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41 Lqwurgxfwlrq

Fduwdq*v phwkrgv xwlol}h +zkdw pljkw eh xqidploldu, whfkqltxhv wkdw duh ghvfulehg
dv wkh �h{whulru surgxfw� zlwk dq dojheudlf v|pero/ 	/ dqg wkh �h{whulru gl�hu0
hqwldo� zlwk d gl�huhqwldo v|pero/ g> dfwlqj rq remhfwv/ $s> gh�qhg dv h{whulru
gl�huhqwldo irupv ri ghjuhh +qrw srzhu, s= Wkhvh edvlf frqfhswv zloo eh glvfxvvhg
ehorz/ eulh |/ exw duh ehvw vwxglhg lq ghwdlo iurp wh{wv vxfk dv wkdw e| Kduoh|
Iodqghuv +�H{whulru Gl�huhqwldo Irupv�,/ Edpehuj dqg Vwhuqehuj +�D frxuvh lq
Dgydqfhg Fdofxoxv �/ Yrov 4 dqg 5 , dqg e| Jrfnhohu dqg Vfkxfnhu +�Gl�huhqwldo
Jhrphwu|/ Jdxjh wkhrulhv/ dqg Judylw|�,1 L eholhyh wkh ehvw zd| wr ohduq derxw
wkhvh �qhz� rshudwlrqv dqg wkh remhfwv xsrq wkh| dfw lv wr wu| d ihz h{dpsohv1
Iodqghuv lv wkh ehvw wh{w zlwk zklfk wr vwduw1 Derxw wkh rqo| wklqj plvvlqj lq
wkh Iodqghu*v suhvhqwdwlrq lv d glvfxvvlrq ri wkh Olh ghulydwlyh dfwlqj rq s0irupv1

Wkhuh duh d qxpehu ri rwkhu wh{wv dydlodeoh wkdw glvfxvv h{whulru gl�huhqwldo
irupv/ exw pdq| duh d elw shgdqwlf ru wrr srpsrxv wr eh xvhixo dw wkh dssolhg
hqjlqhhulqj ohyho1 Prvw dssolfdwlrqv wkdw kdyh dsshduhg lq wkh olwhudwxuh duh lq
wkh �hog ri jhqhudo uhodwlylw| ru vxshu0v|pphwu| ru vxshu0judylw| ru vwulqj w|shv
ri wkhrulhv1 Yhu| ihz wh{wv duh wr eh irxqg zklfk suhvhqw wkh Fduwdq phwkrgv
dv dssolhg wr k|gurg|qdplfv/ hohfwurg|qdplfv/ wkhuprg|qdplfv/ dqg rwkhu hq0
jlqhhulqj vflhqfhv1 +grpdjh$, Wr uhlwhudwh suhylrxv vwdwhphqwv/ uhfdoo wkdw wkh
phwkrgv ri h{whulru gl�huhqwldo irupv duh lpsruwdqw ehfdxvh wkh| fduu| wrsrorjl0
fdo lqirupdwlrq/ dqg fdq eh xvhg wr vwxg| wrsrorjlfdo hyroxwlrq1 P| lqwhuhvw lq
wkh Fduwdq phwkrgv zdv fhphqwhg zkhq L uhdol}hg krz qdwxudo lw zdv wr zulwh
Pd{zhoo*v htxdwlrqv lq whupv ri gl�huhqwldo irupv1 Pruhryhu lw ehfdph dssdu0
hqw wkh Pd{zhoo wkhru| zdv lqghshqghqw iurp phwulf ru frqqhfwlrq frqvwudlqwv1
Iurp wklv srlqw ri ylhz +shukdsv lqlwldwhg e| YdqGdqw}lj, hohfwurpdjqhwlvp lv
qrw d jhrphwulfdo wkhru|/ exw lqvwhdg lv d wrsrorjlfdo wkhru|1 Wkh SGH*v ri
wkh Pd{zhoo 0 Idudgd| lqgxfwlrq htxdwlrqv/ irup d qhvwhg vhw lq hyhu| glphqvlrq
juhdwhu wkdq 61 H{shulhqfh zlwk hohfwurpdjqhwlf wkhru| lv yhu| xvhixo/ iru |rx
fdq xvh HP wkhru| wr fkhfn |rxu ghyhorslqj vnloov zlwk wkh Fduwdq phwkrgv1 Li



|rxu dssolfdwlrq ri wkh Fduwdq whfkqltxhv grhv qrw uhsolfdwh zhoo nqrzq uhvxowv
lq hohfwurpdjqhwlvp/ |rx kdyh pdgh d plvwdnh1 Wkhvh frqfhswv zloo eh ghwdlohg
lq wkdw zklfk iroorzv1

Wkhuh duh wzr rwkhu lpsruwdqw rshudwlrqv/ ehvlghv wkh h{whulru surgxfw dqg
wkh h{whulru gl�huhqwldo/ zklfk dfw rq gl�huhqwldo irupv/ exw wkhvh rwkhu rshud0
wlrqv uhtxluh wkh vshfl�fdwlrq ri d yhfwru �hog/ Y / lq dgglwlrq wr wkh gl�huhqwldo
irup/ $1 Iurp d sk|vlfdo srlqw ri ylhz/ gl�huhqwldo irup+v, pd| eh xvhg wr gh�qh
d sk|vlfdo v|vwhp/ dqg wkh yhfwru �hog pd| eh xvhg wr gh�qh d wkhuprg|qdplf
hyroxwlrqdu| surfhvv1 Zkdw lv uhpdundeoh lv wkdw wklv srlqw ri ylhz fdq eh xvhg
wr mxvwli| wkh wrsrorjlfdo edvlv ri wkhuprg|qdplfv/ dqg wr jlyh d qrq0vwdwlvwlfdo
ghvfulswlrq ri luuhyhuvleoh surfhvvhv1 Wkh wzr dgglwlrqdo rshudwlrqv +zlwk uh0
vshfw wr Y , duh fdoohg wkh �lqwhulru surgxfw� zlwk wkh v|pero lEY �/ dqg wkh Olh
gl�huhqwldo/ OEY � ' lEY �g n glEY �>zklfk frpelqhv wzr rshudwlrqv/ wkh lqwhulru
surgxfw dqg wkh h{whulru ghulydwlyh1 Wkh Olh gl�huhqwldo lv dq dowhuqdwlyh wr wkh
�fryduldqw� gl�huhqwldo ri whqvru dqdo|vlv/ dqg/ olnh wkh frydudlqw ghulydwlyh/ zloo
surgxfh whqvruv iurp rwkhu whqvruv e| phdqv ri d gl�huhqwldo surfhvv1 H{dpsohv
dqg gh�qlwlrqv zloo eh jlyhq ehorz1 Wkh Olh gl�huhqwldo zloo ehfrph wkh prvw
lpsruwdqw wrro iurp d wrsrorjlfdo shuvshfwlyh/ iru lw shuplwv frpsxwdwlrqv wr eh
pdgh zklfk zloo glvwlqjxlvk wkrvh remhfwv zklfk duh wrsrorjlfdo lqyduldqwv ri d
surfhvv dqg wkrvh remhfwv zklfk duh qrw1 Lw lv uhpdundeoh wkdw wkh Olh gl�huhqwldo
rshudwlqj rq d 40irup ri Dfwlrq lv htxlydohqw wr wkh frkrorjlfdo vwdwhphqw wkdw
gh�qhv wkh �uvw odz ri wkhuprg|qdplfv1

Wkh h{whulru gl�huhqwldo irupv +gl�huhqwldo irupv iru vkruw, duh remhfwv wkdw duh
exlow iurp ixqfwlrqv gh�qhg rq d yhfwru exqgoh1 Zkdw wklv phdqv lv wkdw vwduwlqj
iurp wkh dvvxpswlrq wkdw wkhuh h{lvwv dq q glphqvlrqdo ydulhw| ri lqghshqghqw
yduldeohv/ i|dj> riwhq fdoohg frruglqdwhv/ lw lv srvvleoh wr frqvwuxfw wzr rwkhu yhfwru
vsdfhv1 Wkhvh wzr yhfwru vsdfhv frqvlvw ri d 4 glphqvlrqdo yhfwruvsdfh \fi�j dqg
dq p glphqvlrqdo yhfwru vsdfh \�i�nj= Wkh rqh glphqvlrqdo yhfwru vsdfh \fi�j
frqvlvwv ri doo ixqfwlrqv wkdw fdq eh frqvwuxfwhg iurp i|dj> dqg kdv wkh xqlw �
dv d edvlv hohphqw1 Wkh p glphqvlrqdo yhfwru vsdfh \�i�nj lv hqgrzhg zlwk d
�gl�huhqwldo� edvlv hohphqwv/ �n> n ' i�> 2> ===pj Wkh edvlv vhw �n lv suhvxphg
wr eh olqhduo| uhodwhg wr wkh gl�huhqwldov g|d ri wkh lqghshqghqw yduldeohv yld wkh
irupxod

mg|dl ,
���n� ' �

I n
d

�
� mg|dl = +414,

+Wkh glphqvlrq ri wkh vhw �n pd| eh gl�huhqw iurp wkh glphqvlrq ri i|dj=� Dq
dowhuqdwlyh srlqw ri ylhz lv wkdw d olqhdu frpelqdwlrq ri wkh gl�huhqwldov rq wkh
lqlwldo vwdwh m�dl vxfk wkdw wkh olqhdu pdsslqj

�
I n
d

�
dfwlqj rq wkh m�dl surgxfhv
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shuihfw gl�huhqwldov
��g{n� rq wkh �qdo vwdwh +Wklv srlqw ri ylhz lv dvvxphg lq wkh

Iodqghu*v errn,1

m'dl ,
��g{n� ' �

I n
d

�
� m'dl = +415,

Wkh wzr yhfwru vhwv ri olqhdu frpelqdwlrqv ri gl�huhqwldov/ m'dl dqg
���n� rq wkh

lqlwldo vwdwh duh qrw wkh vdph/ hyhq zkhq wkh glphqvlrq ri wkh lqlwldo dqg �qdo
vwdwhv duh wkh vdph1 Jlyhq wkh lqlwldo vwdwh mg|dl > wkh

���n� duh ghwhuplqhg e| wkh
olqhdu pds

�
I n
d

�
1 Jlyhq wkh �qdo vwdwh

��g{n� > wkh m'dl duh ghwhuplqhg e| wkh

lqyhuvh ri wkh olqhdu pds/
�
I n
d

�
3�

' dJd
no 1 Li wkh wzr vsdfhv duh qrw ri wkh vdph

glphqvlrq wkhq wkh lqyhuvh ri wkh olqhdu pds qhhg qrw h{lvw1 Lw lv lpsruwdqw iru
jhqhudol}dwlrqv wkdw wkh frqfhsw ri wkh lqlwldo vwdwh ru grpdlq +dqg lwv frruglqdwh
ixqfwlrqv/ |d, eh nhsw glvwlqfw iurp wkh �qdo vwdwh ru udqjh + dqg lwv frruglqdwh
ixqfwlrqv/ {n,1 Wkh irupdw

���n� ' �
I n
d E|�

�
mg|dl zloo eh hpskdvl}hg khuhlq1

Doo ri wklv kdg lwv ruljlqv lq wkh wkhru| ri gl�huhqwldeoh frruglqdwh pdsslqjv
iurp dq lqlwldo wr d �qdo vwdwh/ zkhuh/ jlyhq d +pruh wkdq olnho|, qrq0olqhdu pds !
iurp d grpdlq i|dj wr d udqjh i{nj> d olqhdu pds g! ehwzhhq gl�huhqwldov frxog
eh jhqhudwhg wr hvwdeolvk wkh +olqhdu, gl�huhqwldo yhfwru vsdfh lghdv1 Lq v|perov

Qrqolqhdu ! G i|dj , i{nj ' !nE|� +416,

Olqhdu g! G mg|dl ,
��g{n� ' �

C!nE|�@C|d
�
mg|dl '

