
WRSRORJ\ DQG WRSRORJLFDO

HYROXWLRQ RI FODVVLFDO

HOHFWURPDJQHWLF ILHOGV DQG

FXUUHQWV1

U1 P1 Nlhkq

Hphulwxv/ Sk|vlfv Ghsw1/ Xqly1 Krxvwrq
kwws=22zzz1fduwdq1sdlu1frp

�uvw gudiw 392342<4/ Xsgdwhg 3924<25336

Devwudfw

Wkh wkhru| ri fodvvlfdo hohfwurpdjqhwlvp fdq eh sxw lqwr fruuhvsrqghqfh
zlwk wzr wrsrorjlfdo frqvwudlqwv sodfhg rq wkh ydulhw| ri lqghshqghqw ydul0
deohv i{> |> }> wj1 Wkh wrsrorjlfdo frqvwudlqwv duh irupxodwhg lq whupv ri wkh
h{whulru gl�huhqwldo v|vwhpv/ I�gD @ 3/ dqg M�gJ @ 31 Wkhvh wrsrorjlfdo
frqvwudlqwv lpso| wkdw wkh grpdlqv ri vxssruw iru �qlwh qrq0}hur hohfwur0
pdjqhwlf �hog lqwhqvlwlhv/ dqg �qlwh qrq0}hur hohfwurpdjqhwlf fxuuhqwv/ lq
jhqhudo/ fdqqrw eh frpsdfw zlwkrxw erxqgdu|1 Wkh phwkrg hpskdvl}hv wkh
sk|vlfdo lpsruwdqfh ri wkh srwhqwldov/ iru wkh wzr ixqgdphqwdo frqvwudlqwv
ohdg wr wkh lqghshqghqw frqfhswv ri wrsrorjlfdo wruvlrq/ DaI / dqg wrsrorj0
lfdo vslq/ DaJ/ zlwk wrsrorjlfdo ihdwxuhv wkdw duh h{solflwo| ghshqghqw rq
wkh srwhqwldov/ D= Wkh h{whulru ghulydwlyhv ri wkhvh wzr 60irupv fuhdwh wkh
idploldu Srlqfduh lqyduldqwv dv 70irupv/ zkrvh forvhg lqwhjudov duh hyrox0
wlrqdu| ghirupdwlrq lqyduldqwv1 Wkh }hur vhwv ri hdfk 60irup fdq eh xvhg
wr gh�qh wkh frqfhswv ri wudqvyhuvh pdjqhwlf dqg wudqvyhuvh hohfwulf zdyhv
rq wrsrorjlfdo jurxqgv1 Wkh gluhfwlrq �hogv ri wkh 60irupv DaI dqg DaJ

fdq h{klelw olqnlqj dqg vhsdudwlrq lqwr frpsrqhqw grpdlqv1 Wkh srvvleoh
hyroxwlrq ri wkhvh wrsrorjlfdo surshuwlhv lv vwxglhg zlwk uhvshfw wr fodvvhv ri
surfhvvhv wkdw fdq eh gh�qhg lq whupv ri vlqjo| sdudphwhul}hg yhfwru �hogv1
Qrq0}hur ydoxhv ri wkh Srlqfduh 70irupv duh wkh vrxufh ri wrsrorjlfdo fkdqjh
dqg qrq0htxloleulxp wkhuprg|qdplfv1



41 Lqwurgxfwlrq

Lq wkh odqjxdjh ri h{whulru gl�huhqwldo v|vwhpv ^4` lw ehfrphv hylghqw wkdw
fodvvlfdo hohfwurpdjqhwlvp lv htxlydohqw wr d vhw ri wrsrorjlfdo frqvwudlqwv rq d yd0
ulhw| ri lqghshqghqw yduldeohv1 Fhuwdlq lqwhjudo surshuwlhv ri vxfk dq hohfwurpdj0
qhwlf v|vwhp duh ghirupdwlrq lqyduldqwv zlwk uhvshfw wr doo frqwlqxrxv hyroxwlrq0
du| surfhvvhv wkdw fdq eh ghvfulehg e| d vlqjo| sdudphwhul}hg yhfwru �hog1 Wkhvh
ghirupdwlrq +wrsrorjlfdo, lqyduldqwv ohdg wr wkh ixqgdphqwdo wrsrorjlfdo frqvhuyd0
wlrq odzv ghvfulehg lq wkh sk|vlfdo olwhudwxuh dv wkh frqvhuydwlrq ri fkdujh0fxuuhqw
dqg wkh frqvhuydwlrq ri  x{1 Uhfdoo wkh gh�qlwlrqv=

Gh�qlwlrq 4= D frqwlqxrxv surfhvv lv d pds iurp dq lqlwldo vwdwh
zlwk d wrsrorj| Wlqlwldo lqwr d �qdo vwdwh zlwk shukdsv d gl�huhqw wrsro0
rj| Wilqdo vxfk wkdw wkh olplw srlqwv ri wkh lqlwldo vwdwh duh shupxwhg
dprqj wkh olplw srlqwv ri wkh �qdo vwdwh1 ^5`

Gh�qlwlrq 5= D ghirupdwlrq lqyduldqw lv dq lqwhjudo ryhu d forvhg
pdqlirog/

U � � � U
forvhg

$ vxfk wkdw wkh Olh ghulydwlyh ri wkh forvhg lqwh0
judo zlwk uhvshfw wr d vlqjo| sdudphwhul}hg yhfwru �hog/ �Y n>ydqlvkhv/
iru dq| fkrlfh ri sdudphwul}dwlrq/ �1

Lw lv dovr lpsruwdqw wr uhfdoo wkdw d jlyhq ydulhw| ri lqghshqghqw yduldeohv
fdq vxssruw pruh wkdq rqh wrsrorj|1 Lq fodvvlfdo hohfwurpdjqhwlvp/ h{shulhqfh
lqglfdwhv wkdw wkhuh duh wrsrorjlfdo frqfhswv uhodwhg wr wkh frqfhsw ri Ilhog Lqwhq0
vlwlhv/ +,>��> dqg irufhv/ zklfk duh glvwlqfw iurp wkh wrsrorjlfdo frqfhswv uhodwhg
wr Ilhog H{flwdwlrqv E#>O� > dqg vrxufhv1 Wkh Ilhog Lqwhqvlwlhv kdyh ixqfwlrqdo
frpsrqhqwv zklfk wudqvirup dv d fryduldqw whqvru/ zkloh wkh Ilhog H{flwdwlrqv
kdyh frpsrqhqwv wkdw wudqvirup dv d whqvru ghqvlw|1 Wkhvh glvwlqfwlrqv duh ri0
whq pdvnhg e| wkh lpsrvlwlrq ri d phwulf vwuxfwxuh/ ru d olplwdwlrq wr yroxph
suhvhuylqj +riwhq qrq0glvvlsdwlyh, hyroxwlrqdu| surfhvvhv1

Wkh lghd ri d ghirupdwlrq lqyduldqw frphv iurp wkh Fduwdq frqfhsw ri
d wxeh ri wudmhfwrulhv dv dssolhg wr Kdplowrqldq phfkdqlfv1 Frqvlghu d wxexodu
grpdlq ri wudmhfwrulhv + d �ehu exqgoh lq prghuq olqjr, gh�qhg e| wkh gluhfwlrq
�hog ri dq duelwudu| +vlqjo| sdudphwul}hg, yhfwru �hog/ Y 1 Frqvwuxfw d forvhg
fxuyh F4 frqqhfwlqj duelwudu| srlqwv rq wkh wudmhfwrulhv +�ehuv, ri wklv yhfwru
�hog1 Lw lv frpprq lq sk|vlfdo dssolfdwlrqv/ exw qrw qhfhvvdu|/ wr dvvxph wkdw
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wkh fxuyh F4 frqvlvwv ri lvrfkurqrxv srlqwv +gh�qhg dv wkh vhw ri srlqwv wkdw
kdg d frpprq vhw ri edvh srlqwv/ ru lqlwldo frqglwlrqv,1 Frqvlghu dq duelwudu|
ghirupdwlrq ri wkh srlqwv wkdw pdnh xs wklv fxuyh F4 +lqwhjudwlrq fkdlq, rqwr
d qhz vhw ri srlqwv/ F5/ zlwk wkh rqo| uhvwulfwlrq ehlqj wkdw d srlqw rq d jlyhq
wudmhfwru| vwd|v rq wkh vdph wudmhfwru|1 Wkh ghirupdwlrq ri wkh fxuyh F4 lq
wr wkh fxuyh F5 fdq eh dffrpsolvkhg qdwxudoo|/ lq wkh vhqvh ri d k|gurg|qdplf
frqyhfwlrq ri srlqwv grzq wkh  rz olqhv/ ru devwudfwo|/ e| uhsdudphwul}lqj wkh
ruljlqdo yhfwru �hog1 Qrwh wkdw ghirupdwlrq e| uhsdudphwul}dwlrq grhv qrw fkdqjh
wkh gluhfwlrq �hog/ exw rqo| krz �idvw� wkh srlqwv  rz dorqj vshfl�f  rz olqhv1
Dovr qrwh wkdw wkh wxeh ri wudmhfwrulhv qhhg qrw eh vrolg/ dqg fdq frqwdlq lqwhulru
grpdlqv iru zklfk wkh  rz lv qxoo/ +ru iru zklfk wkhuh lv qr wudmhfwru| iurp wkh
edvh srlqwv ri lqwldo frqglwlrqv,1 Qh{w hydoxdwh wkh olqh lqwhjudo ri vrph Dfwlrq 40
irup ryhu F4 dqg dovr ryhu F51 Li wkh ydoxhv ri wkh wzr lqwhjudov duh wkh vdph/ wkh
lqwhjudo lv gh�qhg dv d ghirupdeoh hyroxwlrqdu| lqyduldqw1 Wkh txhvwlrq lv/ jlyhq
d vshfl�f 40irup/ D>zkdw duh wkh gluhfwlrq �hogv wkdw ohdyh wkh forvhg lqwhjudov dv
ghirupdwlrq lqyduldqwv1

Fduwdq vwxglhg wklv sureohp rq wkh vwdwh vsdfh ri yduldeohv/ is> t> wj> iru
d 40irup ri Dfwlrq gh�qhg dv/ DEs> t> w� ' sgt � KEs> t> w�gw= Kh vkrzhg wkdw
forvhg lqwhjudo ri wklv 40irup ri Dfwlrq/

K
F
D> lv d ghirupdwlrq +wrsrorjlfdo, lq0

yduldqw zlwk uhvshfw wr d xqltxho| gh�qhg gluhfwlrq �hog1 Wklv xqltxh yhfwru �hog
lv gh�qhg dv dq h{wuhpdo �hog/ dqg jhqhudwhv wkh fodvvlf Kdplowrqldq  rz wkdw
frqvhuyhv hqhuj|1 ^6` Fduwdq*v surri lv qrw uhvwulfwhg wr vwdwh vsdfh/ exw lqvwhdg
dssolhv wr dq| 40irup ri Dfwlrq zkrvh Sid� glphqvlrq/ ru fodvv/ lv rgg1 Vxfk
Dfwlrq 40irupv dozd|v dgplw d Kdplowrqldq uhsuhvhqwdwlrq iru wkh hyroxwlrqdu|
yhfwru �hog1 Wkh rgg Sid� glphqvlrq surgxfhv d frqwdfw pdqlirog1

Krzhyhu/ iru duelwudu| sk|vlfdo v|vwhpv wkdw fdq eh gh�qhg e| d 40irup
ri Dfwlrq/ D=

Wkhruhp 41 Wkh forvhg lqwhjudo ri wkh ghulyhg 50irup I ' gD
lv d hyroxwlrqdu| ghirupdwlrq lqyduldqw zlwk uhvshfw wr doo frqwlqxrxv
surfhvvhv wkdw fdq eh gh�qhg e| d vlqjo| sdudphwhul}hg yhfwru �hog1

Surri= Xvlqj Fduwdq*v Pdjlf irupxod ^7`

OE�V�

UU
forvhg

I '
UU

forvhg

lE�V�gI n
UU

forvhg

glE�V�I ' f n f +414,
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Wkh lqwhjudwlrq grpdlq lv/ lq wklv fdvh/ d wzr glphqvlrqdo forvhg wzr vxuidfh
+zklfk qhhg qrw eh d erxqgdu|,1 Wklv frqfhsw lv dw wkh edvlv ri wkh Khopkrow}
wkhruhpv lq k|gurg|qdplfv/ dqg wkh frqvhuydwlrq ri  x{ lq fodvvlfdo hohfwurpdj0
qhwlvp1 D fhuwdlq vxefodvv ri doo yhfwru �hogv +gh�qhg dv v|psohfwrprusklvpv,
fdq eh ghwhuplqhg zklfk zloo ohdyh wkh  x{ lqwhjudov

UU
I lqyduldqw hyhq li wkh

lqwhjudwlrq grpdlq lv dq rshq 50vxuidfh1
Wkh qhfhvvdu| frqglwlrq wkdw d 50irup eh dq hyroxwlrqdu| ghirupdwlrq

lqyduldqw iru doo frqwlqxrxv surfhvvhv lv wkdw wkh 50irup eh forvhg/ gI ' f= Wklv
uhtxluhphqw lv vdwlv�hg e| wkh frqvwudlqw ri wkh h{whulru gl�huhqwldo v|vwhp/ I �
gD ' f> dqg f5 gl�huhqwldelolw|1 Lq wkh fdvh ri hohfwurpdjqhwlvp/ wkh 50irup I
lv vdlg wr eh h{dfw1 H{dfw 50irupv/ lq jhqhudo/ gr qrw kdyh grpdlqv ri vxssruw
wkdw duh frpsdfw zlwkrxw erxqgdu|1 Wkh grpdlqv ri vxssruw iru dq h{dfw 50irup
duh hlwkhu rshq +dqg h{whqg wr lq�qlw|, ru duh frpsdfw zlwk erxqgdu|1 Rwkhu
sk|vlfdo lqyhvwljdwlrqv/ dqg pdq| pdwkhpdwlfdo ghyhorsphqwv/ duh edvhg xsrq wkh
dvvxpswlrq wkdw wkhuh h{lvwv d forvhg exw qrw h{dfw 50irup/ iru zklfk wkh frqfhsw
ri d frpsdfw vxuidfh zlwkrxw erxqgdu| lv zlwkrxw sdudgr{1 D fodvvlf h{dpsoh lv
wkh frpsdfw Ulhpdqq vxuidfh1 Doprvw doo frpsdfw grpdlqv ri vxssruw iru wkh
Ilhog Lqwhqvlwlhv/ I / duh h{foxghg e| wkh h{whulru gl�huhqwldo v|vwhp/ I � gD ' f=
Rq wkh rwkhukdqg/ wkh grpdlq ri vxssruw iru wkh Ilhog H{flwdwlrqv/ J>fdq eh
frpsdfw zlwkrxw erxqgdu|1

4141 Wkh Srvwxodwh ri Srwhqwldov

Khuhlq/ wkh dvvxpswlrq wkdw fodvvlfdo hohfwurpdjqhwlf v|vwhpv duh gh�qhg e|
wkh wrsrorjlfdo frqvwudlqw wkdw wkh 50irup I lv h{dfw zloo eh fdoohg wkh Srvwxodwh
ri Srwhqwldov1 Lw lv dq hvvhqwldo srlqw ri ghsduwxuh irup rwkhu wkhruhwlfdo ghyhors0
phqwv/ iru sk|vlfdo phdqlqj lv dvvrfldwhg zlwk wrsrorjlfdo htxlydohqfh fodvvhv ri
srwhqwldov1 Zkhq zulwwhq dv wkh htxdwlrq/ I �gD ' f> wkh srvwxodwh ri srwhqwldov
lv wr eh uhfrjql}hg dv dq h{whulru gl�huhqwldo v|vwhp frqvwudlqlqj wkh wrsrorj| ri
wkh lqghshqghqw yduldeohv1 Zkdw lv uhpdundeoh derxw wkh fkrlfh wkdw I lv h{dfw/ lv
wkdw wkh Srlqfduh ohppd/ ggD ' gI ' f> lpsolhv wkdw wkh Pd{zhoo0Idudgd| htxd0
wlrqv iru wkh �uvw irxu yduldeohv irup d qhvwhg vhw ri sduwldo gl�huhqwldo htxdwlrqv
wkdw duh wkh h{dfwo| wkh vdph qr pdwwhu zkdw wkh glphqvlrq +@ e� ri wkh lqgh0
shqghqw yduldeohv1 Wkh Pd{zhoo0Idudgd| htxdwlrqv duh xqlyhuvdo dqg dssolfdeoh
iru doo sk|vlfdo v|vwhpv wkdw vxssruw d 4 irup ri Dfwlrq1

Wkh surri wkdw wkh +5 glphqvlrqdo, grpdlq ri �qlwh vxssruw iru I +dqg
khqfh wkh , dqg � �hogv, fdq qrw/ lq jhqhudo/ eh frpsdfw zlwkrxw erxqgdu| iro0
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orzv iurp Vwrnhv wkhruhp/
K
D '

UU
I 1 Vxssrvh wkh frpsdfw wzr vxuidfh frqvlvwv

ri lvrfkurqrxv srlqwv1 Rq wkh UKV/ wkh grpdlq ri vxssruw uhtxluhv wkdw wkh
frh!flhqwv ri wkh wzr glphqvlrqdo lqwhjudqg fdq qrw ydqlvk1 Rq wkh OKV wkh lq0
whjudo ryhu d erxqgdu| +zklfk lv hpsw| iru d frpsdfw vxuidfh zlwkrxw erxqgdu|,
ydqlvkhv1 Khqfh wkhuh lv d frqwudglfwlrq xqohvv wkh frpsrqhqwv ri wkh 50irup
+lq wklv fdvh wkh � �hog, duh wdqjhqwldo wr wkh vxuidfh/ dqg duh zlwkrxw vlqjxodu0
lwlhv1 Iru vxfk vxuidfhv/ wkh Hxohu fkdudfwhulvwlf pxvw ydqlvk/ dqg lw lv nqrzq
wkdw wkh rqo| wzr h{fhswlrqv duh wkh Wruxv dqg wkh Nohlq0Erwwoh1 Krzhyhu/ wkhvh
vlwxdwlrqv uhtxluh wkh dgglwlrqdo wrsrorjlfdo frqvwudlqw wkdw I	I ' f= Iru dq
hohfwurpdjqhwlf dfwlrq/ wkh h{fhswlrqdo frpsdfw zlwkrxw erxqgdu| fdvhv fdq rqo|
h{lvw li , �� ' f= Wkh uhvxowlqj vwdwhphqw lv wkdw wkhuh gr qrw h{lvw frpsdfw
grpdlqv ri vxssruw zlwkrxw erxqgdu| zkhq , �� 9' f> d vwdwhphqw wkdw zloo eh
ri lqwhuhvw wr wkhuprg|qdplfv ri luuhyhuvleoh v|vwhpv1

Wkh frqfhswv ghyhorshg lq wklv duwlfoh vxevxph wkdw wkh srwhqwldov/ D/
kdyh sk|vlfdo phdqlqj lq d wrsrorjlfdo vhqvh ri htxlydohqfh fodvvhv1 Lq idfw/
wrsrorjlfdo hyroxwlrq zloo eh revhuyhg prvw riwhq zkhq wkh srwhqwldov hyroyh iurp
rqh htxlydohqfh fodvv wr dqrwkhu1 Wkh wkhru| lv qrw vwulfwo| jdxjh lqyduldqw/
iru wkhuh duh pdq| D wkdw vdwlvi| wkh htxdwlrq I � gD ' f= Lw lv wkh forvhg
frpsrqhqwv ri D wkdw duh qrw h{dfw wkdw ghwhuplqh pdq| ri wkh wrsrorjlfdo/
pxowlso| frqqhfwhg/ ihdwxuhv ri wkh hohfwurpdjqhwlf v|vwhp1 Vwulfw dgkhuhqfh
wr jdxjh lqyduldqfh zrxog qrw shuplw wrsrorjlfdo hyroxwlrq/ dqg wkh vwxg| ri
luuhyhuvleoh surfhvvhv1

4151 Wkh Srvwxodwh ri Frqvhuyhg Fxuuhqwv

Khuhlq/ lw lv vwlsxodwhg wkdw wkh fodvvlf hohfwurpdjqhwlf v|vwhp uhtxluhv d
vhfrqg wrsrorjlfdo frqvwudlqw wr eh lpsrvhg xsrq wkh grpdlq ri lqghshqghqw
yduldeohv1 Wklv srvwxodwh zloo eh fdoohg wkh Srvwxodwh ri Frqvhuyhg Fxuuhqwv1 Wkh
hohfwurpdjqhwlf grpdlq qrw rqo| vxssruwv wkh 40irup D/ exw dovr vxssruwv dq
Q04@6 irup/ M> zklfk lv h{dfw1 Wkh htxlydohqw gl�huhqwldo v|vwhp/ M � gJ '
f> uhtxluhv wkdw wkh +Q04 glphqvlrqdo, grpdlq ri vxssruw iru M fdqqrw eh frpsdfw
zlwkrxw erxqgdu|1 Krzhyhu/

Wkhruhp 5= Wkh forvhg lqwhjudov ri M duh ghirupdwlrq lqyduldqwv
iru dq| frqwlqxrxv hyroxwlrqdu| surfhvv wkdw fdq eh gh�qhg lq whupv
ri d vlqjo| sdudphwhul}hg yhfwru �hog1

