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Devwudfw

Wkh frqfhsw ri wrsrorjlfdo hqwurs| lv ghgxfhg +zlwkrxw vwdwlvwlfv, iurp
wkh idfw wkdw Fduwdq0Kloehuw 40irup ri Dfwlrq gh�qhv d v|psohfwlf v|vwhp
ri Sid� Wrsrorjlfdo glphqvlrq 5q.51 Wkh shuihfw gl�huhqwldo ri hqwurs|/
gV/ lv frpsrvhg ri wkh lqwhulru surgxfw ri wkh qrq0fdqrqlfdo frpsrqhqwv
ri prphqwxp zlwk wkh frpsrqhqwv ri wkh gl�huhqwldo yhorflwlhv1 Dq htxl0
oleulxp v|vwhp lv d Odjudqjh vxepdqlirog ri wkh 5q.5 wrsrorjlfdo vsdfh/
xsrq zklfk wkh fkdqjh lq hqwurs| lv }hur/ gVthtxlo�@31

Nh| zrugv= Wrsrorjlfdo hqwurs|/ luuhyhuvleoh surfhvvhv/ Sid� wrsrorjl0
fdo glphqvlrq/ Fduwdq*v Pdjlf irupxod

4 D Wrsrorjlfdo Shuvshfwlyh

D pdmru remhfwlyh ri wrsrorjlfdo wkhuprg|qdplfv lv wr hvwdeolvk d wrsrorjlfdo/
qrq0vwdwlvwlfdo/ olqn ehwzhhq wkhuprg|qdplfv dqg phfkdqlfdo/ hohfwulfdo/ ru k|0
gurg|qdplf sk|vlfdo v|vwhpv4 1 D sduwlfxodu jrdo lv wr ghyhors d phwkrg ri
ghvfulelqj wkh gl�huhqfhv/ dqg krz dqg zkhq vxfk gl�huhqfhv rffxu/ ehwzhhq

Htxloleulxp dqg qrq0htxloleulxp sk|vlfdo v|vwhpv/ dqg

Uhyhuvleoh dqg luuhyhuvleoh hyroxwlrqdu| surfhvvhv dfwlqj rq vxfk v|vwhpv1

Wkh phwkrgv zklfk kdyh ehhq ghyhorshg duh edvhg xsrq Fduwdq*v fdofx0
oxv ri h{whulru gl�huhqwldo irupv ^;`/ ^9`1 H{whulru gl�huhqwldo irupv duh re0
mhfwv/ zklfk/ lq frqwudvw wr whqvruv/ duh zhoo ehkdyhg zlwk uhvshfw wr gl�huhq0
wldeoh +frqwlqxrxv, pdsslqjv wkdw gr qrw kdyh dq lqyhuvh +dqg gr qrw suhvhuyh
wrsrorjlfdo surshuwlhv,/ dv zhoo dv zlwk uhvshfw wr gl�hrprusklvpv/ zklfk duh
gl�huhqwldeoh lqyhuwleoh frqwlqxrxv pdsslqjv +dqg zklfk suhvhuyh wrsrorjlfdo
surshuwlhv,1 Hyroxwlrqdu| surfhvvhv zloo eh gh�qhg lq whupv ri wkh dfwlrq ri