�
I n
d E|�

�
mg|dl = +417,

Wkh Olqhdu pdsslqj
�
I n
d E|�

�
vr jhqhudwhg lv wkh Mdfreldq pdwul{ ri sduwldo gli0

ihuhqwldov ri wkh frruglqdwh +ru yhfwru vsdfh, pdsslqjv1 Dv dq h{dpsoh/ uhylhz
wkh frqfhsw ri vskhulfdo ru f|olqgulfdo frruglqdwhv pdsshg lqwr fduwhvldq vsdfh1
+Pdsoh surjudpv kdyh ehhq ghyhorshg jlylqj prvw ri wkh ghwdlov lq whupv ri v|p0
erolf pdwkhpdwlfv1 Vhh kwws=22zzz551sdlu1frp2fvgf2sgi2pwshuwx81sgi,

Dw �uvw/ lq wklv suhvhqwdwlrq/ wkh glphqvlrq ri wkh yhfwru vsdfh
���n� '

��g{n�
zloo eh dvvxphg wr eh q/ wkh vdph glphqvlrq dv wkh vsdfh ri lqghshqghqw yduldeohv1
Wkhq wkh udqjhv ri wkh lqgh{ d lv= d ' i�===qj> dqg wkh udqjh ri wkh lqgh{ n lv
= n ' i�===qj1 Wklv uhvwulfwlrq zloo eh uhod{hg odwhu gxulqj wkh ghyhorsphqw ri
d pruh jhqhudo wkhru|1 Wkh q{q Mdfreldq pdwul{ ri wkh q pdsslqj ixqfwlrqv
hvwdeolvkhv wkh yhfwru vsdfh lghdv dv d olqhdu pdsslqj/ dqg jlyhv wkh sulplwlyh
uhdol}dwlrq ri zkdw lv wr eh nqrzq dv d Iudph pdwul{ +ri ixqfwlrqv rq wkh lqlwldo
vwdwh,1

Vxssrvh wkdw dqrwkhu ixqfwlrq/ vd|xE|d�> lv jlyhq lq whupv ri wkh lqlwldo ydulhw|/
i|dj1 Wkhq lwv wrwdo gl�huhqwldo lv jlyhq e| wkh h{suhvvlrq/
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gxE|d� ' iCxE|d�@C|ej g|e '
[
e

DeE|
d�g|e ' kDeE|

d�m �
��g|e� = +418,

Wkh remhfw rq wkh uljkw lv dq h{dpsoh ri dq h{whulru gl�huhqwldo 40irup/ $�> zlwk
frh!flhqw ixqfwlrqv DeE|

d� dqg edvlv hohphqwv/ g|e1 +Iurp khuh rq wkh vxp
frqyhqwlrq rq xs0grzq v|perov 0 wkh lqgh{ e lq wkh irupxod deryh 0 zloo eh
suhvxphg/ zlwkrxw wkh xvh ri wkh

S
v|pero,1 Wkh frh!flhqwv/ e| frqvwuxfwlrq

lq wklv h{dpsoh/
DeE|

d� ' iCxE|d�@C|ej> +419,

irup wkh frpsrqhqwv ri d fryduldqw judglhqw yhfwru �hog1
Lq wkh Fduwdq wkhru| ri gl�huhqwldo irupv wkhvh frqfhswv duh h{whqghg wr vlwx0

dwlrqv zkhuh wkh gl�huhqwldo edvlv hohphqwv �n/ ri wkh yhfwru vsdfh \�i�nj fdq eh
zulwwhq lq whupv ri vrph duelwudu| pdwul{ +ri ixqfwlrqv rq wkh lqlwldo vwdwh, dfwlqj
rq wkh gl�huhqwldov ri wkh lqghshqghqw yduldeohv lq d olqhdu zd|=���n� ' �

I n
d E|�

�
mg|dl = +41:,

Lq rwkhu zrugv/ lq wkh Fduwdq h{whqvlrq/ lw lv qrw dvvxphg wkdw wkh olqhdu pds�
I n
d E|�

�
lv qhfhvvdulo| d Mdfreldq pdwul{ ri vrph qrq0olqhdu frruglqdwh pdsslqj/

qru lv lw dvvxphg wkdw wkh pdwul{ lv hyhq vlplodu wr wkh Mdfreldq pdwul{ ri d
frruglqdwh pdsslqj1 Wklv pruh jhqhudo pdwul{ ri ixqfwlrqv/

�
I n
d E|�

�
> zloo eh

gh�qhg dv d edvlv Iudph dqg lv wkh fruqhuvwrqh ri Fduwdq*v ghyhorsphqw ri wkh
Uhshuh Preloh1 Jlyhq vxfk d pdwul{ ri ixqfwlrqv d nh| txhvwlrq uhyroyhv derxw
wkh ghwhuplqdwlrq ri wkh vroxelolw| ri wkh Iudph1 Jlyhq d Iudph/ grhv wkhuh h{lvw
d xqltxh vhw ri pdsslqj ixqfwlrqv ! iurp zklfk wkh Iudph lv ghwhuplqhg wr eh
wkh Mdfreldq pdwul{ g! ri wkh pdsslqjB Li qrw/ lv lw srvvleoh wkdw wkhuh h{lvwv d
qrq0xqltxh vroxwlrq vhw wr wkh sureohpB Wkh txhvwlrq ri qrq0xqltxh lqwhjudelolw|
ri wkh Iudph pdwul{ lv wkh edvlv ri zkdw lv fdoohg D!qh dqg Wrsrorjlfdo Wruvlrq1
Wruvlrq dsshduv zkhq wkh edvlv Iudph +ru lwv htxlydohqfh fodvv, lv QRW lqwhjudeoh1

Iru dssolfdwlrqv/ krz wkh Iudph pd| eh uhodwhg wr vshfl�f sk|vlfdo sureohpv
lv ri nh| lpsruwdqfh1 Wkh hduo| ghyhorsphqw ri wkh Iuhqhw0Vhuuhw0Fduwdq Iudph
iru d srlqw prylqj dorqj d vsdfh fxuyh lqglfdwhv wkdw lw lv srvvleoh wr frqvwuxfw
wkh Iudph iurp gl�huhqwldov ri wkh pdsslqj ixqfwlrq zlwk uhvshfw wr d sdudphwhu
dorqj d vsdfh fxuyh1 Wkdw lv/ wkh yhorflw|/ dffhohudwlrq dqg wkh udwh ri fkdqjh
ri dffhohudwlrq fdq eh xvhg wr exlog d Iudph pdwul{ ri d srlqw prylqj dorqj d
vsdfh fxuyh lq wkuhh glphqvlrqv1 Wkhvh wklqjv duh sk|vlfdo/ phdvxuhdeoh/ dqg
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dssolfdeoh txdqwlwlhv1 Wkh vdph lghd fdq eh jhqhudwhg iru frqwlqxrxv phgld vxfk
dv d  xlg1 Wkh yhorflw| �hog/ wkh yruwlflw| �hog/ dqg wkh kholflw| �hog ri wkh  xlg
ehfrph wkh dqdorjv ri wkh Iuhqhw 0 Vhuuhw gl�huhqwldwlrqv1

Iru wkrvh xeltxlwrxv fdvhv +ru ehwwhu vdlg/ rq wkrvh uhvwulfwhg grpdlqv, zkhuh
wkh Iudph kdv dq lqyhuvh/ wkhq wkh Iudph pdwul{ lv dq hohphqw ri wkh Jhqhudo
Olqhdu jurxs1 Riwhq lq sduwlfxodu dssolfdwlrqv wkh Iudph pdwul{ lv frqvwudlqhg
wr eh dq hohphqw ri dq htxlydohqfh fodvv ri �dgplvvdeoh� Iudphv e| dvvxplqj
wkh Iudph ehorqjv wr vrph vxe0jurxs ri wkh JO jurxs1 Lq wkh Iuhqhw0Vhuuhw
fdvh/ d xvxdo uhvwulfwlrq frqvwudlqv wkh 6G Iudph pdwul{ hohphqwv vxfk wkdw wkh
Iudph lv d phpehu ri wkh vshfldo rwkrjrqdo +ruwkrqrupdo, jurxs1 Wkh froxpqv
ri wkh edvlv Iudph pdwul{ duh ruwkrjrqdo xqlw yhfwruv1 Wklv frqvwudlqw lv xvhg wr
fuhdwh wkh frqfhswv ri duf ohqjwk/ fxuydwxuh/ dqg wruvlrq ri wkh 6G vsdfh fxuyh1
Wkhvh �lqwulqvlf� surshuwlhv ri wkh vsdfh fxuyh duh wkh vlplodulw| lqyduldqwv ri
doo htxlydohqw Iudphv +wkdw lv/ doo Iudphv wkdw duh phpehuv ri wkh ruwkrqrupdo
jurxs,1 Wkhvh lqwulqvlf +riwhq fdoohg lqyduldqw, surshuwlhv ri wkh htxlydohqfh fodvv
duh frpsxwhg e| phdqv ri wkh frh!flhqwv ri wkh Fd|oh|0Kdplowrq wkhruhp1

Iurp d sk|vlfv srlqw ri ylhz/ doo revhuyhuv zkr pd| xvh gl�huhqw hohphqwv
ru uhsuhvhqwdwlrqv ri wkh ruwkrqrupdo jurxs iru uhihuhqfh v|vwhpv zloo eh deoh wr
h{suhvv wkhlu ylhzv lq whupv ri d frpprq vhw ri txdolwlhv/ wkh vlplodulw| lqyduldqwv1
Doo htxlydohqw revhuyhuv zloo djuhh wkdw wkh ydoxhv ri wkh vlplodulw| lqyduldqwv duh
wkh vdph1 Uhvwulfwlrqv wr sdduwlfxodu vxejurxsv duh riwhq fdoohg �jdxjh wkhrulhv�1
Lw lv lpsruwdqw wr qrwh wkdw fhuwdlq +qrupdo, vxejurxsv +vxfk dv wkh ruwkrqrupdo
vxejurxs, fdqqrw glvwlqjxlvk ehwzhhq ohiw dqg uljkw kdqghgqhvv +fkludolw|, / exw
rwkhu htxlydohqfh fodvvhv ri vxejurxsv fdq1 Lw zrxog vhhp wkdw wklv delolw| wr
glvwlqjxlvk d fkludo surshuw| lv ri ydoxh wr wkh vwxg| ri elrorjlfdo v|vwhpv/ zkhuh
prvw elrorjlfdo prohfxohv dsshdu wr eh ohiw ru uljkw kdqghg1 Wkh prudo +ru
zduqlqj, ri wklv sdudjudsk lv wkdw wkh frpprq ruwkrqrupdo v|vwhp ri edvlv yhfwruv
E�> �>!� ri hqjlqhhulqj sudfwlfh pxvw eh prgl�hg wr kdqgoh fkludo glvwlqfwlrqv1

Lw lv lpsruwdqw wr eh uhplqghg ri wkh lghd ri d vlplodulw| wudqvirupdwlrq1 Jlyhq
d pdwul{ dP o dqg d wudqvirupdwlrq pdwul{ dI o/ wkh pdwul{ dQ o lv vdlg wr eh vlplodu
wr dP o li

dP o , dQ o ' dI o3� � dP o � dI o = +41;,

Zkhq wkh Fd|oh|0Kdplowrq sro|qrpldo lv frqvwuxfwhg iru dP o dqg dQ o wkh frhi0
�flhqwv ri wkh sro|qrpldov duh wkh vdph +li wkh pdwulfhv duh �vlplodu�,1 Wzr
ri wkh lpsruwdqw vlplodulw| lqyduldqwv duh wkh wudfh ri dP o dqg lwv ghwhuplqdqw1
Lq gl�huhqwldo jhrphwu|/ wkhvh lghdv zloo eh xvhg wr gh�qh fxuydwxuh surshuwlhv
ri pdqlirogv1 Lq wkh Iuhqhw0Vhuuhw0Fduwdq wkhru| ri wkh ruwkrqrupdo vxejurxs/
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wkh vlplodulw| lqyduldqwv ohdg wr wkh frqfhswv ri duf ohqjwk/ fxuydwxuh dqg wruvlrq1
Wkh }hur vhwv ri wkh vlplodulw| lqyduldqwv kdyh sduwlfxodu sk|vlfdo lpsruwdqfh1
Lq wkh wkhuprg|qdplfv ri d YdqghuZddov jdv/ wkh Fd|oh|0Kdplowrq sro|qrpldo
edvhg xsrq wkh Jleev ixqfwlrq lv d fxelf sro|qrpldo zlwk wkh vxuidfh vkdsh ri
d vzdoorz0wdlo1 Wkh fulwlfdo srlqw lv zkhuh doo wkuhh vlplodulw| lqyduldqwv ydqlvk1
Wkh vslqrgdo olqh ri skdvh lqvwdelolw| lv zkhuh wkh txdgudwlf vlplodulw| frh!flhqw
+wkh Jdxvv fxuydwxuh ri wkh vzdoorz0wdlo vxuidfh, ydqlvkhv1

