[ > restart: with (linalg):
Warni ng, new definition for
L Warni ng, new definition for

the Cartan matrix, the Shape Matrix,

[
[ > with(difforms):
> with(liesymm): setup(u,v):

> XX:=u;YY:=v;

> 77-:=g(u,Vv);rho:=scale(u,v);

L and v.
L
[ > rho:=1;
>
[ The position vector in R3

T > RR:=[XX,YY,ZZ]:

> Yu:=diff(RR,u);

> Yv:=diff(RR,V);

> NNU:=crossprod(Yu,Yv);

NNU :=

> rho:=innerprod(NNU,NNU)™N(1/2);

[ > #rho:=1;
>

norm
trace

[ A MAPLE PROGRAM to construct the Repere Mobile, or moving Frame Matrix,

Scale the adjoint normal field here by rho

| the Mean Curvature, and Gauss Curvature for a parametric 2-surface in R3

Warni ng, new definition for ~&\°
Warni ng, new definition for close
Warni ng, new definition for d

Warni ng, new definition for m xpar
Warni ng, new definition for wdegree

[ The Position Vector in R3 parametrized with (u,v). The example is for a Monge Surface z=g(u,v)

XX:=u
YY =v

ZZ :=g(u, V)
r :=scale(u, v)

Now you can specify formats for g(u,v); scale(u,v) and evaluate specific examples. You could also plot
the surfaces. For example just uncheck the line below, or change XX and YY to be specific functions of u

RR:=[u,v, g(u, V)]

Y -—8101 E
u.—e, ,ﬂug(u,v)u

Y '-8011 E
v.—e, ,ﬂvg(u,v)u

o6& o
- ﬂug(u'v)a-g‘ﬂvg(u'v)alﬁ

(DT

= B
I r .-M%ﬂu g(u,v)a +

el

Ev

g+1
g(U'V)E’

( This vector (surface normal) NNU can be computed from the Adjoint Matrix operation on the two
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L tangent vectors Yu and Yv. The basis frame utilizes this surface normal with arbitrary scaling
> NN:=([factor (NNU[1]) ,factor(NNU[2]) ,simplify(factor(NNU[3]))D):
e & 0 &f 0 u
L NN '_g-g‘ﬂu g(u,v)B-gﬂVg(u,v)Blﬁ
[ > FF:=array([[Yu[1],YV[1].,NN[1]1/rho],[Yu[2],YVv[2] ,NN[2]/rho], [Yu[3],YV[3],NN[3]1/rh
ol 1):

e 1 u

g 7y 9 Y) ;

e 1 O - L

: o 5o §

e — = — = U

g /\/ ﬂug(ulv)b+gﬂvg(ulv)b+lt

g 1g(u,v) E
FF:=§ 0 1 fiv y
e ~ » U

g I

g M ﬂu g(u'v)5+gﬂv Q(U-V)*Q +1E

gq q 1 U

gl M U
gmg(u'\/) ﬂvg(u’V) v@ 92+ae‘ﬂ_ 92+1 E

L e g‘ﬂu g(”'V)B g‘ﬂv g(”'V)B [y

[ The Repere Mobile or FRAME MATRIX, FF. note that the frame matrix is not orthonormal.!!
[ > detFF:=simplify((det(FF)));

el - N
I detFF '_vg‘ﬂu g(u,v)fg +g‘ﬂv g(u,v)fg +1

[ For the Monge casel the deteminant is non-zero globally, hence an inverse always exists.
[ > FFINVD:=evalm(FF™(-1));

g &l ¢ el o 6 1 0
e — T cll 225 o 1 u
g 1793 B CO0) ot COR0F et CRO
g %1 ] %1 R
PR T BV ST~ WU SO BN
FFINVD :=§ &fv o(u, V) Z€q 9(UVIZ qu V3 g 3 V)t
g %1 %1 TR
g U
: g S0) L gw,v) i
g ﬂug—’ ﬂvg ' 1
© V%6l V%1 Jor B

& ¢ el &
%1 := gﬁg(u,v)fa +gﬁg(u,v)fa +1

[ The 1-form components of the differential position vector with respect to the Basis Frame, F.
[ > dR:=innerprod(FFINVD, [d(XX),d(YY),d(ZD1);

