqxoxv1 Ghirup wkh sxww| frqwlqxrxvo| vxfk wkdw wkh srlqwv
wkdw pdnh xs wkh fhqwudo kroh duh sdvwhg wrjhwkhu1 Rq wkh rwkhu kdqg pdnh
dq lqwhulru fxw lq d glvn ri sxww| dqg glvfrqwlqrxvo| vhsdudwh wkh srlqwv wr pdnh
d kroh1 Wkh reylrxv wrsrorjlfdo surshuw| wkdw fkdqjhv lv wkh qxpehu ri krohv1
+Glvfrqwlqxrxv surfhvvhv duh ljqruhg lq wklv suhvhqwdwlrq1,

5161 Fduwdq*v Pdjlf Irupxod

Fduwdq*v �pdjlf irupxod� +d ghvfulswlyh skudvh lqwurgxfhg e| Pduvghq ^4`, uhs0
uhvhqwlqj wkh �hyroxwlrq� ri wkh 40irup ri Dfwlrq/ D/ zlwk uhvshfw wr wkh � rz�
jhqhudwhg e| wkh yhfwru �hog/ Y / lv wkh fruqhuvwrqh ri wkh ghyhorsphqw1 Wkh
Fduwdq irupxod grhv qrw ghshqg xsrq frqqhfwlrq ru phwulf/ dqg kdv ehhq fdoohg
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wkh �krprwrs| irupxod� e| Duqrog ^5`1 Li wkh frh!flhqw ixqfwlrqv ri D dqg Y
duh F5 gl�huhqwldeoh wkeh lw lvsrvvleoh wr suryh wkdw Fduwdq*v irupxod ghvfulehv
frqwlqxrxv hyroxwlrq1 Wkh F5 frqvwuwdlqwv fdq eh uhod{hg/ exw zloo eh vwxglhg
hovhzkhuh1

Khuhlq/ wkh iroorzlqj gh�qlwlrqv duh pdgh=

41 Wkh whup Z ' lEV�gD lv gh�qhg dv wkh lqh{dfw 40irup ri �yluwxdo zrun�1

51 Wkh ixqfwlrq X ' lEY �D lv gh�qhg dv wkh �lqwhuqdo hqhuj|�1

61 Wkh vxp ri wkh wzr whupv/ Z n gX> gh�qh wkh lqh{dfw 40irup ri �khdw�/ T=

Iurp wkhvh gh�qlwlrqv/ lw lv dssduhqw wkdw Fduwdq*v pdjlf irupxod qrw rqo|
uhsuhvhqwv dq hyroxwlrqdu| surfhvv/ zkhuh wkh surfhvv Y dfwv rq wkh sk|vlfdo
v|vwhp D wr surgxfh wkh 40irup ri khdw/ T> exw dovr lv irupdoo| htxlydohqw wr wkh
frkrprorjlfdo ghvfulswlrq ri wkh Iluvw Odz ri Wkhuprg|qdplfv1

OEV�D ' lEV�gDn gElEV�D� ' T +514,

' Z n gX ' T

Lq wklv duwlfoh wklv irupdo fruuhvsrqghqfh lv wdnhq vhulrxvo|1 Pruhryhu wkh
irupxod fdq eh xvhg wr ghwhuplqh htxlydohqfh fodvvhv ri hyroxwlrqdu| surfhvvhv/
iru d jlyhq sk|vlfdo v|vwhp/ zklfk duh wkhuprg|qdplfdoo| uhyhuvleoh ru luuhyhuvleoh1

Wkh ixqgdphqwdo wkhph lv wr vwxg| surfhvvhv wkdw ghvfuleh frqwlqxrxv wrsr0
orjlfdo hyroxwlrq1 Vxfk hyroxwlrqdu| surfhvvhv duh qrw qhfhvvdulo| lqyhuwleoh dqg gr
qrw dgplw xqltxh ghwhuplqlvwlf suhglfwlrq ri whqvru �hogv iurp lqlwldo gdwd1 Krz0
hyhu/ wkh| gr shuplw wkh ghwhuplqlvwlf uhwurglfwlrq ri whqvru �hogv e| phdqv ri
ixqfwlrqdo vxevwlwxwlrq dqg sxooedfnv1^6` Wkh pdjlf lq Fduwdq*v irupxod lv wkdw lw
fdq eh xvhg wr ghvfuleh vxfk hyroxwlrqdu| surfhvvhv zkhuh wkh wrsrorj| ri wkh lql0
wldo vwdwh lv qrw wkh vdph dv wkh wrsrorj| ri wkh �qdo vwdwh/ dv zhoo dv iru dgldedwlf
surfhvvhv iru zklfk wkh wrsrorj| grhv qrw fkdqjh1

Erwk wkh khdw dqg wkh zrun 40irupv dv gh�qhg deryh duh qrw qhfhvvdulo| h{dfw/
dqg wkhuhiruh fdq ohdg wr qrq0}hur f|folf lqwhjudov1 Wkh v|pero OEV� vwdqgv iru wkh
�Olh ghulydwlyh� zlwk uhvshfw wrV>d whup hylghqwo| frlqhg e| Voherg}lqvn|1^7` Wkh
v|pero gD vwdqgv iru wkh �h{whulru ghulydwlyh� ri D> dqg wkh v|pero lEV�D lv xvhg
wr ghvljqdwh wkh �lqwhulru surgxfw� ri wkh frqwudyduldqw V zlwk wkh fryduldqw D
lq d whqvruldo vhqvh/ surgxflqj d gl�hrprusklf lqyduldqw1 Krzhyhu/ qr frqvwudlqwv

9



ri phwulf ru frqqhfwlrq duh dssolhg d sulrul wr wkh grpdlq ri gh�qlwlrq1 Iru pruh
ghwdlo vhh ^8`

Iru sk|vlfdo v|vwhpv ri phdvxuhphqw lw lv suhvxphg wkdw wkh xowlpdwh ru ixq0
gdphqwdo grpdlq +ru edvh, ri lqghshqghqw yduldeohv zloo eh ghvljqdwhg e| wkh
rughuhg txdguxsohw i{> |> }> wj1 Prvw xvhixo dssolfdwlrqv zloo eh frqvwuxfwhg iurp
erwk fryduldqw dqg frqwudyduldqw yhfwru �hogv dqg ixqfwlrqv xowlpdwho| gh�qhg
ryhu wklv edvh1 Krzhyhu/ dq lqlwldo grpdlq ri gh�qlwlrq pd| eh frqyhqlhqwo| ri
kljkhu glphqvlrq> wkdw lv/ wkh lqlwldo ydulhw| pd| frqvlvw ri 5q.4 ru 5q.5 lqgh0
shqghqw yduldeohv1 Qrwh wkdw wkh lqlwldo ydulhw| pd| frqvlvw ri erwk �frruglqdwhv�
dqg �sdudphwhuv�/ dqg wkh qrwdwlrq lv vxlwdeoh iru dssolfdwlrq ri Ilehu exqgoh
wkhru|1

5171 Wkhuprg|qdplf Luuhyhuvlelolw| T	gT 9' f

Iroorzlqj wkh ohdg ri wkhuprg|qdplf h{shulhqfh/ d wkhuprg|qdplf surfhvv zklfk
lv uhyhuvleoh lw wr eh dvvrfldwhg zlwk d khdw 40irup/ T/ zklfk dgplwv dq lqwhjudwlqj
idfwru1 Wkh lqwhjudwlqj idfwru +lq wkhuprg|qdplfv, gh�qhv wkh frqfhsw ri whp0
shudwxuh1 Wkhuhiruh/ li wkh khdw 40irup grhv qrw dgplw dq lqwhjudwlqj idfwru/ wkh
wkhuprg|qdplf surfhvv lv luuhyhuvleoh1^:` Iurp d wrsrorjlfdo srlqw ri ylhz/ wkh
khdw 40irup dgplwv dq lqwhjudwlqj idfwru li dqg rqo| li T vdwlv�hv wkh frqglwlrqv ri
wkh Iurehqlxv lqwhjudelolw| wkhruhp/ T	gT ' f=Wklv gh�qlwlrq ri wkhuprg|qdplf
luuhyhuvlelolw|/ zkhq frpelqhg zlwk Fduwdq*v pdjlf irupxod/ shuplwv wkh olqn wr
eh pdgh ehwzhhq wkhuprg|qdplfv dqg phfkdqlfdo v|vwhpv1

Wr uhshdw= Lw lv vxevxphg wkdw wkh sk|vlfdo v|vwhp fdq eh uhsuhvhqwhg e| d
40irup ri Dfwlrq/ D> dqg d sk|vlfdo surfhvv fdq eh uhsuhvhqwhg e| wkh yhfwru �hog
V1 Dv wkh v|vwhp +D� lv sursdjdwhg yld wkh dfwlrq ri wkh Olh ghulydwlyh zlwk
uhvshfw wr wkh surfhvv/ V/ wkh rxwfrph lv wr surgxfh wkh khdw 40irup/ T1 Khqfh
d vlpsoh whvw iru wkhuprg|qdplf luuhyhuvlelow| ri d surfhvv dfwlqj rq d v|vwhp lv
jlyhq e| wkh htxdwlrqv=

T	gT ' EOEV�D�	EOEV�gD� ' f � wkh surfhvv lv uhyhuvleoh= +515,

T	gT ' EOEV�D�	EOEV�gD� 9' f � wkh surfhvv lv luuhyhuvleoh= +516,

Wkh whfkqltxh lv dv iroorzv= Iluvw vwduw zlwk d uhdvrqdeoh ghvfulswlrq ri d
sk|vlfdo v|vwhp lq whupv ri d 40irup ri Dfwlrq/ D/ dqg wkhq iru d jlyhq yhfwru
�hog/ V/ uhsuhvhqwlqj d surfhvv/ frqvwuxfw T iurp Fduwdq*v irupxod1 Ilqdoo|/ xvh
wkh Iurehqlxv whvw wr vhh li wkh jlyhq surfhvv lv uhyhuvleoh ru qrw1
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5181 Wkh Sid� Wrsrorjlfdo Glphqvlrq/ q/ yhuvxv Jhrphwulfdo Glphq0
vlrq/ p=

Ri nh| lpsruwdqfh iru dq| sduwlfxodu sk|vlfdo v|vwhp lv wkh fkrlfh ri wkh �fruuhfw�
40irup ri Dfwlrq/ D/ zklfk hqfrghv wkh wrsrorjlfdo ihdwxuhv ri d vshfl�f sk|vlfdo
v|vwhp1 H{shulhqfh +jxhvvzrun, dqg wkh ghjuhh ri djuhhphqw zlwk phdvxuhphqw
zloo vdwlvi| wkh zrunlqj vflhqwlvw1 E| phdvxuhphqw/ lw lv phdqw wkdw fhuwdlq jhr0
phwulfdo dqg wrsrorjlfdo ihdwxuhv zloo eh �revhuydeoh� hyroxwlrqdu| lqyduldqwv ri d
surfhvv/ ru ri dq htxlydohqfh fodvv ri surfhvvhv1 Lq sk|vlfv/ wkh htxlydohqfh fodvv ri
surfhvvhv lv riwhq vshfl�hg dv vroxwlrqv wr d v|vwhp ri sduwldo gl�huhqwldo htxdwlrqv>
khuhlq/ wkh dowhuqdwlyh ylhz lv wdnhq wkdw wkh htxlydohqfh fodvv lv jhqhudwhg e| dq
h{whulru gl�huhqwldo v|vwhp ri frqvwudlqwv dfwlqj rq h{whulru gl�huhqwldo irupv1
H{whulru gl�huhqwldo v|vwhpv duh/ lq h�hfw/ vshfl�fdwlrqv ri wrsrorjlfdo frqvwudlqwv
rq wkh sk|vlfdo v|vwhp1 Iru h{dpsoh/ wkh frqvwudlqw I �gD ' f lv wrsrorjlfdoo| d
frqvwudlqw wkdw vd|v wkh 50irup remhfw lv joredoo| forvhg lq dq h{whulru gl�huhqwldo
vhqvh1 Wkh 50irup I lv frqvwudlqhg wr eh htxdo wr wkh olplw vhwv ri D> uhodwlyh wr
wkh Fduwdq wrsrorj| jhqhudwhg e| wkh wrsrorjlfdo vwuxfwxuh ri wkh jlyhq 40irup ri
Dfwlrq/ D1