Wkh vlplodulw| htxdwlrq fdq eh uhzulwwhq lq d pdqqhu wkdw grhv qrw uhtxluh
wkh lpphgldwh frpsxwdwlrq ri dq lqyhuvh=

dI o � dQ o ' dP o � dI o = +41<,

Wklv htxdwlrq fdq eh xvhg wr whvw li dQ o lv vlplodu wr dP o = D vshfldo vlwxdwlrq
rffxuv li wkh pdwul{ dQ o lv wkh vdph dv dP o = Wklv vlwxdwlrq sodfhv d frqvwudlqw
rq wkh htxlydohqfh fodvv ri pdwulfhv wkdw fdq eh xvhg iru wkh wudqvirupdwlrqv dI o =
Vxssrvh wkdw dQ o ' dP o
 gdP o> wkhq wkh gl�huhqwldo vlplodulw| htxdwlrq ehfrphv

gdP o ' dP o � dI o	 dI o � dP o > +4143,

dqg lv vxjjhvwlyh ri wkh Khlvhqehuj pdwul{ rshudwru irupdw +wkh wudqvirupdwlrq
pdwul{ dI o sod|v wkh uroh ri wkh �Kdplowrqldq� rshudwru,1 Wkhvh vlplodulw| irupdwv
zloo uhdsshdu ehorz zkhq wkh pdwul{ ri frqqhfwlrq 40irupv lv glvfxvvhg1

Qrwh wkdw wkh froxpq yhfwru duud| ri gl�huhqwldo edvlv hohphqwv/ mg|dl/ wudqv0
irupv dv d frqwudyduldqw whqvru lq wkh Mdfreldq fdvh/ zkhuh d frruglqdwh pdsslqj
lv dydlodeoh1 Wklv surshuw| fdq eh h{whqghg li wkh Iudph pdwul{ ri ixqfwlrqv kdv
d qrq0}hur ghwhuplqdqw/ iru wkhq wkh froxpqv ri wkh Iudph pdwul{ fdq eh xvhg dv
d edvlv vhw iru frqwudyduldqw yhfwruv lq wkh lqlwldo vsdfh +grpdlq ru vwdwh,1 Wklv
edvlv dujxphqw grhv qrw ghshqg xsrq wkh idfw wkdw pdwul{ hohphqwv

�
I n
d E|�

�
irup

d Mdfreldq +l1h1/ lqwhjudeoh, v|vwhp1 Lw zloo eh ghprqvwudwhg wkdw lw lv wklv odfn
ri xqltxh lqwhjudelolw| iru wkh

���n� '
�
I n
d E|�

�
mg|dl wkdw ohdgv wr wkh frqfhswv ri

d!qh Wruvlrq dqg Wrsrorjlfdo Wruvlrq / wzr wrslfv wkdw zloo eh glvfxvvhg lq juhdw
ghwdlo lq vxevhtxhqw vhfwlrqv1

Dw suhvhqw/ jlyhq d edvlv ri 40irupv/ frqvwuxfw duelwudu| h{whulru gl�huhqwldo
40 irupv iurp wkh pdwul{ surgxfw ri duelwudu| frh!flhqw ixqfwlrqv duudqjhg dv d

urz yhfwru/
G eDnE|

d�
��� dqg wkh edvlv vhw duudqjhg dv d froxpq yhfwru/

���n�

$� '
G eDnE|

d�
��� � ���n� ' eDnE|� �

n= +4144,
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Qrwh wkdw li wkh frh!flhqw ixqfwlrqv duh fkrvhq wr eh d fryduldqw yhfwru duud|
+dqg wkdw lv zk| wkh lqgh{ lv d orzhu lqgh{ rq wkh DnE|�,/ wkhq wkh gl�huhqwldo
40irup $ lv d vfdodu lqyduldqw ri �frruglqdwh wudqvirupdwlrqv�1 Wkh frh!flhqw
ixqfwlrqv/ krzhyhu/ gr qrw kdyh wr eh d judglhqw duud|1 Wkh fryduldqw frqvwudlqw
lpsolhv wkdw li +dv dvvxphg,

���n� ' �
I n
d E|�

�
mg|dl +4145,

wkhq G eDnE|
d�
��� ' kDem �

�
Je
n

�
+4146,

zkhuh
�
Je
nE|�

�
lv wkh lqyhuvh pdwul{ ri ixqfwlrqv wr wkh iudph pdwul{/

�
I n
d E|�

�
=

Wkhvh duh wkh uxohv ri fodvvlfdo whqvru dqdo|vlv gh�qlqj zkdw lv phdqw e| frq0
wudyduldqw dqg fryduldqw yhfwruv ri rughuhg vhwv ri frpsrqhqwv zlwk uhvshfw wr
vshfldo wudqvirupdwlrqv +gh�qhg dv gl�hrprusklvpv,1

Wkh gl�huhqwldo irup vr frqvwuxfwhg lq whupv ri whqvru frh!flhqwv lv wkhq
lqghshqghqw iurp d �fkrlfh ri frruglqdwh v|vwhp�1

$� '
G eDnE|

d�
��� � ���n� ' kDem �

�
Je
n

�
�
�
I n
d

�
� mg|dl = +4147,

Iru sk|vlflvwv dqg hqjlqhhuv zkdw wklv lpsolhv lv wkdw odzv ri sk|vlfv zulwwhq lq
whupv ri gl�huhqwldo irupv duh lqghshqghqw ri wkh revhuyhu*v fkrlfh ri d �uhihu0
hqfh v|vwhp�1 D �uhihuhqfh v|vwhp� lv gh�qhg dv dq hohphqw ri dq htxlydohqfh
fodvv ri gl�huhqwldeoh pdsslqjv1 Wkh prvw frpprq htxlydohqfh fodvv xvxdoo|
dffhswhg lv wkh fodvv ri gl�hrprusklvpv/ zklfk lpsolhv wkdw wkh pdsslqj/ !> dqg
wkh olqhdu pdsslqj/ g!>kdyh lqyhuvhv/ dqg wkh lqyhuvh pdsslqj lv gl�huhqwldeoh1
Vxfk gl�hrprusklf pdsslqjv duh frqvwudlqhg vxevhwv ri rwkhu pdsslqjv nqrzq
dv krphrprusklvpv1 Krphrprusklvpv +dqg wkhuhiru gl�hrprusklvpv, suhvhuyh
wrsrorj| iurp lqlwldo wr �qdo vwdwh/ dqg wkhuhiru fdqqrw eh xvhg wr ghvfuleh wrsr0
orjlfdo hyroxwlrq1 +Expphu1, Vrphwlphv wkh htxlydohqfh fodvv ri uhihuhqfh v|v0
whpv lv hyhq ixuwkhu frqvwudlqhg1 Iru h{dpsoh/ wkh dffhswdeoh fodvv ri uhihuhqfh
v|vwhpv nqrzq dv lqhuwldo iudphv ri uhihuhqfh lq wkh sk|vlfv ri vshfldo uhodwlylw|
lv frqvwudlqhg wr eh wkh Oruhqw} htxlydohqfh fodvv1 Vrphwlphv vxfk frqvwudlqwv
wkurz wkh ede| rxw zlwk wkh zdvk1 Iru h{dpsoh/ Jhqhudo Uhodwlylw| lv ghvljqhg
wr dgplw doo gl�hrprusklvpv dv wkh htxlydohqfh fodvv ri iudphv ri uhihuhqfh> Vsh0
fldo Uhodwlylw| dgplwv rqo| hohphqwv ri wkh Oruhqw} htxlydohqfh fodvv/ zklfk lv d
vxevhw ri doo gl�hrprusklvpv1

Wkh Oruhqw} htxlydohqfh fodvv frqvlvwv ri wkrvh pdwulfhv/ dOo/ iru zklfk wkh
Plqnrzvnl olqh phwulf lv suhvhuyhg1 Wkdw lv

:
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�
O3�

�
� d�o � dOo +4148,

Wkhuh lv d ixuwkhu vxefodvv ri Oruhqw} pdwulfhv/ zlwk pdwul{ hohphqwv zklfk duh
frqvwdqwv/ dqg zklfk duh xvh lq vshfldo uhodwlylvwlf +qrq0dffhohudwhg, dssolfdwlrqv1
+Wklv vshfldo vxefodvv wxuqv rxw wr eh �d!qh� wruvlrq iuhh/ vr wkdw ohiw kdqghg
dqg uljkw kdqghg fkludolw| vshflhv hyroyh lq wkh vdph zd|,1 Krzhyhu/ wkhuh duh
Oruhqw} pdwulfhv wkdw suhvhuyh wkh Plqnrzvnl phwulf wkdw duh qrw frpsrvhg ri
frqvwdqw hohphqwv1 Vxfk pdwulfhv dgplw dffhohudwlrqv/ dqg dovr dgplw D!qh
Wruvlrq frh!flhqwv1 +Vhh kwws=22zzz551sdlu1frp2fvgf2sgi2oruhqw}1sgi,1 Wkdw
lv/ wkh v|vwhp ri 40irupv jhqhudwhg e| d Oruhqw} wudqvirupdwlrq ri qrq0frqvwdqw
hohphqwv lv qrw qhfhvvdulo| xqltxho| lqwhjudeoh/ dqg wkhuhiru dgplw gl�huhqw ehkdy0
lru iru fkludo v|vwhpv1 +Wklv gl�huhqfh lq ehkdylru glvwlqjxlvkhv Rswlfdo Dfwlylw|
iurp Idudgd| Urwdwlrq lq hohfwurpdjqhwlf v|vwhpv1,

1 D pdmru wkuxvw ri wkh zrun wkdw dsshduv rq Fduwdq*v Fruqhu lv wkdw wkh uhihu0
hqfh v|vwhpv duh h{whqghg wr lqfoxgh wrsrorjlfdo fkdqjh/ vr wkdw qrq0gl�hrprusklf
wudqvirupdwlrqv zloo eh lqyhvwljdwhg1 D forvhu orrn d Fduwdq*v frqfhswv |lhogv wkh
uhvxow wkdw/ xqolnh whqvruv zklfk duh zhoo ehkdyhg zlwk uhvshfw wr gl�hrprusklvpv/
h{whulru gl�huhqwldo irupv duh zhoo ehkdyhg lq d ixqfwlrqdo vhqvh zlwk uhvshfw wr
d fodvv ri wudqvirupdwlrqv hyhq zlghu wkdq wkh fodvv ri gl�hrprusklvpv � lq idfw/
zlghu wkdq wkh fodvv ri krphrprusklvpv$ Khqfh gl�huhqwldo irupv duh xvhixo wr
wkh vwxg| ri wrsrorjlfdo hyroxwlrq/ zklfk lv wkh pdlq wkhph ri Fduwdq*v Fruqhu
dqg wkhvh ohfwxuhv1 Wklv uhvxow zloo eh h{sorlwhg lq wkh iroorzlqj fkdswhuv1 +Vhh
�Uhwurglfwlyh Ghwhuplqlvp� kwws=22zzz551sdlu1frp2fvgf2sgi2uhwurglf1sgi,1

Lw vkrxog eh uhdol}hg wkdw gl�huhqwldo irupv kdyh wkh whqvru olnh surshuw| wkdw
li wkh gl�huhqwldo irup lv }hur lq rqh frruglqdwh v|vwhp ri uhihuhqfh/ wkhq lw lv }hur
lq doo rwkhu gl�hrprusklfdoo| htxlydohqw v|vwhpv/ qr pdwwhu zkdw frqvwudlqwv duh
dssolhg wr olplw wkh hohphqwv ri wkh htxlydohqfh fodvv ri gl�hrprusklvpv1 Lq dggl0
wlrq/ li d gl�huhqwldo irup lv }hur rq wkh �qdo vwdwh/ wkhq lwv sxooedfn wr wkh lqlwldo
vwdwh lv dovr }hur zlwk uhvshfw wr frqwlqxrxv exw qrw krphrprusklf/ dqg wkhuhiru
qrw gl�hrprusklf pdsv1 +Vhh kwws=22zzz551sdlu1frp2fvgf2hg62hg6iuh41kwp,