Surri= Xvlqj Fduwdq*v Pdjlf irupxod=
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OE�V�

UU
forvhg

M '
UU

forvhg

lE�V�gM n
UU

forvhg

glE�V�I ' f n f +415,

Iru wkh 60irupv ri fkdujh fxuuhqw/ d vlplodu dujxphqw lqglfdwhv wkdw wkh frp0
sdfw grpdlqv ri vxssruw duh olplwhg wr wkrvh ri }hur Hxohu fkdudfwhulvwlf1 Wkh
fodvvlf h{dpsoh lv wkh wkuhh vskhuh/ V�= Wkh wkuhh vskhuh +wkdw zloo vxssruw fxu0
uhqwv zlwk rxw }hurv, kdv d idprxv pds wr frpsdfw wzr vskhuh1 Khqfh/ wkhuh
fdq h{lvw grpdlqv ri �hog h{flwdwlrqv rq frpsdfw wzr vskhuhv/ vxfk wkdw wkh lq0
gxfhg fxuuhqw/ M ' gJ> uhvlghv rq wkh wkuhh vskhuh1 Wkh lpdjh lv wkh Krsi pds/
zklfk fdq kdyh wruvlrq1 Vxfk fxuuhqwv duh lq wkh gluhfwlrq ri wkh wruvlrq yhfwru/
D	gD ' D	I> dqg kdyh h{wudruglqdu| surshuwlhv/ dv zloo eh vkrzq ehorz1

Lq vhfwlrq 5/ wkh fodvvlfdo Pd{zhoo v|vwhp zloo eh glvsod|hg lq whupv ri wkh
yhfwru irupdolvp ri Vrpphuihog dqg Vwudwwrq1 Wkh nh| ihdwxuh lv wr qrwh wkdw
wkh �hogv ri lqwhqvlwlhv +, dqg �, duh frqvlghuhg dv vhsdudwh dqg glvwlqfw iurp
wkh �hogv ri h{flwdwlrq +# dqg O,/ d klvwrulfdo glvwlqfwlrq wkdw lv riwhq pdvnhg lq
prghuq h{srvhv ri hohfwurpdjqhwlf wkhru|1

Lq vhfwlrq 6/ lw zloo eh ghprqvwudwhg h{solflwo| wkdw wkh fodvvlf irupdolvp
ri hohfwurpdjqhwlvp lq vhfwlrq 5 lv d frqvhtxhqfh ri d v|vwhp ri wzr ixqgdphqwdo
wrsrorjlfdo frqvwudlqwv

I � gD ' f> M � gJ ' f= +416,

gh�qhg rq d grpdlq ri irxu lqghshqghqw yduldeohv1 Wkh wkhru| uhtxluhv wkh h{lv0

whqfh ri irxu ixqgdphqwdo h{whulru gl�huhqwldo irupv/ iD>I>J> Mj> zklfk fdq eh
xvhg wr frqvwuxfw wkh frpsohwh Sid� vhtxhqfh ^8` ri irupv e| wkh surfhvvhv ri
h{whulru gl�huhqwldwlrq dqg h{whulru pxowlsolfdwlrq1 Rq d grpdlq ri irxu lqgh0
shqghqw yduldeohv/ wkh frpsohwh Sid� vhtxhqfh frqwdlqv wkuhh 60irupv= wkh fodvvlf
60irup ri fkdujh fxuuhqw ghqvlw|/ M> dqg wkh +dssduhqwo| qryho wr pdq| uhvhdufkhuv,
60irupv ri Vslq Fxuuhqw ghqvlw|/ D	J>^9` dqg Wrsrorjlfdo Wruvlrq0Kholflw|/ D	I
^:`1 Iru dq hohfwurpdjqhwlf v|vwhp/ wkh Dfwlrq 40irup kdv wkh sk|vlfdo glphq0
vlrqv ri wkh  x{ txdqwxp/ k@h> wkh 50irup/ J> kdv wkh sk|vlfdo glphqvlrqv ri
fkdujh/ h> wkh 60irup/ D	J> kdv wkh sk|vlfdo glphqvlrqv ri vslq/ k> dqg wkh 60
irup D	I>kdv wkh sk|vlfdo glphqvlrqv ri vslq pxowlsolhg e| wkh Kdoo lpshgdqfh/
Ek@h�2 ' kEk@h2� ' k]kdoo= Wkhvh odvw wzr 60irupv duh h{solflwo| ghshqghqw xsrq
srvwxodwh ri srwhqwldov/ dqg ghprqvwudwh wkh sk|vlfdo vljql�fdqfh ri wkh yhf0
wru dqg vfdodu srwhqwldov1 Wkhvh sk|vlfdo 60irup remhfwv duh qrw lqghshqghqw ri
�jdxjh�1
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Dv wkh fkdujh fxuuhqw 60irup/ M> lv d ghirupdwlrq lqyduldqw e| frqvwuxf0
wlrq/ lw lv ri lqwhuhvw wr ghwhuplqh wrsrorjlfdo uh�qhphqwv ru frqvwudlqwv iru zklfk
wkh 60irupv ri Vslq Fxuuhqw dqg Wrsrorjlfdo Wruvlrq zloo gh�qh sk|vlfdo wrsr0
orjlfdo frqvhuydwlrq odzv lq wkh irup ri ghirupdwlrq lqyduldqwv1 Wkh dgglwlrqdo
frqvwudlqwv duh htxlydohqw wr wkh wrsrorjlfdo vwdwhphqw wkdw wkh forvxuh +h{whulru
ghulydwlyh, ri hdfk ri wkh wkuhh irupv lv hpsw| +}hur,1 Lw zloo eh ghprqvwudwhg lq
vhfwlrq 7 wkdw wkhvh forvxuh frqglwlrqv gh�qh wkh wzr fodvvlf Srlqfduh lqyduldqwv
+70irupv, dv ghirupdwlrq lqyduldqwv/ dqg zkhq hdfk ri wkhvh lqyduldqwv ydqlvk
wkh fruuhvsrqglqj 60irup jhqhudwhv d wrsrorjlfdo txdqwlw| +Vslq ru Wruvlrq uh0
vshfwlyho|, zklfk lv dovr d ghirupdwlrq lqyduldqw1 Wkh srvvleoh ydoxhv ri wkh
wrsrorjlfdo txdqwlwlhv/ dv ghUkdp shulrg lqwhjudov ^;`/ irup udwlrqdo udwlrv1

Wkh frqfhswv ri Vslq Fxuuhqw dqg wkh Wruvlrq yhfwru kdyh kdg doprvw qr
xwlol}dwlrq lq dssolfdwlrqv ri fodvvlfdo hohfwurpdjqhwlf wkhru|1 Mxvw dv wkh ydqlvk0
lqj ri wkh 60irup ri fkdujh fxuuhqw/ M ' f> gh�qhv wkh wrsrorjlfdo grpdlq fdoohg
wkh ydfxxp/ wkh ydqlvklqj ri wkh wzr rwkhu 60irupv zloo uh�qh wkh ixqgdphqwdo
wrsrorj| ri wkh Pd{zhoo v|vwhp1 Vxfk frqvwudlqwv shuplw d gh�qlwlrq ri wudqvyhu0
vdolw| wr eh pdgh rq wrsrorjlfdo +udwkhu wkdq jhrphwulfdo, jurxqgv1 Li erwk D	J
dqg D	I ydqlvk/ wkh ydfxxp vwdwh vxssruwv wrsrorjlfdoo| wudqvyhuvh prghv rqo|
+WWHP,1 H{dpsohv ohdg wr wkh frqmhfwxuh wkdw WWHP prghv gr qrw wudqvplw
srzhu/ d frqmhfwxuh wkdw kdv ehhq yhul�hg zkhq wkh frqfhsw ri jhrphwulf wudqvyhu0
vdolw| +WHP, dqg wrsrorjlfdo wudqvyhuvdolw| +WWHP, frlqflgh1 D wrsrorjlfdoo|
wudqvyhuvh pdjqhwlf +WWP, prgh fruuhvsrqgv wr wkh wrsrorjlfdo frqvwudlqw wkdw
D	I ' f= D wrsrorjlfdoo| wudqvyhuvh hohfwulf prgh +WWH, fruuhvsrqgv wr wkh
wrsrorjlfdo frqvwudlqw wkdw D	J ' f= H{dpsohv/ erwk qryho dqg zhoo0nqrzq/ ri
ydfxxp vroxwlrqv wr wkh hohfwurpdjqhwlf v|vwhp zklfk vdwlvi| +dqg zklfk gr qrw
vdwlvi|, wkhvh wrsrorjlfdo frqvwudlqwv duh jlyhq lq vhfwlrq 71 Wkh lghdv vkrxog eh
ri lqwhuhvw wr wkrvh zrunlqj lq wkh �hog ri Ilehu Rswlfv dqg zdyh jxlghv zlwk rshq
erxqgdu| frqglwlrqv1 Uhfdoo wkdw fodvvlf vroxwlrqv zklfk duh jhrphwulfdoo| dqg
wrsrorjlfdoo| wudqvyhuvh +WHP�WWHP, gr qrw wudqvplw srzhu ^<`1 Krzhyhu/ lq
vhfwlrq 7 dq h{dpsoh ydfxxp zdyh vroxwlrq lv jlyhq zklfk lv jhrphwulfdoo| wudqv0
yhuvh +wkh �hogv duh ruwkrjrqdo wr wkh �hog prphqwxp dqg wkh zdyh yhfwru,/ dqg
|hw wkh jhrphwulfdoo| wudqvyhuvh zdyh wudqvplwv srzhu dw d frqvwdqw udwh= wkh
h{dpsoh zdyh lv qrw wrsrorjlfdoo| wudqvyhuvh dv D	I 9' f=

Lq vhfwlrq 8/ dq dgglwlrqdo wrsrorjlfdo frqvwudlqw zloo eh xvhg wr gh�qh
wkh sodvpd surfhvv dv d uhvwulfwlrq rq doo surfhvvhv zklfk fdq eh ghvfulehg lq
whupv ri d vlqjo| sdudphwhul}hg yhfwru �hog1 Wkh sodvpd surfhvv +zklfk lv wr eh
glvwlqjxlvkhg iurp d Kdplowrqldq surfhvv, zloo eh uhvwulfwhg wr wkrvh yhfwru �hogv

:



zklfk ohdyh wkh forvhg lqwhjudov ri J d ghirupdwlrq lqyduldqw1 +Frpsduh wr wkh
Fduwdq gh�qlwlrq wkdw d Kdplowrqldq surfhvv lv d uhvwulfwlrq rq duelwudu| surfhvvhv
vxfk wkdw wkh forvhg lqwhjudov ri D duh ghirupdwlrq lqyduldqwv zlwk uhvshfw wr
Kdplowrqldq surfhvvhv,1 D sodvpd surfhvv qhhg qrw frqvhuyh hqhuj|1 D shuihfw

sodvpd surfhvv lv d sodvpd surfhvv zklfk lv dovr d Kdplowrqldq surfhvv1 Djdlq/
wkh wkuhh irupv/ M> D	J dqg D	I duh ri sduwlfxodu lqwhuhvwhg iru wkhlu wdqjhqw
pdqlirogv gh�qh �olqhv� lq wkh 70glphqvlrqdo ydulhw| ri vsdfh dqg wlph1 Uhodwlyh
wr sodvpd surfhvvhv/ wkh wrsrorjlfdo hyroxwlrq dvvrfldwhg zlwk vxfk olqhv/ dqg wkhlu
hqwdqjohphqwv/ lv ri xwlolw| lq xqghuvwdqglqj vrodu frurqd dqg sodvpd lqvwdelolw|1
^43`

51 Wkh Grpdlq ri Fodvvlfdo Hohfwurpdjqhwlvp

5141 Wkh fodvvlfdo Pd{zhoo0Idudgd| dqg wkh Pd{zhoo0Dpshuh htxd0

wlrqv1

Xvlqj wkh qrwdwlrq dqg wkh odqjxdjh ri Vrpphuihog dqg Vwudwwrq ^44`/ wkh
fodvvlf gh�qlwlrq ri dq hohfwurpdjqhwlf v|vwhp lv d grpdlq ri vsdfh0wlph i{> |> }> wj
zklfk vxssruwv erwk wkh Pd{zhoo0Idudgd| htxdwlrqv/

fxuo ,n C�@Cw ' f> gly � ' f> +514,

dqg wkh Pd{zhoo0Dpshuh htxdwlrqv/

fxuo O� C#@Cw ' a> gly # ' �= +515,

5151 Wkh frqvhuydwlrq ri fkdujh fxuuhqw

Lq hyhu| fdvh/ wkh fkdujh fxuuhqw ghqvlw| iru wkh Pd{zhoo v|vwhp vdwlv�hv wkh
frqvhuydwlrq odz/

gly an C�@Cw ' f= +516,

Wkh fkdujh0fxuuhqw ghqvlwlhv duh vxevxphg wr eh }hur da/ �o ' f iru wkh ydfxxp
vwdwh1

Iru wkh Oruhqw} ydfxxp vwdwh/ wkh �hog h{flwdwlrqv/ # dqgO/ duh olqhduo|
frqqhfwhg wr wkh �hog lqwhqvlwlhv/ , dqg�/ e| phdqv ri wkh Oruhqw} +krprjhqhrxv
dqg lvrwurslf, frqvwlwxwlyh uhodwlrqv=

;



# ' %, > � ' �O= +517,

Wkh wzr ydfxxp frqvwudlqwv lpso| wkdw wkh vroxwlrqv wr wkh krprjhqhrxv Pd{zhoo
htxdwlrqv dovr vdwlvi| wkh yhfwru zdyh htxdwlrq/ w|slfdoo| ri wkh irup

judg gly �� fxuo fxuo�� %�C2�@Cw2 ' f= +518,

Wkh frqvwdqw zdyh skdvh yhorflw|/ ys> lv wdnhq wr eh

y2s ' �@%� � f2 +519,

Vlplodu uhvxowv fdq eh rewdlqhg iru wkh vrolg vwdwh zkhuh wkh frqvwlwxwlyh frq0
vwudlqwv fdq eh pruh frpsoh{ ^45`/ dqg iru wkh sodvpd vwdwh zkhuh wkh fkdujh0
fxuuhqw ghqvlwlhv duh qrw }hur1

5161 Wkh h{lvwhqfh ri srwhqwldov

Lw lv ixuwkhu vxevxphg wkdw wkh fodvvlf Pd{zhoo hohfwurpdjqhwlf v|vwhp lv
frqvwudlqhg e| wkh vwdwhphqw wkdw wkh �hog lqwhqvlwlhv duh ghgxfleoh iurp d v|vwhp
ri wzlfh gl�huhqwldeoh srwhqwldov/ d�> !o=

� ' fxuo �> , ' �judg !� C�@Cw= +51:,

Wklv frqvwudlqw wrsrorjlfdoo| lpsolhv wkdw grpdlqv wkdw vxssruw qrq0}hur ydoxhv
iru wkh fryduldqw �hog lqwhqvlwlhv/ , dqg �> fdq qrw eh frpsdfw grpdlqv zlwkrxw
d erxqgdu|1 Lw lv wklv frqvwudlqw wkdw glvwlqjxlvkhv fodvvlfdo hohfwurpdjqhwlvp
iurp \dqj Ploov wkhrulhv1 Wzr rwkhu fodvvlfdo 60yhfwru �hogv duh ri lqwhuhvw/ wkh
Sr|qwlqj yhfwru ,�O uhsuhvhqwlqj wkh  x{ ri hohfwurpdjqhwlf udgldwlyh hqhuj|/
dqg wkh �hog prphqwxp  x{/ #��=

61 Wkh Ixqgdphqwdo H{whulru Gl�huhqwldo V|vwhpv1

Wkh irupxodwlrq ri Pd{zhoo wkhru| lq vhfwlrq 5 lv uhodwlyh wr d fkrlfh ri lqgh0
shqghqw yduldeohv i{> |> }> wj xvlqj fodvvlfdo yhfwru dqdo|vlv ghyhorshg lq hxfolghdq
60vsdfh1 Wkh wrsrorjlfdo ihdwxuhv ri wkh irupdolvp duh qrw lpphgldwho| hylghqw1
Krzhyhu/ hohfwurpdjqhwlvp kdv d irupxodwlrq lq whupv ri Fduwdq*v h{whulru gli0
ihuhqwldo irupv ^46`1 H{whulru gl�huhqwldo irupv gr qrw ghshqg xsrq d fkrlfh ri
frruglqdwhv/ gr qrw ghshqg xsrq wkh d fkrlfh ri phwulf/ dqg duh lqghshqghqw ri
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wkh frqvwudlqwv lpsrvhg e| jdxjh jurxsv dqg frqqhfwlrqv1 Lq vxfk d irupxodwlrq
wkh htxdwlrqv ri dq hohfwurpdjqhwlf v|vwhp ehfrph uhfrjql}hg dv frqvhtxhqfhv ri
wrsrorjlfdo frqvwudlqwv rq d grpdlq ri lqghshqghqw yduldeohv1

Wkh xvh ri gl�huhqwldo irupv vkrxog qrw eh ylhzhg dv mxvw dqrwkhu irupdo0
lvp ri idqf|1 Wkh whfkqltxh jrhv eh|rqg wkh phwkrgv ri whqvru fdofxoxv/ dqg
dgplwv wkh vwxg| ri wrsrorjlfdo hyroxwlrq1 Uhfdoo wkdw li dq h{whulru gl�huhq0
wldo v|vwhp lv ydolg rq d �qdo ydulhw| ri lqghshqghqw yduldeohv ~{/|/}/w�/ wkhq lw
lv dovr wuxh rq dq| lqlwldo ydulhw| ri lqghshqghqw yduldeohv wkdw fdq eh pdsshg
rqwr ~{/|/}/w�1 Wkh pds qhhg rqo| eh gl�huhqwldeoh/ vxfk wkdw wkh Mdfreldq pd0
wul{ hohphqwv duh zhoo gh�qhg ixqfwlrqv1 Wkh Mdfreldq pdwul{ grhv qrw kdyh wr
kdyh dq lqyhuvh/ vr wkdw wkh h{whulru gl�huhqwldo v|vwhp lv qrw uhvwulfwhg wr wkh
htxlydohqfh fodvv ri gl�hrprusklvpv1 Wkh �hog lqwhqvlwlhv rq wkh lqlwldo ydulhw|
duh ixqfwlrqdoo| zhoo gh�qhg e| wkh sxooedfn phfkdqlvp/ zklfk lqyroyhv dojheudlf
frpsrvlwlrq zlwk frpsrqhqwv ri wkh Mdfreldq pdwul{ wudqvsrvh/ dqg wkh surfhvv
ri ixqfwlrqdo vxevwlwxwlrq1 Wklv lqghshqghqfh iurp d fkrlfh ri lqghshqghqw ydul0
deohv +ru frruglqdwhv, iru Pd{zhoo*v htxdwlrqv zdv �uvw uhsruwhg e| Ydq Gdqw}lj
^47`1 Lw iroorzv wkdw wkh Pd{zhoo gl�huhqwldo v|vwhp lv zhoo gh�qhg lq d fryduldqw
pdqqhu iru erwk Jdolohdq wudqvirupdwlrqv dv zhoo dv Oruhqw} wudqvirupdwlrqv/ ru
dq| rwkhu gl�hrprusklvp1 +Wkh vlqjxodu vroxwlrq vhwv wr wkh htxdwlrqv gr qrw
hqmr| wklv xqlyhuvdo surshuw|,1 Lq dgglwlrq/ lw vkrxog eh qrwhg wkdw wkh lghdv ri
wkh h{whulru gl�huhqwldo v|vwhp lpso| wkdw wkh forvxuh htxdwlrqv ri wkh Pd{zhoo0
Idudgd| w|sh irup d qhvwhg vhw/ zlwk h{dfwo| wkh vdph irupdw/ lqghshqghqw ri wkh
fkrlfh ri wkh qxpehu ri lqghshqghqw yduldeohv1 Hyhu| sk|vlfdo v|vwhp +vxfk dv
 xlg, wkdw vxssruwv d 40irup ri Dfwlrq/ dovr kdv lwv yhuvlrq ri wkh Pd{zhoo0Idudgd|
htxdwlrqv1

6141 Wkh Pd{zhoo0Idudgd| h{whulru gl�huhqwldo v|vwhp1

Wkh Pd{zhoo0Idudgd| htxdwlrqv duh d frqvhtxhqfh ri wkh h{whulru gl�huhqwldo v|v0
whp

I � gD ' f> +614,

zkhuh D lv d 40irup ri Dfwlrq/ zlwk wzlfh gl�huhqwldeoh frh!flhqwv +srwhqwldov
sursruwlrqdo wr prphqwd, zklfk lqgxfh d 50irup/ I> ri hohfwurpdjqhwlf lqwhqvlwlhv
+, dqg � > uhodwhg wr irufhv�1 Wkh h{whulru gl�huhqwldo v|vwhp lv d wrsrorjlfdo
frqvwudlqw wkdw lq h�hfw gh�qhv �hog lqwhqvlwlhv lq whupv ri wkh srwhqwldov1 Rq
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d irxu glphqvlrqdo vsdfh0wlph ri lqghshqghqw yduldeohv/ E{> |> }> w� wkh 40irup ri
Dfwlrq +uhsuhvhqwlqj wkh srvwxodwh ri srwhqwldov, fdq eh zulwwhq lq wkh irup