Shukdsv rqh ri wkh prvw lpsruwdqw/ dqg |hw hdvlo| frpsxwhg/ lghdv lv wkh frq0
fhsw ri Sid� Wrsrorjlfdo glphqvlrq/ ru fodvv/ ri dq h{whulru gl�huhqwldo 40irup/
D1 Uhfdoo wkdw glphqvlrq lv d wrsrorjlfdo surshuw|/ khqfh li wkh Sid� Wrsrorjl0
fdo glphqvlrq fkdqjhv gxulqj dq hyroxwlrqdu| surfhvv/ wkh surfhvv lv ghvfulelqj
d surfhvv ri frqwlqxrxv wrsrorjlfdo fkdqjh 0 d qhfhvvdu| uhtxluhphqw iru wkhupr0
g|qdplf luuhyhuvlelolw|1 H{dpsohv ri vxfk surfhvvhv zloo eh jlyhq ehorz1 Lw lv
dovr lpsruwdqw wr uhphpehu wkdw wkh vdph vhw ri hohphqwv fdq vxssruw pruh wkdq
rqh wrsrorj|1 Lq wkh fdvh dw kdqg/ wkh Sid� Wrsrorjlfdo glphqvlrq ri wkh wkuhh
40irupv/ D> Z> dqg T zloo eh ri lpsruwdqfh wr wkh dqdo|vlv ri qrq0htxloleulxp
wkhuprg|qdplfv/ dqg wkh duurz ri wlph1 D jlyhq gl�huhqwldo irup/ D> jhrphwul0
fdoo| gh�qhg lq whupv ri 2q gl�huhqwldov dqg ixqfwlrqv rq d ydulhw| ri jhrphwulf
edvh glphqvlrq q> pd| uhtxluh p � 2q lqghshqghqw ixqfwlrqv dqg gl�huhqwldov
iru lwv wrsrorjlfdo ghvfulswlrq1 Wkh Sid� wrsrorjlfdo glphqvlrq fdq eh ohvv wkdq
wkh Jhrphwulf glphqvlrq ri wkh vsdfh ryhu zklfk wkh 40irup ri Dfwlrq kdv ehhq
frqvwuxfwhg1 Wkh frqfhsw lpsolhv wkdw wkhlu h{lvwv d gl�huhqwldeoh surmhfwlyh pds
iurp d vsdfh ri glphqvlrq 2q wr wkh vsdfh ri glphqvlrq p= Dq h{whulru gl�hu0
hqwldo irup gh�qhg rq wkh +�qdo, wdujhw vsdfh lqgxfhv d ixqfwlrqdoo| zhoo gh�qhg
h{whulru gl�huhqwldo irup rq wkh +lqlwldo, grpdlq vsdfh/ e| phdqv ri ixqfwlrqdo
vxevwlwxwlrq dqg wkh �sxooedfn� ri wkh surmhfwlrq1 Wkh wrsrorjlfdo ihdwxuhv ri
lqyhvwljdwlrqv rq wkh orzhu glphqvlrqdo vsdfh fdq eh uhwurglfwhg edfn wr wkh lql0
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wldo kljkhu glphqvlrqdo pdqlirog/ hyhq wkrxjk wkh surmhfwlyh pdsslqj lv qrw d
krphrprusklvp dqg wkhuhiru lpsolhv wrsrorjlfdo fkdqjh1 Uhpdundeo|/ wkh Sid�
wrsrorjlfdo glphqvlrq ri wkh 40irup rq wkh wdujhw vsdfh lv wkh vdph dv wkh Sid�
wrsrorjlfdo glphqvlrq ri wkh sxoohg edfn 40irup rq wkh lqlwldo vsdfh1

Iru dq| jlyhq 40irup/ D/ ixqfwlrqdoo| gh�qhg rq d +shukdsv jhrphwulfdo, edvh
vsdfh/ ru ydulhw|/ ri glphqvlrq q/ lw lv srvvleoh wr frpsxwh wkh �Sid� vhtxhqfh�/
iD> gD>D	gD> gD	gD===�1 Lw lv uhpdundeoh wkdw wklv vhtxhqfh whuplqdwhv dw
d plqlpxp qxpehu/ p � q> uhsuhvhqwlqj wkh luuhgxfleoh plqlpxp qxpehu ri
lqghshqghqw ixqfwlrqv uhtxluhg wr gh�qh wkh wrsrorjlfdo hqfrglqj1 Wklv qxpehu
p lv fdoohg wkh Sid� wrsrorjlfdo glphqvlrq/ dqg wkh odvw qrq0}hur hohphqw ri wkh
Sid� vhtxhqfh lv gh�qhg dv wkh wrs Sid!dq1 Wkh wrsrorjlfdo glphqvlrq/ p/ lv
ohvv wkdq ru htxdo wr wkh jhrphwulf glphqvlrq/ q1 Qrwh wkdw wkh uhtxluhphqw iru
wkhuprg|qdplf luuhyhuvlelolw| lpsolhv wkdw wkh Sid� glphqvlrq ri wkh khdw 40irup
Tpxvw eh 6 ru juhdwhu/ zklfk phdqv wkh Iurehqlxv wkhruhp ri xqltxh lqwhjudelolw|
iru wkh Sid!dq h{suhvvlrq/ D ' f/ idlov1 Wkh lghd lv wkdw wkh Sid� wrsrorjlfdo
glphqvlrq lpsolhv wkh h{lvwhqfh ri d frqwlqxrxv gl�huhqwldeoh pds iurp wkh ydulhw|
ri glphqvlrq q A p wr d ydulhw| ri glphqvlrq p1

Dq h{solflw sk|vlfdo 40irup/ D/ zloo jhqhudwh d �Fduwdq wrsrorj|� rq wkh gr0
pdlq1 Lw lv hdv| wr ghprqvwudwh wkdw wkh Fduwdq wrsrorj| lv d frqqhfwhg wrsrorj|
li wkh Sid� glphqvlrq lv 5 ru ohvv/ dqg d glvfrqqhfwhg wrsrorj| li wkh Sid� glphq0
vlrq lv 6 ru pruh ^:`1 Kdplowrqldq phfkdqlfv dqg Hxohuldq vwuhdpolqh  rzv lq
k|gurg|qdplfv +rq edvh vsdfhv ri jhrphwulf glphqvlrq 7, duh dvvrfldwhg zlwk Df0
wlrq 40irupv ri Sid� wrsrorjlfdo glphqvlrq 5 ru ohvv/ dqg duh wkhuprg|qdplfdoo|
uhyhuvleoh1 Wxuexohqfh/ ehlqj wkh dqwlwkhvlv ri vwuhdpolqh  rz/ pxvw eh uhsuh0
vhqwhg e| d wrsrorj| ri Sid� glphqvlrq 7 ru pruh/ dqg lv wkhuprg|qdplfdoo|
luuhyhuvleoh1

Djdlq/ wkh frqvwudlqw ri frqwlqxrxv wrsrorjlfdo hyroxwlrq lqgxfhv d orjlfdo
�Duurz ri Wlph� uhodwhg wr d fkdqjh lq Wrsrorj|1 Qrwh wkdw wkh ghfd| ri
wxuexohqfh fdq eh vwxglhg e| frqwlqxrxv phwkrgv/ exw wkh fuhdwlrq ri wxuexohqfh
fdqqrw1 Lw lv srvvleoh wr ghprqvwudwh wkdw d pds iurp d frqwlqxrxv wrsrorj| wr d
glvfrqwlqxrxv wrsrorj| lv qrw frqwlqxrxv/ exw d pds iurp d frqwlqxrxv wrsrorj|
wr d glvfrqwlqxrxv wrsrorj| lv frqwlqxrxv1 Lq erwk hyroxwlrqdu| pdsv/ wrsrorjlfdo
hyroxwlrq wdnhv sodfh dv wkh Sid� wrsrorjlfdo glphqvlrq fkdqjhv/ exw qrwh wkdw
wkh fuhdwlrq ri wxuexohqfh fdqqrw eh frqwlqxrxv/ zkhuh wkh ghfd| ri wxuexohqfh
fdq eh frqwlqxrxv1
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5191 Frqwdfw pdqlirogv=

Zkhq wkh 40irup D lv ri rgg wrsrorjlfdo glphqvlrq +q@ 6 ru juhdwhu,/ wkhq wkh
50irup gD fdq eh sxw lqwr fruuhvsrqghqfh zlwk dq rgg0glphqvlrqdo q@5n .4 dq0
wlv|pphwulf pdwul{ ri ixqfwlrqv ri pd{lpdo udqn1 Wklv pdwul{ kdv rqh xqltxh
hljhqyhfwru zlwk d qxoo hljhq ydoxh1 Khqfh wkh wrsrorjlfdo hqfrglqj ri d sk|vlfdo
v|vwhp ghwhuplqhv d xqltxh gluhfwlrq �hog gh�qhg dv wkh �h{wuhpdo� gluhfwlrq �hog
+rq wkh 5n . 4 glphqvlrqdo ydulhw|,1 Hyroxwlrq lq wkh gluhfwlrq ri wklv xqltxh
�h{wuhpdo� yhfwru �hog/ VH/ lpsolhv wkdw wkh yluwxdo zrun/ Z/ ydqlvkhv/ dqg wkdw
wkh h{whulru ghulydwlyh ri khdw 40irup gT ydqlvkhv/ dv T lv h{dfw1 Vxfk h{wuhpdo
yhfwru �hogv dozd|v kdyh d Kdplowrqldq jhqhudwru/ dqg duh qrw wkhuprg|qdplfdoo|
luuhyhuvleoh/ dv TagT@31 Wkh h{wuhpdo Kdplowrqldq hyroxwlrq suhvhuyhv wkh hyhq
glphqvlrqdo wrsrorjlfdo ihdwxuhv ri wkh sk|vlfdo v|vwhp +wkh Srlqfduh lqyduldqwv,1
Li wkh h{wuhpdo surfhvv lv dovr dgldedwlf/ vxfk wkdw erwk T @ 3 dqg gT @ 3/ wkhq
wkh surfhvv suhvhuyhv erwk rgg dqg hyhq wrsrorjlfdo ihdwxuhv/ dqg lv d krphrpru0
sklvp1 Wkh htxlydohqfh fodvv ri surfhvvhv wkdw vdwlvi| wkh forvxuh uhtxluhphqw/
+gT@3, lqfoxghv qrw rqo| h{wuhpdo �hogv/ lEVH�gD ' f/ exw dovr wkrvh wkdw fdq
kdyh d Fdvlplu jhqhudwru +Ehuqrxool  rzv, ru wkrvh wkdw fdq jhqhudwh olplw f|fohv1