51 Wkh h{whulru dojheud

Wkh h{whulru dojheud ri Fduwdq lv edvhg xsrq dq dvvrfldwlyh/ exw qrw frppxwdwlyh/
pxowlsolfdwlrq uxoh gh�qhg dv wkh h{whulru +zhgjh ru krrn, surgxfw ri remhfwv

;



gh�qhg dv h{whulru gl�huhqwldo irupv1 Wkh v|pero iru wkh surgxfw lv 	1 Wkh
vwuxfwxuh ri wkh dojheud fdq eh exlow vwduwlqj iurp 40irupv rq wkh q0glphqvlrqdo
yhfwru vsdfh \�i�dj> lq whupv ri d edvlv ri 40irupv ghqrwhg e| i�dj= Wkh duelwudu|
40irup lv frqvwuxfwhg iurp wkh edvlv hohphqwv dffruglqj wr wkh irupxod jlyhq
deryh/ $� ' DnE|� �

n= Wkh dgglwlrq uxoh ri wkh dojheud lv wkdw ri yhfwru vsdfh
dgglwlrq= dgg wkh frh!flhqwv ri wkh vdph edvlv hohphqwv1

$� ' DnE|� �
n +514,

$2 ' EnE|� �
n

$� n $2 ' iDnE|� nEnE|�j �n=

H{dpsoh 5141 Dgg E�{ g{n e{} g|� dqg E2| g| n �.| g}� G

edvlv ' Eg{> g|> g}�

E�{ g{n e{} g|� n E2| g| n �.| g}� ' �{ g{n Ee{| n 2|� g| n �.| g}

Lw lv wkh pxowlsolfdwlrq uxoh wkdw lv shukdsv xqidploldu1 Wkh pxowlsolfdwlrq
uxohv duh gh�qhg lq whupv ri hohphqwv ri wkh edvlv vhw1

�d	�e ' ��e	�d +515,

�e	�e ' f

g|d	g|e ' �g|e	g|d +516,

g|e	g|e ' f

Wkhvh uxohv duh vlplodu wr wkh furvv surgxfw ri Jleev 6G yhfwru dqdo|vlv/ exw
wkh gl�huhqfh lv wkdw wkh h{whulru surgxfw uxoh h{whqgv wr q glphqvlrqv +wkh Jleev
furvv surgxfw grhv qrw, dqg lv dvvrfldwlyh +Jleev surgxfw lv qrw,1 Dvvrfld0
wlyh phdqv E�d	�e�	�f ' �d	E�e	�f�= Lq 6G/ wkh Jleev furvv surgxfw |lhogv
�� E���� 9' E������

H{dpsoh 5151 Pxowlso| D '
S
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n wlphv E '

S
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p D	E ' F
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D	E ' iDn�
n j	 iEp�

pj +517,

' ===DnEn�
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n	�p n ===DpEn�
p	�n

' === f n ===DnEp�
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n	�p
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' ===Fdnpo�
n	�p==

' ===Fdnpo�
dnpo===

' ===FK�
K

Qrwh wkdw D	E 9' E	D dqg wkdw wkh h{whulru surgxfw ri wzr hohphqwv ri wkh yhfwru
vsdfh \�E�n� surgxfh d olqhdu frpelqdwlrq ri sdluhg edvlv hohphqwv ri wkh irup
E�n	�p�= Pruhryhu wkh frh!flhqwv ri wkhvh hohphqwv duh dozd|v dqwl0v|pphwulf
xqghu lqwhufkdqjh ri wkh sdluhg lqglfhv1 Wkh dqwl0v|pphwu| dqg wkh uxohv ri
40irup powlsolfdwlrq shuplw wkh zulwlqj ri wkh surgxfw ri wzr 40irupv lq whupv ri
dqrwkhu yhfwru vsdfh/ zkrvh edvlv hohphqwv duh wkh dqwl0v|pphwulf sdluv E�n	�p�=
Wklv remhfw lv gh�qhg dv d 50irup1 Lw lv frqyhqwlrqdo wr uhzulwh wkh 50irup vr
frqvwuxfwhg zlwkrxw uhshdwlqj edvlv hohphqw sdluv wkdw duh ri gl�huhqw vljq1 Wkdw
lv/ \2E�n	�p� , \2E�dnpo� ' \2E�dKo�=

Wkh v|peroK ' dnpo vwdqgv iru doo rughu sdluv zkhuh n ? p> dqg lv htxlydohqw
wr wkh vhw E�2> ��> �e=====2�> 2e=====�e===�= Lw lv dssduhqw wkdw wkh qxpehu ri rughuhg
vlqjohw edvlv hohphqwv lq 6 glphqvlrqv lv wkh vdph dv wkh qxpehu ri rughuhg dqwl0
v|pphwulf sdluv> exw wklv lv rqo| wuxh lq 6G1 Iru 7G/ wkh qxpehu ri vlqjohw edvlv
hohphqwv lv 7 dqg wkh qxpehu ri rughuhg dqwl0v|pphwulf sdluv lv 91 Wkh uhvxow
ri wkh h{whulru surgxfw lv wr surgxfh iurp hohphqwv ri rqh yhfwru vsdfh ri glphq0
vlrq q/ dqrwkhu hohphqw ri d gl�huhqw yhfwru vsdfh ri glphqvlrq qEq � ��@21 Lq
wklv olplwhg vhqvh wkh h{whulru surgxfw lv qrw forvhg1 Wkh h{whulru pxowlsolfdwlyh
frpelqdwlrq ri wzr remhfwv ri wkh vdph w|sh +40irupv, grhv qrw surgxfh dq remhfw
ri wkh vdph w|sh/ exw lqvwhdg surgxfhv d 50irup1 Wkh surfhvv ri h{whulru pxo0
wlsolfdwlrq fdq eh uhshdwhg zkhuh 5 0irupv duh pxowlsolhg e| 40irupv wr surgxfh
60irupv/ dqg 60irupv duh pxowlsolhg e| 40irupv wr surgxfh 70irupv/ xowlpdwho|
exloglqj d �forvhg� dojheud1 Wkh hohphqwv ri wkh forvhg dojheud zloo frqvlvw ri
fodvvhv/ ru yhfwru vsdfhv zlwk edvlv hohphqw grxeohwv/ �d	�e/ fodvvhv ri wulsohwv/
�d	�e	�f/ 111 dqg hyhq q0wxsohwv ri edvlv yhfwruv/ l ' �d	�e	�f	===	�q= Krzhyhu/
wkh uxohv ri pxowlsolfdwlrq duh vxfk wkdw wkh h{whulru pxowlsolfdwlyh frpelqdwlrq
ri pruh wkdw q edvlv yhfwruv pxvw ydqlvk1 Khqfh dq| hohphqw ri wkh dojheud wlphv
dqrwkhu hohphqw ri wkh dojheud lv dq hohphqw ri wkh dojheud/ ru }hur1 Lq wklv vhqvh/
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wkh h{whulru dojheud lv forvhg1
Wkh grxeohwv duh fdoohg 50irupv/ wkh wulsohwv duh fdoohg 60irupv/ dqg wkh q0

wxsohwv duh fdoohg q0irupv1 Wkh pxowlsolfdwlrq uxohv ghprqvwudwh wkdw hdfk ri wkh
s0wxsohwv kdv d qxpehu ri olqhduo| lqghshqghqw hohphqwv htxdo wr wkh srvvleoh
frpelqdwlrqv ri q wklqjv wdnh s dw d wlph1 Hdfk ri wkh s0wxsohwv irupv d yhfwru
vsdfh edvlv ri glphqvlrq htxdo wr wkh dssursuldwh frpelqdwruldo qxpehu ri Sdvfdo*v
wuldqjoh1

Sdvfdo*v Wuldqjoh=

q ' � G �
q ' 2 G � 2 �
q ' � G � � � �
q ' e G � e S e �

Wkh yhfwru vxevsdfh glphqvlrq ri wkh 30irupv/ $f> lv 4> wkh glphqvlrq ri wkh
40irupv/ $�> lv q/ wkh glphqvlrq ri wkh 50irupv/ $2> lv htxdo wr wkh qxpehu ri
frpelqdwlrqv ri q wklqjv wdnhq 5 dw d wlph +q+q04,25 lv htxdo wr 6 iru q @6/ htxdo
wr 9 iru q @ 7/ hwf1,> wkh glphqvlrq ri wkh q 04 irupv/ $q3�> lv q/ wkh glphqvlrq
ri wkh q0irupv/ $q> lv 41 Wkh glphqvlrq ri wkh h{whulru dojheud lv wkh vxp ri wkh
glphqvlrqv ri doo yhfwru vsdfhv surgxfhg e| wkh h{whulru surgxfw> wklv glphqvlrq
lv htxdo wr 2q1

Dv dq h{dpsoh frqvlghu wkh h{whulru dojheudv xs wr q@ 71 Wkh hohphqwv ri
Sdvfdo*v wuldqjoh |lhog d 40glphqvlrqdo +vfdodu, yhfwru vsdfh \f iru wkh 30irupv/ d
7 glphqvlrqdo yhfwru vsdfh \� iru wkh 40irupv/ d 9 glphqvlrqdo vsdfh \2 iru wkh
50irupv/ d 7 glphqvlrqdo yhfwru vsdfh \� iru wkh 60irupv/ dqg d 4 glphqvlrqdo
yhfwru vsdfh \e iru wkh q@7 irupv1

Iurp jhrphwlfdo vwxglhv lq 6 glphqvlrqv/ q@6/ wkh hohphqwv ri wkh 7 gl�huhqw
yhfwru vsdfhv duh fdoohg srlqwv/ olqhv/ vxuidfhv dqg yroxphv1 Iurp dssolfdwlrqv
wr 6G phfkdqlfv/ wkh srvlwlrq yhfwru dqg wkh prphqwxp yhfwru duh iurp wkh
yhfwru vxevsdfh/ \�> dqg wkhlu h{whulru +furvv, surgxfw lv dq hohphqw ri wkh yhfwru
vxevsdfh/ \21 Wkh idfw wkdw dqjxodu prphqwxp lv dq hohphqw ri d yhfwru vsdfh
\2 lv zk| rqh qhyhu vhhv dqjxodu prphqwxp dgghg wr olqhdu prphqwxp +zklfk
lv dq hohphqw ri d gl�huhqw yhfwru vsdfh \�� lq wkh hohphqwdu| phfkdqlfv wh{w
errnv1 Iurp dssolfdwlrqv wr vshfldo uhodwlylvwlf sk|vlfv lq 7 glphqvlrqv/ q@7/ wkh
frh!flhqwv ri wkh hohphqwv ri wkhvh �yh gl�huhqw yhfwru vxevsdfhv ri wkh h{whulru
dojheud duh nqrzq dv vfdoduv/ yhfwruv/ whqvruv/ svhxgr0yhfwruv/ dqg svhxgr vfdoduv1

s� irupv lq eG f � 2 � e
r ri edvlv hohphqwv � e S e �
qdph Vfdoduv Yhfwruv Whqvruv Svhxgr0Yhfwruv Svhxgr0Vfdoduv

+518,
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Wkh Fduwdq0Judvvpdq h{whulru dojheud lq frqvlvwv ri d yhfwru vsdfh ri 5q +@ 49
lq 7G, frpsrqhqwv zlwk q.4 +@ 8 lq 7G, gl�huhqw yhfwru vxevsdfhv1 Wkh dojheud
lv whfkqlfdoo| fdoohg d judghg dojheud1 Wkh h{whulru dojheud lv forvhg zlwk uhvshfw
wr pxowlsolfdwlrq/ iru doo srvvleoh surgxfwv ri wkh dojheud uhvlgh zlwklq wkh dojheud
ri 5q glphqvlrqv +ru duh }hur,1 Wkh h{whulru surgxfw ri d s irup dqg d t0irup
surgxfhv d s.t irup/ ru }hur li s.t A q1 Lq hyhu| fdvh/ wkh kljkhu s0irupv fdq
eh frqvwuxfwhg iurp vxpv ri surgxfwv ri wkh vlqjohwv1 Doo hohphqwv ri wkh dojheud
fdq eh frqvwuxfwhg iurp olqhdu frpelqdwlrqv ri wkh sulplwlyh q edvlv hohphqwv/
�n dqg wkhlu surgxfwv1