D ' P�
n'�DnE{> |> }> w�g{

n � !E{> |> }> w�gw ' ��gh�!gw= +615,

Vxemhfw wr wkh frqvwudlqw ri wkh h{whulru gl�huhqwldo v|vwhp/ wkh 50irup ri �hog
lqwhqvlwlhv/ I> ehfrphv=

I ' gD ' iCDn@C{
m � CDm@C{

njg{m	g{n ' Imng{
m	g{n

' n�}g{	g|===n,{g{	gw=== +616,

zkhuh lq xvxdo hqjlqhhulqj qrwdwlrq/

, ' �C�@Cw� judg!> � 'fxuo � � CDn@C{
m � CDm@C{

n= +617,

Wkh forvxuh ri wkh h{whulru gl�huhqwldo v|vwhp/ gI ' f>

gI ' ggD ' ifxuo ,n C�@Cwj{g|	g}	gw� ==n ==� gly�g{	g|	g}j , f> +618,

jhqhudwhv wkh Pd{zhoo0Idudgd| sduwldo gl�huhqwldo htxdwlrqv1=

ifxuo ,n C�@Cw ' f> gly� ' fj= +619,

Wkh frpsrqhqw ixqfwlrqv +, dqg �� ri wkh 50irup/ I> wudqvirup dv fryduldqw
whqvru ri udqn 51 Wkh wrsrorjlfdo frqvwudlqw wkdw I lv h{dfw/ lpsolhv wkdw wkh
grpdlq ri vxssruw iru wkh �hog lqwhqvlwlhv fdqqrw eh frpsdfw zlwkrxw erxqgdu|/
xqohvv wkh Hxohu fkdudfwhulvwlf ydqlvkhv1 Wkhvh idfwv glvwlqjxlvk fodvvlfdo hohfwur0
pdjqhwlvp iurp \dqj0Ploov �hog wkhrulhv1 Pruhryhu/ wkh idfw wkdw I lv vxevxphg
wr eh h{dfw dqg F4 gl�huhqwldeoh h{foxghv wkh frqfhsw ri pdjqhwlf prqrsrohv iurp
fodvvlfdo hohfwurpdjqhwlf wkhru| rq wrsrorjlfdo jurxqgv1 E| wkhruhp 4/ wkh lq0
whjudo ri wkh 50irup I ryhu dq| forvhg 50pdqlirog lv d ghirupdwlrq +wrsrorjlfdo,
lqyduldqw ri dq| hyroxwlrqdu| surfhvv wkdw fdq eh ghvfulehg e| d vlqjo| sdudph0
whul}hg yhfwru �hog1
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6151 Wkh Pd{zhoo Dpshuh h{whulru gl�huhqwldo v|vwhp

Wkh Pd{zhoo Dpshuh htxdwlrqv duh d frqvhtxhqfh ri vhfrqg h{whulru gl�hu0
hqwldo v|vwhp/

M � gJ ' f> +61:,

zkhuh J lv dq Q05 irup ghqvlw| ri �hog h{flwdwlrqv +# dqgO > uhodwhg wr vrxufhv�/
dqg M lv wkh Q04 irup ri fkdujh0fxuuhqw ghqvlwlhv1 Wkh sduwldo gl�huhqwldo htxd0
wlrqv htxlydohqw wr wkh h{whulru gl�huhqwldo v|vwhp duh suhflvho| wkh Pd{zhoo0
Dpshuh htxdwlrqv1 Wklv vhfrqg srvwxodwh/ rq d irxu glphqvlrqdo grpdlq ri
lqghshqghqw yduldeohv/ dvvxphv wkh h{lvwhqfh ri d Q05 irup ghqvlw| jlyhq e| wkh
h{suhvvlrq/4

J ' J�eE{> |> }> w�g{	g|===nJ�2E{> |> }> w�g}	gw=== ' �#
}g{	g|===O}g}	gw===

+61;,
H{whulru gl�huhqwldwlrq surgxfhv dq Q04 irup/

M ' a
}E{> |> }> w�g{	g|	gw===� �E{> |> }> w�g{	g|	g}= +61<,

Pdwfklqj wkh frh!flhqwv ri wkh h{whulru h{suhvvlrq gJ ' M ohdgv wr wkh
Pd{zhoo0Dpshuh htxdwlrqv/

fxuoO� C#@Cw ' a dqg gly# ' �= +6143,

Wkh idfw wkdw M lv h{dfw ohdgv wr wkh fkdujh frqvhuydwlrq odz/ gM ' ggJ ' f> ru

Ca{@C{n Ca|@C| n Ca}@C} n C�@Cw ' f= +6144,

Wkh h{whulru gl�huhqwldo v|vwhp lv d wrsrorjlfdo frqvwudlqw iru e| Vwrnhv
wkhruhp wkh vxssruw iru J fdq eh frpsdfw zlwkrxw erxqgdu| rqo| li wkh grpdlq lv
zlwkrxw fkdujh0fxuuhqwv1 Wkh forvxuh ri wkh h{whulru gl�huhqwldo v|vwhp/ gM ' f>
jhqhudwhv wkh fkdujh0fxuuhqw frqvhuydwlrq odz1 E| wkhruhp 5/ wkh lqwhjudo ri M
ryhu d forvhg 6 glphqvlrqdo grpdlq lv d uhodwlyh lqwhjudo lqyduldqw +d ghirupdwlrq
lqyduldqw, ri dq| surfhvv wkdw fdq eh ghvfulehg lq whupv ri d vlqjo| sdudphwul}hg
yhfwru �hog1 Wkh Olh ghulydwlyh ri

UUU
forvhg

M lv htxdo wr }hur iru dq| 70yhfwru �hog
Y> zkhq gM ' f= Wkh lqwhjudo lv wkhq d ghirupdwlrq lqyduldqw/ iru wkh uhvxow lv ydolg

4Plqxv vljq rq G mxqh 4< 5336
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hyhq li wkh 70yhfwru �hog lv glvwruwhg e| dq duelwudu| ixqfwlrq/ �i{> |> }> wj> vxfk
wkdw V , �E{> |> }> w�V=

6161 Wkh Wruvlrq dqg Vslq 60irupv

Dv phqwlrqhg deryh/ wkh phwkrg ri h{whulru gl�huhqwldo irupv jrhv eh|rqg
wkh grpdlq ri fodvvlfdo whqvru dqdo|vlv/ iru lw dgplwv ri pdsv iurp lqlwldo wr �qdo
vwdwh wkdw duh zlwkrxw lqyhuvh1 +Whqvru dqdo|vlv dqg frruglqdwh wudqvirupdwlrqv
uhtxluh wkdw wkh Mdfreldq pds iurp lqlwldo wr �qdo vwdwh kdv dq lqyhuvh 0 wkh
phwkrg ri h{whulru gl�huhqwldo irupv grhv qrw1, Khqfh wkh wkhru| ri hohfwurpdj0
qhwlvp h{suhvvhg lq wkh odqjxdjh ri h{whulru gl�huhqwldo irupv dgplwv ri wrsrorjlfdo
hyroxwlrq/ dw ohdvw zlwk uhvshfw wr frqwlqxrxv surfhvvhv zlwkrxw Mdfreldq lqyhuvh1
Zlwk uhvshfw wr vxfk qrq0lqyhuwleoh pdsv/ erwk whqvru �hogv dqg gl�huhqwldo irupv
duh qrw ixqfwlrqdoo| zhoo gh�qhg lq d suhglfwlyh vhqvh ^48`1 Jlyhq wkh ixqfwlrqdo
irupv ri d whqvru �hog rq dq lqlwldo vwdwh/ lw lv lpsrvvleoh wr suhglfw xqltxho| wkh
ixqfwlrqdo irup ri wkh whqvru �hog rq wkh �qdo vwdwh xqohvv wkh pds ehwzhhq lqlwldo
dqg �qdo vwdwh lv lqyhuwleoh1 Krzhyhu gl�huhqwldo irupv duh ixqfwlrqdoo| zhoo gh0
�qhg lq d uhwurglfwlyh vhqvh/ e| phdqv ri wkh sxooedfn1 Fryduldqw dqwl0v|pphwulf
whqvru �hogv sxoo edfn uhwurglfwlyho| zlwk uhvshfw wr wkh wudqvsrvh ri wkh Mdfreldq
pdwul{ +ri ixqfwlrqv, dqg ixqfwlrqdo vxevwlwxwlrq/ dqg frqwudyduldqw whqvru ghq0
vlwlhv sxooedfn uhwurglfwlyho| zlwk uhvshfw wr wkh dgmrlqw ri wkh Mdfreldq pdwul{/
dqg ixqfwlrqdo vxevwlwxwlrq1 Wkh wudqvsrvh dqg wkh dgmrlqw ri wkh Mdfreldq h{lvw/
hyhq li wkh Mdfreldq lqyhuvh grhv qrw1

Wkh h{whulru gl�huhqwldo irupv wkdw pdnh xs wkh hohfwurpdjqhwlf v|vwhp
frqvlvw ri wkh sulplwlyh 40irup/ D/ dqg wkh sulplwlyh Q05 irup ghqvlw|/ J> wkhlu
h{whulru ghulydwlyhv/ dqg wkhlu dojheudlf lqwhuvhfwlrqv gh�qhg e| doo srvvleoh h{0
whulru surgxfwv1 Wkh frpsohwh Pd{zhoo v|vwhp ri h{whulru gl�huhqwldo irupv +wkh
Sid� vhtxhqfh iru wkh Pd{zhoo v|vwhp, lv jlyhq e| wkh vhw=

iD>I ' gD>J> M ' gJ>D	I>D	J>D	M> I	I>J	Jj= +6145,

Wkhvh irupv dqg wkhlu xqlrqv pd| eh xvhg wr irup d wrsrorjlfdo edvh rq wkh grpdlq
ri lqghshqghqw yduldeohv1 Wkh Fduwdq wrsrorj| frqvwuxfwhg rq wklv v|vwhp ri
irupv kdv wkh xvhixo ihdwxuh wkdw wkh h{whulru ghulydwlyh pd| eh lqwhusuhwhg dv
d olplw srlqw/ ru forvxuh/ rshudwru lq wkh vhqvh ri Nxudwrzvnl ^49`1 Wkh h{whulru
gl�huhqwldo v|vwhpv wkdw gh�qh wkh Pd{zhoo0Dpshuh dqg wkh Pd{zhoo0Idudgd|
htxdwlrqv deryh duh hvvhqwldoo| wrsrorjlfdo frqvwudlqwv ri forvxuh1 Qrwh wkdw wkh
frpsohwh Pd{zhoo v|vwhp ri gl�huhqwldo irupv +zklfk dvvxphv wkh h{lvwhqfh ri D,
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dovr jhqhudwhv wzr rwkhu h{whulru gl�huhqwldo v|vwhpv=

gED	J�� EI	J� D	M� ' f> +6146,

dqg

gED	I �� I	I ' f= +6147,

Wkh wzr remhfwv/ D	J dqg D	I duh wkuhh irupv/ qrw xvxdoo| irxqg lq glvfxvvlrqv
ri fodvvlfdo hohfwurpdjqhwlvp1 Wkh forvhg frpsrqhqwv ri wkh �uvw 60irup +ghqvlw|,
zhuh fdoohg wrsrorjlfdo vslq ^4:` dqg wkh forvhg frpsrqhqwv ri wkh vhfrqg 60irup
zhuh fdoohg wrsrorjlfdo wruvlrq +ru kholflw|, ^4;`1 E| gluhfw hydoxdwlrq ri wkh
h{whulru surgxfw/ dqg rq d grpdlq ri 7 lqghshqghqw yduldeohv/ hdfk 60irup zloo
kdyh 7 frpsrqhqwv wkdw fdq eh v|perol}hg e| wkh 70yhfwru duud|v

Vslq� Fxuuhqw G 5e ' d��On#!>� �#o � d5>�o> +6148,

dqg 5

Wruvlrq� yhfwru G Ae ' �d,��n�!>� ��o � dA>ko> +6149,

zklfk duh wr eh frpsduhg zlwk wkh fkdujh fxuuhqw 70yhfwru ghqvlw|=

Fk @h} h� Fxuuhqw G ae ' da> �o> +614:,

Wkh 60irupv wkhq fdq eh gh�qhg e| wkh htxlydohqw frqwudfwlrq surfhvvhv

Wrsrorjlfdo Vslq �� irup
=
' D	J

' lE5e�g{	g|	g}	gw ' n5
{g|	g}	gw=====� �g{	g|	g} +614;,

dqg

Wrsrorjlfdo Wruvlrq� kholflw| �� irup
=
' D	I

' lEAe�g{	g|	g}	gw ' nA
{g|	g}	gw=====� kg{	g|	g}= +614<,

Wkh ydqlvklqj ri wkh �uvw 60irup lv d wrsrorjlfdo frqvwudlqw rq wkh grpdlq wkdw
gh�qhv wrsrorjlfdoo| wudqvyhuvh hohfwulf +WWH, zdyhv= wkh yhfwru srwhqwldo/ �/ lv

5Plqxv vljq rq W mxqh 4</5336
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ruwkrjrqdo wr #> lq wkh vhqvh wkdw � �# ' f= Wkh ydqlvklqj ri wkh vhfrqg 60
irup lv d wrsrorjlfdo frqvwudlqw rq wkh grpdlq wkdw gh�qhv wrsrorjlfdoo| wudqvyhuvh
pdjqhwlf +WWP, zdyhv= wkh yhfwru srwhqwldo/ �/ lv ruwkrjrqdo wr �>lq wkh vhqvh
wkdw � �� ' f= Zkhq erwk 60irupv ydqlvk/ wkh wrsrorjlfdo frqvwudlqw rq wkh
grpdlq gh�qhv wrsrorjlfdoo| wudqvyhuvh +WWHP, zdyhv1 Iru fodvvlf uhdo �hogv
wklv grxeoh frqvwudlqw zrxog uhtxluh wkdw yhfwru srwhqwldo/ �> lv froolqhdu zlwk wkh
�hog prphqwxp/ #��> dqg lq wkh gluhfwlrq ri wkh zdyh yhfwru/ !1

Wkh jhrphwulf qrwlrq ri glvwlqfw wudqvyhuvdolw| prghv ri hohfwurpdjqhwlf
zdyhv lv d zhoo nqrzq frqfhsw h{shulphqwdoo|/ exw wkh dvvrfldwlrq ri wudqvyhuvdolw|
wr wrsrorjlfdo lvvxhv lv qryho khuhlq1 Iru fhuwdlq h{dpsohv wkdw dsshdu lq vhfwlrq
7/ lw lv dssduhqw wkdw wkh frqfhsw ri jhrphwulf dqg wrsrorjlfdo wudqvyhuvdolw| duh
wkh vdph1 Lq wkh fodvvlf fdvh ri zdyhjxlghv/ zlwk rshq erxqgdu| frqglwlrqv
dv frqvlghuhg lq �ehu rswlf wkhru|/ lw lv nqrzq wkdw fhuwdlq WHP prghv gr qrw
wudqvplw srzhu1 Lq vxfk fdvhv wkh jhrphwulfdo gh�qwlrq dqg wkh wrsrorjlfdo
gh�qlwlrq frlqflgh WHP*WWHP1 Krzhyhu/ lq vhfwlrq 7 d ydfxxp zdyh vroxwlrq
lv jlyhq zklfk vdwlv�hv wkh jhrphwulf frqfhsw ri wudqvyhuvdolw| + lw lv erwk d WP
dqg d WH vroxwlrq, exw wkh prgh udgldwhv iru lw lv qrw erwk d WWP dqg d WWH
vroxwlrq1 Wkh frqmhfwxuh rewdlqhg iurp h{dpsohv lv wkdw d WWHP vroxwlrq grhv
qrw udgldwh1

Qrwh wkdw li wkh 50irup I zdv qrw h{dfw/ vxfk wrsrorjlfdo frqfhswv ri
wudqvyhuvdolw| zrxog eh zlwkrxw phdqlqj/ iru wkh 60irupv ri Wrsrorjlfdo Vslq dqg
Wrsrorjlfdo Wruvlrq ghshqg xsrq wkh h{lvwhqfh ri wkh 40irup ri Dfwlrq1 Wkh
wruvlrq yhfwru Ae dqg wkh Vslq yhfwru 5e duh dvvrfldwhg yhfwruv wr wkh 40irup ri
Dfwlrq lq wkh vhqvh wkdw

lEAe�D ' f dqg lE5e�D ' f +6153,

6171 Wkh Srlqfduh Ghirupdwlrq Lqyduldqwv

Wkh h{whulru ghulydwlyhv ri wkh 60irupv ri Vslq dqg Wruvlrq surgxfh wzr 70
irupv/ I	J � D	M dqg I	I> zkrvh forvhg lqwhjudov ryhu forvhg 7 glphqvlrqdo
grpdlqv duh ghirupdwlrq lqyduldqwv iru wkh Pd{zhoo v|vwhp1 +Wkh ghirupdwlrq
lqyduldqfh iroorzv iurp Fduwdq*v Pdjlf irupxod dqg wkh idfw wkdw wkh 70irupv
duh h{dfw,1 Wkhvh wrsrorjlfdo remhfwv duh uhodwhg wr wkh frqirupdo lqyduldqwv
ri d Oruhqw} v|vwhp dv glvfryhuhg e| Srlqfduh dqg Edwhpdq1 Qrwh wkdw wkhlu
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wrsrorjlfdo surshuwlhv duh ydolg hyhq lq wkh grpdlq ri glvvlsdwlyh fkdujh fxuuhqwv
dqg udgldwlrq1

Lq wkh irupdw ri lqghshqghqw yduldeohv i{> |> }> wj> wkh h{whulru ghulydwlyh
fruuhvsrqgv wr wkh 70glyhujhqfh ri wkh 70frpsrqhqw Vslq dqg Wruvlrq yhfwruv/
5e dqg Ae= Wkh ixqfwlrqv vr fuhdwhg gh�qh wkh Srlqfduh frqirupdo lqyduldqwv ri
wkh Pd{zhoo v|vwhp 6=

Srlqfduh � ' gED	J� ' I	J� D	M +6154,

' igly�E��On#!� n CE� �#�@Cwjle +6155,

' iE� �O�# � ,�� E� � a� �!�jle +6156,

Srlqfduh 2 ' gED	I � ' I	I +6157,

' �igly�E,��n�!� n CE� ���@Cwjle +6158,

' in2, ��jle +6159,

Iru wkh ydfxxp vwdwh/ zlwk M ' f> }hur ydoxhv ri wkh Srlqfduh lqyduldqwv
uhtxluh wkdw wkh pdjqhwlf hqhuj| ghqvlw| lv htxdo wr wkh hohfwulf hqhuj| ghqvlw|
E�@2� �O ' �@2# � ,�/ dqg/ uhvshfwlyho|/ wkdw wkh hohfwulf �hog lv ruwkrjrqdo
wr wkh pdjqhwlf �hog E, �� ' f�= Qrwh wkdw wkhvh frqvwudlqwv riwhq duh xvhg
dv hohphqwdu| wh{werrn gh�qlwlrqv ri zkdw lv phdqw e| hohfwurpdjqhwlf zdyhv1
Zkhq hlwkhu Srlqfduh lqyduldqw ydqlvkhv/ wkh fruuhvsrqglqj forvhg 60glphqvlrqdo
lqwhjudo ehfrphv d wrsrorjlfdo txdqwlw| lq wkh vhqvh ri d ghUkdp shulrg lqwhjudo1

Gh�qlwlrq 6= Vslq lv gh�qhg dv wkh forvhg lqwhjudo ri wkh 60irup
D	J

Vslq '
UUU
forvhg

D	J +615:,

Wkhruhp 6= Li wkh Iluvw Srlqfduh Lqyduldqw ydqlvkhv/ wkh Vslq
lv dq hyroxwlrqdu| ghirupdwlrq lqyduldqw zlwk ydoxhv zkrvh udwlrv duh
udwlrqdo1

6vljqv rq W7 dqg gly dv ri mxqh 4</5336
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Surri= Xvlqj Fduwdq*v pdjlf irupxod dqg wkh frqvwudlqw wkdw
gED	J� ' f

O�V EVslq� '
UUU
forvhg

ilE�V�gED	J� n gElE�V�ED	J�j +615;,

'
UUU
forvhg

if n gElE�V�ED	J�j ' f=

Wkh txdqwl}hg +lqwhjhu, udwlrv frphv iurp wkh ghUkdp frkrprorj|
wkhruhpv rq forvhg lqwhjudov ri forvhg s0irupv1

Vlploduo|/ zkhq wkh vhfrqg Srlqfduh lqyduldqw ydqlvkhv/ wkh forvhg lqwhjudo ri
wkh 60irup ri Wruvlrq0Kholflw| ehfrphv d ghirupdwlrq lqyduldqw zlwk txdqwl}hg
ydoxhv=

Gh�qlwlrq 7= Fkludolw| lv gh�qhg dv wkh forvhg lqwhjudo ri wkh
60irup D	I

Fkludolw| '
UUU
forvhg

D	I +615<,

Wkhruhp 71 Li wkh vhfrqg Srlqfduh Lqyduldqw ydqlvkhv/ wkh Wru0
vlrq Kholflw| lv dq hyroxwlrqdu| ghirupdwlrq lqyduldqw zlwk ydoxhv zkrvh
udwlrv duh udwlrqdo1