51:1 V|psohfwlf pdqlirogv=

Zkhq wkh 40irup D lv ri hyhq wrsrorjlfdo glphqvlrq +q @ 7 ru juhdwhu,/ wkhq wkh 50
irup gD fdq eh sxw lqwr fruuhvsrqghqfh zlwk dq hyhq0glphqvlrqdo dqwlv|pphwulf
pdwul{ ri ixqfwlrqv ri pd{lpdo udqn1 H{wuhpdo �hogv +zlwk qxoo hljhqydoxh, gr
qrw h{lvw/ exw wkhuh lv d xqltxh hyroxwlrqdu| gluhfwlrq �hog/ VW / rq wkh q @ 5n
. 5 glphqvlrqdo ydulhw| wkdw lv frpsohwho| ghwhuplqhg iurp wkh wrsrorj| ri wkh
sk|vlfdo v|vwhp/ lqgxfhg e| wkh 40irup/ D1 Rq d q @ 7 glphqvlrqdo edvh pdqlirog/
wklv xqltxh gluhfwlrq �hog lv gh�qhg e| wkh htxdwlrqv/

D	gD ' lEVW �g{	g|	g}	gw= +517,

Wklv yhfwru �hogVW lv gh�qhg dv wkh Wrsrorjlfdo Wruvlrq yhfwru1 Dv D	D	gD ' f
wkh Wrsrorjlfdo Wruvlrq yhfwru lv wudqvyhuvh zlwk uhvshfw wr wkh 40irup ri Dfwlrq=
lEVW �D ' f= E| gluhfw fdofxodwlrq lw lv srvvleoh wr vkrz wkdw Z ' lEVW �gD '
KD= Lq rwkhuzrugv wkh 40irup ri yluwxdo zrun lv sursruwlrqdo wr wkh 40irup ri
Dfwlrq1 Fduwdq*v pdjlf irupxod ehfrphv

OEVW �D ' KD +518,
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zkhuh K htxdov 425 wkh frh!flhqw ri wkh qrq0}hur 70irup

gD	gD ' 2 � KE{> |> }> w�g{	g|	g}	gw ' iglyeEVW �jg{	g|	g}	gw= +519,

Dv wkh 50irup lv ri pd{lpdo udqn/ KE{> |> }> w� 9' f= Lw iroorzv wkdw hyroxwlrq lq
wkh gluhfwlrq ri wkh Wruvlrq Yhfwru lv wkhuprg|qdplfdoo| luuhyhuvleoh/ dv

T	gT ' OEVW �D	OEVW �gD ' K2D	gD 9' f> +51:,

Wkh idfwru K2 sod|v d uroh uhodwhg wr wkh hqwurs| surgxfwlrq udwh1

51;1 Fduwdq*v ghyhorsphqw ri Kdplowrqldq v|vwhpv1

Uhfdoo wkdw Fduwdq suryhg wkdw li wkh 40irup ri Dfwlrq lv wdnhq wr eh ri wkh fodvvlf
irupdw/ D ' sngt

n n KEsn> t
n> w�gw/ rq d 5q.4 glphqvlrqdo grpdlq ri yduldeohv

isn> t
n> wj/ wkhq d vxevhw ri doo yhfwru �hogv/ Y> wkdw vdwlvi| klv pdjlfdo htxdwlrq

zrxog jhqhudwh �Kdplowrqldq  rzv� ri fodvvlfdo phfkdqlfv1^9` Wkh qhfhvvdu| dqg
vx!flhqw frqvwudlqw iru wkh yhfwru �hog wr eh ri wkh Kdplowrqldq irupdw zdv wkdw
wkh forvhg lqwhjudov ri wkh Dfwlrq

U
}�
D pxvw eh hyroxwlrqdu| lqyduldqwv ri wkh

surfhvv/ Y 1

Fduwdq*v Frqvwudlqw= OEV�

]
}�

D , f= +51;,

Wkh v|pero/
U
}�
/ lv xvhg wr ghvljqdwh wkdw wkh lqwhjudwlrq fkdlq lv d forvhg f|foh/

}4>
U
}2
/ zrxog eh xvhg wr ghvljqdwh d wzr glphqvlrqdo forvhg f|foh> hwf11 Wkh

f|foh pd| ru pd| qrw eh d erxqgdu|1
Wkh Fduwdq fulwhuld grhv qrw frqvwudlq wkh Kdplowrqldq ixqfwlrqKEsn> t

n> w� wr
eh lqghshqghqw iurp wlph/ exw dv zloo eh ghvfulehg ehorz/ lw grhv lqvxuh wkdw wkh
Fduwdq wrsrorj| ri wkh lqlwldo vwdwh lv wkh vdph dv wkh Fduwdq wrsrorj| ri wkh �qdo
vwdwh1 Wkh vdph fulwhuld wr jhqhudwh �Kdplowrqldq  rzv� fdq eh xvhg rq 5q.5
glphqvlrqdo grpdlqv/ Esn> t

n> w> v�= Wkh nh| gl�huhqfh lv wkdw rq wkh rgg glphq0
vlrqdo grpdlq + d frqwdfw pdqlirog, wkh Kdplowrqldq  rz lv d xqltxh �h{wuhpdo�
�hog1 Wkh jhqhudwru ri wkh  rz lv wkh Kdplowrqldq ixqfwlrq/ KEsn> t

n> w�= Rq wkh
5q.5 glphqvlrqdo grpdlq +d v|psohfwlf pdqlirog,/ d xqltxh h{wuhpdo �hog grhv
qrw h{lvw1 Wkhuh gr h{lvw +pdq|, �Kdplowrqldq  rzv�/ exw wkh| duh jhqhudwhg/ qrw
iurp KEsn> t

n> w> v�/ exw iurp rwkhu ixqfwlrqv/ nqrzq dv Ehuqrxlool0Fdvlplu ixqf0
wlrqv/ X1 Wkhuh grhv/ krzhyhu/ h{lvw d xqltxh yhfwru gluhfwlrq �hog ri hyroxwlrq
rq wkh v|psohfwlf 5q.5 grpdlq/ exw lw lv qrw d Kdplowrqldq  rz1 Lq idfw/ lw zloo
eh ghprqvwudwhg ehorz wkdw wklv xqltxh yhfwru �hog +gh�qhg dv wkh Wrsrorjlfdo
Wruvlrq fxuuhqw, uhsuhvhqwv wkhuprg|qdplfdoo| luuhyhuvleoh surfhvvhv1
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51<1 Wkhuprg|qdplf Uhyhuvlelolw| T	gT ' f

Wkh Fduwdq frqvwudlqw EOEV�

U
}�
D ' f� wkhuhe| sduwlwlrqv doo srvvleoh yhfwru

�hogv ri hyroxwlrq lqwr wzr htxlydohqfh fodvvhv/ wkrvh uhsuhvhqwlqj surfhvvhv wkdw
zhuh �Kdplowrqldq�/ dqg wkrvh wkdw zhuh qrw Kdplowrqldq1 Khuhlq wkh lghd lv
wr h{sorlw wkh Fduwdq*v pdjlf irupxod wr rewdlq d ehwwhu xqghuvwdqglqj ri wkh
qrq0Kdplowrqldq surfhvvhv EOEV�

U
}�
D 9' f�/ dqg krz wkh| pd| uhsuhvhqw glvvl0

sdwlyh dqg luuhyhuvleoh sk|vlfdo skhqrphqd1 Kdplowrqldq surfhvvhv pd| eh wlph0
ghshqghqw/ khqfh ghfd|lqj hqhuj| dorqh lv qrw d vx!flhqw fulwhuld wr lqvxuh wkhu0
prg|qdplf luuhyhuvlelolw|1

Iroorzlqj wkh ohdg ri wkhuprg|qdplf h{shulhqfh/ d wkhuprg|qdplf surfhvv
zklfk lv uhyhuvleoh lw wr eh dvvrfldwhg zlwk d khdw 40irup/ T/ zklfk dgplwv dq
lqwhjudwlqj idfwru1 Wkh lqwhjudwlqj idfwru +lq wkhuprg|qdplfv, gh�qhv wkh frqfhsw
ri whpshudwxuh1 Wkhuhiruh/ li wkh khdw 40irup grhv qrw dgplw dq lqwhjudwlqj idfwru/
wkh wkhuprg|qdplf surfhvv lv luuhyhuvleoh1^:` Iurp d wrsrorjlfdo srlqw ri ylhz/ wkh
khdw 40irup dgplwv dq lqwhjudwlqj idfwru li dqg rqo| li T vdwlv�hv wkh frqglwlrqv ri
wkh Iurehqlxv lqwhjudelolw| wkhruhp/ T	gT ' f=Wklv gh�qlwlrq ri wkhuprg|qdplf
luuhyhuvlelolw|/ zkhq frpelqhg zlwk Fduwdq*v pdjlf irupxod/ shuplwv wkh olqn wr
eh pdgh ehwzhhq wkhuprg|qdplfv dqg phfkdqlfdo v|vwhpv1

Udwkhu wkdq dsso|lqj wkh phwkrg wr pdq| h{dpsohv/ lw lv srvvleoh wr frqvlghu
htxlydohqfh fodvvhv ghwhuplqhg e| wkh Sid� glphqvlrq/ ru fodvv/ SidiiEZ �> ri
wkh 40irup ri yluwxdo zrun/ Z= Wkh Sid� glphqvlrq ri wkh yluwxdo zrun 40irup/
Z ' lEV�gD/ ghshqgv rq erwk wkh surfhvv +V, dqg wkh v|vwhp +D,1 Frqvhuy0
dwlyh Kdplowrqldq surfhvvhv ehorqj wr wkh SidiiEZ � ' f ru SidiiEZ � ' �1
Surfhvvhv wkdw ehorqj wr wkh SidiiEZ � ' e duh dozd|v luuhyhuvleoh1

61 Wkh Sid� Glphqvlrq ri wkh 40irup ri Yluwxdo Zrun

Jlyhq dq| 40irup/ Z ' lEV�gD> gh�qhg ryhu d vhw ri lqghshqghqw yduldeohv/ lw
lv dozd|v srvvleoh wr frqvwuxfw lwv Sid� vhtxhqfh iurp wkh irup/Z / lwv h{whulru
gl�huhqwldo/ gZ / dqg dojheudlf h{whulru surgxfwv ri wkhvh remhfwv>

Sid� vhtxhqfh ri Z iZ>gZ>Z	gZ> gZ	gZ> ==j= +614,

Dw vrph lqwhjhu P.4 wkh uhpdlqlqj hohphqwv ri wkh Sid� vhtxhqfh duh }hur1 Wkh
Sid� glphqvlrq/ ru fodvv/ SidiiEZ � ri wkh irup/ Z / lv gh�qhg dv wkh lqwhjhu
P htxdo wr wkh qxpehu ri qrq0}hur whupv lq wkh Sid� vhtxhqfh1 Wklv lqwhjhu
lv dozd|v ohvv wkdq ru htxdo wr wkh qxpehu ri lqghshqghqw yduldeohv1 Wkh Sid�
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glphqvlrq vshfl�hv wkh luuhgxfleoh qxpehu ri ixqfwlrqv uhtxluhg wr vshfli| wkh 40
irup ri lqwhuhvw1 Dv wkh 40irup ri Zrun lv frqvwuxfwhg iurp wkh 40irup ri Dfwlrq/
wkh qxpehu ri frqwudyduldqw frpsrqhqwv ri d yhfwru �hog/ Y / uhtxluhg wr gh�qh
wkh 40irup ri yluwxdo zrun/ Z> qhhg qrw h{fhhg wkh Sid� glphqvlrq ri wkh Dfwlrq
40irup1 Krzhyhu/ wkh frpsrqhqwv ri dq duelwudu| frqwudyduldqw yhfwru �hog rq wkh
ruljlqdo grpdlq ri gh�qlwlrq pd| qrw eh ixoo| h{suhvvleoh lq whupv ri surmhfwhg
ixqfwlrqv ri wkh 40irup ri Dfwlrq1 Lq prghuq odqjxdjh/ wkh Sid� glphqvlrq ri
wkh 40irup ri Dfwlrq ghwhuplqhv wkh edvh/ exw wkh frqwudyduldqw yhfwru �hog kdv
dgglwlrqdo frpsrqhqwv dorqj wkh �ehuv ri wkh yhfwru exqgoh1