é
e
Exe =l & e Oeef o) 2l Oeef o)
= & — - 6— e + — 6 +
dR-—ggd(u)+0|(U)g.ﬂvg(U-V)Fa gﬂvg(U-V)bgﬂug(U-V)bd(V)+gﬂu9(U-V)bgﬂuQ(U-V)bd(u)
e

o0l B oS B g E 1 B e 02
" 9V Gy 9‘”’“’5"‘“’5/ ey V)5 o O VIG TIG BRgy A5G, A VG

- d(v) o, V)% - d(v)- gﬁg(u.v)gg@g(u.v)gd(u)- g@g(u.v)gg@g(u.v)gd(v)g/ g
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il ¢, & £, .8
qu 95 gy A5 TG
sl al &

0 sl 0 0 0 u
gﬁ g(u, v)Zd(u) + gﬁ g(u, v)Zd(v) - EQ(U. v)Za(u) - ﬁg(u, v)Zd(v) 4

eefl ¢ o o]
Mgﬁg(uw)g tE o VIE L

[ > sigmal:=(wcollect(drR[1]));

ot o ) e

NI RN - PN ..
gl + g.ﬂv g(u, V)B + g.ﬂu g(u, V)Bg‘ﬂu g(u, V)fa_fad(”)
sl:= - [ 3
Eoy I VZ +Eo(U V) +1
&

8 o0 028 o0 2 B o 028 g2
1 TR TR 18 TR TR e

@ G 7
I gﬂug(U-V)B+gﬂvg(U-V)B+l
[ > sigma2:=wcollect(dr[2]);

ggﬁg(u.v)gg@g(u.v)g- g@g(u.v)gg@g(u.v)g%d(u)

S2:
=IO
gﬂug(u,v)5+gﬂvg(u,v)5+l

3l

g ﬁg(u,v)g- 1- gﬁg(u,v)ggﬁg(wv)%d(w

A ¢ A
gﬂug(u,v)5+gﬂvg(u,v)5+l

11

Note that sigmal is du and sigmaz2 is dv for a parametric Monge surfaces!!
> omega:=(wcollect(dR[3]));

B o3 EoawnZaw  Bawnd £ oy

W= - ]
el il & - — 5
Mgﬁg(u,v)g +E o v)E+l vgﬁg(u,v)g + o 00V 1

Note that this term vanishes for a parametric Monge surface, hence parametric Monge surfaces exhibit

. no TORSIONI!! of the Affine type ( that is there is no translational shear defects!)

[ >

[ >

[ Compute the Cartan Matrix of connection forms from C=[F(inverse)] times d[F]

( > dFF-=array([[d(FF[1,1]),d(FF[1,2]),d(FF[1,3] 1, [d(FF[2,1]),d(FF[2,2]),d(FF[2,3])

1. [d(FF[3,11),d(FF[3,2]),d(FF[3,3D1D:
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8 il bd %4 d ll:
o +
g %Q(U-V)b (u) (v) - 5 U
e, 0, - -6 9g(u,v)T%3 U
& \ %62 Tu g L
dFF S %4 d ol bd t
= + o
g) . (u) gﬁg(U-V)b (v) - ( )OW,E
, , - 6 g(u,v)=%
& A %2 E g ¥
ol N
muv)dw)+%Amv)%Adw)+g—gulw mv)%3E
2
051 ‘=
%01 : 'ﬂv'ﬂug(u'v)
B3l g e g
0, = = — =
%2 : gﬂug(u,v)b+gﬂvg(u,v).ﬂ+1
& o 0 & 0 0
— x o — T0p1 T
1 Zgﬂug(u.V)bgﬂ—Lﬁg(u.V);Z ﬂvg(u.V).g/ol_gd(u)
%3:_'5 00%'2
& a2 k=Sl o 00
0 = I
1 Zgﬂug(u v) /ol+2 ﬂvg(u,v)bgﬂ—vzg(u,v)md(v)
2 %23/2
2
%4 =
oI g(u, v)
[ > cartan:=evalm(FFINVD&*dFF) ;
cartan :=
€y el k=Sl Foe %2 & 0
& 1+ T xh- - & 9g(u,v)=%6=
ggﬂu a(u, v) %2 Py - g(u, v) %4 g g.ﬂv g(u, V)Mg s U g(u V)g 6=
g %3 ' %3 ' %3
k=Sl Ol 0e %4 & 0 0 & o u
— b— G- - =006 —— T u
g 90 VZE o(uv) (U VIZHES & olu, v) %6
- + J
%3 %3 H
€t o & il o %2 2f 6 0
g T —g(u, v)T%6=
g v g(u,v).ﬂ%Z gﬂv a(u, v) %4 g g(u, V)Mg.”u g(u, V)@g o g(u V)g s
e %3 ' %3 ' %3
oz ¢ O %4 & 0 &
—g(u,v)E +1=6&- - u,v W6_ 2 U
) g.ﬂu g(u, v) % gg o3 .ﬂvg( ) 0 @+gﬂ"g(u v) /o6u
%3 %3 H
g
E %2 %4
N " %3
aEH oae %2 o %4 eéﬂ
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[