4D pruh ghwdlohg ghyhorsphqw ri Qrq0htxloleulxp dqg Luuhyhuvleoh Wkhuprg|qdplfv fdq
eh irxqg dw kwws=22zzz551sdlu1frp2fvgf2sgi2wkhupr5fk1sgi
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wkh Olh gl�huhqwldo zlwk uhvshfw wr yhfwru gluhfwlrq �hogv dfwlqj rq gl�huhqwldo
irupv ^45`1 Wkh Olh gl�huhqwldo dfwlqj rq gl�huhqwldo irupv lv qrw frq�qhg
e| wkh gl�hrprusklf frqvwudlqwv ri whqvru dqdo|vlv/ dqg fdq wuhdw sureohpv ri
wrsrorjlfdo fkdqjh1 Wkh phwkrg jrhv eh|rqg wkh pruh vwdqgdug %h{wuhpdo%
whfkqltxhv edvhg xsrq wkh fdofxoxv ri yduldwlrqv1 Lq prvw ri wkdw zklfk iroorzv/
wkh ixqfwlrqv xvhg wr gh�qh wkh sk|vlfdo v|vwhpv zloo eh dvvxphg wr eh F5 gli0
ihuhqwldeoh1 Wkh ixqfwlrqv wkdw ghvfuleh surfhvvhv prvw riwhq zloo eh dvvxphg
wr eh F5 gl�huhqwldeoh dv zhoo/ exw fhuwdlq F4 +wdqjhqwldo glvfrqwlqxlwlhv, dqg
F3 +vkrfnv, surfhvvhv duh ri sk|vlfdo lqwhuhvw1

D ixqgdphqwdo uhvxow fdq eh h{suhvvhg e| wkh vwdwhphqw= %Wrsrorjlfdo
fkdqjh lv d qhfhvvdu| frqglwlrq iru d wkhuprg|qdplf surfhvv wr eh luuhyhuvleoh%1
Luuhyhuvleoh surfhvvhv/ uhodwhg wr wkh duurz ri wlph dqg wkh elrorjlfdo djlqj
surfhvv/ uhtxluh wrsrorjlfdo hyroxwlrq dqg wrsrorjlfdo fkdqjh1 Fxuuhqw sk|vl0
fdo wkhrulhv wkdw ghvfuleh hyroxwlrqdu| surfhvvhv +iru h{dpsoh/ Kdplowrqldq ru
Xqlwdu| g|qdplfv, xvxdoo| duh irupxodwhg lq whupv ri krphrprusklvpv wkdw gr
qrw shuplw wrsrorjlfdo fkdqjh1

D uhpdundeoh dfklhyhphqw ri wkh wrsrorjlfdo srlqw ylhz ri wkhuprg|qdplfv
lv wkh delolw| wr gh�qh wkh frqfhsw ri hqwurs| lq dq dqdo|wlf/ qrq0skhqrphqrorjlfdo
zd| 0 dqg zlwkrxw wkh xvh ri vwdwlvwlfv1 Wkh frqfhsw ri wkhuprg|qdplf hqwurs|
kdv ehhq h{wuhpho| kdug wr gh�qh/ iru/ olnh srwhqwldo hqhuj|/ fodvvlfdo phfkdqlfv
grhv qrw |lhog d fohdu ylvxdo slfwxuh ri %mxvw zkdw lv% hqwurs|1 Qxphurxv skh0
qrphqrorjlfdo frqvwuxfwlrqv kdyh ehhq vxjjhvwhg +vxfk dv hqwurs| lv d phdvxuh
ri glvrughu/ hqwurs| lv wkh lqyhuvh ri lqirupdwlrq/ hqwurs| lv sursruwlrqdo wr
duhd111, exw hqfrglqj vxfk frqfhswv lv gl!fxow1 Dvvrfldwhg zlwk wkh frqfhsw ri
hqwurs| lv wkh lghd ri d v|vwhp lq htxloleulxp/ zklfk/ dw ohdvw lq dssur{lpdwlrq/
lv uhfrjql}hg iurp h{shulhqfh1 Frog zdwhu srxuhg lqwr d krw edwk frphv wr
+dssur{lpdwh, htxloleulxp zlwklq d shufhswleo| vkruw wlph vsdq1 Rq wkh rwkhu
kdqg/ wkh delolw| wr lqwhufkdqjh nlqhwlf hqhuj| dqg srwhqwldo hqhuj| xowlpdwho|
|lhogv d ylvxdo shufhswlrq ri %hqhuj|% lq whupv ri wkh ylvxdo lpdjh ri prwlrq/
exw wkhuh vhhpv wr eh qr %ylvxdo% htxlydohqw iru %hqwurs|%1 Pruhryhu/ wkh
fxuuhqwo| dffhswhg grjpd lv wkdw hqwurs| dozd|v lqfuhdvhv rq d joredo vfdoh1
Wkh idfw wkdw wkh lghd lv joredo vkrxog eh uhfrjql}hg lpphgldwho| dv d wrsr0
orjlfdo/ qrw d jhrphwulfdo/ frqfhsw1 Pxfk ri fxuuhqw sk|vlfdo wkhru| lv edvhg
xsrq jhrphwulf frqfhswv/ dqg duh qrw dssursuldwh wr wkh xqghuvwdqglqj ri hq0
wurs| dqg luuhyhuvlelolw|1 Lw lv wkh sxusrvh ri wkdw zklfk iroorzv wr ghprqvwudwh
krz d wrsrorjlfdo/ qrw jhrphwulf/ srlqw ri ylhz hqdeohv dq dqdo|wlf frglqj dqg
ghulydwlrq ri wkh frqfhsw ri Hqwurs| 0 zlwkrxw wkh xvh ri vwdwlvwlfv/ dqg zlwkrxw
skhqrphqrorjlfdo irupxodwlrq1