D qlfh ihdwxuh ri wkh h{whulru dojheud +ehvlghv ehlqj forvhg, lv wkdw wkh gh�0
qlwlrqv ri v|perolf rshudwlrqv fdq eh ghvfulehg hqwluho| lq whupv ri 30irupv dqg
40irupv/ zkhq wkh froohfwlyh lqgh{ lv xvhg1 Hyhu| s0irup fdq eh uhzulwwhq lq
whupv ri v|perolf frh!flhqwv +30irupv, dqg edvlv hohphqwv +s0irupv iurp yhfwru
vsdfhv ri gl�huhqw glphqvlrqdolw| ri frxuvh, zlwk d irupdw vlplodu wr wkdw ri d
40irup1 Iru h{dpsoh/ iru q @ 7/ wkhuh duh 9 hohphqwv ri wkh yhfwru vxevsdfh
ri wzr irupv1 Wkdw lv/ wkhuh duh 9 lqghshqghqw qrq0}hur sdluv ri ri wkh 7 edvlv
40irupv �n iurp \� wkdw fdq eh xvhg dv wkh edvlv hohphqwv ri \2 G qdpho| wkh vhw
i��	�2> ��	��> ��	�e> �2	��> �2	�e> ��	�ej= Li wkhvh edvlv sdluv duh jlyhq d qhz
v|perolvp dv i��2> ���> ��e> �2�> �2e> ��ej>wkhq wkh jhqhudo 50irup +iru q@7, fdq
kdyh wkh h{sdqvlrq frh!flhqw 0 edvlv uhsuhvhqwdwlrq jlyhq e| wkh irupxod=

I ' D�2�
�2 nD���

�� n ===nD�e�
�e ' DK�

K > +519,

zkhuh K lv wkh froohfwlyh lqgh{ ghvfulehg deryh iru rughuhg sdluv1 Wklv irupxod
iru wkh 50irup I lq 7 glphqvlrqv orrnv olnh d yhfwru irupxod iru d 40irup/ exw lq
vsdfh ri 9/ qrw 7/ glphqvlrqv> lw lv mxvw wkdw wkh lqgh{ odehov duh gl�huhqw1 Doo ri
wkh glvwlqfw edvlv frpelqdwlrqv zloo eh frpsohwho| dqwlv|pphwulf lq wkhlu lqglfhv
Es A �,1 Iru h{dpsoh/ K frxog eh wkh vhw ri wulsohv dl�> l2> l�o zlwk l� ? l2 ? l�> iru
wkh yhfwru vsdfh ri 6 irupv/ K frxog eh wkh vhw ri txdguxsohv dl�> l2> l�> leo zlwk
l� ? l2 ? l� ? le> iru wkh yhfwru vsdfh ri 7 irupv> hwf1 Zlwk wklv froohfwlyh lqgh{
qrwdwlrq/ frpelqdwruldo uxohv ri pxowlsolfdwlrq dqg gl�huhqwldwlrq ghyhorshg iru 4
irupv fdq eh dssolhg gluhfwo| wr kljkhu rughu s0irupv1

Wklv whfkqltxh/ zkhuh d 50irup h{sdqvlrq lq 7G zdv xvhg dv d 9 0 yhfwru/
zdv dssolhg +lqwxlwlyho|B, pruh wkdq 93 |hduv djr e| Duqrog Vrpphuihog lq klv
vwxglhv ri hohfwurpdjqhwlf v|vwhpv1 Wkh 6 frpsrqhqwv ri , dqg wkh 6 frpsrqhqwv
ri � iruphg wkh frpsrqhqwv ri wkh 90yhfwru1 +Vhh klv yroxphv rq Ohfwxuhv
rq Wkhruhwlfdo Sk|vlfv1, D vlplodu exw olwwoh xvhg 9 yhfwru frpsrvhg ri wkh
dffhohudwlrq dqg yruwlflw| fdq eh ghyhorshg iru d  xlg1 Lw lv qrw fohdu zkhwkhu
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Vrpphuihog nqhz wkh wkhru| ri h{whulru gl�huhqwldo v|vwhpv dw wkh wlph ri klv 9 0
yhfwru ghyhorsphqw1

H{dpsoh 5161 lq 6G/ h{whulru pxowlso| wkh 40irup/ D> wlphv 50irup/ E wr surgxfh

wkh 60irup F ' D	E=

ED{g{nD|g| nD}g}�	EE{g|	g} nE|g}	g{nE}g{	g|�

' ED{E{ nD|E| nD}E}�g{	g|	g} ' F

Qrwh wkdw wklv surgxfw ri d 40irup dqg dqg q04@604@5 0 irup surgxfhv d q
0 irup zlwk d frh!fhqw wkdw orrnv wkh vdph dv wkh hxfolghdq lqqhu surgxfw ri
wzr ruglqdu| yhfwruv � ��1 Uhfdoo wkdw wkh 40irup kdv q frpsrqhqwv dqg wkh
q04 irup kdv q frpsrqhqwv1 Wkh hxfolghdq lqqhu surgxfw uhvxow lv ydolg lq doo
glphqvlrqv/ q1

H{dpsoh 5171 lq 6G/ h{whulru pxowlso| wkh 40irup/ D> wlphv 40irup/ E wr surgxfh

wkh 50irup G ' D	E=

G ' ED{g{nD|g| nD}g}�	EE{g{nE|g| nE}g}�

' ED{E| �D|E{�g{	g|

nED|E} � D}E|�g|	g}

nED}E{ �D{E}�g}	g{

Qrwh wkdw wkh uhvxow kdv frh!flhqwv htxlydohqw wr wkh Jleev furvv surgxfw ri wzr
yhfwruv/ ���1

5141 Wkh H{whulru Gl�huhqwldo1

Wkh h{whulru gl�huhqwldo lv d gh�qlwlrq ri d gl�huhqwldo surfhvv dfwlqj rq s0irupv/
$s1 Wkh rshudwlrq wdnhv wkh s0irup lqwr d s.4 irup1 Khqfh/ olnh wkh h{whulru

surgxfw/ wkh h{whulru gl�huhqwldo jhqhudwhv d yhfwru lq d gl�huhqw yhfwru vxevsdfh
ri wkh h{whulru dojheud1

gE$s� , $sn�= +51:,
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Rwkhu surshuwlhv ri wkh h{whulru gl�huhqwldo zloo eh ghvfulehg e| wkh uxohv iru
glvwulexwlqj wkh rshudwru ryhu d surgxfw ri 40irupv +qrwh wkh rughu ri idfwruv dqg
wkh plqxv vljq prgl�fdwlrq ri wkh Olheql} uxoh iru wkh gl�huhqwldo ri d surgxfw ri
vfdoduv ,

gED	E� ' gD	E � D	gE> +51;,

dqg

gEgE$s�� , f= +51<,

Iru d surgxfw ri d s0irup dqg d t0irup/ lw iroorzv wkdw

gE$s	$t� ' g$s	$t � E���s$s	g$t> +5143,

Wkh hslwrph ri wkh h{whulru gl�huhqwldo lv wkh frqfhsw ri wkh wrwdo gl�huhqwldo ri
d vfdodu ixqfwlrq/ zklfk lv d idploldu rshudwlrq wkdw wdnhv wkh 30irup/ ru ixqfwlrq
$f ' �E|d�> lqwr wkh 40irup/ $� ' De g|

e=

gE$f� ' gi�E|d�j , iC�E|d�@C|ejg|e ' De g|
e ' $�> +5144,

Wkh ixqfwlrq frxog eh frqvwudlqhg vxfk wkdw wkh vhw �E|d� ' frqvwdqw gh�qhv dq
lpsolflw vxuidfh1 Lw iroorzv wkdw lq wkh frqvwudlqhg fdvh/ wkh wrwdo gl�huhqwldo lv
dovr }hur= gi�E|d�j ' f= Dq remhfw wkdw kdv }hur iru wkh ydoxh ri lwv h{whulru
gl�huhqwldo lv vdlg wr eh forvhg +lq dq h{whulru gl�huhqwldo 0 qrw dojheudlf 0 vhqvh,1
Iru frqvlvwhqf| uhdvrqv qrwh wkdw wkh gl�huhqwldo edvlv hohphqwv v|perol}hg e|
g|e duh gh�qhg wr eh forvhg1 Wkdw lv/ gEg|e� ' f= Wkh h{whulru ghulydwlyhv ri dq
duelwudu| edvlv/ �n> duh QRW qhfhvvdulo| }hur/ exw gE�n� lv forvhg iru ggE�n� ' f=

Wkh h{whulru gl�huhqwldo ri d 40irup lv gh�qhg dv

g$� ' gEDe g|
e� ' EgDe�	g|

e nDe gEg|
e� +5145,

' ECDe@C|
h g|h�	g|e n f

' ECDe@C|
h � CDh@C|

e� g|h 	 g|e

' Idheo g|
dheo ' IdKog|

dKo=

Wkh froohfwlyh lqgh{ qrwdwlrq shuplwv wkh irupxod gh�qlqj h{whulrugl�huhqwldwlrq
wr eh jhqhudol}hg=
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g$s ' gEDK g|K� ' EgDK�	g|
K +5146,

Vr wr frpsxwh wkh h{whulru ghulydwlyh ri dq| s 0irup/ �uvw frpsxwh wkh h{whulru +
@ wrwdo gl�huhqwldo, ri wkh vfdodu frh!flhqwv gDK dqg wkhq h{whulru pxowlso| wkh
uhvxow lqwr wkh uhpdlqlqj edvh hohphqwv ri wkh irup g|K / frpsrqhqw e| frpsrqhqw1

Dovr qrwh wkdw wkh vshfldo 40irup zlwk judglhqw frh!flhqwv/ $� ' gi�E|d�j>
kdv dq h{whulru gl�huhqwldo htxdo wr

g$ ' gEgi�E|d�j� +5147,

' ===iC2�E|d�@C|eC|fjg|f 	 g|e n ===n iC2�E|d�@C|fC|ejg|e 	 g|f

' ===iC2�E|d�@C|eC|f � C2�E|d�@C|fC|ejg|f 	 g|e

' f>

iru F5 ixqfwlrqv1 Khqfh wklv vshfldo 40irup $� lv d forvhg 40irup/ dvvxplqj wkh
frh!flhqw ixqfwlrqv duh wzlfh gl�huhqwldeoh1 Krzhyhu/ dv wkh h{dpsoh 40irup
$� kdv d xqltxh sulplwlyh ixqfwlrq/ �E|d�> zkrvh h{whulru ghulydwlyh fuhdwhv $� '
g�> wkh 40irup $ lv vdlg wr eh qrw rqo| forvhg/ exw dovr h{dfw1 Wkh vdph frqfhswv
krog iru doo s irupv1 D s0irup lv forvhg li lwv h{whulru gl�huhqwldo ydqlvkhv/ dqg wkh
s0irup lv h{dfw li lw lv frqvwuxfwhg e| phdqv ri wkh h{whulru gl�huhqwldo rshudwlrq
dfwlqj rq vrph s04 irup1 Wkhuh duh gl�huhqwldo irupv wkdw duh forvhg exw qrw
h{dfw/ dqg wkrvh wkdw duh qhlwkhu h{dfw qru forvhg1 Wkh lpsruwdqfh ri forvhg dqg
h{dfw/ ru forvhg exw qrw h{dfw/ s0irupv lv wkdw wkh| fduu| wrsrorjlfdo lqirupdwlrq
derxw wkh grpdlq ri gh�qlwlrq1 Iru h{dpsoh/ lq d wzr glphqvlrqdo vxuidfh hyhu|
kroh lv dvvrfldwhg zlwk d xqltxh 40irup wkdw lv forvhg/ exw qrw h{dfw1 Wkh qxpehu
forvhg exw qrw h{dfw 40irupv rq d grpdlq frxqwv wkh wrsrorjlfdo qxpehu ri krohv1
Wklv idfw lv wkh edvlv ri wkh Erkp0Dkdudqry lghd lq HP wkhru|/ dqg lv dw wkh
irxqgdwlrq ri wkh wkhru| ri  ljkw lq whupv ri wkh Mrxnrzvnl wudqvirupdwlrq1