Fduwdq*v pdjlf irupxod wdnhv qrwh ri wklv gl�huhqfh/ iru wkh 40irup ri yluwxdo
zrun/ Z> lv wudqvyhuvdo wr wkh surfhvv/ zkloh wkh 40irup ri khdw lv qrw1

lEV�Z ' lEV�lEV�gD ' f exw lEV�T ' lEV�gElEV�D� 9' f +615,

Lq wkh odqjxdjh ri �ehu exqgohv/ wklv uhvxow jlyhv d suhflvh gh�qlwlrq wr wkh gl�hu0
hqfhv ehwzhhq wkh frqfhswv ri zrun dqg khdw1 Khdw fdq kdyh frpsrqhqwv dorqj
wkh �ehuv/ zrun grhv qrw1

Lq wkdw zklfk iroorzv/ wkh ihdwxuhv ri wkh ydulrxv htxlydohqfh fodvvhv gh�qhg
e| wkh Sid� glphqvlrq ri wkh 40irup ri yluwxdo zrun duh h{soruhg1 Lq doo fodvvhv
frqvlghuhg/ wkh wulyldo fdvh gD ' f> lv ljqruhg/ iru wkhq hyhu| yhfwru �hog uhsuh0
vhqwlqj d surfhvv rq vxfk sk|vlfdo v|vwhpv lv vxfk wkdw wkh yluwxdo zrun ydqlvkhv1
Doo vxfk f|folf surfhvvhv duh dgldedwlf/ dqg li wkh surfhvv lv vxfk wkh wkh lqwhuqdo
hqhuj| lv frqvwdqw/ gX ' gElEV�D� ' f> wkhq vxfk surfhvvhv duh orfdoo| dqg jore0
doo| dgldedwlf1 Li wkh surfhvv lv dq dvvrfldwhg yhfwru/ +vxfk wkh X ' lEY �D , f�
wkhq wkh surfhvv uhvlghv rq wkh �htxl0srwhqwldo� vxuidfh gh�qhg e| wkh Sid!dq
htxdwlrq/ gD ' f=

6141 Uhyhuvleoh Fdvh 4= Sid�+Z, @ 31 F|folfdoo| dgldedwlf h{wuhpdo
surfhvvhv1

Zkhq gD 9' f> wkh frqvwudlqw/ SidiiEZ � ' f/ lpsolhv wkdw wkh yluwxdo zrun
40irup ydqlvkhv/ Z ' lEV�gD ' f> dqg wkh 50irup gZ , f= Uhfdoo wkdw wkh 50
irup ri �yruwlflw|�/ ru �hog lqwhqvlwlhv/ gD/ frqvlvwv ri dq dqwl0v|pphwulf pdwul{ ri
frh!flhqwv1 Khqfh/ rqo| zkhq wkh Sid� glphqvlrq ri wkh Dfwlrq lv dq rgg0lqwhjhu/
5q.4/ lv lw srvvleoh iru zrun 40irup wr ydqlvk1 Lq vxfk fdvhv wkh surfhvvhv/ V> duh
gh�qhg dv h{wuhpdov +d zrug eruurzhg iurp wkh fdofxoxv ri yduldwlrqv, dqg duh
xqltxho| ghwhuplqhg +wr zlwklq d surmhfwlyh idfwru, dv wkh qxoo hljhq yhfwru ri wkh
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dqwl0v|pphwulf pdwul{ ri ixqfwlrqv wkdw duh xvhg wr uhsuhvhqw wkh frh!flhqwv ri
wkh 50irup gD1 Dv wklv h{wuhpdo frqvwudlqw ghwhuplqhv wkh �htxdwlrqv ri prwlrq�/
lw vkrxog eh qrwhg wkdw wkhuh lv d odujh htxlydohqfh fodvv ri sk|vlfdo v|vwhpv wkdw
zloo kdyh wkh �vdph� ruelwdo prwlrq1 Lq wkh h{wuhpdo fdvh wkh 40irup ri Dfwlrq
lv qrw xqltxh/ iru dq| forvhg 40irup/ �> zlwk g� ' f> pd| eh dgghg wr wkh lqlwldo
40irup/ D> zlwkrxw fkdqjlqj wkh vwuxfwxuh ri wkh 50irup/ gD= Lw lv wkh irup gD
wkdw ghwhuplqhv wkh yluwxdo zrun/ Z=

gD ' gEDf n �� ' gDf n g� ' gDf= +616,

Wkh �htxdwlrqv ri prwlrq� duh vdlg wr eh �jdxjh� lqyduldqw lq wkh vhqvh wkdw wkh
yluwxdo zrun 40irup lv wkh vdph iru doo sk|vlfdo v|vwhpv zklfk duh hohphqwv ri wkh
odujh htxlydohqfh fodvv ri Dfwlrqv zklfk gl�hu iurp rqh dqrwkhu e| d forvhg 40irup
+wkh �jdxjh�,1 Qrwh wkdw wkh jdxjh gl�huhqfhv ehwzhhq wkh hohphqwv ri gl�huhqw
dfwlrqv duh qrw qhfhvvdulo| h{dfw gl�huhqwldov> wkh fodvv ri dfwlrqv wkdw surgxfh
jdxjh lqyduldqw �hogv/ ru htxdwlrqv ri prwlrq/ fdq ehorqj wr gl�huhqw frkrprorj|
fodvvhv1 Lq vkruw/ wkh vdph Z kdv pdq| suhfxuvruv D

Krzhyhu/ iurp d wkhuprg|qdplf srlqw ri ylhz/ wkh khdw 40irup/T> dqg krz wkh
v|vwhp lqwhudfwv zlwk lwv vxuurxqglqjv/ lv vhqvlwlyh wr wkh forvhg 40irup dgglwlrqv
wr wkh Dfwlrq 40irup1 Wkh khdw 40irup/ T/ dqg wkh lqwhuqdo hqhuj|/ X> duh qrw
jdxjh lqyduldqw1

OEV�D ' lEV�gDn gElEV�D� +617,

' f n gX ' gilEV�Df n ElEV��j ' T

Krzhyhu/ zkdw lv uhpdundeoh/ lv wkdw dq| forvhg lqwhjudo ri wkh Dfwlrq/
U
}�
D/

lv d +uhodwlyh, lqwhjudo lqyduldqw ri wkh h{wuhpdo hyroxwlrqdu| surfhvvhv jhqhudwhg
e| V ri wklv htxlydohqfh fodvv1

OEV�

]
}�

D '

]
}�

T ' f EZ ' f�= +618,

Khqfh/ dq| f|folf lqwhjudo ri wkh khdw 40irup lv �jdxjh� lqyduldqw1 Gxulqj sruwlrqv
ri wkh f|foh/ T pd| eh srvlwlyh dqg qhjdwlyh/ vxfk wkdw ryhu wkh f|foh/ wkh qhw
T lv }hur1 +Vxfk v|vwhpv duh vrphwlphv fdoohg �euhdwkhuv� dqg fdq eh uhodwhg wr
olplw f|fohv wkdw rffxu lq glvvlsdwlyh v|vwhpv1,

Li T ydqlvkhv lghqwlfdoo|/ wkh surfhvv lv vdlg wr eh orfdoo| dgldedwlf1 Iru d jlyhq
v|vwhp/ wkh frqvwudlqw wkdw wkh surfhvv eh orfdoo| dgldedwlf/ fdq eh vdwlv�hg e|
dq h{wuhpdo yhfwru �hog/ zklfk lv dovr �dvvrfldwhg�1 Wkh wzr frqvwudlqwv/
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ElEV�D� ' f Edvvrfldwhg� +619,

lEV�gD ' f Eh{wuhpdo� +61:,

irup d vxefodvv ri surfhvvhv gh�qhg dv �fkdudfwhulvwlf� surfhvvhv/ Lw iroorzv wkdw
vxfk fkdudfwhulvwlf surfhvvhv duh orfdoo| dgldedwlf1

Dv phqwlrqhg deryh/ rq dq hyhq glphqvlrqdo pdqlirog ri pd{lpdo udqn/ h{0
wuhpdo �hogv gr qrw h{lvw1 Krzhyhu/ dv zloo eh glvfxvvhg ehorz/ rq wkh 5q.5
v|psohfwlf pdqlirog iru zklfk wkhuh lv qr xqltxh h{wuhpdo �hog/ wkhuh grhv h{lvw d
xqltxh gluhfwlrq �hog gh�qhg dv wkh +wrsrorjlfdo, wruvlrq fxuuhqw1 Hyroxwlrq lq wkh
gluhfwlrq ri wkh wruvlrq fxuuhqw fdq ghfd| wr d grpdlq zkhuh +wkurxjk wrsrorjl0
fdo hyroxwlrq, wkh 5q.5 grpdlq ehfrphv d 5q.4 grpdlq/ dqg iurp wkhq rq wkh
hyroxwlrq fdq wdnh sodfh dorqj dq h{wuhpdo gluhfwlrq1 Wkh lqlwldo ghfd| lv hvvhq0
wldoo| d wudqvlhqw surfhvv wkdw glhv rxw +luuhyhuvleo|, wr d vwhdg| vwdwh frqvhuydwlyh
surfhvv1

Wkh h{wuhpdo hyroxwlrqdu| surfhvvhv irup wkh edvlv iru fodvvlfdo phfkdqlfv rq
vwdwh0vsdfh1 Lw lv dssduhqw wkdw wkh qhw khdw durxqg dq| forvhg sdwk lv f|folfdoo|
}hur1 Li lq dgglwlrq wkh lqwhuqdo hqhuj| lv d frqvwdqw/ gX ' f>wkhq vxfk surfhvvhv
duh orfdoo| dgldedwlf/ T ' Z n gX ' f n f ' f= Dv wkh h{wuhpdo yhfwru �hog lv
ghwhuplqhg rqo| xs wr d idfwru/ �/ lw lv srvvleoh wr fkrrvh wklv ixqfwlrq vxfk wkdw
wkh lqwhuqdo hqhuj| lv d frqvwdqw/

X ' �ElEV�D� ' Frqvw= +61;,

Iru vxfk fkrlfhv ri � wkh h{wuhpdo surfhvv lv orfdoo| dgldedwlf1
Vxssrvh wkh lqlwldo grpdlq ri lqghshqghqw yduldeohv iH> w> sn> t

nj lv ri glphq0
vlrq 5q.5/ zlwk d Gduerx{ uhsuhvhqwdwlrq iru wkh 40irup ri Dfwlrq jlyhq e| wkh
h{suhvvlrq