Surri= Xvlqj Fduwdq*v pdjlf irupxod dqg wkh frqvwudlqw wkdw
gED	I � ' f

O�V EFkludolw|� '
UUU
forvhg

ilE�V�gED	I � n gElE�V�ED	I �j+6163,

'
UUU
forvhg

if n gElE�V�ED	I �j ' f=

Wkh txdqwl}hg +lqwhjhu, udwlrv frphv iurp wkh ghUkdp frkrprorj|
wkhruhpv rq forvhg lqwhjudov ri forvhg s0irupv1

Lw lv lpsruwdqw wr uhdol}h wkdw wkhvh wrsrorjlfdo frqvhuydwlrq odzv duh ydolg lq
d sodvpd dv zhoo dv lq wkh ydfxxp/ vxemhfw wr wkh frqglwlrqv ri }hur ydoxhv iru wkh
Srlqfduh lqyduldqwv1 Rq wkh rwkhu kdqg/ wrsrorjlfdo wudqvlwlrqv ehwzhhq �txdq0
wl}hg� vwdwhv ri Vslq ru Fkludolw| uhtxluh wkdw wkh uhvshfwlyh Srlqfduh lqyduldqwv
duh qrw }hur1
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71 Hohfwurpdjqhwlf Zdyhv lq wkh Ydfxxp zlwk Vslq dqg

Wruvlrq

7141 Vroxwlrqv Rog dqg Qhz

Dv wkh Vslq 70yhfwru dqg wkh Wruvlrq 70yhfwru irupdolvp pd| eh xqidploldu
wr pdq| uhdghuv/ lw lv xvhixo wr frpsduh irxu fodvvhv ri xqxvxdo ydfxxp zdyh
vroxwlrqv zlwk wkh xvxdo zdyhjxlgh vroxwlrqv1 Wkh �xqxvxdo zdyhv� kdyh wkhlu
yhfwru srwhqwldo/ �> ruwkrjrqdo wr wkh zdyh yhfwru/ !/ ghvfulelqj wkh gluhfwlrq ri
wkh zdyh iurqw1 Lq hdfk xqxvxdo h{dpsoh/ wkh fxuuhqw ghqvlw| lv lq wkh gluhfwlrq ri
wkh yhfwru srwhqwldo dqg wkhuhiruh dovr ruwkrjrqdo wr wkh zdyh yhfwru1 Wkh xvxdo
zdyh vroxwlrqv kdyh wkhlu yhfwru srwhqwldo sdudooho wr wkh zdyh yhfwru1 Wkh irxu
xqxvxdo fdvhv ehorqj wr htxlydohqfh fodvvhv gh�qhg e| wkh frqvwudlqwv

ED	I ' f> D	J 9' f�

ED	I 9' f> D	J ' f�

ED	I ' f> D	J ' f�

ED	I 9' f> D	J 9' f�=

Hdfk frpsrqhqw ri wkh srwhqwldov vdwlv�hv wkh zdyh htxdwlrq vxemhfw wr wkh
glvshuvlrq uhodwlrq/ $@n	s

�@�� ' f= Wkh h{dpsohv gr qrw jhqhudwh dq| fkdujh
fxuuhqw glvwulexwlrqv zkhq wkh ydfxxp glvshuvlrq htxdwlrq lv vdwlv�hg +wkh skdvh
yhorflw| htxdov wr wkh jurxs yhorflw| htxdov wkh vshhg ri oljkw dv ghwhuplqhg e| wkh
frqvwlwxwlyh htxdwlrqv,1 Wkh fkrlfh ri glvshuvlrq htxdwlrq vroxwlrq ghwhuplqhv
wkh gluhfwlrq ri zdyh sursdjdwlrq1

Lq hdfk h{dpsoh jlyhq ehorz/ wkh 40irup ri Dfwlrq lv vshfl�hg dqg wkh
�hog lqwhqvlwlhv duh frpsxwhg1 Wkhq wkh Vslq Fxuuhqw dqg wkh Wruvlrq yhfwru
duh hydoxdwhg1 Wkh ixqfwlrqv kdyh ehhq fkrvhq wr vdwlvi| wkh Oruhqw} ydfxxp
frqglwlrqv ri }hur fkdujh fxuuhqw ghqvlwlhv/ vxemhfw wr d glvshuvlrq uhodwlrq1 Wkh
Sr|qwlqj yhfwru lv frpsxwhg/ dqg wkh Srlqfduh lqyduldqwv duh hydoxdwhg1

Wkh irxu fodvvhv ri wkhvh vlpsoh +exw xqxvxdo, zdyh w|shv fruuhvsrqg wr=

714141 H{dpsoh 41 Uhdo Olqhdu Srodul}dwlrq=

Frqvlghu wkh Srwhqwldov
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D ' dULtEn} � $w�> ULtEn} � $w�> f> fo +714,

dqg wkhlu lqgxfhg �hogv=

, ' d� t�?En} � $w�>� t�?En} � $w�> fo$

� ' dn t�?En} � $w�>� t�?En} � $w�> fon

ae ' dULtEn} � $w�> ULtEn} � $w�> f> foEn2 � %�$2�@�

5e ' df> f>�n@�>�%$o 2 ULtEn} � $w� t�?En} � $w�=

Ae ' df> f> f> fo=

,�O ' df> f> �oE$n@��E2 ULtEn} � $w�2 � ��

E� �O�# � ,� ' �2iULtEn} � $w�2 � t�?En} � $w�2jEn2 � %�$2�@�

E, ��� ' f

Wklv fodvv ri srwhqwldov jhqhudwhv d vhw ri frpsoh{ �hog lqwhqvlwlhv dqg h{flwd0
wlrqv/ dqg d fxuuhqw ghqvlw| sursruwlrqdo wr wkh yhfwru srwhqwldo1 Li wkh glvshuvlrq
uhodwlrq En2� %�$2� ' f lv vdwlv�hg/ wkhq wkh vroxwlrqv duh dffhswdeoh ydfxxp vr0
oxwlrqv/ zlwk d ydqlvklqj fkdujh fxuuhqw ghqvlw|1 Wkh Wruvlrq yhfwru ydqlvkhv
lqghqwlfdoo|/ lqghshqghqw iurp wkh glvshuvlrq frqglwlrq/ exw wkh Vslq yhfwru grhv
qrw1 Wkh �uvw Srlqfduh lqyduldqw ydqlvkhv vxemhfw wr wkh frqvwudlqw ri wkh glvshu0
vlrq uhodwlrq1 Wkh vhfrqg Srlqfduh lqyduldqw ydqlvkhv lghqwlfdoo|1 Wkh vroxwlrq
fruuhvsrqgv wr d olqhdu vwdwh ri srodul}dwlrq dw 78� zlwk uhvshfw wr wkh {0d{lv/ zlwk
wkh hohfwulf dqg wkh pdjqhwlf �hogv lq skdvh1 Wkhuh lv d qrq0}hur Sr|qwlqj yhfwru
dorqj wkh } d{lv1/ zklfk lv ruwkrjrqdo wr wkh yhfwru srwhqwldo1 Qrwh wkdw wkh
udgldwhg srzhu kdv d wlph dyhudjh zklfk lv }hur1 Li wkh fkdujh fxuuhqw ghqvlw| lv
qrw }hur +gxh wr d  xfwxdwlrq lq wkh glvshuvlrq uhodwlrq, wkh fkdujh fxuuhqw yhfwru
lv ruwkrjrqdo wr wkh Vslq fxuuhqw yhfwru1
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714151 H{dpsoh 51 Uhdo Flufxodu Srodul}dwlrq=

Frqvlghu wkh Srwhqwldov

D ' dULtEn} � $w�> t�?En} � $w�> f> fo +715,

dqg wkhlu lqgxfhg �hogv=

, ' d� t�?En} � $w�>nULtEn} � $w�> fo$

� ' d� ULtEn} � $w�>� t�?En} � $w�> fon

ae ' dULtEn} � $w�> t�?En} � $w�> f> foEn2 � %�$2�@�

5e ' df> f> f> fo=

Ae ' df> f>�$>�no=

,�O ' df> f> �o$ n@�

E� �O�# � ,� ' f

E, ��� ' f

Wklv fodvv ri srwhqwldov jhqhudwhv d vhw ri frpsoh{ �hog lqwhqvlwlhv dqg h{0
flwdwlrqv/ dqg d fxuuhqw ghqvlw| sursruwlrqdo wr wkh yhfwru srwhqwldo1 Li wkh
glvshuvlrq uhodwlrq En2 � %�$2� ' f lv vdwlv�hg/ wkhq wkh vroxwlrqv duh dffhsw0
deoh ydfxxp vroxwlrqv/ zlwk d ydqlvklqj fkdujh fxuuhqw ghqvlw|1 Wkh Vslq yhfwru
ydqlvkhv lghqwlfdoo|/ exw wkh Wruvlrq yhfwru grhv qrw1 Lq idfw/ wkh wruvlrq yhfwru
lv frqvwdqw1 Wkh vroxwlrq fruuhvsrqgv wr d flufxodu vwdwh ri srodul}dwlrq zlwk
wkh frqvwdqw pdjqhwlf dqg hohfwulf dpsolwxghv urwdwlqj derxw wkh } d{lv1 Wkh
Sr|qwlqj yhfwru lv qrw }hur dqg lv d frqvwdqw/ wlph lqghshqghqw/ yhfwru1 Wklv
zdyh vroxwlrq lv jhrphwulfdoo| wudqvyhuvh +WHP,/ |hw lw surgxfhv srzhu dv lw lv
qrw wrsrorjlfdoo| wudqvyhuvh +WWHP,1 Li wkh glvshuvlrq uhodwlrq lv qrw suhflvho|
vdwlv�hg/ wkh fxuuhqw yhfwru lv ruwkrjrqdo wr wkh Wruvlrq yhfwru dqg sdudooho wr
wkh yhfwru srwhqwldo1 Erwk Srlqfduh lqyduldqwv ydqlvk lghqwlfdoo|1 Wkh vrolwrq
olnh vroxwlrq vkrxog eh frpsduhg wr wkh zdyh jxlgh vroxwlrq ri h{dpsoh 8 ehorz/
zklfk lv dovr WHP/ exw grhv qrw udgldwh1
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714161 H{dpsoh 61 Frpsoh{ Olqhdu Srodul}dwlrq=

Frqvlghu wkh Srwhqwldov

D ' dULtEn} � $w�> l ULtEn} � $w�> f> fo +716,

dqg wkhlu lqgxfhg �hogv=

, ' d� t�?En} � $w�>�l t�?En} � $w�> fo$

� ' dnl t�?En} � $w�>� t�?En} � $w�> fon

ae ' dULtEn} � $w�> l ULtEn} � $w�> f> foEn2 � %�$2�@�

5e ' df> f> f> fo=

Ae ' df> f> f> fo=

,�O ' df> f> fo

E� �O�# � ,� ' f

E, ��� ' f

Wklv fodvv ri srwhqwldov jhqhudwhv d vhw ri frpsoh{ �hog lqwhqvlwlhv dqg h{flwd0
wlrqv/ dqg d fxuuhqw ghqvlw| sursruwlrqdo wr wkh yhfwru srwhqwldo1 Wkh �hogv duh
vdlg wr eh frpsoh{ olqhduo| srodul}hg ehfdxvh wkh frpsoh{ � �hog lv d frpsoh{
vfdodu pxowlsoh ri wkh frpsoh{ , �hog1 Li wkh glvshuvlrq uhodwlrq En2 � %�$2� ' f
lv vdwlv�hg/ wkhq wkh vroxwlrqv duh dffhswdeoh ydfxxp vroxwlrqv/ zlwk d ydqlvklqj
fkdujh fxuuhqw ghqvlw|1 Qrwh wkdw erwk wkh Wruvlrq yhfwru dqg wkh Vslq yhfwru
ydqlvk lghqwlfdoo|1 Wkh frpsoh{ vtxduh ri erwk wkh hohfwulf dqg wkh pdjqhwlf
�hog yhfwruv ydqlvk1 Erwk Srlqfduh lqyduldqwv ydqlvk lqghshqghqw iurp wkh glv0
shuvlrq frqvwudlqw1 Dowkrxjk wkh �hogv duh sursdjdwlqj/ wkhuh lv qr prphqwxp
 x{ dqg wkh Sr|qwlqj yhfwru lv }hur1 Wkh , dqg � �hogv duh +frpsoh{, froolqhdu1
Wklv h{dpsoh lv shukdsv wkh vlpsohvw phpehu ri wkh fodvv ri Edwhpdq0Zklwwdnhu
frpsoh{ vroxwlrqv ghvfulehg lq H{dpsoh 43/ ehorz1
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714171 H{dpsoh 71 Frpsoh{ Flufxodu Srodul}dwlrq=

Frqvlghu wkh Srwhqwldov

D ' dULtEn} � $w�> l t�?En} � $w�> f> fo +717,

dqg wkhlu lqgxfhg �hogv=

, ' d� t�?En} � $w�>nl ULtEn} � $w�> fo$

� ' d�l ULtEn} � $w�>� t�?En} � $w�> fon

ae ' dULtEn} � $w�> l t�?En} � $w�> f> foEn2 � %�$2�@�

5e ' df> f>�n@�>�%$o 2 ULtEn} � $w� t�?En} � $w�=

Ae ' ldf> f>�$>�no=

,�O ' df> f>��o E$ n@��E2 ULtEn} � $w�2 � ��

E� �O�# � ,� ' �2iULtEn} � $w�2 � t�?En} � $w�2jEn2 � %�$2�@�

E, ��� ' f

Wklv fodvv ri srwhqwldov jhqhudwhv d vhw ri frpsoh{ �hog lqwhqvlwlhv dqg h{0
flwdwlrqv/ dqg d fxuuhqw ghqvlw| sursruwlrqdo wr wkh yhfwru srwhqwldo1 Li wkh
glvshuvlrq uhodwlrq En2 � %�$2� ' f lv vdwlv�hg/ wkhq wkh vroxwlrqv duh dffhswdeoh
ydfxxp vroxwlrqv/ zlwk d ydqlvklqj fkdujh fxuuhqw ghqvlw|1 Erwk wkh Wruvlrq yhf0
wru +lpdjlqdu|, dqg wkh Vslq yhfwru +uhdo, gr qrw ydqlvk1 Wkh vhfrqg Srlqfduh
lqyduldqw ydqlvkhv lghqwlfdoo|/ dqg wkh �uvw Srlqfduh lqyduldqw ydqlvkhv vxemhfw wr
wkh glvshuvlrq frqvwudlqw1 Wkh fxuuhqw yhfwru/ li qrq0}hur gxh wr  xfwxdwlrqv
lq wkh glvshuvlrq uhodwlrq/ lv ruwkrjrqdo wr erwk wkh Wruvlrq yhfwru dqg wkh Vslq
yhfwru1

H{dpsohv 4 wkurxjk 7 deryh duh jhrphwulfdoo| wudqvyhuvh zdyhv lq wkh hq0
jlqhhulqj vhqvh wkdw wkh sursdjdwlrq gluhfwlrq +dorqj wkh } d{lv, lv lq wkh gluhfwlrq
ri wkh prphqwxp  x{/ #��= Krzhyhu/ wkh zdyhv duh qrw �wrsrorjlfdoo| wudqv0
yhuvh� lq wkdw wkh vhqvh wkdw wkh # dqg � �hogv duh qrw qhfhvvdulo| wudqvyhuvh wr
wkh frpsrqhqwv ri wkh yhfwru srwhqwldo �=
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714181 H{dpsoh 81 Zdyhjxlgh WHP prghv

Frqvlghu wkh Srwhqwldov

D ' df> f> !E{> |�> E$@n�!E{> |�o ULtEn} � $w� +718,

dqg wkhlu lqgxfhg �hogv=

, ' d�E$@n�C!@C{>�E$@n�C!@C|> fo ULtEn} � $w�

� ' dC!@C|>�C!@C{> fo ULtEn} � $w�

ae ' dC!@C{E%�E$@n�2 � �� t�?En} � $w�>

C!@C|E%�E$@n�2 � �� t�?En} � $w�>

u2! ULtEn} � $w�>

E%�$@n�u2! ULtEn} � $w�o@�

5e ' d!C!@C{ ULtEn} � $w�2E�� %�E$@n�2�>

!C!@C| ULtEn} � $w�2E�� %�E$@n�2�>

f>

fo@�

Ae ' df> f> f> fo=

,�O ' d!EC!@C{�n ULtEn} � $w� t�?En} � $w�Eyj � ys�>

!EC!@C|�n ULtEn} � $w� t�?En} � $w�Eyj � ys�>

Eyj� ULtEn} � $w�2Eu2!�o@�

E� �O�# � ,� 9' f

E, ��� ' f
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Qrwh wkdw wkh yhfwru srwhqwldo/ �> lv sdudooho wr erwk wkh zdyh yhfwru/ !>
dqg wkh �hog prphqwxp/ # � �= Wkh Wruvlrq yhfwru dqg wkh vhfrqg Srlqfduh
lqyduldqw duh lqghqwlfdoo| }hur1 Wkh vroxwlrq surgxfhv fxuuhqw dqg vslq ghqvlwlhv
xqohvv d glvshuvlrq uhodwlrq/ %�E$@n�f2 ' �> lv vdwlv�hg1 Vxemhfw wr wkh glvshuvlrq
frqvwudlqwv/ wklv fodvvlf vroxwlrq kdv erwk d }hur Wruvlrq yhfwru dqg d }hur Vslq
yhfwru1 Erwk � �# ' f dqg � �� ' f= Wkh zdyh iurqw lv lq wkh vsdwldo
gluhfwlrq ri wkh srwhqwldo/ e| frqvwuxfwlrq1 Wkh fdqglgdwh vroxwlrq vxemhfw wr
wkh glvshuvlrq uhodwlrq lv erwk wrsrorjlfdoo| wudqvyhuvh WWHP dqg jhrphwulfdoo|
wudqvyhuvh/ WHP 1

Krzhyhu/ hyhq li wkh glvshuvlrq uhodwlrqv duh vdwlv�hg/ wkh jhrphwulf WHP
vroxwlrq surgxfhv �qlwh fkdujh fxuuhqw ghqvlwlhv/ xqohvv wkh ixqfwlrq !E{> |� lv d
vroxwlrq ri wkh wzr glphqvlrqdo Odsodfh htxdwlrq/u2! ' f= Wklv ixuwkhu frqvwudlq
lpsolhv wkdw wkh WHP vroxwlrq surgxfhv qr udgldwhg srzhu lq wkh fkdujh iuhh vwdwh/
iru ,�O , f dv u2! , f= Lq wkh qh{w h{dpsoh wkh frqvwudlqw wkdw wkh v|vwhp
eh WWHP lv uhod{hg/ dqg udgldwhg srzhu lv dfklhyhg1 lq d WWP prgh1

714191 H{dpsoh 91 Zdyhjxlgh WP prghv

Frqvlghu wkh Srwhqwldov

D ' df> f> !E{> |� ULtEn} � $w�> yj!E{> |� ULtEn} � $w� +719,

dqg wkhlu lqgxfhg �hogv +qrwh wkdw h{dpsoh 9 gl�huhv iurp h{dpsoh 8 lq wkdw d
�jurxs� yhorflw| yj lv xvhg lq wkh gh�qlwlrq ri wkh srwhqwldov/ lqvwhdg ri wkh skdvh
yhorflw|/ ys ' $@n�=

, ' d�yjC!@C{>�yjC!@C|> !E{> |� |@?En} � $w�Eyjn � $�o ULtEn} � $w�

� ' dC!E{> |�@C| ULtEn} � $w�>�C!E{> |�@C{ t�?En} � $w�> fo

ae ' dnC!@C{E%�yjys � �� t�?EEn} � $w�>

nC!@C| t�?EEn} � $w�E%�yjys � ��>

�Eu2!n �!� ULtEn} � $w�>

�yj%�Eu2!n �!� ULtEn} � $w�o@�
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� ' n2%�ysEys � yj�> � ' n2yjEys@yj � ��

5e ' d�Eyj@ys � ��!C!@C{ ULtEn} � $w�2>

�Eyj@ys � ��!C!@C{ ULtEn} � $w�2>

�nEyj@ys � ��!2 t�?En} � $w�>

��nEyj � ys�!
2 t�?En} � $w�o@�

Ae ' df> f> f> fo=

,�O ' dEys@yj � ��!C!@C{ t�?En} � $w�>

Eys@yj � ��!C!@C| t�?En} � $w�>

EEC!@C{�2 n EC!@C|�2� ULtEn} � $w�oE yj@�� ULtEn} � $w�

E� �O�# � ,� ' �Ei%�E$@n�2 � �j@�� ULtEn} � $w�2iEu!�2 n !Eu2!�j
E, ��� ' f

Qrwh wkdw lq wklv vroxwlrq/ wkh irxuwk frpsrqhqw ri wkh Dfwlrq lv vfdohg e| wkh
�jurxs yhorflw|�/ yj> qrw wkh �vshhg ri oljkw�/ dv ghwhuplqhg e| wkh frqvwlwxwlyh

surshuwlhv= f '
s
�@��= Wklv fodvv ri srwhqwldov uhtxluhv wkdw wkh ixqfwlrq !E{> |�

eh d vroxwlrq ri wkh wzr glphqvlrqdo Khopkrow} htxdwlrq/ u2!n �2! ' f 1 Wkh
skdvh yhorflw|/ ys ' $@n> gl�huv iurp wkh jurxs yhorflw|/ yj= Djdlq/ wzr frqvwudlqw
frqglwlrqv +glvshuvlrq uhodwlrqv, duh uhtxluhg iru wkh vroxwlrq wr eh d ydfxxp
vroxwlrq zlwkrxw fkdujh fxuuhqwv1 Rqh ri wkh frqvwudlqw frqglwlrqv ghpdqgv wkdw
wkh surgxfw ri wkh jurxs dqg wkh skdvh yhorflw|/ ys ' $@n> wr eh htxdo wr wkh
vtxduh ri wkh vshhg ri oljkw dv ghwhuplqhg iurp wkh frqvwlwxwlyh surshuwlhv=

ys � yj ' �@%� ' f2=

Wkh vhfrqg frqvwudlqw uhtxluhg iru wkh ydfxxp vwdwh Ea ' f> � ' f� lv ghwhu0
plqhg e| wkh Khopkrow} sdudphwhu/ �>dqg lv vdwlv�hg zkhq