Vxssrvh wkdw wkh jlyhq h{whulru gl�huhqwldo s0irup lv h{suhvvhg lq whupv ri d
qrq0lqwhjudeoh edvlv vhw �K = Wkhq wkh h{whulru gl�huhqwldo irupxod ehfrphv

g$s ' gEDK �K� ' EgDK�	�
K nDKEg�

K� +5148,

Qrz lw pxvw eh uhfrjqlvhg wkdw wkh vhfrqg whup Eg�K� lv qrw qhfhvvdulo| }hur1
Vxfk frpsolfdwlrqv dulvh zkhq wkh Iudph pdwul{ jhqhudwhv 40irupv E�n�zklfk duh
qrw forvhg1 Wkh edvlv Iudph lq wkdw fdvh lv qrw xqltxho| lqwhjudeoh1
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Uhphpehu wkdw wkh h{whulru ghulydwlyh kdv wr eh dssolhg wr surgxfwv ri 40irupv
lq whupv ri d prgl�hg Ohleql} uxoh/ wkdw dowhuqdwhv lq vljq iru hyhu| rwkhu rgg
idfwru1 Iru h{dpsoh/ wkh h{whulru ghulydwlyh ri wkh surgxfw ri wzr 40irupv lv

gE��	�2� ' g��	�2 � ��	g�2= +5149,

H{dpsoh 5181 Frpsxwh wkh h{whulru gl�huhqwldo ri wkh ixqfwlrq �E|d� ' E|��2n
E|2�2 n E|��2 � �=

$ ' g�E|d� ' 2E|�g|� n |2 g|2 n |� g|��

Qrwh wkdw wkh }hur vhw ri wkh ixqfwlrq ghvfulehv d vskhulfdo 50vxuidfh/ dqg wkh fr0
h!flhqwv ri wkh ghgxfhg 40irup ghvfleh wkh qrupdo �hog ruwkrjrqdo wr wkh wdqjhqw
yhfwruv rq wkh vxuidfh1 Gluhfw frpsxwdwlrq ghprqvwudwhv wkdw $ lv forvhg/ dv

g$ ' 2Eg|�	g|� n g|2	 g|2 n g|�	 g|�� ' f=

H{dpsoh 5191 Frpsxwh wkh h{whulru gl�huhqwldo ri ED{g{nD|g|nD}g}�	EE{g{n
E|g| n E}g}�

gED	E� ' gD	E �D	gE ' gEFdpqog|
dpqo� ' gEEFdpqo�	g|

dpqo

Wkh remhfw zklfk lv wkh uhvxow ri wkh h{whulru gl�huhqwldwlrq ri wkh 50irup frq0
vwuxfwhg e| wkh surgxfw lv d 60irup zlwk frpsohwho| dqwlv|pphwulf lqglfhv1 Wkh
prgl�hg Ohleql} uxoh iru surgxfwv lv uhtxluhg wr pdnh wkh wzr zd|v ri frpsxwlqj
wkh uhvxowdqw 60irup frpsdwleoh1

Wkh rshudwlrq ri wkh h{whulru gl�huhqwldo dfwlqj rq dq duelwudu| 40irup lv gh0
�qhg dv

gEDnE|
d� �n� ' igEDnE|

d�j 	�n nDnE|
d�	ig�nj +514:,

' iCDnE|
d�@C|ejg|ej 	 �n nDnE|

d�	ig�nj=

Frqvlghu wkh fdvh zkhuh wkh duelwudu| 40irupv duh nqrzq wr eh olqhduo| uhodwhg wr
wkh gl�huhqwldov e| phdqv ri wkh olqhdu +Iudph, irupxodv/

���n� '
�
I n
d E|�

�
mg|dl =

Wkhq
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gEDnE|
d��n� ' iCEDnI

n
d �@C|

ejg|e 	 g|n

' iC eDd@C|
e � C eDe@C|

djg|e 	 g|n

' eIddeoE|�g|
e 	 g|n> +514;,

zkhuh

eDdE|� ' EDnE|�I
n
d E|�� +514<,

Wklv irupxod iru gE$�� ' gE eDdg|
d� ' eIddeoE|�g|

e 	 g|n ' eIddeoE|�g|
ddeo 'eIdKoE|�g|

dKo lv ydolg rq wkh lqlwldo vwdwh/ ru ydulhw| i|d> g|d�> zkhwkhu wkh Iudph
pdwul{ kdv dq lqyhuvh ru qrw1 Wkh frh!flhqwv ri wkh 50irup fruuhvsrqg wr wkh
dqwlv|pphwulf frpsrqhqwv ri d �fxuo� +zkhq q @ 6,1 Krzhyhu/ wkh h{whulru

gl�huqhqwldo surfhgxuh jhqhudol}hv wr vsdfhv ri kljkhu glphqvlrq1
Iru gl�huhqwldo irupv h{sdqghg lq whupv ri qrq0forvhg edvlv 40irupv/ wkh h{0

whulru gl�huhqwldo kdv wzr whupv1 Wkh �uvw whup lv mxvw wkh h{whulru surgxfw ri
wkh wrwdo gl�huhqwldo ri wkh frh!flhqw ixqfwlrq+v, dqg wkh uhpdlqlqj idfwru ri qrq0
forvhg edvlv irupv/ zkloh wkh vhfrqg whup lv wkh h{whulru surgxfw ri wkh ixqfwlrqv
dqg wkh h{whulru gl�huhqwldov ri wkh qrq0forvhg edvlv irupv1

Wkh rshudwlrq ri wkh h{whulru gl�huhqwldo dfwlqj rq d s0irup iroorzv wkdw vdph
irupxodv/ xvlqj wkh froohfwlyh rughuhg lqgh{/ K=

gEDKE|
d� �K� ' igEDKE|

d�j 	 �K nDKE|
d�	ig�Kj= +5153,

Ohwv h{dplqh pruh fduhixoo| wkh vlwxdwlrq iru wkh h{whulru gl�huhqwldo ri d 40irup
h{sdqghg lq whupv rq qrq0forvhg edvlv 40irupv1 Wkh rxwfrph ri wkh h{whulru
gl�huhqwldo surfhvv lv wr surgxfh d 50irup/ zklfk fdq eh h{sdqghg lq whupv ri
surgxfwv ri 40irupv1 Iru dq| sduwlfxodu edvlv 40irup/ �n/ wkh gl�huhqwldo lv d
50irup/ dqg dv vxfk lw fdq eh h{sdqghg lq whupv ri wkh sdluhg edvlv hohphqwv/
�dpqo1 Wkdw lv

g�n ' \n
dpqoE|

h��dpqo +5154,

' \n
d�2o�

d�2o n ===n\n
d�eo�

d�eo

' \n
d�2o�

�	�2 n ===n\n
d�eo�

�	�e
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Khqfh wkh h{whulru gl�huhqwldo ri d 40irup zkhuh wkh edvlv �n lv qrw lqwhjudeoh lv
jlyhq e| wkh irupxod

gEDn�
n� ' gDn 	 �n nDn\

n
dpqo �

dpqo +5155,

Zkhq wkh edvlv irupv �n duh forvhg lq d gl�huhqwldo vhqvh/ wkhq wkh frh!flhqwv
\n

dpqo ydqlvk1 Krz wklv uhodwhv wr D!qh dqg Wrsrorjlfdo wruvlrq zloo eh glvfxvvhg
ehorz/ dorqj zlwk wkh wrslf ri dqkrorqrplf frruglqdwhv1

Wkh q edvlv 40irupv pxvw eh olqhduo| lqghshqghqw rwkhuzlvh wkh glphqvlrq ri
wkh yhfwru vsdfh \�i�nj lv qrw q= Wkh lpsolhv wkdw wkh h{whulru surgxfw ri wkh q 40
irupv �n duh vxfk wkdw wkh q0irup vr frqvwuxfwhg lv qrw }hur1 Iru edvlv 40irupv �n

frqvwuxfwhg iurp d Iudph pdwul{ dffruglqj wr wkh irupxod
���n� ' �

I n
d E|�

�
mg|dl/

wkh qrq0}hur surshuw| iru wkh q0irog surgxfw lpsolhv wkdw wkh Iudph pdwul{ kdv d
qrq0}hur ghwhuplqdqw1

$q ' ��	�2	===	�q ' _i|dI og|�	g|2====	g|q 9' f= +5156,

Vxfk grpdlqv duh hlwkhu srvlwlyh ru qhjdwlyh dqg duh wkhuhiru vdlg wr eh rulhqwdeoh1
Frpsxwh wkh h{whulru gl�huhqwldo ri wkh 40irup D ' g} n |g{� {g|

gD ' gg} n g|	g{� g{	g| ' f� 2Eg{	g|�

H{dpsoh 51:1 Wkh Judglhqw= Frpsxwh wkh h{whulru gl�huhqwldo ri wkh jhqhudo

30irup �E{> |> }�

g�E{> |> }� ' C�@g{ g{n C�@g| g| n C�@g} g} '

Wkh frh!flhqwv irup wkh judglhqw ri wkh vfdodu ixqfwlrq +6G,

H{dpsoh 51;1 Wkh Fxuo= Frpsxwh wkh h{whulru gl�huhqwldo ri d jhqhudo 40irup

D ' ED{g{nD|g| nD}g}�

gD ' iCD|@C{�CD{@C|jg{	g|niCD}@C|�CD|@C}jg|	g}niCD{@C}�CD}@C{jg}	g{

Wkh frh!flhqwv irup wkh frpsrqhqwv ri wkh �fxuo D� lq 6G1
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H{dpsoh 51<1 Wkh Glyhujhqfh= Frpsxwh wkh h{whulru gl�huhqwldo ri wkh 50

irup

Y ' Xg|	g} � Y g}	g{nZg{	g|

gY ' gX	g|	g} � gY 	g}	g{n gZ	g{	g|

Li V ' dXE{> |> }�> Y E{> |> }�>Z E{> |> }�> wkhq

gY ' CX@C{ g{	g|	g} n CX@C| g|	g|	g} n CX@C} g}	g|	g}

�CY@C{ g{	g}	g{� CY@C| g|	g}	g{� CY@C} g}	g}	g{

nCZ@C{ g{	g{	g| n CZ@C| g|	g{	g| n CZ@C} g}	g{	g|

' CX@C{ g{	g|	g} n f n f

�f� CY@C| g|	g}	g{� f

nf n f n CZ@C} g}	g{	g|

' iCX@C{n CY@C| n CZ@C}jg{	g|	g} ' glyEV�g{	g|	g}

Qrwh wkdw wkhvh dojheudlf lghdv gr qrw ghshqg xsrq wkh h{lvwhqfh ri d qrup
ru d phwulf1

H{dpsoh 51431 Ghulydwlrq ri wkh Pd{zhoo Idudgd| lqgxfwlrq htxdwlrqv

Wkh Pd{zhoo0Idudgd| lqgxfwlrq htxdwlrqv duh d vhw ri sduwldo gl�huhqwldo htxd0
wlrqv wkdw duh orjlfdoo| ghgxfleoh vwduwlqj zlwk wkh rughuhg vhtxhqfh d�> 2> �> eo1
Qh{w dvvxph wkh h{lvwhqfh ri �rughuhg frruglqdwh� ydldeohv jlyhq wkh v|perov
d{> |> }> wo1 Qh{w dvvxph wkh h{lvwhqfh ri dq rughuhg vhw ri ixqfwlrqv ri wkh frrugl0
qdwh yduldeohv/ zlwk v|perov dD{> D|> D}> !o1 Iurp wkhvh ehjlqqlqjv wkh Pd{zhoo
0 Idudgd| htxdwlrqv iroorz dv d frqvhtxhqfh ri wkh H{whulru Fdofxoxv ri Fduwdq1