D ' sngt
n �Hgw= +61<,

Wkh wrs Sid!dq/ gD	gD=== lv d 5q.5 irup

gD	gD=== ' gH	gw	gs�===	gsq	gt
�===	gtq= +6143,

Li wkh Sid� glphqvlrq ri wkh Dfwlrq 40irup lv wr eh 5q.4/ wkhq wklv 5q.5 irup
pxvw ydqlvk1 Khqfh wkh yduldeoh/ H> fdqqrw eh ixqfwlrqdoo| lqghshqghqw iurp wkh
uhpdlqlqj +suhvxphg wr eh lqghshqghqw, yduldeohv> lw iroorzv wkdw H ' Kis> t> wj

48



rq wkh 5q.4 glphqvlrqdo grpdlq1 Wkh Dfwlrq 40irup lv wkhq zulwwhq lq wkh
Fduwdq0Kdplowrqldq irupdw

D ' sngt
n �Kis> t> wjgw +6144,

Uhodwlyh wr wkh 5q.4 �frruglqdwhv� isn> t
n> wj> frqvlghu wkh yhfwru �hog V '

iin> Y
n> �j dqg �qg wkh vroxwlrq wr wkh htxdwlrq/Z ' lEV�gD ' f= Wkh uhvxow lv

V ' iin ' �CK@Ct> Y n ' CK@Cs> �j +6145,

dqg wkh h{wuhpdo �hog lv vdlg wr eh Kdplowrqldq1
E| frqvwxfwlqj wkh h{whulru ghulydwlyh ri Fduwdq*v pdjlf irupxod/

OEV�gD ' glEV�gDn ggElEV�D� +6146,

' gZ n f ' gT

Dv gZ ' f iru SidiiEZ � ' f> lw iroorzv wkdw gT ' f=Khqfh/ doo hyhq glphqvlrqdo
hohphqwv ri wkh Sid� vhtxhqfh jhqhudwhg e| wkh Dfwlrq/ igD> gD	gD> ===j> dqg wkhlu
lqwhjudov/ duh devroxwh lqyduldqwv ri wkh htxlydohqfh fodvv ri h{wuhpdo �hogv/ d uhvxow
nqrzq wr Srlqfduh1

Qrwh wkdw doo surfhvvhv iru zklfk wkh zrun 40irup lv ri Sid� fodvv 3 duh uh0
yhuvleoh/ iru T	gT ' f=

6151 Uhyhuvleoh Fdvh 5= Sid�+Z, @ 41 V|psohfwlf surfhvvhv1

Zkhq wkh yluwxdo zrun 40irup lv forvhg exw qrw }hur/ Z 9' f> gZ ' f/ wkhq wkh
Sid� glphqvlrq lv htxdo wr 41 Wkh forvxuh frqvwudlqw irufhv wkh yluwxdo zrun 40
irup wr eh frpsrvhg ri d shuihfw gl�huhqwldo dqg2ru d kduprqlf sduw1 Zkhq wkh
yluwxdo zrun 40irup lv h{dfw vxfk wkdw

Z ' lEV�gD ' gXE{> |> }> w�> +6147,

wkhq wkh ixqfwlrq X lv gh�qhg dv d Ehuqrxlool0Fdvlplu ixqfwlrq/ dqg lv dq lqyduldqw
+�uvw lqwhjudo, ri wkrvh hyroxwlrqdu| surfhvv/ V> wkdw ehorqj wr wkh SidiiEZ � '
�1

OEV�X ' lEV�gX ' lEV�ElEV�gD� ' f= +6148,
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Lq k|gurg|qdplfv/ wkh Ehuhqrxool ixqfwlrq lv d frqvwdqw dorqj dq| vwuhdpolqh/ exw
qhljkerulqj vwuhdpolqhv zloo kdyh gl�huhqw ydoxhv iru wkh Ehuqrxool ixqfwlrq/ khqfh
X ' XE{> |> }> w� exw lEY �gX ' f=

Zkhq wkh yluwxdo zrun 40irup lv h{dfw/ wkh surfhvvhv duh qrw rqo| uhyhuvleoh
+gT ' f�> exw wkh| duh dovr f|folfdoo| dgldedwlf1 Rq wkh rwkhukdqg/ li wkh yluwxdo
zrun 40irup lv forvhg/ exw qrw h{dfw/ wkhq wkh surfhvvhv/ dowkrxjk uhyhuvleoh/ duh
qrw f|folfdoo| dgldedwlf1

Li wkh Sid� fodvv ri wkh Dfwlrq lv hyhq/ wkhq wkhuh h{lvwv d xqltxh yhfwru �hog/
V/ wkdw gh�qhv d orfdoo| uhyhuvleoh dgldedwlf surfhvv1 Iru li T ' f>

Z ' lEV�gD ' �gX ' �gElEV�D� +6149,

wkhq

OEV�D ' Z n gX ' �gX n gX ' T ' f= +614:,

Dv dq h{dpsoh frqvlghu wkh grpdlq i{> |> }> wj dqg wkh DfwlrqD ' �� gh�!gw=
Wkh dgldedwlf frqglwlrq ehfrphv wkh sduwldo gl�huhqwldo v|vwhp

�C�@Cw� judg!nV � fxuo� ' �judgEV ��� !� +614;,

V � E�C�@Cw� judg!� ' CEV ��� !�@Cw +614<,

Krzhyhu/ zkhq wkh zrun 40irup lq qrw h{dfw/ wkhq wkh surfhvv lv qrw f|folfdoo|
dgldedwlf/ dqg wkhuh zloo h{lvw qrq0}hur f|folf frqwulexwlrqv wr wkh zrun dqg khdw1
Wkh udwlr ri wkhvh lqwhjudov lv udwlrqdo ^ghUkdp`1

Wkh hyroxwlrqdu| yhfwru �hog lv djdlq vdlg wr eh �Kdplowrqldq�/ iru gs �
E�CX@Ct�gw ' f dqg gt � ECX@Cs�gw ' f= Li wkh Dfwlrq lv zulwwhq lq wkh Fduwdq
irupdw/

D ' sgt �KEs> t> w> ��gw�>

wkhq wkh Kdplowrqldq hqhuj|/ KEs> t> w> ��> lv qrw qhffhvvdulo| dq lqyduldqw ri wkh
 rz jhqhudwhg e| wkh Ehuqrxlool0Fdvlplu ixqfwlrq/ X= Wkh Ehuqrxool0Fdvlplu lv/
krzhyhu/ dq hyroxwlrqdu| lqyduldqw/ dqg lwv judglhqw lv wudqvyhuvdo wr wkh hyrox0
wlrqdu| surfhvv1

Krzhyhu/ zkhq wkh zrun 40irup lq qrw h{dfw/ exw pd| kdyh kduprqlf frpsr0
qhqwv/ �> uhsuhvhqwlqj wrsrorjlfdo revwuxfwlrqv1 Lq wkhvh fdvhv/ wkh surfhvv lv qrw
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dgldedwlf lq d f|folf vhqvh/ iru
]
}�

T '

]
}�

Z n gEX� '

]
}�

igEX n X� n �j ' f n

]
}�

� 9' f

Wkhuh zloo h{lvw qrq0}hur f|folf frqwulexwlrqv wr wkh zrun dqg khdw1 Wkh udwlr ri
wkhvh f|folf lqwhjudov lv udwlrqdo ^ghUkdp`1

Qrwh wkdw doo surfhvvhv iru zklfk wkh zrun 40irup lv ri fodvv 4 duh uhyhuvleoh/
iru T	gT ' f=

6161 Uhyhuvleoh Fdvh 6= Sid�+Z, @ 5 ru 6

Zkhq T	gT ' f> exw gT ' gZ 9' f> wkh �uvw odz lpsolhv wkdw

Z	gZ n gX	gZ ' f= +6153,

Wkhq hlwkhu Z	gZ ' f +dqg wkh Sid� glphqvlrq ri Z lv 5, ru Z	gZ 9' f +dqg
wkh Sid� glphqvlrq ri Z lv 6 ru pruh,1 Lq wkh �uvw fdvh wkhuh lv d ixqfwlrqdo
uhodwlrqvkls ehwzhhq wkdh yduldeohv X ' XES> Y � ru X ' XEW> v�= Lq erwk fdvhv
gZ	gZ ' f>khqfh wkh Sid� glphqvlrq ri Z lv 6 ru ohvv1

6171 +Wkh Lghdo Jdv,

Iluvw frqvlghu wkh uhyhuvleoh Sid� glphqvlrq 5 fdvh/ zkhuhT	gT ' f dqg Z	gZ '
f= Wkhq orfdoo|/ T � WgV= Lw iroorzv wkdw

ES@W �gY n E�@W �gX ' gV +6154,

E| wdnlqj wkh h{whulru ghulydwlyh ri erwk vlghv/

gES@W �	gY n gE�@W �	gX ' f +6155,

D vlpsoh fodvv ri vroxwlrqv zrxog lpsrvh wkh �txdgudwxuh� frqglwlrqv wkdw hdfk
ri wkh wzr irupv ydqlvk vhsdudwho|1 Lw iroorzv wkdw Y pxvw eh d ixqfwlrq ri +W@S �
/dorqh/ dqg X pxvw eh d ixqfwlrq ri W / dorqh1 Vxfk frqglwlrqv hvwdeolvk wkh
htxlydohqfh fodvv ri wkh �lghdo jdv� zlwk d olqhdu uhsuhvhqwdwlrq lq wkh irupdw

Y ' qUW@S dqg X ' qFyW= +6156,

Wkhvh uhsuhvhqwdwlrqv duh qrw wkh rqo| srvvlelolwlhv iru wkh uhyhuvleoh surfhvvhv
zkhuh wkh Sid� glphqvlrq ri wkh zrun 40irup lv 51 Dqrwkhu uhdol}dwlrq lpsolhv wkdw
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gX	gW	gV ' f> vxfk wkdw wkh lqwhuqdo hqhuj|/ X> lv qrw d ixqfwlrq ri whpshudwxuh
dorqh/ exw xqolnh wkh lghdo jdv/ wkh lqwhuqdo hqhuj|/ lq wklv uhyhuvleoh vlwxdwlrq/
dovr ghshqgv xsrq wkh hqwurs| ixqfwlrq/ V=

6181 Fdvh 7 = Wkh Sid� glphqvlrq ri wkh Zrun 40irup lv 71

Lq wklv fdvh gZ	gZ ' gT	gT 9' f dqg wkh surfhvv lv qhyhu uhyhuvleoh1 H{dplqh
wkh fdvh zkhuh gD	gD 9' f> rq d grpdlq ri 7 glphqvlrqv1 Wkhq wkhuh h{lvwv d
xqltxh gluhfwlrq �hog W vxfk wkdw

D	gD ' lEW �g{	g|	g}	gw= +6157,

Wklv yhfwru �hog W lv gh�qhg dv wkh Wrsrorjlfdo Wruvlrq yhfwru1 Dv D	D	gD ' f
wkh Wrsrorjlfdo Wruvlrq yhfwru lv dvvrfldwhg zlwk wkh 40irup ri Dfwlrq=

lEW �D ' f= +6158,

E| gluhfw fdofxodwlrq lw lv srvvleoh wr vkrz wkdw

Z ' lEW �gD ' KD= +6159,

Lq rwkhuzrugv wkh 40irup ri yluwxdo zrun lv sursruwlrqdo wr wkh 40irup ri Dfwlrq1
Fduwdq*v pdjlf irupxod ehfrphv

OEV�D ' KD +615:,

zkhuh K htxdov wkh frh!flhqw ri wkh qrq0}hur 70irup

gD	gD ' KE{> |> }> w�g{	g|	g}	gw= +615;,

Dv wkh 50irup lv ri pd{lpdo udqn/ KE{> |> }> w� 9' f=
Lw iroorzv wkdw hyroxwlrq lq wkh gluhfwlrq ri wkh Wruvlrq Yhfwru |lhogv