58



�2 ' n2Eys@yj � ��=

Vxfk WP prghv duh dovr WWP prghv> wkh Wruvlrq yhfwru lv lghqwlfdoo| }hur/ exw
wkh Vslq yhfwru lv qrw1 Qrwh wkdw wkh vroxwlrq ehfrphv d WHP prgh vroxwlrq
zkhq wkh skdvh yhorflw| htxdov wkh jurxs yhorflw|/ dqg wkh ixqfwlrq ! vdwlv�hv
wkh Odsodfh htxdwlrq/ u2! ' f= Ixuwkhu qrwh wkdw wkh , �hog kdv d orqjlwxglqdo
frpsrqhqw zkhq wkh jurxs yhorflw| dqg wkh skdvh yhorflw| duh qrw wkh vdph1 Iru
wkh wudqvyhuvh pdjqhwlf prgh/ � �� ' f>exw � �# 9' f1 Wkh vhfrqg Srlqfduh
lqyduldqw ydqlvkhv/ , �� ' f>exw iru wklv vroxwlrq/ wkh �uvw Srlqfduh lqyduldqw
grhv qrw ydqlvk1 Qrw rqo| lv wkh Vslq yhfwru qrw }hur/ exw dovr lwv glyhujhqfh lv
qrw }hur1 Wkh hqhuj|  rz lv lq wkh gluhfwlrq ri wkh zdyh yhfwru/ !/ exw qrw lq
wkh gluhfwlrq ri wkh �hog prphqwxp/ #��> dqg wkh hqhuj| sursdjdwhv zlwk wkh
jurxs yhorflw| yj=

7141:1 H{dpsoh :1 D ydfxxp vroxwlrq iru zklfk , �� 9' f

Frqvlghu wkh srwhqwldov

� ' dn|>�{> fwo@�e > ! ' f}@�e> zkhuh �2 ' �f2w2 n {2 n |2 n }2= +71:,

dqg wkhlu lqgxfhg �hogv=

, ' d�2Efw| � {}�>n2Efw{n |}�>�Ef2w2 n {2 n |2 � }2�o2f@�S

� ' d�2Efw| n {}�>n2Efw{� |}�>nEf2w2 n {2 n |2 � }2�o2@�S=

5e ' d{E��2�e|2�e{2�> |E��2�e|2�e{2�> }E�2�e|2�e{2�> wE�2�e|2�e{2�oE2@��@��f

Ae ' �d{> |> }> wo2f@�H=

E� �O�# � ,� ' f

E, ��� ' �ef@�H
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Erwk wkh Vslq fxuuhqw dqg wkh Wruvlrq yhfwru duh qrq0}hur/ zklfk lpsolhv wkdw
wklv vroxwlrq uhsuhvhqwv zdyhv zklfk duh qhlwkhu WWP qru WWH1 Wkh| duh qrw
wudqvyhuvh zdyhv lq dq| vhqvh1 Krzhyhu/ wkh �uvw Srlqfduh lqyduldqw ydqlvkhv/
lpso|lqj wkdw wkh Vslq lqwhjudo lv d ghirupdwlrq lqyduldqw/ dqg lv frqvhuyhg1 Wkh
vhfrqg Srlqfduh lqyduldqw lv qrw }hur/ zklfk lpsolhv wkdw wkh Wruvlrq0Kholflw|
lqwhjudo lv qrw d wrsrorjlfdo lqyduldqw1 Wkhvh vroxwlrqv duh qrw vlpsoh wudqvyhuvh
zdyhv iru erwk � �� 9' f> dqg � �# 9' f= Qrwh wkdw wkh sk|vlfdo xqlwv ri wkh
vhfrqg Srlqfduh lqyduldqw duh wkdw ri dq hqhuj| ghqvlw| pxowlsolhg e| dq lpshgdqfh
+rkpv,1 Dv wkh vhfrqg Srlqfduh lqyduldqw lv qrw }hur/ lw lv lpsrvvleoh wr �qg d
frpsdfw zlwkrxw erxqgdu| wzr vxuidfh wkdw frqwdlqv qrq0}hur olqhv ri pdjqhwlf
�hog1 Wkdw lv/ d forvhg 50wruxv ri pdjqhwlf �hog olqhv grhv qrw h{lvw1

Krzhyhu/ dv wkh �uvw Srlqfduh lqyduldqw lv }hur lw lv srvvleoh wr frqvwuxfw
d ghirupdwlrq lqyduldqw lq whupv ri wkh ghUkdp shulrg lqwhjudo ryhu d forvhg 6
glphqvlrqdo vxepdqlirog=

Vslq '
UUU
forvhg

iV{g|	g}	gw� V|g{	g}	gwn V}g{	g|	gw� �g{	g|	g}j=

7141;1 H{dpsoh ;1 Dqrwkhu ydfxxp vroxwlrq iru zklfk , �� 9' f/

7141<1 frpsolphqwdu| wr h{dpsoh :1

Frqvlghu wkh srwhqwldov

� ' dnfw>�}>n|o@�e > ! ' f{@�e> zkhuh �2 ' �f2w2 n {2 n |2 n }2 +71;,

dqg wkhlu lqgxfhg �hogv=

, ' dnE�f2w2 n {2 � |2 � }2�>n2Efw} n |{�>�2Efw| � }{�o2f@�S

� ' dnE�f2w2 n {2 � |2 � }2�>n2E�fw} n |{�>n2Efw| n }{�o2@�S=

Dv lq h{dpsoh :/ wkhvh �hogv vdwlvi| wkh Pd{zhoo0Idudgd| htxdwlrqv/ dqg wkh
dvvrfldwhg h{flwdwlrqv vdwlvi| wkh Pd{zhoo0Dpshuh htxdwlrqv zlwkrxw surgxflqj
d fkdujh fxuuhqw 70yhfwru1 Krzhyhu/ lw iroorzv e| gluhfw frpsxwdwlrq wkdw wkh

5:



vhfrqg Srlqfduh lqyduldqw/ dqg wkh Wruvlrq 70yhfwru duh ri rssrvlwh vljqv wr wkh
ydoxhv frpsxwhg iru h{dpsoh :=

, �� ' nef@�H dqg � �� ' n2fw@�H =

7141431 H{dpsoh < Vxshusrvlwlrq ri wkh wzr frpsolphqwdu| h{0

dpsohv : dqg ;1

Zkhq wkh srwhqwldov ri h{dpsohv : dqg ; duh frpelqhg e| dgglwlrq ru vxewudf0
wlrq/ wkh uhvxowlqj zdyh lv wrsrorjlfdoo| wudqvyhuvh pdjqhwlf/ exw qrw wrsrorjlfdo
wudqvyhuvh hohfwulf1 Qrw rqo| grhv wkh vhfrqg Srlqfduh lqyduldqw ydqlvk xqghu
vxshusrvlwlrq/ exw vr dovr grhv wkh Wruvlrq 7 yhfwru1 Frqyhuvho|/ wkh h{dpsohv
deryh vkrz wkdw wkhuh fdq h{lvw wrsrorjlfdoo| wudqvyhuvh pdjqhwlf zdyhv zklfk
fdq eh ghfrpsrvhg lqwr wzr qrq0wudqvyhuvh zdyhv1 D qrwdeoh ihdwxuh ri wkh
vxshusrvhg vroxwlrqv lv wkdw wkh Vslq 7 yhfwru grhv qrw ydqlvk/ khqfh wkh h{dpsoh
vxshusrvlwlrq lv d zdyh wkdw lv qrw wrsrorjlfdoo| wudqvyhuvh hohfwulf1 Krzhyhu/ iru
wkh h{dpsohv deryh dqg wkhlu vxshusrvlwlrq/ wkh �uvw Srlqfduh lqyduldqw ydqlvkhv/
zklfk lpsolhv wkdw wkh Vslq uhpdlqv d frqvhuyhg wrsrorjlfdo txdqwlw| iru wkh vx0
shusrvlwlrq1 Wkh vslq fxuuhqw ghqvlw| iru wkh frpelqhg h{dpsohv lv jlyhq e| wkh
irupxod=

5e ' d�2f{E| n fw�2> f|E| n fw�E{2 � |2 n }2 � 2fw| � f2w2�>�2f}E| n fw�2>+71<,

�E| n fw�E{2 n |2 n }2 n 2fw| n f2w2�oef@��f

zkloh wkh Wruvlrq fxuuhqw lv d }hur yhfwru

Ae ' df> f> f> fo=

Lq dgglwlrq/ iru wkh vxshusrvhg h{dpsoh/ wkh vsdwldo frpsrqhqwv ri wkh Sr|qw0
lqj yhfwru duh htxdo wr wkh Vslq fxuuhqw ghqvlw| yhfwru pxowlsolhg e| �/ vxfk
wkdw

,�O ' � 5> zlwk � ' �E{2 n |2 n }2 n 2fw| n f2w2�@2fE| n fw��2=

Wkhvh uhvxowv vhhp wr jlyh fodvvlfdo fuhghqfh wr wkh Sodqfn dvvxpswlrq wkdw ydf0
xxp vwdwh ri Pd{zhoo*v hohfwurg|qdplfv vxssruwv txdqwl}hg dqjxodu prphqwxp/
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+wkh frqvhuyhg vslq lqwhjudo, dqg wkdw wkh hqhuj|  x{ pxvw frph lq pxowlsohv ri
wkh vslq txdqwd1 Lq rwkhu zrugv/ wkhvh frpelqhg vroxwlrqv ri h{dpsohv : dqg ;
kdyh wkh dsshdudqfh ri wkh skrwrq1

7141441 H{dpsoh 431 Edwhpdq0Zklwwdnhu vroxwlrqv1

Lq wkh prghuq odqjxdjh ri gl�huhqwldo irupv/ Edwhpdq ^4<` +dqg Zklwwdnhu,
ghwhuplqhg wkdw li wzr frpsoh{ ixqfwlrqv �E{> |> }> w� dqg �E{> |> }> w� duh xvhg wr
gh�qh wkh 40irup ri Dfwlrq/

D ' �g� � �g� , � ' �u� � �u�> ! ' �E�C�@Cw� �C�@Cw� +7143,

wkhq wkh ghulyhg 50irup

I ' 2g�	g�

jhqhudwhv wkh frpsoh{ �hog lqwhqvlwlhv/

, ' EC�@Cw�u� � EC�@Cw�u� dqg � ' u��u�>

zklfk ri frxuvh vdwlvi| wkh Pd{zhoo0Idudgd| htxdwlrqv1 Li lq dgglwlrq/ wkh ixqf0
wlrqv � dqg � vdwlvi| wkh frpsoh{ Edwhpdq frqvwudlqwv=

u��u� ' 	El@f�dEC�@Cw�u� � EC�@Cw�u�o>

wkhq wkh frpsoh{ �hog h{flwdwlrqv frpsxwhg iurp wkh Oruhqw} ydfxxp frqvwlwxwlyh
frqvwudlqwv zloo vdwlvi| wkh Pd{zhoo0Dpshuh htxdwlrqv iru wkh ydfxxp/ zlwkrxw
fkdujh fxuuhqwv1 Lw lv dssduhqw lpphgldwho| wkdw wkh vhfrqg Srlqfduh lqyduldqw
lv lghqwlfdoo| }hur iru vxfk vroxwlrqv1 Lw lv dovr dssduhqw lpphgldwho| wkdw wkh
Wruvlrq yhfwru lv lghqwlfdoo| }hur1 Zkdw lv qrw lpphgldwho| dssduhqw lv wkdw wkh
�uvw Srlqfduh lqyduldqw dqg wkh Vslq yhfwru ydqlvk lghqwlfdoo| dv zhoo1 Lq idfw/ wkh
frqvwudlqhg frpsoh{ vroxwlrqv ri wkh Edwhpdq w|sh duh h{dpsohv ri wrsrorjlfdoo|
wudqvyhuvh +WWHP, zdyhv1 Wkh Edwhpdq vroxwlrqv gr qrw udgldwh$

Dv dq h{solflw h{dpsoh/ frqvlghu

� ' E{	 l|�@E} � u�> � ' Eu � fw�> u '
s

{2 n |2 n }2�=

Wkhvh ixqfwlrqv vdwlvi| wkh Edwhpdq frqglwlrqv +dqg/ lw vkrxog eh phqwlrqhg/ wkh
Hlnrqdo htxdwlrq vxemhfw wr wkh glvshuvlrq uhodwlrq %�f2 ' ��= Wkh , dqg wkh �
�hogv duh frpsoh{ +dqg frpsolfdwhg dojheudlfdoo|,

5<



� ' d|{n
s��E}2n|2�u}�>�E}2n{2�u}��s��{|> Eu2n}2�2u}�@Eu�}� �E|�s��{�o2@EuE}�u�

, ' d�s��|{nE|2n}2�u}�>
s��E{2n}2�u}��{|> E}�u �E{n

s��|�o2f@EuE}�u�2�

5e ' df> f> f> fo=

Ae ' df> f> f> fo=

,�O ' df> f> fo> #�� ' df> f> fo> , � , ' f> � �� ' f

E� �O�# � ,� ' f

E, ��� ' f

Wkh ixqfwlrqv � dqg � wkdw vdwlvi| wkh Edwhpdq frqglwlrq pd| eh xvhg wr frq0
vwuxfw dq duelwudu| ixqfwlrq/ I E�> ��> dqg uhpdundeo| hqrxjk/ wkh duelwudu| ixqf0
wlrq I E�> �� vdwlv�hv wkh Hlnrqdo htxdwlrq/

EuI �2 � %�ECI@Cw�2 ' f=

Iurp h{shulhqfh zlwk Hlnrqdo vroxwlrqv dqg zdyh htxdwlrqv/ lw pljkw eh wkrxjkw
wkdw Hlnrqdo vroxwlrqv duh vx!flhqw1 Krzhyhu/ wkh Edwhpdq frqglwlrqv duh qhf0
hvvdu|/ iru erwk wkh fdqglgdwh vroxwlrqv

� ' E{	 l|�@E} � fw�> � ' Eu � fw�> u '
s

{2 n |2 n }2�=

vdwlvi| wkh Hlnrqdo htxdwlrq/ exw qrw wkh Edwhpdq frqglwlrqv1 Wkh| gr qrw
jhqhudwh WWHP prghv lq wkh ydfxxp1 Iru duelwudu| ixqfwlrqv wkh dojheud fdq
ehfrph txlwh frpsoh{1 D Pdsoh v|perolf pdwkhpdwlfv surjudp iru frpsxwlqj
wkh ydulrxv whupv lv dydlodeoh +vhh uhihuhqfhv ehorz,
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7141451 H{dpsoh 441 D Sodvpd Dffuhwlrq glvf iurp KhgjhKrj E

�hog vroxwlrqv1

Dq lqwhuhvwlqj vwdwlf vroxwlrq wkdw kdv fkludo v|pphwu| euhdnlqj fdq eh re0
wdlqhg iurp wkh srwhqwldov

� ' KE{> |> }> w�d�|> {> fo@E{2 n |2� > +7144,

zlwk K ' �} p@
s

E{2 n |2 n �}2�

dqg ! ' f=

Wkhvh srwhqwldov lqgxfh wkh �hog lqwhqvlwlhv=

, ' df> f> fo

� ' p d{> |> }o@E{2 n |2 n � }2��@2=

Wkh � �hog lv wkh idprxv Gludf Khgjhkrj �hog riwhq dvvrfldwhg zlwk �pdjqhwlf
prqrsrohv�1 Krzhyhu/ wkh udgldo � �hog kdv }hur glyhujhqfh hyhu|zkhuh h{fhsw
dw wkh ruljlq/ zklfk khuhlq lv lqwhusuhwhg dv d wrsrorjlfdo revwuxfwlrq1 Wkh idfwru
� lv wr eh lqwhusuhwhg dv dq reodwhqhvv idfwru dvvrfldwhg zlwk urwdwlrq ri d sodvpd/
dqg lv d qxpehu ehwzhhq }hur dqg 41 Lw lv dssduhqw wkdw wkh kholflw| ghqvlw| dqg
wkh vhfrqg Srlqfduh lqyduldqw duh }hur=

, �� ' f dqg � �� ' f =

Lq idfw/ wkh 60irup ri wrsrorjlfdo wruvlrq ydqvkhv lghqwlfdoo| +dv ! ' f�>

Ae ' df> f> f> fo=

Lq wklv h{dpsoh/ wkhuh lv d qrq0}hur ydoxh iru wkh Dpshuldq fxuuhqw ghqvlw|/
hyhq wkrxjk wkh srwhqwldov duh vwdwlf1 Wkh Fxuuhqw Ghqvlw| 60irup kdv frpsr0
qhqwv/

ae ' E�p@2�� E�� �� } d�|> {> f> fo@E{2 n |2 n � }2�D@2==

zklfk gr qrw ydqlvk li wkh v|vwhp lv �reodwh� Ef ? � ? ��= Wklv fxuuhqw ghqvlw|
kdv d vhqvh ri �flufxodwlrq� derxw wkh } d{lv/ dqg lv sursruwlrqdo wr wkh yhfwru
srwhqwldo uhplqlvfhqw ri d Orqgrq fxuuhqw/ a ' ��1 Wkh �rughu� sdudphwhu lv
E�@2�� E�� ��@E{2 n |2 n � }2�2=
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Wkh Oruhqw} irufh fdq eh frpsxwhg dv=

a�� 'E�p2@e�� E�� ��d{}2> |}2>�}o@E{2 n |2 n � }2�2

Wkh irupxod ghprqvwudwhv wkdw wkh Oruhqw} irufh rq wkh sodvpd/ iru wkh jlyhq
v|vwhp ri flufxodwlqj fxuuhqwv/ lv gluhfwhg udgldoo| dzd| +fhqwulixjdoo|, iurp wkh
urwdwlrqdo d{lv/ dqg |hw lv vxfk wkdw wkh sodvpd lv dwwudfwhg wr wkh } ' f> {| sodqh1
Wkh Oruhqw} irufh lv glyhujhqw lq wkh udgldo sodqh dqg frqyhujhqw lq wkh gluhfwlrq
ri wkh } d{lv/ wrzdugv wkh }@3 sodqh1 Wklv hohfwurpdjqhwlf �hog/ wkhuhiru/ zrxog
kdyh wkh whqghqf| wr irup dq dffuhwlrq glvn ri wkh sodvpd lq wkh suhvhqfh ri d
fhqwudo judylwdwlrqdo �hog1

Dowkrxjk wkh 60irup ri Wrsrorjlfdo Wruvlrq ydqlvkhv lghqwlfdoo|/ wkh 60
irup ri Vslq lv qrw }hur1 Wkh vsdwldo frpsrqhqwv ri wkh Vslq duh rssrvlwh wr wkh
gluhfwlrq �hog ri wkh Oruhqw} irufh +lq wkh vhqvh ri d udgldwlrq uhdfwlrq,1

5e ' Ep2@e��d{}2> |}2>�}> fo@E{2 n |2 n � }2�2=

Wkh frpsrqhqwv ri wkh Vslq 60irup duh lq idfw sursruwlrqdo wr wkh frpsrqhqwv ri
wkh yluwxdo zrun 40irup1 +Vhh vhfwlrq 9, zlwk wkh udwlr ��E� � �� ghshqglqj rq
wkh reodwhqhvv idfwru1

Lw lv dovr wuxh wkdw wkh glyhujhqfh ri wkh 60irup ri vslq lv qrw }hur/ iru wkh �uvw
Srlqfduh lqyduldqw lv

gED	J� , S� ' Ep2@e��E{2 n |2 n eE�� �� }2�@E{2 n |2 n � }2��

7151 Vhoi gxdo vroxwlrqv

Lw lv srvvleoh wr frqvwuxfw d wzr0irup J +zlwkrxw xvlqj wkh Oruhqw} ydfxxp
frqvwlwxwlyh gh�qlwlrqv, lq whupv ri wzr duelwudu| ixqfwlrqv/ � dqg �> iurp wkh
gxdo uhodwlrqv=