[l

2

v qu

%1 := o(u, v)
T 0
%2 = gwg(u, v)gd(u) +9%1d(v)
sl ¢ el g
%3 := g‘ﬂu o(u, v)B + g‘ﬂv o(u, v)B +1

%4'=%1d(u)+€aelﬂz (u V)Qd(v)
' g 9015

2

%5 := ‘ﬂvﬂ‘ﬂ o(u, v)
& o]
1% g—g(u v) +2 ﬂvg(u v) %5 d(u)
%6 :=- —
2 %33/2
& 0 =Sl eI 00
— 9 — = I
1 2gﬂug(u,v).ﬂ/05+2 ﬂvg(u,v)bgﬂ*\/zg(u,v)md(v)
%33/2

The interior connection coefficients (can be Christoffel symbols on the parameter space
> Gammall:=(wcollect(cartan[1,1]));

& o’ 0 & &
By Sz o v zaw) g—g(u v %

('52+§e‘ﬂ

3l ¢ el 2 &
gﬁg(u,v)g+gﬁg(u,v)g+1 gﬂ g(u, v) (U'V)E+1

> Gammal2:=(wcollect(cartan[1,2]));
o 1 0. & oz 94
g‘ﬂu o, @gﬁg(u'v)é (u) g‘ﬂu g(u'v)ragﬂvzg(u'v)a )

g ¢ e ¢, &l &
g‘ﬂ o ) g‘ﬂ A AR TS A T A
> Gamma21::(wcolIect(cartan[z 11D);

NN S BT L SN
i gﬂvg(u-v)agﬂ_“g(u-v)ad(u) +gﬂvg(U.V)5mg(U-V)5d(V)

o il ¢ 2l o el &
g‘ﬂu o(u V)B * g‘ﬂv o(u V)B *l g‘ﬂu o(u. V)B * g‘ﬂv o(u. V)B *l
> Gamma22:=(wcollect(cartan[2,2]));

§ el o )
g.ﬂ a(u, JZ%e%g(u.v)%d(u) gﬁg(u.v)%gﬂ—vzg(u.v)gd(v)

& 8e‘ﬂ ¢ g
g.ﬂ 9(u, )‘ g.ﬂ g(u,v)Z +1 gﬁg(u-v)g*‘gﬁg(u-v)g*‘l

The second fundamental form or shape matrix comes from the third row of the Cartan matrix

> hl:=wcollect(cartan[3,1]);

& 'Qd & P Qd
gﬂ_uzg(U-V)B (u) ) gmg(u,v)B (v)

hl:=
o] il ¢ call o ol &
Vﬂug(u'v)5+gﬂvg(u'v)5+l Vﬂug(U-V)B*‘gﬂvg(U-V)B"'l
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[ > gammal:=wcollect(cartan[1,3]);

® T T ) 0
— — =0 T
ae1+ae‘ﬂ_ 929§ .ﬂuzg(U'V) +1 o g(u,v) /045
‘ﬂvg(u'v)aa A %3 2 9%3%/2 o
g=g %3
e 1 o} 0
) ) ! g(u, v) il - o(u, V) ‘V T z
el Oz o¢ fvu L1 e -l on
— v)T6—g(u, v)=g- = I el Qopa =
‘ﬂvg( )gg‘ﬂug( )ﬂ M 2 %32 = ﬂug(u,v) /04i
- = I +
%3 2 %35/2 g (U)
e T 2l 0
0 -
el ggé ﬂvﬂug(”'v)+1 g A 0g /"2;
v g(u'V)EE ! A %3 2 963%'2 p
%3
& T & o} 0
— L =0 T
@ oa o% TR (YRl T S 6 I
. bl T = i il T4+
ﬂvg(u'v)bgﬂug(u’v)b M > %32 I ﬂug(u,v)f;/c)Zi
- +d(v)
%3 2 %35/2 g
2
0] =
%01 : 'ﬂv'ﬂug(u'v)