T	gT ' OEV�D	OEV�gD ' K2D	gD 9' f> +615<,

zklfk lpsolhv wkdw wkh surfhvv lv wkhuprg|qdplfdoo| luuhyhuvleoh1
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71 Dqkrorqrplf Ioxfwxdwlrqv1

Frqvlghu d sk|vlfdo v|vwhp wkdw fdq eh gh�qhg lq whupv ri wkh Fduwdq0Kloehuw
40irup

D ' OEw( t> y�gwn snEgt
n � yngw�> +714,

gh�qhg rq wkh 6q.4 ydulhw| iw( tn> yn> snj= Gr qrw dvvxph wkdw sn lv frqvwudlqhg
wr eh d mhw> h1j1/ sn 9' CO@Cyn= Lqvwhdg/ frqvlghu sn wr eh d Odjudqjh pxowlsolhu wr
eh ghwhuplqhg odwhu1 Lw iroorzv wkdw wkh h{dfw wzr irup gD vdwlv�hv wkh htxdwlrqv

EgD�qn� 9' f> exw D	EgD�qn� ' f= +715,

Wkh dfwxdo irupxod iru wkh wrs Sid!dq +zklfk lv ri glphqvlrq 5q.5 dqg qrw
6q.4, lv=

EgD�qn� ' Eqn ��-iPq
n'�ECO@Cy

n � sn� � gy
nj	gs�	===gsq	gt

�	==gtq	gw=+716,

zkhuh ls ' gs�	===	gsq> +717,

dqg lt ' gt�	===	gtq= +718,

Lw lv wr eh qrwhg wkdw wkh xqfrqvwudlqhg wrs Sid!dq ri wkh Fduwdq0Kloehuw Dfwlrq
lv dozd|v dvvrfldwhg zlwk d v|psohfwlf +hyhq glphqvlrqdo, pdqlirog/ exw qrw ri
wkh pd{lpxp glphqvlrq ri wkh vsdfh ri wkh 6q.4 yduldeohv1 Iru q @ 6 ghjuhhv ri
iuhhgrp/ wkh wrs Sid!dq lqglfdwhd wkdw wkh wrsrorjlfdo ri Sid� glphqvlrq ri wkh
50irup/ gD lv 2qn 2 ' H1

Li wkh grpdlq ri gh�qlwlrq lv frqvwudlqhg vxfk wkdw wkh prphqwd duh gh�qhg
fdqrqlfdoo|/ CO@Cyn�sn ' f> wkhq wkh 50irup gD lv qrw v|psohfwlf rq lwv pd{lpdo
glphqvlrq 5q.5/ exw ehfrphv d frqwdfw vwuxfwxuh rq 5q.4 zlwk wkh irupxod

D	EgD�q ' q-isny
n � OEw> t> yjgs�	===gsq	gt

�	==gtq	gw= +719,

Wkh frh!flhqw lq eudfnhwv lv wkh Ohjhqguh wudqvirup ri wkh Odjudqjldq surgxflqj
wkh irupdw ri wkh fodvvlf Kdplowrqldq hqhuj|1 Wkh uhvxowlqj 5q.4 +vwdwh, vsdfh
dozd|v kdv d frqwdfw vwuxfwxuh li wkh �wrwdo hqhuj|� lv qhyhu }hur/ dqg wkh prphqwd
duh fdqrqlfdoo| gh�qhg1 Wkh vsdfh lv uhgxfleoh wr d 5q skdvh vsdfh rqo| li wkh
Odjudqjldq lv krprjhqhrxv ri ghjuhh 4 lq wkh yn> rwkhuzlvh lw lv d frqwdfw vwuxfwxuh
ri glphqvlrq 5q.41

Frqvlghu hyroxwlrqdu| surfhvvhv gh�qhg lqwhupv ri d yhfwru �hog �` ' �i�> y> d> ij>
uhodwlyh wr iw( t> y> sj1 Frqvwuxfw wkh 40irup Z ri yluwxdo zrun e| frqwudfwlqj wkh
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h{dfw wzr irup gD zlwk wkh yhfwru �hog1 Iru hyhu| fdvh/ wkh 40irup ri yluwxdo
zrun kdv wkh irupdw

Z ' lE`�gD ' is� CO@Cyj{y n ii � CO@C{j{t= +71:,

zkhuh

{y ' gy � dgw 9' f +71;,

dqg

{t ' gt � ygw 9' f= +71<,

Zkhq wkh 50irup gD lv v|psohfwlf/ wkh zrun 40irup +zklfk fdq qrw ydqlvk, kdv
wzr whupv iru dq| q> wkh �uvw lqyroyhv {y dqg wkh vhfrqg lqyroyhv {t= Wkh zrun
40irup fdqqrw ydqlvk li gD lv v|psohfwlf iru wkhuh duh qr qxoo hljhqyhfwruv ri dq
dqwl0v|pphwulf pdwul{ ri pd{lpdo udqn1 Wklv idfw lpsolhv wkdw wkh iroorzlqj 7
vlwxdwlrqv duh QRW doorzhg zkhq gD lv v|psohfwlf1

41 is� CO@Cyj ' f dqg ii � CO@C{j ' f

+Fdqrqlfdo prphqwxp dqg judglhqw irufhv1,

51 is� CO@Cyj ' f dqg {t ' f

+Fdqrqlfdo prphqwxp dqg }hur nlqhpdwlf  xfwxdwlrqv lq srvlwlrq1,

61 {y ' f dqg ii � CO@C{j ' f

+]hur nlqhpdwlf  xfwdwlrqv lq yhorflw| dqg judglhqw irufhv1,

71 {y ' f dqg {t ' f

+]hur nlqhpdwlf  xfwxdwlrqv lq yhorflw| dqg ]hur nlqhpdwlf  xfwxdwlrqv lq
srvlwlrq1,

Frqyhuvho|/ zkhq gD jhqhudwhv d frqwdfw pdqlirog/ rqh ri wkh irxu fdvhv deryh
pxvw eh wuxh1 Dq hohphqwdu| fdvh lv edvhg xsrq wkh dvvxpswlrq wkdw 7 lv ydolg1
Wkdw lv/ wkhuh h{lvwv d nlqhpdwlf ghvfulswlrq ri wkh surfhvv dw erwk wkh �uvw dqg
wkh vhfrqg rughu1 Dqrwkhu fdvh wkdw lv frpprq lv edvhg rq wkh dvvxpswlrq wkdw
wkh prphqwxp lv fdqrqlfdoo| gh�qhg1 Wkhq/ iru wkh Frqwdfw h{wuhpdo fdvh wr
h{lvw/ dqg dv s � CO@Cy ' f/ lw lv qhfhvvdu| wkdw wkh zrun 40irup uhgxfhv wr
ydqlvklqj h{suhvvlrq

54



Z ' ii � CO@C{j{t , f lq wkh h{wuhpdo fdvh1 +7143,

Wkh h{wuhpdo frqvwudlqw lv vdwlv�hg zkhq wkh eudfnhw idfwru ydqlvkhv/ zklfk lv wkhq
wkh htxlydohqw ri wkh Odjudqjh0Hxohu htxdwlrqv ri fodvvlfdo phfkdqlfv1 Krzhyhu/
wkh Frqwdfw frqvwudlqwv duh dovr vdwlv�hg zkhq wkh irufh lv d judglhqw �hog/ ru wkhuh
h{lvw }hur  xfwxdwlrqv lq srvlwlrq/ ru wkh qrq0}hur frpsrqhqwv ri wkh irufh +wkh
rwkhuzlvh glvvlsdwlyh frpsrqhqwv, duh ruwkrjrqdo wr wkh nlqhpdwlf  xfwxdwlrqv lq
srvlwlrq1

Ri fxuuhqw lqwhuhvw duh wkrvh vlwxdwlrqv zkhq wkh zrun rqh irup lv forvhg/ exw
qrw }hur1 Vxfk frqvwudlqwv gh�qh v|psohfwlf +qrw h{wuhpdo, hyroxwlrqdu| surfhvvhv
zklfk rffxu rq hyhq glphqvlrqdo v|psohfwlf pdqlirogv1 Orfdoo|/ dv Z ' lE`�gD
' gX/ lw fdq eh vkrzq wkdw vxfk hyroxwlrqdu| �hogv ehorqj wr Olh jurxsv/ dqg
wkdw wkh qrq0frqvwdqw ixqfwlrqv/ X> duh Fdvlpluv1 D k|gurg|qdplflvw zrxog xvh
d gl�huhqw vhw ri zrugv1 Kh zrxog ghvfuleh wkh Fdvlplu dv d Ehuqrxool ixqfwlrq/
d ixqfwlrq zklfk lv frqvwdqw dorqj d sduwlfxodu  rz olqh/ exw zklfk zloo ydu| iurp
 rz olqh wr  rz olqh1 V|psohfwlf surfhvvhv fuhdwh frqvhuydwlrq wkhruhpv ri wkh
Khopkrow} w|sh +frqvhuydwlrq ri yruwlflw|/ frqvhuydwlrq ri dqjxodu prphqwxp11,1
Lq vxfk v|vwhpv/ wkh Kdplowrqldq hqhuj| qhhg qrw eh dq hyroxwlrqdu| lqyduldqw/
dqg wkh v|vwhp fdq ghfd| wr vlqjxodu srlqwv zkhuh wkh v|psohfwlf vwuxfwxuh frq0
glwlrq idlov1 Vxfk srlqwv zloo eh gh�qhg dv �htxloleulxp� srlqwv ri d v|psohfwlf
surfhvv1 Dq h{dpsoh lv jlyhq lq uhihuhqfh ^<` wr vkrz krz wkh Qdylhu0Vwrnhv htxd0
wlrqv jhqhudwh hyroxwlrqdu| yhfwru �hogv ri wkh v|psohfwlf w|sh/ exw wkh Hxohu
htxdwlrqv +zlwkrxw suhvvxuh, jhqhudwh h{wuhpdo yhfwru �hogv1 Qxphulfdo vwxglhv
lqglfdwlqj vxfk skhqrphqd dsshdu lq ^43`

Li {y lv lqwhusuhwhg dv �dqkrorqrplf gl�huhqwldo  xfwxdwlrqv� lq yhorflw|/ dqg
{t lv lqwhusuhwhg dv �dqkrorqrplf gl�huhqwldo  xfwxdwlrqv� lq srvlwlrq/ wkhq lw lv
lqwxlwlyh wr vwdwh wkdw  xfwxdwlrqv lq yhorflw| uhodwh wr whpshudwxuh dqg  xfwxd0
wlrqv lq srvlwlrq uhodwh wr whpshudwxuh1 Iroorzlqj wklv wudlq ri wkrxjkw lpsolhv
wkdw wkh �uvw whup lq wkh h{suhvvlrq iruZ pxvw eh uhodwhg wr Hqwkdos| +ixqfwlrqv
ri wkh w|sh�WV wkdw lqyroyh whpshudwxuh, dqg wkh vhfrqg whup wr Khopkrow}
iuhh hqhuj| +ixqfwlrqv ri wkh w|shnSY wkdw lqyroyh suhvvxuh,1 Wkh frpelqdwlrq
gh�qhv wkh Jleev iuhh hqhuj| +ixqfwlrqv ri wkh w|sh �WV n SY , ri forvhg wkhu0
prg|qdplf v|vwhpv/ dqg uhyhuvleoh surfhvvhv1 Wkhvh wkhuprg|qdplf lghdv/ pruh
wkdq 433 |hduv rog/ duh hvvhqwldoo| wkh Fdvlpluv ri wkh v|psohfwlf yhfwru �hogv
ri luuhgxfleoh glphqvlrq 5q.5/ dqg duh qrw hylghqw lq h{wuhpdo v|vwhpv1 Zkhq
wkh hyroxwlrqdu| yhfwru �hogv duh v|psohfwlf/ vxfk wkdw gZ ' gT ' f> wkh| gh0
�qh wkhuprg|qdplf uhyhuvleoh surfhvvhv1 Wkh Fduwdq hyroxwlrqdu| htxdwlrq ri d
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v|psohfwlf surfhvv ehfrphv