J ' lE�g��	lE�g��l ' lE�g��	lE�g��le= +7145,

Wkh ixqfwlrqv � dqg � xvhg lq wkh gxdo frqvwuxfwlrq duh qrw uhtxluhg wr eh vr0
oxwlrqv ri wkh Edwhpdq frqglwlrq1 Krzhyhu/ wkh uhvxowlqj �vhoi0gxdo� �hog h{0
flwdwlrqv duh qrw wkh vdph dv wkrvh jhqhudwhg e| wkh Edwhpdq phwkrg/ xqohvv
wkh ixqfwlrqv dovr vdwlvi| wkh Edwhpdq frqglwlrqv ri frpsoh{ froolqhdulw|1 Lq
wkh vhoi gxdo irupxodv wkh - rshudwru lv wkh Krgjh - rshudwru zlwk uhvshfw wr
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wkh Oruhqw} phwulf prgl�hg e| wkh lpshgdqfh ri iuhh vsdfh1 Wkh uhvxowlqj vhoi0
gxdo h{flwdwlrqv frqvwuxfwhg iurp wkh wzr duelwudu| ixqfwlrqv lqghhg vdwlvi| wkh
Pd{zhoo0Dpshuh htxdwlrqv/ lq yluwxh ri wkh Pd{zhoo0Idudgd| htxdwlrqv dqg wkh
glvshuvlrq uhodwlrq1 Wkh frqvwuxfwlrq |lhogv=

O '
s��@�fEC�@Cw�u� � EC�@Cw�u� dqg # ' �s��%@fu��u�= +7146,

Wkh vhoi0gxdo frqvwuxfwlrq/ krzhyhu/ lpsolhv d fkludo +qrq0Oruhqw}, frqvwlwxwlyh
uhodwlrq ri wkh w|sh # ' �d�o � � dqg O ' d�_o � ,/ dqg zloo qrw eh frqvlghuhg
ixuwkhu lq wklv duwlfoh1

81 81 Ghirupdwlrq Lqyduldqwv dqg wkh Sodvpd Vwdwh1

Lq vhfwlrq vl{/ ehorz/ wkhuprg|qdplf dujxphqwv zloo eh xvhg wr irup htxlyd0
ohqfh fodvvhv ri hyroxwlrqdu| surfhvvhv edvhg xsrq wkh wrsrorjlfdo surshuwlhv ri wkh
40irup ri zrun/ dqg wkh 40irup ri khdw1 Lq wklv vhfwlrq/ fdwhjrulhv ri hyroxwlrqdu|
surfhvvhv zloo eh ghvfulehg edvhg xsrq fhuwdlq frqvwudlqwv wkdw fruuhvsrqg wr wkh
frqvhuydwlrq ri fkdujh txdqwd dqg  x{ txdqwd1 Wkhvh frqvwudlqwv zloo eh uhodwhg
wr ydulrxv dssur{lpdwlrqv xvhg wr gh�qh wkh sodvpd vwdwh dqg PKG1

8141 Vshfldo hyroxwlrqdu| surfhvvhv1 Wkh sodvpd surfhvv

Dv ghvfulehg deryh/ wkh ixqgdphqwdo htxdwlrq ri wrsrorjlfdo hyroxwlrq lv jlyhq
e| Fduwdq*v pdjlf irupxod ^7`/ dfwlqj dv d sursdjdwru rq wkh irupv wkdw pdnh xs
wkh h{whulru gl�huhqwldo v|vwhp1 Dv vwdwhg lq wkh �uvw sdudjudsk/ dq hyroxwlrqdu|
surfhvv lv gh�qhg khuhlq dv d pds wkdw fdq eh ghvfulehg e| d vlqjo| sdudphwhul}hg
yhfwru �hog1 Li wkh Dfwlrq ri wkh Olh ghulydwlyh rq wkh frpsohwh v|vwhp ri Pd{zhoo
h{whulru gl�huhqwldo irupv ydqlvkhv iru d sduwlfxodu fkrlfh ri surfhvv/ wkhq wkdw
surfhvv ohdyhv wkh hqwluh Pd{zhoo v|vwhp devroxwho| lqyduldqw1 Dv d wrsrorj| fdq
eh frqvwuxfwhg lq whupv ri dq h{whulru gl�huhqwldo v|vwhp/ dqg li d vshfldo surfhvv
ohdyhv wkdw v|vwhp ri irupv lqyduldqw/ wkhq wkh wrsrorj| lqgxfhg e| wkh v|vwhp ri
irupv lv lqyduldqw/ dqg wkh surfhvv pxvw eh d krphrprusklvp1

Krzhyhu/ iru d jlyhq Pd{zhoo v|vwhp/ lw lv pruh olnho| wkdw rqo| vrph ri
wkh h{whulru gl�huhqwldo irupv wkdw pdnh xs wkh Pd{zhoo v|vwhp duh lqyduldqw uhod0
wlyh wr dq duelwudu| surfhvv> rwkhuv duh qrw1 Ri sduwlfxodu lqwhuhvw duh wkrvh irupv
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zklfk duh uhodwlyh lqwhjudo lqyduldqwv ri frqwlqxrxv ghirupdwlrqv1 Wkh forvhg lq0
whjudo ri wkh irup lv qrw rqo| lqyduldqw zlwk uhvshfw wr d surfhvv uhsuhvhqwhg e|
sduwlfxodu yhfwru �hog/ exw dovr zlwk uhvshfw wr orqjlwxglqdo ghirupdwlrqv ri wkdw
surfhvv rewdlqhg e| pxowlso|lqj wkh sduwlfxodu yhfwru �hog e| dq duelwudu| ixqf0
wlrq1 Iru yhfwru �hogv zklfk duh vlqjo| sdudphwhul}hg/ wklv frqfhsw ri orqjlwxglqdo
ghirupdwlrq lv htxlydohqw wr d uhsdudphwhul}dwlrq ri wkh yhfwru �hog1

Wkh ghyhorsphqw wkdw iroorzv lv jxlghg e| Fduwdq*v slrqhhulqj zrun/ lq
zklfk kh h{dplqhg wkrvh vshfldol}hg surfhvvhv iru phfkdqlfdo v|vwhpv wkdw ohdyh
wkh 40irup ri Dfwlrq/ D> rq vwdwh vsdfh/ d ghirupdwlrq lqyduldqw1 Fduwdq suryhg
wkdw vxfk surfhvvhv rq grpdlqv ri rgg Sid� glphqvlrq dozd|v kdyh d Kdplowrqldq
uhsuhvhqwdwlrq1 Dq hohfwurpdjqhwlf v|vwhp gl�huv lq wkdw lw lv frqvwuxfwhg qrw
rqo| wkh sulplwlyh 40irup/ D> exw dovr wkh Q05 irup/ J= Erwk remhfwv fdq xqghujr
hyroxwlrqdu| surfhvvhv/ dqg pruhryhu wkh grpdlqv ri lqwhuhvw duh qrw qhfhvvdulo|
ri rgg Sid� glphqvlrq1

Iru hohfwurpdjqhwlf v|vwhpv/ d sduwlfxodu lqwhuhvwlqj fkrlfh ri vshfldol}hg
surfhvvhv duh wkrvh wkdw ohdyh wkh forvhg lqwhjudov ri wkh Q05 irup/ J> ri �hog
h{flwdwlrqv d ghirupdwlrq +uhodwlyh, lqwhjudo lqyduldqw1 Vxfk surfhvvhv suhvhuyh
wkh qhw qxpehu ri fkdujhv/ joredoo|1

Gh�qlwlrq 8= D sodvpd surfhvv lv d surfhvv iru zklfk Y e
a '

�Vn��=
Ohppd 4= +Jdxvv odz, Wkh qhw qxpehu ri fkdujhv lq dq lqwhulru

grpdlq ri d sk|vlfdo v|vwhp lv jlyhq e| wkh irupxod T '
UU

forvhg
J=

Wkhruhp 8= Wkh forvhg lqwhjudo ri J lv d hyroxwlrqdu| ghirupd0
wlrq lqyduldqw zlwk uhvshfw wr sodvpd surfhvvhv= Khqfh/ wkh qhw qxpehu
ri fkdujhv lq dq lqwhulru grpdlq lv suhvhuyhg e| d sodvpd surfhvv1

Surri= Xvlqj Fduwdq*v Pdjlf irupxod dqg wkh gh�qlwlrq ri sodvpd
surfhvv=

O�Y E
UU

forvhg

J� '
UU

forvhg

lE�Y �gJ '
UU

forvhg

lE�Y �M +814,

'
UU

forvhg

�iEY e
a� �V�{g|	g} � ===n Ea�V�{g{	gw=== , f+815,

67



Iurp wkh Ohppd=

O�Y E
UU

forvhg

J� ' O�YT ' f= +816,

Dv wkh forvhg lqwhjudov ri J duh/ e| Jdxvv odz/ wkh frxqwhuv ri qhw fkdujh
zlwklq wkh forvhg grpdlq/ wkh fodvvlfdo sodvpd htxdwlrq lv wr eh uhfrjql}hg dv wkh
vwdwhphqw wkdw lq wkh forvhg grpdlq wkh qhw qxpehu ri fkdujhv lv d ghirupdwlrq
lqyduldqw1 Li wkh ydulrxv whupv lq wkh lqwhjudqg ydqlvk/ vxfk wkdw Y e

a ' �V> wkhq
wkh lqwhjudo lv vdwlv�hg1 Krzhyhu/ wklv frqvwudlqw lv wrr vwulqjhqw/ iru doo wkdw lv
uhtxluhg lv wkdw wkh whupv lq wkh lqwhjudqg eh h{dfw1 Wkh rqo| dydlodeoh 50irup lq
wkh Pd{zhoo v|vwhp wkdw lv h{dfw lv I ' gD= Khqfh wkh uhtxluhphqw iru suhvhuylqj
wkh qxpehu ri fkdujhv lv jlyhq e| wkh htxdwlrqv lE�Y �M ' �gD>ru

�iEY e
a� �V� ' �� +817,

�Ea�V�{ ' �,= +818,

Qrwh wkdw wkh uhtxluhphqw iru joredo fkdujh frqvhuydwlrq lv wkdw , �� ' f( wkh
Sid� glphqvlrq ri wkh 40irup ri Dfwlrq pxvw eh 6 ru ohvv1

Li wkh lqwhjudwlrq grpdlq lv d erxqgdu|/ udwkhu wkdq d forvhg f|foh/ wkhq
voljkw gl�huhqw frqglwlrqv zloo dsso|1 Lq wkh erxqgdu| fdvh/ lw iroorzv wkdw

lE�Y �M ' �gDn �nJ
n
f +819,

zkhuh wkh Jn
f duh wkh frqwulexwlrqv wr wkh 50irup J zklfk duh forvhg/ exw

qrw h{dfw1 Lq doo fdvhv/ fkdujhv pxvw eh surgxfhg rqo| lq htxdo dqg rssrvlwh
sdluv e| d �sodvpd surfhvv�/ ru qrw dw doo/ lq rughu wr suhvhuyh wkh qhw qxpehu
ri fkdujhv1 D sodvpd surfhvv grhv qrw lqyroyh qhw fkdujh surgxfwlrq1 Wklv
frqvwudlqw/ Y e

a ' �V n E�@���> lv xvhg wr gh�qh wkh �Sodvpd vwdwh� lq wklv
duwlfoh1

Wklv lqyduldqfh sulqflsoh lv wr eh frpsduhg wr wkh Khopkrow} wkhruhp
zklfk fkhfnv rq wkh ydolglw| ri wkh ghirupdwlrq lqwhjudo lqyduldqfh ri wkh 50irup
I=

O�VE
UU

forvhg

I � '
UU

forvhg

lE�Y �gI ' f +81:,
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Wkh forvhg lqwhjudo ri Khopkrow} lv dq lqwulqvlf wrsrorjlfdo +ghirupdwlrq, lqyduldqw
ri dq hohfwurpdjqhwlf v|vwhp/ iru wkh 50irup I lv h{dfw e| frqvwuxfwlrq +wkh
srvwxodwh ri srwhqwldov,1 Wkh Khopkrow} lqwhjudo lv d ghirupdwlrq lqyduldqw iru doo
hyroxwlrqdu| surfhvvhv wkdw fdq eh ghvfulehg e| d vlqjo| sdudphwhul}hg yhfwru
�hog1 +Wklv vwdwhphqw lv qrw wuxh iru \dqj Ploov �hogv,1 Khqfh lq d sodvpd/ iru
zklfk wkh hyroxwlrqdu| surfhvvhv duh frqvwudlqhg vxfk wkdw Y e

a ' �V n E�@���>
erwk wkh forvhg lqwhjudov ri I dqg J duh ghirupdwlrq lqyduldqwv1 Lq wkh vhqvh/
wkh sodvpd lv d wrsrorjlfdo uh�qhphqw ri wkh frpsohwh Pd{zhoo v|vwhp1

Lq wkh vxevhfwlrqv wkdw iroorz/ ydulrxv wrsrorjlfdo vxe0fdwhjrulhv ri sodvpd
surfhvvhv zloo eh h{dplqhg1 Wkh lghdo dqg vhpl0lghdo sodvpd surfhvvhv zloo
reh| wkh sodvpd pdvwhu htxdwlrq/ dqg wkh qrq0lghdo sodvpd surfhvvhv zloo qrw1
Wkh hohfwurpdjqhwlf  x{ lv d orfdo +devroxwh, lqyduldqw ri doo vhpl0lghdo sodvpd
surfhvvhv1 Wklv vwdwhphqw lv vlplodu wr wkh fodvvl�fdwlrq ri k|gurg|qdplf  rzv1
Lghdo dqg vhpl0lghdo k|gurg|qdplf  rzv vdwlvi| wkh Khopkrow} wkhruhp/ dqg wkh
�orfdo� frqvhuydwlrq ri yruwlflw|1

8151 Wkh lghdo sodvpd surfhvv lv d sodvpd surfhvv zklfk lv dovr d Kdplo0

wrqldq surfhvv1

Qh{w frqvlghu wkh hyroxwlrqdu| surshuwlhv ri wkh 40irup ri Dfwlrq lq wkh
sodvpd vwdwh e| hydoxdwlqj wkh srvvleoh ghirupdwlrq lqyduldqfh ri wkh 40irup ri
Dfwlrq/ D> zlwk uhvshfw wr prwlrqv wkdw suhvhuyh wkh sodvpd vwdwh=

Gh�qlwlrq 9= D lghdo sodvpd surfhvv/ ru htxlydohqwo| d irufh0
iuhh sodvpd surfhvv/ lv d sodvpd surfhvv iru zklfk wkh Oruhqw} irufh
,nV�� ydqlvkhv1

Wkhruhp 9= Dq lghdo sodvpd surfhvv lv d Frqvhuydwlyh Kdplo0
wrqldq surfhvv wkdw suhvhuyhv wkh qhw fkdujh qxpehu1 Wkh vhfrqg
Srlqfduh lqyduldqw ydqlvkhv/ lpso|lqj wkdw wkh forvhg lqwhjudov ri Wruvlrq0
Kholflw| duh ghirupdwlrq lqyduldqwv zlwk uhvshfw wr irufh0iuhh sodvpd
surfhvvhv1

Surri= Xvlqj Fduwdq*v pdjlf irupxod dqg wkh frqvwudlqw wkdw �,n
a�� ' f>

O�VE
K
D� '

K
lE�V�gD '

K
Z '

K iE�,n a���ng{
n n Ea � ,�gwj , f= +81;,
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Iurp Fduwdq/ zkhq O�VE
K
D� ' f/ wkh hyroxwlrqdu| surfhvv dgplwv

d Kdplowrqldq uhsuhvhqwdwlrq1 Zkhq lE�V�gD ' f> wkh Sid� glphq0
vlrq +ri D� pxvw eh rgg/ khqfh I	I ' f= Wkh ghirupdwlrq lqyduldqfh
ri wkh Wruvlrq0Kholflw| iroorzv iurp Wkhruhp 71

Vxfk d vhw ri frqvwudlqwv/ Z ' lE�Y �gD ' f> wrsrorjlfdoo| gh�qhv wkh �lghdo�
ru irufh0iuhh sodvpd vwdwh dv d sodvpd surfhvv iru zklfk erwk wkh 40irup ri yluwxdo
Zrun ydqlvkhv/ dqg wkhuh lv qr qhw fkdujh surgxfwlrq/ dqg Wruvlrq Kholflw| lv
frqvhuyhg1

8161 Wkh Ehuqrxool0Fdvlplu sodvpd surfhvv lv d vhpl0lghdo sodvpd

surfhvv1

Wkh wrsrorjlfdo frqvwudlqw wkdw wkh 40irup ri yluwxdo zrun ydqlvkhv lv vx!0
flhqw/ exw qrw qhfhvvdu|/ iru d sodvpd surfhvv wr suhvhuyh wkh forvhg lqwhjudov ri
wkh Dfwlrq 40irup1 Wkh 40irup ri yluwxdo Zrun/ Z>qhhg qrw eh }hur/ exw rqo|
forvhg= gZ , f= Iru/ e| xvlqj Vwrnhv wkhruhp=

O�VE
K
D� '

K
lE�V�gD '

K
Z '

UU
gZ ' f= +81<,

Frqvlghu wkh dqwl0v|pphwulf pdwul{ ri ixqfwlrqv frqvwuxfwhg iurp wkh 50irup/
I ' gD= Li wkh Sid� glphqvlrq lv rgg/ vd| 5q.4/ wkhq wkh udqn ri wkh dqwlv|p0
phwulf pdwul{ lv 5q1 Khqfh wkhuh h{lvwv rqh +xqltxh, hljhqyhfwru ri wkh pdwul{/
vxfk wkdwZ ' lEY �gD ' f= Vxfk lv wkh grpdlq ri Fduwdq*v wkhru| ri Kdplowrqldq
v|vwhpv rq vwdwh vsdfh1 Qh{w frqvlghu wkh fdvh zkhuh wkh Sid� glphqvlrq ri wkh
40irup lv hyhq1 Wkh dqwl0v|pphwulf pdwul{ ri ixqfwlrqv frqvwuxfwhg iurp wkh
50irup/ I / lv ri pd{lpdo udqn 5q.51 Wkhuh gr qrw h{lvw dq| qxoo hljhqyhfwruv1
Khqfh lq vxfk d v|vwhp ri hyhq Sid� glphqvlrq/ wkh yluwxdo zrun lv qhyhu }hur/
Z ' lEY �gD 9' f=

Lq wkh hohfwurpdjqhwlf fdvh/ wkh fdvh ri Sid� glphqvlrq ri lqwhuhvw lv 71 Lq
vxfk d fdvh/ wkh vhfrqg Srlqfduh lqyduldqw grhv qrw ydqlvk= I	I 9' f> +lpso|lqj
wkdw , �� 9' f�= Wkhuh duh wzr htxlydohqfh fodvvhv ri hyroxwlrqdu| surfhvvhv rq
wkh grpdlqv ri hyhq Sid� glphqvlrq/ wkdw ohdyh wkh forvhg lqwhjudov ri Dfwlrq
lqyduldqw1 Wkh �uvw fodvv zloo eh gh�qhg e| wkrvh surfhvvhv zkhuh wkh yluwxdo
zrun 40irup/ Z lv h{dfw=

Gh�qlwlrq := D Ehuqrxool0Fdvlplu ixqfwlrq/X> lv d ixqfwlrq zkrvh
judglhqw lv sursruwlrqdo wr wkh yluwxdo zrun fuhdwhg e| dq| surfhvv=
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Z ' lE�V�gD ' gX= +8143,

Rq d grpdlq ri hyhq Sid� glphqvlrq/ wkh ixqfwlrq XE{> |> }> w� fdqqrw eh
frqvwdqw1 Krzhyhu/ vshfl�fdwlrq ri d ixqfwlrq/ XE{> |> }> w�> shuplwv d xqltxh
frqvwuxfwlrq ri wkh surfhvv/ Y / wkdw jhqhudwhv wkh vhohfwhg ixqfwlrq1 Wkh dqwl0
v|pphwulf pdwul{ ri frh!flhqwv ri gD lv lqyhuwleoh rq grpdlqv ri hyhq Sid� gl0
phqvlrq1 Krzhyhu/

Wkhruhp := D Ehuqrxool0Fdvlplu ixqfwlrq lv dq hyroxwlrqdu|
lqyduldqw/ exw qrw d grpdlq frqvwdqw1

Surri= Xvlqj Fduwdq*v pdjlf irupxod/

O�VEX� ' lE�V�gX ' lE�V�lE�V�D ' f= +8144,

Li XE{> |> }> w� ' frqvwdqw/ wkhq gX ' f/ zklfk lpsolhv wkdwZ ' f=
Krzhyhu/ Z ' lE�V�gD 9' f rq d grpdlq ri hyhq Sid� glphqvlrq dv

wkhuh duh qr qxoo hljhqyhfwruv ri d pd{lpdo udqn dqwlv|phwulf pdwul{
rq wkh grpdlq ri hyhq Sid� glphqvlrq 0 d frqwudglfwlrq1

Wkh Ehuqrxlool0Fdvlplu ixqfwlrq/XE{> |> }> w�> lv qrw wkh vdph dv wkh Kdplo0
wrqldq hqhuj| ixqfwlrq rq vwdwh vsdfh/ KEs> t> w�/ exw lv pruh forvho| uhodwhg wr d
wkhuprg|qdplf frqfhsw vxfk dv wkh Khopkrow} iuhh hqhuj|1 Wkhruhp : vwdwhv
wkdw wkh Ehuqrxlool0Fdvlplu ixqfwlrq/ X> ehkdyhv olnh d frqvwdqw rq dq| sduwlfxodu
wudmhfwru|/ exw grhv qrw kdyh wkh vdph ydoxh rq doo wudmhfwrulhv1