Frqvwuxfw wkh 40irup iurp wkh rughuhg vhw ri ixqfwlrqv dqg yduldeohv=

D ' D{g{nD|g| nD}g} � !gw= +5157,

Qh{w frqvwuxfw wkh 50irup I ' gD= Wkhq frqvwuxfw wkh 60irup ggD zklfk pxvw
ydqlvk= ggD ' gI , f= Lq 7G wkh 60irup kdv 7 frh!flhqw ixqfwlrqv ri sduwldo
ghulydwlyhv wkdw pxvw ydqlvk1 Wkhvh SGH*v fruuhvsrqg lq irupdw wr wkh 7 Pd{zhoo
0 Idudgd| htxdwlrqv/ zlwk 6G v|perov

fxuo,n C�@Cw ' f gly� ' f> +5158,
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zkhuh wkh v|perov duh gh�qhg lq whupv ri wkh frh!flhqw ixqfwlrqv ri wkh 40irup
+ri srwhqwldov, dv/

, ' �judg!� C�@w � ' fxuo�= +5159,

Qrz wkh fkrlfh ri v|pero ixqfwlrqv dqg frruglqdwh ixqfwlrqv zdv frpsohwho| du0
elwudu|/ exw wkh irupdw ri wkh SGH*v wkdw vdwlvi| ggD ' gI , f duh dozd|v wkh
vdph uhodwlyh wr wkh rughulqj surfhvv1 H{shulphqwdoo|/ wkh orjlfdo htxdwlrqv ri
Pd{zhoo 0 Idudgd| kdyh ehhq h{sorlwhg lq hohfwurpdjqhwlf dssolfdwlrqv1 Krzhyhu/
wkh VDPH irupxodv +gl�huhqw v|perov, duh dssolfdeoh wr k|gurg|qdplfv +dv zhoo
dv rwkhu sk|vlfdo v|vwhpv ri lqwhuhvw,1 Vxusulvlqjo|/ olwwoh kdv ehhq grqh zlwk
wkh lqgxfwlrq htxdwlrqv lq k|gurg|qdplfv1 Wkhvh duh qrw dqdorjlhv1 Wkhvh duh
frqvhtxhqfhv ri wkh orjlf ri wkh H{whulru Fdofxoxv dqg kdyh xqlyhuvdo dssolfdelolw|1

5151 Wkh Lqwhulru Surgxfw

Wkh lqwhulru surgxfw lv dq rshudwlrq rq s irupv wkdw uhtxluhv d gluhfwlrq Yhfwru
�hog/ Y= Wkh lqwhulru surgxfw orzhuv wkh ghjuhh ri d s0irup/ fkdqjlqj d s0irup
lqwr d s04 irup1 Wkh lqwhulru surgxfw ri d Yhfwru gluhfwlrq �hog dqg d }hur irup
+ixqfwlrq, lv gh�qhg wr eh }hur1 Wkh v|pero iru wkh lqwhulru surgxfw khuhlq lv wdnhq
wr eh lEY �= Wkh lqwhulru surgxfw ri d Yhfwru �hog dqg dq h{dfw edvlv hohphqw htxdo
wr wkh gl�huhqwldo ri d frruglqdwh g|d lv qrw }hur/ exw lv gh�qhg wr htxdo wr wkh
dwk frpsrqhqw ri Y= Khqfh wkh ixqgdphqwdo gh�qlwlrqv fdq eh zulwwhq dv

lEY ��E|d� ' f > lEY �g|d ' Y d= +515:,

Lw iroorzv wkdw wkh lqqhu surgxfw zlwk uhvshfw wr wkh yhfwru �hog Y dfwlqj rq d
40irup/ D ' ED{g{nD|g| nD}g}� lv jlyhq e| wkh h{suhvvlrq=

lEY �D ' lEY �ED{g{nD|g| nD}g}� ' ED{Y
{ nD|Y

| nD}Y
}� +515;,

Dq dgglwlrqdo uxoh lv uhtxluhg wr wdnh fduh ri wkh dqwl v|pphwulhv ri gl�huhqwldo
irupv1 Wkdw lv iru wkh surgxfw D	E ri wzr 40irupv/ wkh lqwhulru surgxfw zlwk
uhvshfw wr Y ehfrphv

lEY �iD	Ej ' ElEY �D�	Ej � D	ElEY �E�

dqg

53



lEY �lEY �D ' f +515<,

vlplodu wr wkh prgl�hg Ohleql} uxoh iru wkh h{whulru gl�huhqwldo11 Rwkhu h{suhvvlrqv
fdq eh zrunhg rxw iru kljkhu s0irupv fdq eh zrunhg rxw xvlqj wkhvh uxohv/

lEY �lEY �$s ' f lEY �lEZ �$s 9' lEZ �lEY �$s

H{dpsoh 51441 Frpsxwh wkh lqwhulru surgxfw ri M ' dM{> M|> M}o lq 6G

zlwk wkh 60irup yro hohphqw Y ro ' g{	g|	g}

lEM�Y ro ' M{g|	g} � M|g{	g} n M}g{	g|=

H{dpsoh 51451 Frpsxwh wkh lqwhulru surgxfw ri Y ' dY {> Y |> Y }ozlwk wkh 50

irup lEM�Y ro

lEY �ilEM�Y roj ' lEY �iM{g|	g} � M|g{	g} n M}g{	g|j

' EM|Y } � M}Y |�g{n EM}Y { � M{Y }�g| n EM{Y | � M|Y {�g}=

Qrwh wkdw wkh frqvwuxfwlrq +lq 6G, ri wkh grxeoh lqwhulru surgxfw jhqhudwhv frhi0
�flhqwv htxdo wr wkh furvv surgxfw ri wkh wzr gl�huhqw yhfwru �hogv/ M dqg Y / dqg
wkh grxeoh lqwhulru surgxfw zlwk wkh vdph yhfwru lv }hur1

5161 Wkh Olh Ghulydwlyh

Wkh Olh ghulydwlyh zlwk uhvshfw wr d yhfwru �hog jhqhudwhv d s0irup &s iurp d s0
irup $s 1 Lw lv frqvwuxfwhg iurp wkh udlvlqj rshudwru g dqg wkh orzhulqj rshudwru
lEY �= Wkh jhqhudo irupxod lv

$s , &s G OEY �$
s ' lEY �g$s n gElEY �$s ' &s= +5163,

Pduvghq kdv fdoohg wklv Fduwdq*v Pdjlf irupxod1 Wkh uhdvrq lv wkdw prvw ri wkh
htxdwlrqv ri phfkdqlfv fdq eh sxw lqwr wklv irup ru ghulyhg iurp lwv frqvwuxfwlrq1
Iru h{dpsoh/ wkrvh surfhvvhv Y zklfk duh �Kdplowrqldq� surfhvvhv duh wkrvh Y
vxfk wkdw lEY �g$s lv h{dfw1 Lw lv dovr uhpdundeoh wkdw wklv irupxod lv htxlydohqw
wr wkh �uvw odz ri wkhuprg|qdplfv1 Frqvlghu d 40irup ri Dfwlrq/ D> wkdw suhvhqwv
d sk|vlfdo v|vwhp +wklv zloo eh grqh lq ghwdlo lq odwhu vhfwlrqv,1 Wkhq frqvlghu d
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yhfwru �hog Y wkdw uhsuhvhqwv dq hyroxwlrqdu| surfhvv1 Gh�qh wkh 30irup +vfdodu
ixqfwlrq, ri lqwhuqdo hqhuj| dv X ' lEY �D> wkh 40irup ri Zrun dv Z ' lEY �gD>
dqg wkh rxwsxw 40irup &s dv T= Wkhq Fduwdq*v Pdjlf irupxod ehfrphv

OEY �D ' lEY �gDn gElEY �D ' Z n gX ' T +5164,

zklfk lv wr eh uhfrjql}hg dv wkh �uvw odz ri wkhuprg|qdplfv iru d sk|vlfdo v|vwhp
D xqghujrlqj dq hyroxwlrqdu| surfhvv Y 1 Wklv uhvxow zloo eh h{sorlwhg lq odwhu
vhfwlrqv1

H{dpsoh 51461 Frpsxwh wkh Olh ghulydwlyh zlwk uhvshfw wr Y ' dI> Y> �o dfwlqj
rq wkh 4�irup

D ' sgt �KEs> t> w�gw lq 6 glphqvlrqv1 Wkh edvlv hohphqwv duh dgs> gt> gwo=

OEY �D ' lEY �gDn gElEY �D�

' lEY �igs	gt � gK	gwjn gEsY �K�

' lEY �igs	gt � CK@Cs gs	gw� CK@Ct gt	gwjn gEsY �K�

' Igt � Y gs� I ECK@Cs�gw� Y ECK@Ct�gwn gK n gEsY �K�

' I Egt � CK@Csgw�� Y Egsn CK@Ctgw� n gEsY �

Qrwh wkdw wkh UKV ri wkh htxdwlrq deryh lv d shuihfw gl�huhqwldo iru doo hyroxwlrq0
du| yhfwru �hogv zlwk frpsrqhqwv Y ' dI> Y> �o> li wkh wzr eudfnhw idfwruv ydqlvk1
Wkhuhiru/ yhfwru �hogv wkdw duh jhqhudwhg iurp wkh sduwldo ghulydwlyhv ri KEs> t> w�
dffruglqj wr wkh irupxodv/

Egt � CK@Csgw� , f � Y ' CK@Cs +5165,

Egs� CK@Ctgw� , f � I ' �CK@Cs>

zklfk surgxfh d 40irup ri khdw T zklfk lv forvhg/ gT , f= Vxfk surfhvvhv
+yhfwru �hogv, duh gh�qhg wr eh Kdplowrqldq yhfwru �hogv +surfhvvhv,1 Kdplo0
wrqldq g|qdplfv lv wkh +frqvwudlqhg, grpdlq ri pxfk ri wkhruhwlfdo phfkdqlfv1
Wkh grpdlq lv frqvwudlqhg/ dv wkh 60irup T	gT , f= Vxfk surfhvvhv duh wkhq
dozd|v wkhuprg|qdplfdoo| uhyhuvleoh1 Odwhu rq/ luuhyhuvleoh surfhvvhv iru zklfk
T	gT 9' f zloo eh vwxglhg1

Rqh qrwhv iru Kdplowrqldq surfhvvhv/
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OEY �K ' lEY �gK +5166,

' ICK@Csn Y CK@Ct n CK@Cw

' IY � Y I n CK@Cw

' CK@Cw>

vr wkdw li K lv lqghshqghqw iurp wlph/ wkhq K lv dq hyroxwlrqdu| lqyduldqw1 Lq
phfkdqlfv/ wkh ixqfwlrq K lv w|slfdoo| gh�qhg wr eh htxdo wr eh wkh vxp ri nlqhwlf
dqg srwhqwldo hqhuj|/ K ' s2@2pn *E{�> vr wkdw wlph lqghshqghqw Kdplowrqldq
surfhvvhv �frqvhuyh hqhuj|�1 Hyhq li wkh Kdplowrqldq lv d ixqfwlrq ri wlph/
Kdplowrqldq surfhvvhv duh wkhuprg|qdplfdoo| uhyhuvleoh/ dv T	gT ' f=

5171 Vrph Wrsrorjlfdo Ihdwxuhv

Wkh frqfhswv ri lqwhuvhfwlrqv/ forvxuh/ dqg olplw srlqwv duh ixqgdphqwdo wrsr0
orjlfdo frqfhswv wkdw kdyh d uhodwlrqvklsv wr wkh Fduwdq Fdofxoxv1 Lq fhuwdlq
vlwxdwlrqv wkh h{whulru surgxfw h{klelwv surshuwlhv ri lqwhuvhfwlrq rshudwru/ dqg
wkh h{whulru ghulydwlyh h{klelwv surshuwlhv ri d olplw srlqw rshudwru1 Pruh iru0
pdoo|/ jlyhq d grpdlq zlwk wzr h{dfw 40irupv lq 6G/ wkh h{whulru surgxfw ri wkh
wzr h{dfw 40irupv +li qrw }hur, uhsuhvhqwv wkh srlqwv ri lqwhuvhfwlrq ri wkh wzr
lpsolflw vxuidfhv jhqhudwhg e| wkh wzr ixqfwlrqv zkrvh judglhqw frh!flhqwv pdnh
xs wkh frpsrqhqwv ri wkh wzr h{dfw 40irupv1