2l 0 il ESl 0
%2:=2 Eﬁ g(u, v)g%l +2 Eﬁ g(u, V)E% g(u,v)x

%3:=§Ilug(u,v)i +?Iﬂ—g(u,v)i +1

5
%4:=2§1ug(u g—g(u v) +2 ﬂvg(u v) %1

> h2::(wcollect(cartan[3 2])),

2

%
v 70 90 V) Zd(V)

&’ 0
g—z g(u, v)=d(v)
v ]

\/g'ﬂug(u )—+g.ﬂ (UV) +1 Ma%

[ > gamma2:=(wcollect(cartan[2,3]));

2

1
- 29wV

Sl 0
— =0
g‘ﬂu o(u. V)QM

o é 1
‘ﬂvg(u'v)ag‘ﬂug(u'v)a- M 2

%33/2

s o]
g(u, V)B +gﬂv g(u, V)B +1

Q-H-l- O

%3

8

&

RN R N R N ™

=
<

%4
o0
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e TP o)
é f g(u, v) aelg(u,v)_O/oz:
k=Sl 0zl 0 fviu +1 fu I
‘ﬂvg(u )Qgﬂug( M 2 0/33/2 5
%3
2 O 5
Lo B guniue? :
mﬂ_ (U V)— +1 ﬂV +} ﬂv : m . :
g'ﬂug - a2 %6372 o g‘ﬂv g(u, v)g/ozi
+ - = Zd(v)
93 2 %35/2 P
2
041 "=
%1 'ﬂv'ﬂug(u'v)

& 0 &1 oeeT’ 0
%2 :=26— 19 — I x
%2 : Zg‘ﬂug(u,v)b/ol+2%”\/g(u,v).ﬂg—‘ﬂvzg(u,v)_g
Sl ¢ [of
%3 =p— = — =
%03 : gﬂug(u,v)b+gﬂvg(u,v)b+1

2l ESl 6 & 0
0 = — = X — =0
I %04 : zg'ﬂu g(u,v)bgﬂ*uzg(u,v)_ﬂ+2gﬂvg(u,v)b/ol

[ The abnormality for the parametric surface will show up as a non-zero entry in the [3,3] slot of the
Cartan Matrix. Always an exact differental for parametric and Monge surfaces. Therefore implicit

| Monge surfaces will admit disclination defects (Torsion of the second kind due to rotations)

[ > Omega:=(wcollect(factor(simpform(cartan[3,3]))));

2

el ozt 0 el oz 1 0 el oee 1 9
W:= gg.ﬂ g(u.v)agﬂ zg(u.v)f g.ﬂ g(u.v)vgﬁg(u.v)#gﬂ g(u.v)vgﬁg(u.v)—
g.ﬂug( lgg—g( v)::d(u)/gg.ﬂ a(u, )—+g.ﬂ a(u, v)—+1 +gg.ﬂ a(u, lggaa—tg(u,v)g

oae T 0 oae T d /
+g.ﬂ a(u, g.ﬂv.ﬂ ) g.ﬂ a(u, g.ﬂv.ﬂ a(u, )5 g.ﬂv a(u, g zg( (v) g

gﬁ a(u, V)g + ga a(u, V)g + 1;

[ Omega vanishes for a given normalization.