Gh�qlwlrq ;= D vhpl0lghdo sodvpd surfhvv/ ru htxlydohqwo| d
v|psohfwlf sodvpd surfhvv1 lv d sodvpd surfhvv iru zklfk wkh Oruhqw}
irufh �,n a�� lv h{dfw/ khqfh kdv }hur fxuo1

Wkhruhp ;= D vhpl0lghdo sodvpd surfhvv lv d V|psohfwlf surfhvv
wkdw suhvhuyhv wkh qhw fkdujh qxpehu/ dqg wkh forvhg lqwhjudov ri Df0
wlrq1 Wkh vhfrqg Srlqfduh lqyduldqw grhv qrw ydqlvk/ exw wkh forvhg
lqwhjudov ri Wruvlrq0Kholflw| duh ghirupdwlrq lqyduldqwv zlwk uhvshfw wr
v|psohfwlf surfhvvhv1

Surri= Xvlqj Fduwdq*v pdjlf irupxod dqg wkh frqvwudlqw wkdwZ '
gX>
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O�VE
K
D� '

K
lE�V�gDn gX '

K
Z n gX '

K
gEX n X� , f=+8145,

O�VE

]]]
forvhg

D	I � ' E

]]]
forvhg

giEX n X�	Ij� ' f +8146,

Iru dq hohfwurpdjqhwlf dfwlrq frqvwuxfwhg lq whupv ri wkh srwhqwldov/ dqg iru
sodvpd surfhvvhv/ wkh Oruhqw} irufh lv uhsuhvhqwhg e| d vsdwldo judglhqw/ �, n
a�� ' uX> dqg wkh glvvlsdwlyh srzhu ehfrphv/ �a � , ' CX@Cw= Iru vxfk
v|psohfwlf sodvpd surfhvvhv/ wkh judglhqw ri wkh Ehuqrxool0Fdvlplu ixqfwlrq lv
wudqvyhuvh wr wkh � �hog rqo| zkhq wkh vhfrqg Srlqfduh lqyduldqw ydqlvkhv1

�, �� ' uX ��= +8147,

D vlplodu h{suhvvlrq zdv vwxglhg lq frqmxqfwlrq zlwk wrsrorjlfdo frqvhuydwlrq ri
Kholflw| lq PKG e| Kruqlj dqg Vfklqgohu ^53`1

Qrwh wkdw lw pxvw eh wuxh iru wkh fdvh xqghu frqvlghudwlrq/ wkdw

�, �V ' uX �V= +8148,

Vxfk d frqvwudlqw lpsolhv wkdw li wkh Rkplf glvvlsdwlrq ydqlvkhv/ CX@Cw '
f/ dqg wkh vsdwldo judglhqw ri wkh wlph lqghshqghqw Ehuqrxool ixqfwlrq pxvw eh
wudqvyhuvh wr wkh fxuuhqw/ ru wr wkh gluhfwlrq �hog wkdw uhsuhvhqwv wkh hyroxwlrqdu|
surfhvv1 Vxssrvh wkh frqwudu|/ zkhuh wkh Ehuqrxool ixqfwlrq lv qrw lqghshghqw
iurp wlph1 Li wkh Rkplf dvvxpswlrq lv pdgh iru wkh sodvpd surfhvv/ a ' �V '
�E, nV ��� / wkhq wkh v|psohfwlf frqglwlrq ohdgv wr d wkhuprsrzhu irupdw ri
wkh w|sh

a ' E�@���judgEnW � +8149,

zkhq lw lv vxevxphg wkdw wkh Ehuqrxlool0Fdvlplu ixqfwlrq lv uhodwhg wr whpshudwxuh1
Lw zrxog dsshdu wkdw iru sodvpd prwlrq dorqj wkh � �hog olqhv/ wkhuh fdq h{lvw d
g|qdpr dfwlrq wr surgxfh dq , �hog froolqhdu zlwk wkh pdjqhwlf �hog/ dqg uhodwhg
wr d wkhuprg|qdplf judglhqw lq wkh gluhfwlrq ri wkh fxuuhqw1
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8171 Wkh Khopkrow} sodvpd surfhvv lv d vhpl0lghdo surfhvv wkdw reh|v

wkh Pdvwhu htxdwlrq1

Wkh frqvwudlqw wkdw wkh yluwxdo zrun 40irup/ Z / jhqhudwhg e| d sodvpd
surfhvv/ Z ' lE�Y �gD/ eh forvhg/ grhv qrw uhtxluh wkdw lw eh h{dfw1

Gh�qlwlrq <= D Khopkrow} +ru Vwrnhv, surfhvv lv d surfhvv iru
zklfk wkh yluwxdo zrun lv forvhg exw qrw qhfhvvdulo| h{dfw1

Wkh frqvwudlqw ri forvxuh |lhogv wzr yhfwru frqglwlrqv wkdw pxvw eh dssolhg wr
wkh sodvpd surfhvv=

gZ ' f , fxuoE�,n a��� ' f +814:,

dqg uEa � ,� ' CE�,n a���@Cw= +814;,

Wkh �uvw yhfwru frqglwlrq lpsolhv wkdw

u�� E,nV��� n � fxuoE,� n fxuoEV��� ' f= +814<,

E| xvlqj wkh Pd{zhoo0Idudgd| htxdwlrq/ wklv wrsrorjlfdo frqvwudlqw ehfrphv wkh
+prgl�hg, sodvpd pdvwhu htxdwlrq=

�C�@Cwn fxuoEV��� ' �u *? �� E,nV���= +8153,

Zkhq wkh judglhqw ri wkh fkdujh ghqvlw| lv froolqhdu zlwk wkh Oruhqw} irufh/
wkhq wkh UKV ri wkh deryh htxdwlrq ydqlvkhv/ dqg wkh xeltxlwrxv pdvwhu htxdwlrq
lv uhwulhyhg1

Doo ri wkh lghdo dqg vhpl lghdo sodvpd surfhvvhv +Kdplowrqldq  rzv,/ dv zhoo
dv wkh Khopkrow} sodvpd surfhvvhv/ hqmr| wkh surshuw| wkdw wkh hohfwurpdjqhwlf
 x{ lv frqvhuyhg orfdoo|1 Wkdw lv

O�VEgD� ' O�VI ' gElE�Y �I � ' gZ ' f= +8154,

Lw zloo eh ghprqvwudwhg ehorz wkdw doo vxfk surfhvvhv duh wkhuprg|qdplfdoo| uh0
yhuvleoh1
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817141 Iur}hq0lq olqhv1

Lw lv ri vrph lqwhuhvw wr h{dplqh wkh hyroxwlrq ri wkh gl�huhqwldo irupv wkdw
pdnh xs dq hohfwurpdjqhwlf v|vwhp uhodwlyh wr Sodvpd surfhvvhv1 Wkh phwkrg
lv wr frqvwuxfw wkh Olh ghulydwlyh zlwk uhvshfw d sodvpd surfhvv/ a ' �V> ri doo
irupv wkdw pdnh xs wkh hohfwurpdjqhwlf Sid� vhtxhqfh1

Iru dq duelwudu| yhfwru �hog ~ zkrvh wdqjhqwv gh�qh d olqh lq vsdfh wlph/
wkh Q04 irup

] ' lE�~�le +8155,

fdq eh whvwhg iru hyroxwlrqdu| lqyduldqfh uhodwlyh wr dq| rwkhu yhfwru Y= Vxssrvh
wkh h�hfw ri wkh hyroxwlrqdu| surfhvv lv frqirupdo=

OEY �] ' lEY �g] n gElEY �]� ' KE{> |> }> w�] +8156,

Wklv vwdwhphqw lpsolhv wkdw wkh srlqwv wkdw pdnh xs wkh wdqjhqw olqh ri wkh yhfwru
�hog Z uhpdlq rq wkh wdqjhqw olqh1 Wkh srlqwv pd| eh shupxwhg exw wkh| gr
qrw ohdyh wkh olqh1 Vxfk lv wkh frqfhsw ri d iur}hq lq �hog1 Wkh srlqwv rq d olqh
hyroyh lqwr srlqwv rq wkh vdph olqh1 Li iru d jlyhq V wkh hyroxwlrq ri wkh olqhv ri
~ lv frqirupdo/ wkhq wkhuh h{lvwv d sdudphwul}dwlrq ri V vxfk wkdw wkh hyroxwlrq
lv xqlirup dqg lqyduldqw1 D sdudphwul}dwlrq ixqfwlrq �E{> |> }> w� fdq eh irxqg
vxfk wkdw

OE�V�] ' �OEV�] n OEV��	] ' E� � K n lEV�g��] , f= +8157,

Iru wkh hohfwurpdjqhwlf v|vwhp wkhuh duh wkuhh Q04 irupv/ zklfk pd| ru pd|
qrw eh iur}hq lqwr wkh hyroxwlrqdu| surfhvv1 Frqvlghu wkh 60irup ri fkdujh0fxuuhqw/
M 1

OEV�M ' lEV�g M n gElEV�M� +8158,

Dv gM ' f>

OEV�M ' gilEV�lEa�lej +8159,

Lw iroorzv wkdw li lEV�lEa�g{	g|	g}	gwj ' f> wkh �hog olqhv ri M duh iur}hq0lq +zlwk
K ' f�1 Vr wkh sodvpd hyroxwlrqdu| surfhvv hyroxwlrqdu|/ zlwk a ' �V/ lv dq
h{dpsoh ri d surfhvv wkdw �iuhh}hv0lq� wkh olqhv ri fkdujh0fxuuhqw1 Krzhyhu/ wkhuh
duh pdq| rwkhu hyroxwlrqdu| surfhvvhv iru zklfk wkh M olqhv duh iur}hq lq1
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Wkh irupxodv fuhdwhg e| 8149 duh ydolg rq dq| vhw ri lqghshqghqw yduldeohv/
exw h{suhvvlrqv rq 7 glphqvlrqv ri vsdfh wlph iru �iur}hq0lq� olqhv duh qrw txlwh
wkh vdph dv wkrvh wkdw dsshdu lq wkh hqjlqhhulqj olwhudwxuh edvhg rq hxfolghdq
60vsdfh ^54`1 Hlwkhu wkh wlph0olnh frpsrqhqw ri wkh 70yhfwru ` pxvw ydqlvk/ ru
wkh surfhvv V pxvw eh h{solflwo| wlph0lqghshqghqw iru wkh jhqhudo irupxodv wr eh
lq suhflvh djuhhphqw zlwk wkh hqjlqhhulqj h{suhvvlrqv1 ^55`

8181 Hyroxwlrq ri wkh olqhv ri wrsrorjlfdo wruvlrq zlwk uhvshfw wr sodvpd

fxuuhqwv1

Frqvlghu wkh hyroxwlrq ri wkh olqhv ri wrsrorjlfdo wruvlrq

OE�V�D	I ' lE�V�gED	I � n gElE�V�D	I � +815:,

' lE�V�gED	I � n giElE�V�D�	I � D	lE�V�Ij +815;,

Iluvw frqvlghu wkrvh v|vwhpv zkhuh wkh vhfrqg Srlqfduh lqyduldqw ydqlvkhv/
I	I ' f= Wkh olqhv lq vsdfh wlph zklfk duh wdqjhqw wr wkh 60irup D	I wkhq
kdyh }hur glyhujhqfh1 Wkh olqhv fdq rqo| vwduw dqg vwrs rq erxqgdu| srlqwv/
ru wkh| duh forvhg rq wkhpvhoyhv1 Wkh Wruvlrq olqhv fdq eh hlwkhu sdudooho wr
wkh sodvpd fxuuhqw ru wkh| fdq eh ruwkrjrqdo wr wkh sodvpd fxuuhqw1 Dv wkh
hohfwurpdjqhwlf fxuuhqw lv h{dfw/ dq| wkuhh glphqvlrqdo grpdlq ri vxssruw iru d
�qlwh sodvpd fxuuhqw fdqqrw eh frpsdfw zlwkrxw d erxqgdu|1 Li wkh olqhv ri
sodvpd fxuuhqw vwduw dqg vwrs rq erxqgdu| srlqwv/ wkhq wkh olqhv ri wruvlrq fdq
irup forvhg orrsv wkdw olqn wkhvh fxuuhqw olqhv1 Lw lv wkh frqfhsw ri olqndjhv wkdw
lv ri lqwhuhvw wr wkh wkhru| ri pdjqhwlf nqrwv1

Frqvlghu wkdw sodvpd surfhvv vxfk wkdw wkh hyroxwlrq lv lq wkh gluhfwlrq
ri wkh Wruvlrq olqhv1 Dv lq wklv vlwxdwlrq/

ElEM�D	I � ' ElE�V�D	I � , ElE�Ae�D	I � +815<,

' �ElEAe�ElEAe�le ' f> +8163,

wkh 60irup ri Wruvlrq lv d orfdo lqyduldqw zkhqhyhu wkh vhfrqg Srlqfduh lqyduldqw
ydqlvkhv> , �� , f1 Lq rwkhuzrugv/ I	I 9' f lv d orfdo qhfhvvdu| frqglwlrq iru
wrsrorjlfdo fkdqjh1 Lw lv dovr d uhpdundeoh idfw wkdw dq| hyroxwlrq lq wkh gluhfwlrq
ri wkh Wruvlrq yhfwru ohdyhv wkh Dfwlrq 40irup frqirupdoo| lqyduldqw/ lq wkh vhqvh
wkdw=
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OE�Ae�D ' lE�Ae�gDn glE�Ae�D ' �E, ���Dn f= +8164,

Wkh wruvlrq yhfwru rq d grpdlq ri 7 yduldeohv lv wudqvyhuvh wr wkh 40irup ri Dfwlrq/
dv D	ED	I � ' f= Hyroxwlrq lq wkh gluhfwlrq ri wkh Wruvlrq yhfwru fdq qrw eh
h{wuhpdo +d Kdplowrqldq  rz,/ xqohvv wkh vhfrqg Srlqfduh lqyduldqw ydqlvkhv1 Lq
vhfwlrq 9 ehorz wklv lghd zloo eh uhodwhg wr wkhuprg|qdplf luuhyhuvlelolw|1

8191 Hyroxwlrq ri wkh olqhv ri Vslq Fxuuhqw zlwk uhvshfw wr sodvpd fxu0

uhqwv1

Frqvlghu wkh hyroxwlrq ri wkh olqhv ri Vslq fxuuhqw

OE�V�D	J ' lE�V�gED	J� n gElE�V�D	J� +8165,

' lE�V�gED	J� n giElE�V�D�	J� D	lE�V�Jj +8166,

Iluvw frqvlghu wkrvh v|vwhpv zkhuh wkh �uvw Srlqfduh lqyduldqw ydqlvkhv/ I	J�
D	M ' f= Wkh olqhv lq vsdfh wlph zklfk duh wdqjhqw wr wkh 60irup D	J wkhq kdyh
}hur glyhujhqfh1 Wkh olqhv fdq rqo| vwduw dqg vwrs rq erxqgdu| srlqwv/ ru wkh|
duh forvhg rq wkhpvhoyhv1 Wkh Vslq olqhv duh hlwkhu sdudooho wr wkh sodvpd fxuuhqw
ru wkh| duh ruwkrjrqdo wr wkh sodvpd fxuuhqw1 Dv wkh hohfwurpdjqhwlf fxuuhqw lv
h{dfw/ dq| wkuhh glphqvlrqdo grpdlq ri vxssruw iru d �qlwh sodvpd fxuuhqw fdqqrw
eh frpsdfw zlwkrxw d erxqgdu|1 Li wkh olqhv ri sodvpd fxuuhqw gr qrw vwrs ru
vwduw rq erxqgdu| srlqwv +fxuuhqw orrsv,/ wkhq wkh Vslq olqhv zklfk whuplqdwh rq
erxqgdu| srlqwv fdq eh olqnhg e| wkh fxuuhqw orrsv1

Wkh frqfhsw ri wkh vslq yhfwru ghshqgv rq wkh h{lvwhqfh ri J/ exw qrw
rq wkh frqfhsw ri M ' gJ1 Wkdw lv/ wkh Vslq yhfwru fdq eh dvvrfldwhg zlwk
vhsdudwhg grpdlqv ri fkdujhv/ zklfk fdq eh frpsdfw grpdlqv zlwkrxw erxqgdu|1
Vxfk grpdlqv duh frpsolphqwv ri wkrvh grpdlqv ri �qlwh fkdujh fxuuhqw ghqvlwlhv/
zklfk duh grpdlqv wkdw fdq qrw eh frpsdfw zlwkrxw erxqgdu|1

91 Wkhuprg|qdplfv

9141 Wrsrorjlfdo Wkhuprg|qdplfv dqg Luuhyhuvlelolw|

Wkh edvlf wrro iru vwxg|lqj wrsrorjlfdo hyroxwlrq lv Fduwdq*v pdjlf irupxod
^7`/ lq zklfk lw lv suhvxphg wkdw d sk|vlfdo +hohfwurg|qdplf ru k|gurg|qdplf,
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v|vwhp fdq eh ghvfulehg dghtxdwho| e| d 40irup ri Dfwlrq/ D/ dqg wkdw d sk|vlfdo
surfhvv fdq eh uhsuhvhqwhg e| wkh gluhfwlrq �hog ri d frqwudyduldqw yhfwru �hog/
V1 Wkh dssolfdwlrq ri Fduwdq*v pdjlf irupxod |lhogv

OEV�

U
D '

U
OEV�D '

U ilEV�gDn gElEV�D�j +914,

'
U iZ n gEX�j '

U
T= +915,

Wkh edvlf lghd ehklqg wklv irupdolvp +zklfk lv dw wkh irxqgdwlrq ri wkh Fduwdq0
Kloehuw yduldwlrqdo sulqflsoh, lv wkdw srvwxodwh ri srwhqwldov lv ydolg= I � gD ' f1
Wkh edvh pdqlirog zloo eh wkh 70glphqvlrqdo ydulhw| i{> |> }> wj ri hqjlqhhulqj
sudfwlfh/ exw qr phwulfdo ihdwxuhv duh suhvxphg d sulrul1 Li uhodwlyh wr wkh surfhvv/
Y / wkh UKV ri htxdwlrq 9 lv }hur/

U
T= , f/ wkhq

U
D lv vdlg wr eh dq lqwhjudo

lqyduldqw ri wkh hyroxwlrq jhqhudwhg e| V= Lq wkhuprg|qdplfv vxfk surfhvvhv
duh vdlg wr eh dgldedwlf1

Iurp wkh srlqw ri ylhz ri gl�huhqwldo wrsrorj|/ wkh nh| lghd lv wkdw
wkh Sid� glphqvlrq/ ru fodvv ^56`/ ri wkh 40irup ri Dfwlrq vshfl�hv wrsrorjl0
fdo surshuwlhv ri wkh v|vwhp1 Jlyhq wkh Dfwlrq 40irup/ D/ wkh Sid� vhtxhqfh/
iD> gD>D	gD> gD	gD> ===j zloo whuplqdwh dw dq lqwhjhu qxpehu ri whupv � wkh
qxpehu ri glphqvlrqv ri wkh grpdlq ri gh�qlwlrq1 Rq d 5q.5@7 glphqvlrqdo
grpdlq/ wkh wrs Sid!dq/ gD	gD/ zloo gh�qh d yroxph hohphqw zlwk d ghqvlw|
ixqfwlrq zkrvh vlqjxodu }hur vhw +li lw h{lvwv, uhgxfhv wkh v|psohfwlf grpdlq wr d
frqwdfw pdqlirog ri glphqvlrq 5q.4@61 Wklv +ghihfw, frqwdfw pdqlirog vxssruwv
d xqltxh h{wuhpdo �hog wkdw ohdyhv wkh Dfwlrq lqwhjudo �vwdwlrqdu|�/ dqg ohdgv wr
wkh Kdplowrqldq frqvhuydwlyh uhsuhvhqwdwlrq iru wkh Hxohu  rz lq k|gurg|qdplfv1
Wkh luuhyhuvleoh uhjlph zloo eh rq dq luuhgxfleoh v|psohfwlf pdqlirog ri Sid� gl0
phqvlrq 7/ zkhuh gD	gD 9' f= Wrsrorjlfdo ghihfwv +ru frkhuhqw vwuxfwxuhv, dsshdu
dv vlqjxodulwlhv ri ohvvhu Sid� +wrsrorjlfdo, glphqvlrq/ gD	gD ' f=

9151 Uhyhuvleoh Surfhvvhv

Fodvvlfdo k|gurg|qdplf dqg hohfwurpdjqhwlf surfhvvhv fdq eh uhsuhvhqwhg e|
fhuwdlq qhvwhg fdwhjrulhv ri yhfwru �hogv/ V1 Uhfdoo wkdw lq rughu wr eh H{wuhpdo/
wkh surfhvv/ V/ pxvw vdwlvi| wkh htxdwlrq

H{wuhpdo � Exqltxh Kdplowrqldq jhqhudwru� lEV�gD ' f( +916,
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lq rughu wr eh �Kdplowrqldq� wkh surfhvv pxvw vdwlvi| wkh htxdwlrq