H{dpsoh 51471 Wkh h{whulru surgxfw dqg wkh frqfhsw ri lqwhuvhfwlrq1

Frqvlghu wzr 40irupv fuhdwhg e| dsso|lqj wkh h{whulru gl�huhqwldo wr wzr glv0
wlqfw ixqfwlrqv �E{> |> }� dqg �E{> |> }�= Wkh frh!flhqwv ri g� ' judgE�� � gh
irup wkh judglhqw �hog judgE�� zklfk lv shushqglfxodu wr wkh lpsolflw vxuidfh
�E{> |> }� ' f= Vlploduo|/ g� ' judgE�� � gh lpsolhv wkdw wkh judglhqw frh!flhqwv
judgE�� duh shushqglfxodu wr wkh lpsolflw vxuidfh �E{> |> }� ' f= Li wkh wzr lp0
solflw vxuidfhv lqwhuvhfw/ wkhq h{whulru surgxfw ri wkh wzr 40irupv fuhdwh d 50irup/
M ' g�	g�> zklfk lv qrw }hur1 Wkh frpsrqhqwv ri wkh 5 irup/ M> fdq eh lqwhu0
suhwhg dv d frqwudyduldqw yhfwru lq 6G/ zklfk lv wdqjhqw wr wkh srlqwv lq frpprq
+lqwhuvhfwlrqv, wkdw pdnh xs wkh lqwhuvhfwlrq ri wkh wzr vxuidfhv1 Iru q ' � /
wkh qxpehu ri frpsrqhqwv ri d 50irup duh 6/ dqg duh lq djuhhphqw zlwk wkh 6G
furvv0surgxfw irupxodv ri Jleev1

56



H{dpsoh 51481 Wkh h{whulru ghulydwlyh lv d olplw srlqw jhqhudwru1

Iurp dqrwkhu srlqw ri ylhz/ lw lv srvvleoh wr ghgxfh d wrsrorjlfdo vwuxfwxuh
iurp d jlyhq 40irup D rq wkh grpdlq1 Wkh lw lv srvvleoh wr vkrz wkdw wkh
h{whulru ghulydwlyh/ uhodwlyh wr wklv Fduwdq wrsrorj|/ dfwv dv d jhqhudwru ri wkh olplw
srlqwv ri wkh jlyhq wrsrorj|1 Wklv lv jlyhq ixuwkhu fuhghqfh iurp wkh sk|vlfdo
lghd wkdw wkh glyhujhqfh +dq dssolfdwlrq ri wkh h{whulru ghulydwlyh, ri wkh # �hog
lq hohfwurpdjqhwlvp kdv �qlwh ydoxhv wkdw whuplqdwh rq fkdujhv1 Wkdw lv/ wkh
Idudgd| olqhv ri # frph iurp olplw srlqwv ri srvwlyh fkdujh dqg zlqg xs rq olplw
srlqwv ri qhjdwlyh fkdujh1 Krzhyhu/ wkh frqfhsw wkdw wkh h{whulru gl�huhqwldo g
lv d olplw srlqw rshudwru lv pruh irupdo/ dqg kdv d edvlv lq Nxudwrzvnl*v forvxuh
rshudwru1

H{dpsoh 51491 Wkh Olh ghulydwlyh fdq eh xvhg wr vhohfw wrsrorjlfdo lqyduldqwv ri

d surfhvv1

Wkh Olh ghulydwlyh zlwk uhvshfw wr d yhfwru �hog Y pd| eh frqvwuxhg dv d
frqyhfwlyh sursdjdwru ghvfulelqj wkh  rz ri wkh srlqwv ri d s0irup grzq wkh  rz
olqhv jhqhudwhg e| Y1 Li wkh s0irup lv lqwhjudwhg ryhu d grpdlq ri vxfk  rzlqj
srlqwv/ wkhq lw lv srvvleoh wr dvn li wkh lqwhjudo lv dq lqyduldqw ri wkh  rz1 Pruhryhu
lw lv srvvleoh wr dvn li wkh  rzlqj srlqwv duh glvwruwhg dqg ghiruphg/ grhv wkh
lqwhjudo ryhu wkh ghiruphg srlqwv htxdo wkh lqwhjudo ryhu wkh xqghiruphg srlqwv1
Li lv wuxh wkdw wkh ydoxh ri wkh lqwhjudo lv xqfkdqjhg e| frqwlqxrxv ghirupdwlrq/
wkhq wkh lqwhjudo pxvw uhsuhvhqw d wrsrorjlfdo surshuw|1

Wr ghirup wkh  rzlqj srlqwv lv hdv| hqrxjk> mxvw pxowlso| wkh ruljlqdo yhfwru
�hog Y e| d ixqfwlrq ri +vd|, �E{> |> }> w�1 Wkh ixqfwlrq � grhv qrw fkdqjh wkh  rz
olqhv jhqhudwhg e| Y> exw lw grhv ghirup wkh srlqwv wkdw pdnh xs wkh  rzolqhv e|
vwuhwfklqj ru frpsuhvvlrq dorqj wkh  rz olqhv1 Wkhq Y , �Y dqg OEY � , OE�Y �>
dqg wkh Olh ghulydwlyh ehfrphv d ghirupdwlrq rshudwru1 Li lw fdq eh vkrzq wkdw
li

OE�Y �

L
D '

L
lE�Y �gDn

L
gElE�Y �D� ' f +5167,

iru dq| ixqfwlrq � wkhq wkh forvhg lqwhjudo
K
D lv d ghirupdwlrq lqyduldqw ri wkh

surfhvv1 Qrwh wkdw wkh vhfrqg lqwhjudo dozd|v ydqlvkhv/
K
gElE�Y �D� ' f> dv

wkh lqwhjudqg lv dq h{dfw shuihfw gl�huhqwldo1 Iru wkh �uvw lqwhjudo wr ydqlvk iru
duelwudu| ghirupdwlrq sdudphwhu/ �/ wkh lqwhjudqg pxvw eh }hur1 Wklv ohdgv wr
wkh frqfoxvlrq wkdw
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li lE�Y �gD ' �lEY �gD ' f dq| �> +5168,

wkhq

L
D ' ghirupdwlrq lqyduldqw

Khqfh li wkh Zrun 40irup lv }hur/Z ' lEY �gD , f wkhq wkh forvhg lqwhjudo ri wkh
Dfwlrq

K
D lv d wrsrorjlfdo surshuw| +ri wkdw surfhvv,1 Fduwdq kdv vkrzq wkdw

d qhfhvvdu| dqg vx!flhqw frqglwlrq iru d surfhvv wr eh d Kdplowrqldq surfhvv/
lv wkdw wkh forvhg lqwhjudo ri wkh Dfwlrq vkrxog eh d wrsrorjlfdo lqyduldqw ri wkh
surfhvv1

H{dpsoh 514:1 Wkh �uvw odz ri wkhuprg|qdplfv lv d wrsrorjlfdo vwdwhphqw ri

Frkrprorj|1

D qrq0h{dfw s irup T lv gh�qhg wr eh Frkrprorjrxv wr dqrwkhu qrq0h{dfw

s0irup/ Z/ li wkh gl�huhqfh ehwzhhq wkh wzr s0irupv lv h{dfw1 Wklv phdqv wkdw
wkh lqwhjudov ri wkh wzr gl�huhqw s0irupv ryhu dq| forvhg lqwhjudwlrq sdwk +f|foh
ru erxqgdu|, duh wkh vdph1 Iru qrq0h{dfw 40irupv ri Khdw/ T/ dqg Zrun/ Z/ wkh
frkrorjlfdo vwdwhphqw lv wkh Iluvw Odz=

T�Z ' gX=

Lw zdv qrwhg deryh wkdw wkh Olh ghulydwlyh zlwk uhvshfw wr d yhfwru �hog +surfhvv,
dfwlqj rq d sk|vlfdo v|vwhp ghvfulehg e| d 40irup ri Dfwlrq/ lv hvvhqwldoo| d
Frkrprorjlfdo vwdwhphqw ri wkh �uvw odz1 Wkh Olh ghulydwlyh lv d Frkrprorjlfdo
jhqhudwru1

H{dpsoh 514;1 Wkhuprg|qdplf Lvrodwlrq dqg Iurehqlxv lqwhjudelolw|1

Lq wkhuprg|qdplfv/ lw lv uhfrjql}hg wkdw wkhuh duh lvrodwhg/ forvhg/ dqg rshq
v|vwhpv1 Wkhvh zrugv duh dovr xvhg wr ghvfuleh wrsrorjlfdo surshuwlhv1 D vhw lv
wrsrorjlfdoo| lvrodwhg li lw kdv qr lqwhuvhfwlrq zlwk lwv olplw srlqwv1 Wklv uhvxow
wudqvodwhv wr D	gD ' f iru d jlyhq 40irup dqg lwv lqgxfhg Fduwdq wrsrorj|1
Wkh frqvwudlqw ri lvrodwlrq lv dovr htxlydohqw wr wkh Iurehqlxv lghd ri xqltxh
lqwhjudelolw|1 Wkdw lv zkhq D	gD ' f> wkhuh h{lvwv d xqltxh ixqfwlrq zkrvh
judglhqw +ru vxuidfh qrupdo, lv sursruwlrqdo wr wkh jlyhq frh!flhqwv ri wkh jlyhq 40
irup1 Fdudwkhrgru|*v vwdwhphqwv derxw lqdffhvvleoh vwdwhv lv d vwdwhphqw uhodwhg
wr wkh frqfhsw ri lvrodwlrq dqg frqqhfwlylw| wr dq htxloleulxp v|vwhp1 Zkhq
D	gD ' f +qr pdwwhu zkdw wkh glphqvlrq ri wkh frruglqdwh vsdfh kdsshqv wr
eh, wkhuh h{lvwv d wudqvirupdwlrq wr d grpdlq ri wzr lqghshqghqw ixqfwlrqv wkdw
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zloo ghvfuleh wkh surshuwlhv ri wkh 40irup1 Wkdw lv/ wkh 40irup fdq eh zulwwhq dv
!g"> dqg lwv frh!flhqw ixqfwlrqv duh sursruwlrqdo wr d judglhqw/ g"= Wkh sureohp
ehfrphv hvvhqwldoo| d wzr glphqvlrqdo sureohp1

Wkh surshuw| ri lvrodwlrq lv d wrsrorjlfdo surshuw|/ khqfh li d surfhvv fdxvhv
D	gD 9' f wr fkdqjh wr D	gD ' f> ru iurp d vwdwh zkhuh D	gD ' f wr d vwdwh
zkhuh D	gD 9' f/ d wrsrorjlfdo fkdqjh kdv wdnh sodfh1 Lq k|gurg|qdplfv/ doo
vwuhdpolqh  rzv vdwlvi| D	gD ' f= Khqfh wxuexohqw  rzv pxvw lqyroyh grpdlqv
zkhuh D	gD 9' f= Wkh wudqvlwlrq wr +iurp, wxuexohqfh iurp +wr, d vwdwh ri qrq0
wxuexohqfh pxvw lqyroyh wrsrorjlfdo fkdqjh1

Lw vkrxog eh phqwlrqhg wkdw zlwk uhvshfw wr gl�hrprusklf wudqvirupdwlrqv/ ru
pruh vlpso| wkrvh wudqvirupdwlrqv wkdw suhvhuyh sxuh jhrphwulfdo surshuwlhv/ wkh
gl�huhqfhv ehwzhhq frqwudyduldqw dqg fryduldqw frqfhswv fdqqrw eh glvwlqjxlvkhg1
Exw zlwk uhvshfw wr dq djlqj surfhvv lqyroylqj wrsrorjlfdo fkdqjh/ wkh ehkdylru
ri wkh wzr frqfhswv lv revhuydeo| gl�huhqw1

525;25335 Lvrodwhg = K ' D	gD ' f
Forvhg = gK ' f> exw K 9' f=
Rshq = gK 9' f
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