> wcollect(factor(simpform(d(Omega))));

((d(u))&"(d(v)))a%/oZ%S —g(u v)g- %2 %5 €6—g(u v)g+%2%5- %4 %1 - g(u v).i(52
§702 %5 &g O(U V) Eqy 9 VE Equ I V)G
Sl & B3l 53 3l o & 0
0, 0, — = 0, 0, — = 0 0, - 0 0, — =0, — =0
+ %4 %1 g‘ﬂv o(u, v).Q + %4 /Ol+g‘ﬂu o(u, v).ﬂ %06 %05 - %6 /05+2g‘ﬂu o(u, v).g/o6 g‘ﬂv o(u, v).g/03

el & el & 3l &
— T 04493 - 064 943 - 046 0 — = - 0540 — T
+g‘ﬂv o(u, v).g 004 %3 - %4 %3 - %6 %5 g‘ﬂv o(u, v).Q 004 %3 g‘ﬂu o(u, v).g

sl o, . &l 0,.90 aeel ¢ e g ¢
- — =0 — 01 = — = — = =
zg‘ﬂv g(u,v).g/OZg‘”u g(u,v).ﬂ/ol.g/ gg‘ﬂu g(u,v)_ﬂ+gﬂv g(u,v)_ﬂ+1.g

2

1
%1 :=ﬂ—uzg(u,v)
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2

1
%2 :=—9g(u,vVv
0 ﬂg( )

2

1
%3:=—9(u, Vv
0 ﬂg( )
2

v qu
2

%4 := o(u, v)

0, =
05 : T o(u, v)

2

1
%6 :=——9g(u, v
0 ﬂg( )

& o} Sl &
- b =0, 0 — =
g‘ﬂv o(u, V)Q/OA' %63 g‘ﬂu o(u, v).g

8

=+

DD

‘ﬂug
22l

- %Zgg(u, v)g%l - ?ﬂ— o(u, v)

o) o ¢ o o) =Sl ooef 0 & 3
=042 0, — = 0 — =04 - b— G— ) — =
(u, v)b/oz /o3+gﬂv g(u, V).ﬂ /02 g'ﬂu o(u, V)b/04 g'ﬂu o(u, v).gg‘”uz o(u, V)b/()l g‘ﬂv g(u, v)=

ESl 0 =2l g 1 Oz 0 il 0
- = T0pl- B— T — Te— =0 0512 6— =
g'ﬂu g(u, v).@% g(u, V)b/()l g‘ﬂv g(u, V).ﬂ g‘ﬂvz o(u, V)zg‘ﬂu o(u, V)b/O1+ %01 g‘ﬂv g(u, v)3

> FROBOMEGA:=simpform(Omega&”™d(Omega)) ;

FROBOMEGA :=0

[ The coefficients of the shape matrix determined from the Cartan matrix.
[ > factor(simpform(Omega&”™gammal));

e g ¢ e el & & Ol
- ((d(u)) & (d(v))) g gﬁ 9(u, v)g %2 gﬁ 9(u, V)%%lﬂ‘gﬁ 9(u, v)g gﬂ_uzg(U, V)Eéﬁ 9(u, V)%%Af

eefl ¢ ol 0 el 0 il ¢
+g‘ﬂu g(u,v)B %1 g‘ﬂv g(u,v)5+ g‘ﬂu g(u,v)5%2%3gﬂv g(u,v)B

2

2

a
2

) s ) .
2%4 %3+§ﬂ— o(u. V)% aelzg(u. V)§%3+%12§e%g(u, vz

o
@%Q( g g(u V)3 2063 g— a(u, v): %4 %3 - %23— o(u, V)E 9612 /

/12

aael be — 92 be
Equ 9 V’a *%w o(u g +12

2

v qu
2

%1 := o(u, v)

0, =
%2 : w1 o(u, v)

2

1
W3'-— u, v
03= 0 g(u, v)

2

1
% :=ﬂ—vzg(u,v)

> simpl ify(Omega&’\gammal)'

((d(U))&"(d(V)))g g.ﬂ 9(u, V)= %2

] Eﬁ o(u, v)g%4 %3 gﬁ o(u, V)E +§1

&N

0 =l & e Ol 0
=0 — = Th— =0
Py qy 9L V)Z%LF g.ﬂu o(u V)% gﬂ—uzg(u. v)bg.ﬂv g(u, v) =904

[of 2l 0 o 0 2l [of
T 0%126— I+p— T2 %3 6— T
o g(u,v).g %1 g‘ﬂv g(u,v).ﬂ+ g‘ﬂu g(u,v).ﬂ/oZ /o3gﬂv g(u,v).g
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0 0, — 0, =0, . — —C—— Y S, -
+g ug(u v) /02 /o3+g o(u, v)— %02 ug(u,v)—. 04 g ug(u,v)—.g uzg(u.V)—. /olg Vg(U,V)—.