Ehuqrxool� Fdvlplu � EX lv wkh jhqhudwru� G lEV�gD ' gX( +917,

lq rughu wr eh V|psohfwlf/ wkh surfhvv pxvw vdwlvi| wkh htxdwlrq

Khopkrow} � Vwrnhv��V|psohfwlf G glEV�gD ' f= +918,

Wkh yhfwru �hogv gh�qhg e| 915d dqg 915e kdyh jhqhudwruv wkdw fuhdwh d Kdplo0
wrqldq  rz1 Wklv Kdplowrqldq  rz lv xqltxho| gh�qhg/ lq wkh h{wuhpdo fdvh/
lq whupv ri wkh ixqfwlrqv wkdw gh�qh wkh sk|vlfdo v|vwhp> l1h1/ lq whupv ri wkh
ixqfwlrqv wkdw gh�qh wkh 40irup ri Dfwlrq1 Lq wkh Ehuqrxool�Fdvlplu fdvh/ wkh
hyroxwlrqdu| surfhvv lv qrw ghwhuplqhg e| wkh sk|vlfdo v|vwhp dorqh1 Wkh srvvl0
eoh hyroxwlrqdu| surfhvvhv duh qrw h{wuhpdo1 Lq idfw/ h{wuhpdo surfhvvhv fdqqrw
h{lvw rq wkh qrq0vlqjxodu v|psohfwlf grpdlq +zklfk pxvw eh ri hyhq glphqvlrq,/
ehfdxvh d qrq0ghjhqhudwh dqwl0v|pphwulf pdwul{ +wkh frh!flhqwv ri wkh 50irup
gD� grhv qrw kdyh qxoo hljhqyhfwruv rq vsdfh ri hyhq glphqvlrqv1

Dowkrxjk xqltxh h{wuhpdo vwdwlrqdu| vwdwhv gr qrw h{lvw rq wkh grpdlq
ri Sid� glphqvlrq 6/ wkhuh fdq h{lvw hyroxwlrqdu| lqyduldqw Ehuqrxool0Fdvlplu
ixqfwlrqv/ X> wkdw jhqhudwh qrq0h{wuhpdo/ �vwdwlrqdu|� vwdwhv1 Vxfk Ehuqrxool
surfhvvhv fdq fruuhvsrqg wr hqhuj| glvvlsdwlyh v|psohfwlf surfhvvhv/ exw wkh|/
dv zhoo dv doo v|psohfwlf surfhvvhv/ duh uhyhuvleoh lq wkh wkhuprg|qdplf vhqvh
ghvfulehg ehorz1 Wkh phfkdqlfdo hqhuj| qhhg qrw eh frqvwdqw/ exw wkh Ehuqrxool0
Fdvlplu ixqfwlrq+v,/ X> duh hyroxwlrqdu| lqyduldqw+v,/ dqg pd| eh xvhg wr ghvfuleh
qrq0xqltxh vwdwlrqdu| vwdwh+v,1

Wkh htxdwlrqv/ deryh/ zklfk gh�qh vhyhudo idploldu fdwhjrulhv ri surfhvvhv/
duh lq h�hfw frqvwudlqwv rq wkh wrsrorjlfdo hyroxwlrq ri dq| sk|vlfdo v|vwhp uhs0
uhvhqwhg e| dq Dfwlrq 40irup/ D= Wkh Sid� glphqvlrq ri wkh 40irup ri yluwxdo
zrun/ Z ' lEV�gD> lv 5 ru ohvv iru hdfk ri wkh wkuhh fdwhjrulhv1 Wkh h{wuhpdo
frqvwudlqw ri htxdwlrq 915d fdq eh xvhg wr jhqhudwh wkh Hxohu htxdwlrqv ri k|gur0
g|qdplfv iru d lqfrpsuhvvleoh  xlg1 Wkh Ehuqrxool0Fdvlplu frqvwudlqw ri htxdwlrq
915e fdq eh xvhg wr jhqhudwh wkh htxdwlrqv iru d edurwurslf frpsuhvvleoh  xlg1
Wkh Khopkrow} frqvwudlqw ri htxdwlrq 915f fdq eh xvhg wr jhqhudwh wkh htxdwlrqv
iru d Vwrnhv  rz1 Krzhyhu dv zloo eh vkrzq ehorz/ doo vxfk surfhvvhv duh wkhu0
prg|qdplfdoo| uhyhuvleoh1
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Dq lpsruwdqw lghd lv wkdw lw wdnhv grpdlqv ri Sid� glphqvlrq 6/ ru pruh/
zlwk dwwhqgdqw surshuwlhv ri qrq0xqltxhqhvv/ hqyhorshv/ uhjuhvvlrqv/ dqg surmhf0
wlyl}hg wdqjhqw exqgohv/ wr |lhog wkh frqfhswv ri Vslq dqg Wruvlrq0Kholflw|1 Lw
wdnhv v|vwhpv ri Sid� glphqvlrq 7 wr dffrpprgdwh surfhvvhv zklfk duh wkhupr0
g|qdplfdoo| luuhyhuvleoh1

9161 Luuhyhuvleoh Surfhvvhv

Dowkrxjk wkhuh grhv qrw h{lvw d xqltxh h{wuhpdo surfhvv rq d v|psohfwlf
pdqlirog ri Sid� glphqvlrq 7/ uhpdundeo| wkhuh grhv h{lvw d xqltxh +frqirupdo,
yhfwru �hog zkrvh gluhfwlrq �hog ghshqgv rqo| xsrq wkh ixqfwlrqdo irup ri wkh
40irup/ D> wkdw lv xvhg wr gh�qh wkh sk|vlfdo v|vwhp1 Wkh gluhfwlrq �hog rq wkh
irxu glphqvlrqdo grpdlq lv gh�qhg e| wkh 60irup ri wrsrorjlfdo wruvlrq/ D	gD>
dv glvfxvvhg lq Vhfwlrq 61 Wklv xqltxh +wr zlwklq d idfwru, yhfwru �hog lv gh�qhg
lq frpsrqhqw irup dv wkh Wruvlrq Fxuuhqw/ Ae/ dqg vdwlv�hv +rq wkh 5q.5@7
glphqvlrqdo pdqlirog, wkh htxdwlrq/

lEAe�g{	g|	g}	gw ' lEAe�le ' D	gD +919,

Wklv +irxu frpsrqhqw, yhfwru �hog/ Ae/ kdv d qrq0}hur glyhujhqfh doprvw hyhu|0
zkhuh/ iru li wkh glyhujhqfh lv }hur/ wkhq wkh 70irup gD	gD ydqlvkhv/ dqg wkh
grpdlq lv qr orqjhu d v|psohfwlf pdqlirog$ Wkh Wruvlrq yhfwru/ Ae/ fdq eh
xvhg wr jhqhudwh d g|qdplfdo v|vwhp wkdw zloo ghfd| wr wkh vwdwlrqdu| vwdwhv
EglyeEAe� , f� vwduwlqj iurp duelwudu| lqlwldo frqglwlrqv1 Wkhvh surfhvvhv duh
luuhyhuvleoh lq wkh wkhuprg|qdplf vhqvh1 Lw lv uhpdundeoh wkdw wklv xqltxh hyr0
oxwlrqdu| yhfwru �hog/ Ae/ lv frpsohwho| ghwhuplqhg +wr zlwklq d idfwru, e| wkh
sk|vlfdo v|vwhp lwvhoi> h1j1/ wkh frpsrqhqwv ri wkh 40irup/ D/ ghwhuplqh wkh frp0
srqhqwv ri wkh Wruvlrq yhfwru1

Wr xqghuvwdqg zkdw lv phdqw e| wkhuprg|qdplf luuhyhuvlelolw|/ uhdol}h
wkdw Fduwdq*v pdjlf irupxod ri wrsrorjlfdo hyroxwlrq lv htxlydohqw wr wkh �uvw odz
ri wkhuprg|qdplfv1

OE��D ' lEV�gDn gElEV�D� ' Z n gX ' T= +91:,

D lv wkh �Dfwlrq� 40irup wkdw ghvfulehv wkh k|gurg|qdplf ru hohfwurpdjqhwlf
v|vwhp1 V lv wkh yhfwru �hog wkdw gh�qhv wkh hyroxwlrqdu| surfhvv1 Z lv wkh
40irup ri +yluwxdo, zrun1 T lv wkh 40irup ri khdw1 Iurp fodvvlfdo wkhuprg|qdplfv/
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d surfhvv lv luuhyhuvleoh zkhq wkh khdw 40irup T grhv qrw dgplw dq lqwhjudwlqj
idfwru1

Gh�qlwlrq 43= Dq luuhyhuvleoh +qrq0htxloleulxp, surfhvv lv rqh
iru zklfk wkh Khdw 40irup T grhv qrw dgplw dq lqwhjudwlqj idfwru1

Iurp wkh Iurehqlxv wkhruhp/ wkh odfn ri dq lqwhjudwlqj idfwru lpsolhv wkdw
T	gT 9' f= Khqfh d vlpsoh whvw pd| eh pdgh iru dq| surfhvv/ V/ uhodwlyh wr d
sk|vlfdo v|vwhp ghvfulehg e| dq Dfwlrq 40irup/ D=

Wkhruhp 43=

Li OE��D	OE��gD 9' f wkhq wkh surfhvv lv luuhyhuvleoh= +91;,

Surri= Xvlqj Fduwdq*v pdjlf irupxod |lhogvOE��D ' T dqgOE��gD '
gT= Khqfh wkh uhtxluhphqw wkdw dq lqwhjudwlqj idfwru grhv qrw h{lvw
lv T	gT ' OE��D	OE��gD 9' f=

Wklv wrsrorjlfdo gh�qlwlrq lpsolhv wkdw wkh wkuhh fdwhjrulhv +deryh, ri V|p0
sohfwlf � Kdplowrqldq �H{wuhpdo surfhvvhv/ V � 5> duh uhyhuvleoh lq d wkhupr0
g|qdplf vhqvh +dv OE5�gD'gT ' f�=

Krzhyhu/ iru hyroxwlrq lq wkh gluhfwlrq ri wkh Wruvlrq yhfwru/ Ae/ gluhfw
frpsxwdwlrq ghprqvwudwhv wkdw wkh ixqgdphqwdo htxdwlrqv ohdg wr d frqirupdo
hyroxwlrqdu| surfhvv=

OEAe�D ' �D dqg lEAe�D ' f +91<,

zlwk � � glyeEAe� � gED	gD� +9143,

Wkhruhp 44= Hyroxwlrq lq wkh gluhfwlrq ri wkh Wruvlrq Yhfwru lv
luuhyhuvleoh

Surri= Wkh gluhfwlrq �hog dvvrfldwhg zlwk Ae lv xqltxho| ghwhu0
plqhg e| wkh ixqfwlrqdo irup ri wkh 40irup ri Dfwlrq wkdw gh�qhv wkh
sk|vlfdo v|vwhp rq wkh irxu glphqvlrqdo ydulhw|1 E| gluhfw hydoxdwlrq/
xvlqj 919/
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OEAe�D	OEAe�gD ' T	gT ' �D	E�gDn g�	D� +9144,

' �2D	gD ' iglyeEAe�j2D	gD= +9145,

Dv wkh grpdlq lv ri Sid� glphqvlrq 7/ lw iroorzv wkdw D	gD lv qrw
}hur/ dqg gD	gD � glyeEAe� lv qrw }hur1 Wkhuhiruh/ wkh UKV vlgh ri

91: lv qrw }hur/ dqg wkh luuhyhuvlelolw| uhvxow iroorzv iurp wkhruhp 431

H{solflw hydoxdwlrqv duh fduulhg rxw lq wkh qh{w vhfwlrq iru hohfwurpdjqhwlf
v|vwhpv ri Sid� glphqvlrq 71

9171 Dssolfdwlrqv wr Hohfwurpdjqhwlvp

Doo ri wkh ghyhorsphqw ri vhfwlrq 914 zloo fduu| ryhu wr wkh hohfwurpdjqhwlf
v|vwhp/ zklfk dovr vxevxphv wkh srvwxodwh ri srwhqwldov1 Wkh wrsrorjlfdo wruvlrq
60irup/ D	gD/ lqgxfhv wkh wruvlrq fxuuhqw

Ae ' �iE,��n�!�(� ��j � i5> kj= +9146,

Li glyeA ' 2 , �� 9' f> wkh hohfwurpdjqhwlf 40irup/ D> gh�qhv d grpdlq ri
Sid� glphqvlrq 71 Vxfk grpdlqv fdqqrw vxssruw wrsrorjlfdoo| wudqvyhuvh pdj0
qhwlf zdyhv Edv D	I 9' f�1 Hyroxwlrqdu| surfhvvhv +lqfoxglqj sodvpd fxuuhqwv,
wkdw duh sursruwlrqdo wr wkh Wruvlrq fxuuhqw duh wkhuprg|qdplfdoo| luuhyhuvleoh/ li
� ' , �� 9' f1 Krzhyhu/ wkh frqirupdo surshuwlhv ri hyroxwlrq lq wkh gluhfwlrq
ri wkh Wruvlrq fxuuhqw ohdg wr h{wudruglqdu| surshuwlhv zkhq wkh sodvpd fxuuhqw
lv lq wkh gluhfwlrq ri wkh Wruvlrq yhfwru1 Iurp wkh wkhuprg|qdplf dujxphqwv
lq vhfwlrq 914 edvhg rq wkh srvwxodwh ri srwhqwldov/ exw xvlqj wkh qrwdwlrq ri dq
hohfwurpdjqhwlf v|vwhp

OEAe�D ' �D ' E, ���D +9147,

dqg

OEAe�ED	I � ' 2�D ' 2E, ���D	I= +9148,

Khqfh/ lw iroorzv wkdw prwlrq dorqj wkh gluhfwlrq ri wkh wruvlrq yhfwru iuhh}hv0lq
wkh olqhv ri wkh wruvlrq yhfwru lq vsdfh wlph/ exw wkh surfhvv lv luuhyhuvleoh xqohvv
wkh vhfrqg Srlqfduh lqyduldqw lv }hur1
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Uhfdoo wkdw wkh gh�qlwlrq ri d sodvpd fxuuhqw/ M> lv htxlydohqw wr dq hyr0
oxwlrqdu| surfhvv vxfk wkdw

Gh�qlwlrq ri d sodvpd Fxuuhqw M G OEM�J ' f= +9149,

Khqfh frqvlghu d sodvpd fxuuhqw zklfk lv dovr lq wkh gluhfwlrq ri wkh Wruvlrq
yhfwru1 Wkhq

OEM�D	J ' EOEM�D�	JnD	OEM�J ' EOE�Ae�D�	JnD	OEM�J +914:,

' � � E, ��� D	Jn f +914;,

Khqfh iru sodvpd prwlrqv lq wkh gluhfwlrq ri wkh +srvvleo| glvvlsdwlyh, wruvlrq
yhfwru/ erwk wkh �olqhv� ri wkh Vslq yhfwru duh �iur}hq lq� dqg wkh olqhv ri wkh
Wruvlrq yhfwru duh �iur}hq lq�1 Vxfk �iur}hq lq� remhfwv fdq eh xvhg wr jlyh d
wrsrorjlfdo gh�qlwlrq ri ghirupdeoh frkhuhqw vwuxfwxuhv lq d sodvpd1 Pruhryhu/
dv wkh hyroxwlrqdu| surfhvv fdxvhv wkh iur}hq lq vwuxfwxuhv wr ghirup dqg ghfd|/
lw lv frqfhlydeoh wkdw hyroxwlrq frxog surfhhg wr irup vwdwlrqdu| +qrw vwdjqdqw,
vwdwhv +zkhuh , � � , f�> vxfk wkdw wkh iur}hq lq �hog olqh vwuxfwxuhv ehfrph
orfdo ghirupdwlrq lqyduldqwv/ ru wrsrorjlfdo ghihfwv1 Hohfwurpdjqhwlf frkhuhqw
vwuxfwxuhv duh hyroxwlrqdu| ghirupdeoh +dqg shukdsv ghfd|lqj, grpdlqv ri Sid�
glphqvlrq 7/ zklfk irup vwdwlrqdu| vwdwhv ri wrsrorjlfdo ghihfwv +lqfoxglqj wkh
qxoo vwdwh, lq uhjlrqv ri Sid� glphqvlrq 6/ zkhuh , �� ' f1

Qrwh wkdw doo vhpl0lghdo +vhh vhfwlrq 8, sodvpd fxuuhqw surfhvvhv duh uh0
yhuvleoh lq d wkhuprg|qdplf vhqvh1

Uhihuhqfhv

^4` Eu|dqw/ U1O1/Fkhuq/ V1V1/ Jdugqhu/ U1E1/Jrogvfkplgw/ K1O1/ dqg Jul!wkv/ S1 D1

+4<<4,/ H{whulru Gl�huhqwldo V|vwhpv/ Vsulqjhu Yhuodj

^5` N1 Nxudwrzvnl/ Wrsrorj| +Zduvdz/ 4<7;,/ Yro1 L1

Olsvfkxw}/ V1 +4<98, Jhqhudo Wrsrorj| +Vfkdxp/ Qhz \run,/ ;;1

Uhihuhqfhv

^4` Fduwdq/ H1/ +4<8;, Ohfrqv vxu ohv lqyduldqwv lqwhjudx{v/ Khupdqq/ Sdulv 1
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^5` Pduvghq/ M1H1 dqg Uldwx/ W1 V1 +4<<7, Lqwurgxfwlrq wr Phfkdqlfv dqg V|pphwu|/

Vsulqjhu0Yhuodj/ s1455

^6` Vfkrxwhq/ M1 D1 dqg Ydq ghu Nxon/ Z1/ +4<7<, Sid�*v Sureohp dqg lwv Jhqhudol}d0

wlrqv/ R{irug Foduhqgrq Suhvv

^7` Nlhkq/ U1 P1 +4<::, �Shulrgv rq pdqirogv/ txdqwl}dwlrq dqg jdxjh�/ M1 ri Pdwk

Sk|v 4;/ qr1 7/ s1 947

^8` Nlhkq/ U1 P1/ +4<<3, �Wrsrorjlfdo Wruvlrq/ Sid� Glphqvlrq dqg Frkhuhqw Vwuxf0

wxuhv�/ lq= K1 N1 Pr�dww dqg W1 V1 Wvlqrehu hgv/ Wrsrorjlfdo Ioxlg Phfkdqlfv/ Fdp0

eulgjh Xqlyhuvlw| Suhvv/ 77<078; 1

^9` ghUkdp/J1 +4<93, Ydulhwhv Gl�huhqwldeohv/ Khupdqq/ Sdulv

^:` Ilehu rswlfv

^;` Kruqlj/ J1 dqg Vfklqgohu/ N1 +4<<9, �Pdjqhwlf wrsrorj| dqg wkh sureohp ri lwv

lqydudlqw gh�qlwlrq� Sk|vlfv ri Sodvpdv/ 6/ s1979

^<` Vrpphuihog/ D1/ +4<85, Hohfwurg|qdplfv/ Dfdghplf Suhvv/ Qhz \run1 Dovr vhh

Vwudwwrq/ M1D1/ +4<74, Hohfwurpdjqhwlf Wkhru| PfJudz Kloo Q1\1 Vrpphuihog

fduhixoo| glvwlqjxvkhv ehwzhhq lqwhqvlwlhv dqg h{flwdwlrqv rq wkhuprg|qdplf jurxqgv1

^43` Nlhkq/ U1 P1/ Nlhkq/ J1 S1/ dqg Urehugv/ U1 E1 +4<<4, �Sdulw| dqg Wlph0uhyhuvdo

V|pphwu| Euhdnlqj/ Vlqjxodu Vroxwlrqv�/ Sk|v Uhy D/ 76/ s1 8998

^44` Nlhkq/ U1 P1 +4<<4, �Duh wkhuh wkuhh nlqgv ri vxshufrqgxfwlylw|� Lqw1 M1 Prg1

Sk|v E Yro1 8 s14::<04:<31 Dovr vhh Nlhkq/ U1 P1 dqg Slhufh/ M1 I1 +4<9<, �Dq

Lqwulqvlf Wudqvsruw Wkhruhp� Sk|v1 Ioxlgv 45/ s1 4<:4

^45` Ydq Gdqw}lj1 G1/ Surf1 Fdpeulgjh Sklorv1 Vrf1 63/ 754 +4<67,1 Dovr vhh= yrq

Gdqw}lj/ G1/ 4<67/ �Hohfwurpdjqhwlvp Lqghshqghqw ri phwulfdo jhrphwu|�/ Surf1 Nrq1

Qhg1 Dndg1 y1 Zhw1 6:/

^46` Nlhkq/ U1 P1 +4<:9, �Uhwurglfwlyh Ghwhuplqlvp�/ Lqw1 M1 ri Hqj1 Vfl1 47/ s1 :7<

^47` Olsvfkxw}/ V1 +4<98, Jhqhudo Wrsrorj| +Vfkdxp/ Qhz \run,/ ;;1

^48` Edwhpdq/ K1 +4<47/ 4<88, Hohfwulfdo dqg Rswlfdo Zdyh Prwlrq/ Gryhu s145
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^49` Nrfklq/ Q1H1/ Nleho/ L1D1/ Ur}h/ Q1 Q1/ +4<97, Wkhruhwlfdo K|gurg|qdplfv/ Lqwhu0

vflhqfh/ Q\ s148:

^4:` Nlhkq/ U1 P1 +4<:8, �Lqwulqvlf k|gurg|qdplfv zlwk dssolfdwlrqv wr vsdfh wlph

 xlgv�/ Lqw1 M1 Hqjqj Vfl 46/ s1 <740<7<
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