OE`�D ' Z n gX ' gXn gX ' is� CO@Cyj{y n ii � CO@C{j{t n gX

, gE�WV n SY n X� ' gEJ� ' T> +7144,

zklfk gh�qhv wkh khdw 40irup T dv wkh �judglhqw� ri wkh Jleev iuhh hqhuj|/ J '
WV � SY n X 1 Wkh Jleev ixqfwlrq lv dq hyroxwlrqdu| lqyduldqw e| frqvwuxfwlrq/
iru doo Ehuqrxool0Fdvlplu ixqfwlrqv kdyh wudqvyhuvdo judglhqwv1

OE`�EJ� X� ' lE`�gEJ� X� ' lE`�lE`�gD ' f= +7145,

Xqghu wkh fodvvlf dvvxpswlrq wkdw gX � WgV n SgY ' T> lw iroorzv wkdw wkh
v|psohfwlf hyroxwlrq jhqhudwhv d S�d�dq irup ri wkh w|sh �VgW n Y gS ' f>
zklfk li lqwhjudwhg |lhogv Jleev yhuvlrq ri dq htxdwlrq ri vwdwh1

Zkhq wkh zrun 40irup lv qrw forvhg/ wkhq wkh surfhvv fdq ehfrph wkhuprg|0
qdplfdoo| luuhyhuvleoh1 Lq wklv fdvh/ wkh hyroxwlrq lv rq d v|psohfwlf pdqlirog/ exw
wkh surfhvv lv qrw vxpsohfwlf +dv gZ 9' f�= Wr whvw iru luuhyhuvlelolw|/ wkh xvxdo
hqjlqhhulqj uhtxluhphqw lv wkdw wkh khdw 40irup T grhv qrw dgplw dq lqwhjudw0
lqj idfwru1 Khqfh/ dv ghvfulehg deryh/ d jlyhq surfhvv/ `> dfwlqj rq d sk|vlfdo
v|vwhp/ D/ lv luuhyhuvleoh zkhq

T	gT ' OE`�D	OE`�gD 9' f= +7146,

Lw lv uhpdundeoh wkdw wkh v|psohfwlf v|vwhpv ri luuhgxfleoh glphqvlrq 5q.5
vhhp wr vroyh wkh Erow}pdqq 0 Orvfkplgw0]huphor sdudgr{ ri zk| fdqrqlfdo
Kdplowrqldq phfkdqlfv grhv qrw vhhp wr eh deoh wr ghvfuleh wkh ghfd| wr dq
htxloleulxp vwdwh/ dqg zk| wkh xvxdo +h{wuhpdo, phwkrgv ri Kdplowrqldq phfkdq0
lfv gr qrw jlyh dq| lqvljkw lqwr wkh frqfhsw ri Suhvvxuh/ Whpshudwxuh/ ru wkh Jleev
iuhh hqhuj|1 Lw lv h{wudruglqdu| wkdw dqvzhuv wr wkhvh 483 |hdu rog sdudgr{hv ri
sk|vlfv vhhp wr iroorz zlwkrxw uhfrxuvh wr vwdwlvwlfv li rqh xwlol}hv Jurpry*v zrun
rq v|psohfwlf v|vwhpv1

Wkh lqwhusuhwdwlrq ri wkh idfw wkdw wkh wrs Sid!dq lv ri glphqvlrq 5q.5 dqg
qrw 6q.4 lv dq rshq sureohp1 Wkh lpsolfdwlrq lv wkdw wkhuh pxvw h{lvw 6q.405q.5
@ q04 wrsrorjlfdo lqyduldqwv lq wkhvh v|vwhpv1
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81 Glvvlsdwlyh Hyroxwlrq wr Vwdwhv Idu iurp Htxloleulxp

8141 Luuhyhuvleoh Surfhvv lq wkh gluhfwlrq ri wkh Wrsrorjlfdo Wruvlrq yhf0
wru

Rq wkh irxu glphqvlrqdo vsdfh0wlph ri lqghshqghqw yduldeohv/ E{> |> }> w� wkh 40irup
ri Dfwlrq fdq eh zulwwhq lq wkh irupD'P�

n'�DnE{> |> }> w�g{
n�!E{> |> }> w�gw zklfk

jhqhudwhv wkh 50irup gD ' �}g{	g|=== n ,{g{	gw===== Wkh 60irup ri Wrsrorjlfdo
Wruvlrq ehfrphv D	gD ' lEVW �g{	g|	g}	gw ' 5

{g|	g}	gw=====� kg{	g|	g}>vxfk
wkdw lq hqjlqhhulqj odqjxdjh/

VW ' �iE,��n�!�(� ��j � i5> kj dqg K ' E, ���= +814,

Wkh 70irup ri Wrsrorjlfdo Sdulw| ehfrphv gD	gD ' 2E, ���g{	g|	g}	gw '
Egly 5n Ck@Cw�g{	g|	g}	gw1 Iurp +:, dqg +;,/ hyroxwlrq lq wkh gluhfwlrq ri wkh
Wrsrorjlfdo Wruvlrq yhfwru lv wkhuprg|qdplfdoo| luuhyhuvleoh1

8151 Wkh Vnlgglqj0Volsslqj Erzolqj Edoo h{dpsoh1

Dv dq dssolfdwlrq ri wkh wrsrorjlfdo wkhru| ri luuhyhuvlelolw| dqg dqkrorqrplf
 xfwxdwlrqv/ frqvlghu wkh h{shulphqw ri d erzolqj edoo jlyhq dq lqlwldo dprxqw ri
wudqvodwlrqdo hqhuj| dqg jlyhq dprxqw ri urwdwlrqdo hqhuj|1 Xsrq frqwdfw zlwk
wkh erzolqj dooh|/ wkh edoo volsv ru vnlgv luuhyhuvleo| glvvlsdwlqj erwk lwv wudqvod0
wlrqdo dqg urwdwlrqdo/ prphqwxp dqg hqhuj| +wkh glvvlsdwlyh irufh lv revfxuho|
gh�qhg dv iulfwlrq,1 Gxulqj wkh luuhyhuvleoh glvvlsdwlrq/ wkh Sid� glphqvlrq lv
91 Wkh glvvlsdwlrq surfhvv frqwlqxhv xqwlo d frqglwlrq lv uhdfkhg zkhuh e| wkh
wudqvodwlrqdo yhorflw| ri wkh fhqwhu ri pdvv lv htxdo wr wkh lqvwdqwdqhrxv wdqjhqwldo
yhorflw| ri wkh frqwdfw srlqw uhodwlyh wr wkh fhqwhu ri pdvv +htxdo wr wkh surgxfw
ri wkh dqjxodu yhorflw| dqg wkh udglxv ri wkh edoo,1 Wklv frqglwlrq lv gh�qhg lq
hqjlqhhulqj wh{werrnv dv uroolqj zlwkrxw volsslqj1 Dw wklv srlqw wkh Sid� glphq0
vlrq ri wkh Dfwlrq 40irup ehfrphv 81 Vwloo idu iurp htxloleulxp + Sid� glphqvlrq
5,/ wkh frqwdfw pdqlirog dgplwv dq h{wuhpdo Kdplowrqldq hyroxwlrqdu| surfhvv/
zklfk zlwkrxw  xfwxdwlrq surfhhgv iru hyhu1 Lq rwkhu zrugv/ rqfh wkh frqglwlrq
ri uroolqj zlwkrxw volsslqj lv uhdfkhg/ wkh prwlrq surfhhgv +hvvhqwldoo|, zlwkrxw
ixuwkhu glvvlsdwlrq +qhjohfwlqj dlu uhvlvwdqfh/ hwf1,1

Wkh remhfwlyh ri wklv vhfwlrq lv ghprqvwudwh krz wkhvh revhuydwlrqv fdq eh
sxw lqwr fruuhvsrqghqfh zlwk wkh lghd wkdw wkh luuhyhuvleoh sruwlrq ri wkh hyrox0
wlrq ehjlqv rq d v|psohfwlf pdqlirog ri glphqvlrq 5q.5/ iroorzv dq luuhyhuvleoh
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wudmhfwru| lq wkh gluhfwlrq ri wkh Wrsrorjlfdo Wruvlrq yhfwru/ dqg wrsrorjlfdoo|
ghfd|v lqwr +ru lv dwwudfwhg wr, d frqwdfw pdqlirog ri glphqvlrq 5q.4/ zkhuh wkh
vxevhtxhqw hyroxwlrq fdq eh ghvfulehg e| d frqvhuydwlyh Kdplowrqldq surfhvv1

Vr/ frqvlghu d phfkdqlfdo v|vwhp zlwk lqlwldo urwdwlrqdo hqhuj| �p�2$2@2 dqg
d wudqvodwlrqdo hqhuj| py2@2= Gh�qh d Odjudqjh ixqfwlrq/

OE{> �> w> y> $� ' i�p�2$2@2�py2@2j> +815,

zkhuh p lv d frqvwdqw pdvv/ � lv d qxphulf idfwru uhsuhvhqwlqj wkh jhrphwulfdo
ihdwxuhv ri wkh prphqw ri lqhuwld/ dqg � lv fkdudfwhulvwlf frqvwdqw ohqjwk ri wkh
h{whqghg urwdwlqj dqg wudqvodwlqj remhfw +h1j1/ wkh udglxv ri d edoo,1 Lqlwldo frqgl0
wlrqv iyf> $f� ghwhuplqh wkh lqlwldo uhodwlyh dprxqwv ri urwdwlrqdo dqg wudqvodwlrqdo
hqhuj|1 Qrz sodfh wkh vslqqlqj edoo rq d vxuidfh wkdw h{huwv d suhvvxuh rq wkh
erxqgdu| +rq d vxuidfh ruwkrjrqdo wr d xqlirup judylwdwlrqdo �hog,1 Hpslulfdoo|
lw lv revhuyhg wkdw wkh lqlwldo dprxqwv ri nlqhwlf hqhuj| dqg prphqwxp ghfd| lu0
uhyhuvleo| xqwlo wkh �qr0vols� frqglwlrq ig{� �g� ' fj lv dfklhyhg1 +Wkh qr0vols
frqglwlrq lv dq dqkrorqrplf frqvwudlqw1, Iurp wklv srlqw rq wkh edoo uroov �zlwkrxw
volsslqj� dqg zlwkrxw ixuwkhu uhgxfwlrq ri wudqvodwlrqdo dqg urwdwlrqdo hqhuj|1 Lw
lv dovr qrwhg wkdw ghshqglqj xsrq wkh lqlwldo frqglwlrqv wkhuh fdq eh d uhyhuvdo ri
wkh gluhfwlrq ri wkh wudqvodwlrqdo prwlrq/ ru wkhuh fdq eh d uhyhuvdo ri wkh vhqvh
ri urwdwlrq1 Wkh sureohp dw kdqg lv wr gh�qh d g|qdplfdo v|vwhp wkdw uhsolfdwhv
wkhvh revhuydwlrqv1