o o) & =P O el o) , & 0
- x T05]1 - B— = G— Tp— x0 0, — I
g'ﬂu o(u, v).gg—‘”uz o(u, V)b/()l g‘ﬂv o(u, V).ﬂ g'ﬂvz o(u, V)zg‘ﬂu o(u, V)b/O1+ %1 g'ﬂv o(u, v)3

a
2

) ) p ) s
- %Z?T—g(u,v)g%l- gﬂ—g(u,v)gWM%3+§g(u,v)i ;ng(u,v)g%3+%12§%g(u,v)ig

+ o(u, baeﬂz o(u, v) %3 —o(u, v)— %4 %3 - %2 &_—g(u, v)93%1

g‘ﬂ g z g g o
azel ¢ el 9‘2 g
Equ 9V V)B +g‘ﬂv o VZ* 15

2

v Tu
2

%1 := o(u, v)

%2 := o(u, v)

v qu

2

1
W3'-— u, v
03= 00 g(u, v)

2

1
%4'-— u, v
W g(u, v)

The components of the disclination 2-form are given above. Note that they are proportional to the Square
Root of the Gauss Curvature (for scaling = 1) and form the "Stream" vector relative to the gradient of the
| Monge function g -- a symplectic rotation

[ > shapell:=-factor(gammal&™d(v)/d(u)&"™d(v));

& ozl oz 1° 0 e eet” Ozl ¢
g.ﬂv a(u, V)Bg‘ﬂu a(u, V)B P a(u, V)B Py —g(u, v) g.ﬂ > 9(u, )Bg‘ﬂv g(u,v)=
shapell := - el & &2

gg o(u, v) + og(u,v)T +1=
flu v g 0
> shape12::—factor(gammal&Ad(u)/d(v)&Ad(u)),

& T 0 &

N DN - PN - | 9= e
g.ﬂvg(u.v)ag.ﬂu g(u.v)vg—zg(u.v)v- P g(u, v)=- mg(u.v)agﬂvg(u.v)—

12

shapel? :=- 3
ggﬂu o, 1)3 +gﬂ o(u, v)-+1-
> shape2l:=-factor(gamma2&™d(v)/d(u)&™d(v));

2 - .. . v a2 6 =

1 o 92 el Oeefl Fal T T 9
oy S VIR o) - B g(u.v)vg.ﬂ g(u.V)vg.ﬂ 20 V) ZH g o(u v)S

.3/ 2

3
ggﬂ o(u. v gﬂ o(u,v)Z + 1%
> shape22::—factor(gammaZ&Ad(u)/d(v)&Ad(u)),

& nFE S E 0,28
gﬂug(u.v)agﬁg(u.v)v- g.ﬂ g(u.v)ag.ﬂug(u gmg( )5+gﬂ—vzg(u.v)5

gg g(u, )—+g g(u, V)92+193
Tu v

shape2?l :=

shape22 :=

>
[ > SHAPE:=array([[shapell,shapel?], [shape2l,shape22]]):
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[ > HH:=simplify(trace(SHAPE)/2):

[ > print(CMean Curvature is ~,HH);
lee o) dee
Mean Curvature is , = g 2 ?Iﬂ— o(u, v)igﬂlu o(u, V);g o 10

g—g(u v) g.ﬂ a(u, ) +g.ﬂ a(u,

02 3/2
gg'ﬂu g(u, )— +g.ﬂ g(u, V)— +1-
[ > KK: S|mpI|fy(det(SHAPE))-

[ > print(CGauss Curvature is ‘,KK);

‘ﬂv ‘ﬂu

;
T+
o(u, )%

2

Sl o]
—o(u,v)x
u @

& e’ 6 & 00
gﬂ_\/zg(u'v)?@*’gﬁg(u'v)'@_’@/

)‘ g—g(u v) g—g(u v)—

Gauss Curvature is ,

>

(]

The induce metric appears below
> GUN::innerprod(transpose(FF),FF);
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[ > a:=1;b:=1;
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[ You could plot the surface here if you wanted too.

> plot3d(RR(u,V) ,u=-1*Pi._1*Pi,v=-1*Pi.
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Note that the scaling of the normal or adjoint vector is a common factor of the formulas for the mean
curvature and the Gauss curvature. Note the appearance of the Hessian of the Monge function.
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