Vrskrprulf dqdo|vlv h{sodlqv wkh ghfd| ri urwdwlrqdo dqg wudqvodwlrqdo hqhuj|
dv ehlqj gxh wr �iulfwlrqdo irufhv� zkrvh pdjqlwxgh dqg gluhfwlrq �dgmxvw� vxfk
dv wr dfklhyh wkh ghvluhg uhvxow1 Wkh Kdplowrqldq h{wuhpdo whfkqltxh grhv qrw
vhhp wr dsso| wr wkh luuhyhuvleoh vwdwh/ exw grhv vhhp wr dsso| wr wkh vwhdg| vwdwh
ri qr0vols1

Wkh 40irup ri Dfwlrq lv suhvxphg wr eh ri wkh irup

D ' EOE{> �> w> y> $�gwn syEg{� ygw� n s$Eg� � $gw� n vE�g� � g{�= +816,

Wkh frh!flhqwv isy> s$> vj duh wr eh frqvlghuhg dv surorqjdwlrq yduldeohv/ ru Od0
judqjh pxowlsolhuv1 Uh0duudqjlqj wkh 6q.4 @< yduldeohv iw( {> �> y> $> sy> s$> v> Oj/
dqg vxevwlwxwlqj wkh dvvxpswlrq iru wkh ixqfwlrqdo irup ri wkh Odjudqjldq jlyhq
deryh/ |lhogv wkh Fduwdq irupdw lq whupv ri ; lqghshqghqw yduldeohv/ i{> �> w> v> y> $> sy> s$j/

D ' Esy � v�g{n Es$ n �v�g� � isyy n s$$ � E�p�2$2@2�py2@2�jgw= +817,
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E| gluhfw frpsxwdwlrq ri wkh Sid� vhtxhqfh rq wkh vhw ri ; lqghshqghqw yduldeohv/
i{> �> w> v> y> $> sy> s$j wkh irup

D	gD	gD	gD , f> +818,

zklfk lpsolhv wkdw wkh Sid� glphqvlrq ri wkh 40irup/ D/ lv vl{1 E| frpsdulvrq wr
wkh Gduerx{ wkhruhp/ lw lv dovr dssduhqw wkdw wklv 40irup lv ri SidiiEED� ' S=

Qrz uhgh�qh wkh Dfwlrq 40irup lq whupv ri qhz prphqwd

�{ ' Esy � v�> +819,

�� ' Es$ n �v�> +81:,

hw ' isyy n s$$ � E�p�2$2@2�py2@2�j> +81;,

Wkh 40irup ri Dfwlrq ehfrphv

D ' �{g{n ��g� � hwgw +81<,

zklfk lv ri wkh vwdqgdug Fduwdq irup dqg lv ri Sid� glphqvlrq 2qn 2 ' S/ zlwk
d yroxph hohphqw

l ' g�{	g��	ghw	g{	g�	gw= +8143,

Rq wklv 5q.5 vsdfh wkh xqltxh Wrsrorjlfdo Wruvlrq yhfwru gluhfwlrq �hog fdq eh
frpsxwhg iurp wkh gh�qlwlrq/

lEA�l ' D	gD	gD> +8144,

dqg zloo kdyh qrq0}hur frpsrqhqwv rqo| lq wkh prphqwxp +ru yhuwlfdo, vxevsdfh
ig�{	g��	ghwj= Wkh Wrsrorjlfdo Wruvlrq yhfwru lv ruwkrjrqdo wr wkh frruglqdwh
+ru krul}rqwdo, vxevsdfh/ ig{	g�	gwj=

Iru wkh sureohp dw kdqg wkh dojheud ehfrphv vlpsol�hg li wkh wzr Odjudqjh
pxowlsolhuv +prphqwxp frpsrqhqwv,/ sy dqg s$ duh dvvxphg wr eh fdqrqlfdo/ exw
wkh Odjudqjh pxowlsolhu/ v/ lv suhvxphg wr eh qrq0fdqrqlfdo1 Lq wklv fdvh/ iru p '
frqvwdqw> � ' frqvwdqw/ � ' frqvwdqw/

sy ' �py> +8145,

s$ ' �p�2$= +8146,
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Wkh Dfwlrq 40irup ehfrphv

D ' �p�2$g� �pyg{� E�p�2$2@2�py2@2�gwn vE�g� � g{� +8147,

zlwk d 9G yroxph hohphqw +Wrs Sid!dq,

l ' gD	gD	gD ' �Sp2��2Ey � �$�g{	g�	gw	gy	g$	gv

Wkh xqltxh Wruvlrq yhfwru kdv 9 frpsrqhqwv

A ' df> f> f> Wy> W$> Wv> o +8148,

zlwk uhvshfw wr + ' d{> �> w> y> $> vo= +8149,

Wkh ixqfwlrqdo frpsrqhqwv duh sursruwlrqdo wr=

Wy ' p2�E�2��2$y n ��y2 n ���2$2� +814:,

W$ ' �p2�E�2��$y n y2 n �2�$2� +814;,

Wv ' �p2�E�2��2$y n �p�y2 � ��p�2$2 n 2��yv� 2�2�v$� +814<,

Uhodwlyh wr prwlrq dorqj wkh gluhfwlrq �hog ri wkh xqltxh Wrsrorjlfdo Wruvlrq
yhfwru/ wkh frpsrqhqwv ri wkh zrun 40irup ehfrph

lEA�gD ' Z ' KD ' p2��2Ey � $��D> +8153,

zlwk lEA�D ' X ' f> +8154,

OEA�gD ' Z ' KD ' p2��2Ey � $��D> +8155,

Lw lv dssduhqw wkdw wkh yluwxdo zrun 40irup/ Z / lv qrw }hur h{fhsw dw wkh srlqw
zkhq wkh v|vwhp vdwlv�hv wkh �qr0vols� frqglwlrq=

Qr vols frqglwlrq G Ey � $�� ' f= +8156,

Iru prwlrq lq wklv xqltxh gluhfwlrq qrw rqo| lv wkh zrun 40irup qrw }hur/ lw dovr
lv qrq0lqwhjudeoh1

Khqfh/ ehiruh wkh v|vwhp ghfd|v wr wkh �qr0vols� frqglwlrq/ wkh surfhvv lv
wkhuprg|qdplfdoo| luuhyhuvleoh/ dv
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T	gT ' OEA�D	OEA�gD ' Z	gZ ' Ep2��2Ey � $���2D	gD 9' f=

Wkh khdw 40irup grhv qrw dgplw dq lqwhjudwlqj idfwru1 Krzhyhu/ diwhu wkh v|vwhp
ghfd|v wr wkh �qr0vols� frqglwlrq/ wkh hyroxwlrqdu| surfhvv ehfrphv dgldedwlf/ iru
wkhq OEA�D ' T ' f=

Lw lv dssduhqw wkdw wkh Wruvlrq yhfwru lv frpsohwho| ghwhuplqhg e| wkh v|vwhp1
Wkdw lv wkh 40irup ri Dfwlrq lv hlwkhu ri hyhq ru rgg Sid� glphqvlrq1 Li rgg/
wkhuh h{lvwv d xqltxh h{wuhpdo �hog/ dqg d Kdplowrqldq uhsuhvhqwdwlrq1 Li wkh Sid�
glphqvlrq lv hyhq/ wkhuh lv d xqltxh Wruvlrq �hog/ zklfk lv hlwkhu h{sdqglqj ru
frqwudfwlqj1 +Wkh vljq ri K ghwhuplqhv wkh glodwdwlrq,1 Wkh hyroxwlrqdu| surfhvv
surfhhgv luuhyhuvleo| xqwlo +srvvleo|, wkh glyhujhqfh ri wkh Wruvlrq yhfwru ydqlvkhv
+K , f�1 Iurp wkhq rq wkh v|vwhp hyroxwlrq surfhhgv lq dq dgldedwlf idvklrq1
+Wklv uhpdun pxvw eh prgl�hg li wkh v|vwhp prphqwd duh qrw fdqrqlfdo/ iru wkhq
wkhuh zloo eh whpshudwxuh h�hfwv/ qrw mxvw suhvvxuh h�hfwv,1

Wkh Wruvlrq yhfwru jhqhudwhv d g|qdplfdo v|vwhp wkdw ghvfulehv wkh luuh0
yhuvleoh hyroxwlrqdu| surfhvv1

gy

Wy
'

g$

W$
'

gv

Wv
' g� �

gw

�

g{

y
'

g�

$
'

gw

�
Wkh wruvlrq frh!flhqwv duh wkh glvvlsdwlyh irufhv dqg wrutxhv1 Wkh vlqjxodu vhw
Sp2��2Ey � �$� , f uhgxfhv wkh wrs Sid!dq wr d frqwdfw pdqlirog/ zklfk kdv d
xqltxh h{wuhpdo1

91 Uhihuhqfhv

41 Pduvghq/ M1H1 dqg Uldwx/ W1 V1 +4<<7, �Lqwurgxfwlrq wr Phfkdqlfv dqg V|p0
phwu|�/ Vsulqjhu0Yhuodj/ Q\ s14551

51 Duqrog/ Y1L1 +4<;<, �Pdwkhpdwlfdo Phwkrgv ri Fodvvlfdo Phfkdqlfv�/ Vsulqjhu
Yhuodj/ Q\/ s14<;1

61 Iodqghuv/ K1 +4<96, �Gl�huhqwldo Irupv�/ Dfdghplf Suhvv/ s1<51

71 Voherg}lqvn|/ Z1/ 4<:3/ H{whulru Irupv dqg wkhlu Dssolfdwlrqv/ +SZQZdu0
vdz,1
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81 S1 Olehupdqq dqg F0P Pduoh/ �V|psohfwlf Jhrphwu| dqg Dqdo|wlfdo Ph0
fkdqlfv� +Ulhgho, 4<:; s 981

91 Fduwdq/ H1/ +4<8;, Ohfrqv vxu ohv lqyduldqwv lqwhjudx{v/ Khupdqq/ Sdulv 1

:1 Pruvh/ S1P1 +4<97, �Wkhupdo Sk|vlfv�/ Ehqmdplq/ Q\ s1 931

;1 J1 ghUkdp/ Ydulhwhv Gl�huhqwldeohv/ Khupdqq/ Sdulv +4<93,

<1 Nlhkq �Frpsdfw Glvvlsdwlyh Iorz Vwuxfwxuhv zlwk Wrsrorjlfdo Frkhuhqfh
Hpehgghg lq Hxohuldq Hqylurqphqwv�/ lq= Qrq0olqhdu G|qdplfv ri Vwuxf0
wxuhv/ hglwhg e| U1]1 Vdjghhy/ X1 Iulvfk/ I1 Kxvvdlq/ V1 V1 Prlvhhy dqg Q1
V1 Hurnklq/ +Zruog Vflhqwl�f Suhvv/ Vlqjdsruh , s146<04971 +4<<4,

9 J1 I1 Fduqhydoh dqg J1 N1 Ydoolv/ �Lvryruwlfdo Uhod{dwlrq wr Vwdeoh Wzr0
Glphqvlrqdo Iorzv� lq= K1 N1 Pr�dww dqg W1 V1 Wvlqrehu hgv/ Wrsrorjlfdo
Ioxlg Phfkdqlfv/ +Fdpeulgjh Xqlyhuvlw| Suhvv, 77<078;1 Dovr vhh M1 Ioxlg
Phfk1 +4<;<, y1 53: ss4660485
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