5 Wrsrorjlfdo Wkhuprg|qdplfv

Wkh wrsrorjlfdo ylhz ri wkhuprg|qdplfv ghvfulehg khuhlq lv edvhg rq irxu d{0
lrpv1

D{lrp 4 Wkhuprg|qdplf sk|vlfdo v|vwhpv fdq eh hqfrghg lq whupv ri d 40
irup ri fryduldqw Dfwlrq Srwhqwldov/ Dn+{> |> }> w,> rq d 7 glphqvlrqdo devwudfw
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ydulhw| ri rughuhg lqghshqghqw yduldeohv/ i{> |> }> wj= Wkh ydulhw| vxssruwv d
yroxph hohphqw 
7 @ g{ag|ag}agw=

D{lrp 5 Wkhuprg|qdplf surfhvvhv duh dvvxphg wr eh hqfrghg/ wr zlwklq d idf0
wru/ �+{> |> }> w,/ lq whupv ri frqwudyduldqw yhfwru gluhfwlrq �hogv/ Y7+{> |> }> w,=

D{lrp 6 Frqwlqxrxv wrsrorjlfdo hyroxwlrq ri wkh wkhuprg|qdplf v|vwhp fdq
eh hqfrghg lq whupv ri Fduwdq*v pdjlf irupxod +vhh s1 455 lq ^45`,1 Wkh
Olh gl�huhqwldo/ zkhq dssolhg wr d h{whulru gl�huhqwldo 40irup ri Dfwlrq/ D @
Dng{

n/ lv htxlydohqw devwudfwo| wr wkh �uvw odz ri wkhuprg|qdplfv1

Fduwdq*v Pdjlf Irupxod O+�Y7,D @ l+�Y7,gD. g+l+�Y7,D, +4,

Iluvw Odz ri Wkhuprg|qdplfv = Z . gX @ T> +5,

Lqh{dfw 40irup ri Khdw O+�Y7,D @ Z . gX @ T +6,

Lqh{dfw 40irup ri Zrun Z @ l+�Y7,gD> +7,

Lqwhuqdo Hqhuj| X @ l+�Y7,D= +8,

D{lrp 7 Htxlydohqfh fodvvhv ri v|vwhpv dqg surfhvvhv fdq eh gh�qhg lq whupv
ri wkh Sid� wrsrorjlfdo glphqvlrq1

Lq h�hfw/ Fduwdq*v phwkrgv fdq eh xvhg wr irupxodwh suhflvh pdwkhpdwlfdo
gh�qlwlrqv iru pdq| wkhuprg|qdplf frqfhswv lq whupv ri wrsrorjlfdo surshuwlhv
0zlwkrxw wkh xvh ri vwdwlvwlfv ru phwulf frqvwudlqwv1 Pruhryhu/ wkh phwkrg
dssolhv wr qrq0htxloleulxp wkhuprg|qdplfdo v|vwhpv dqg luuhyhuvleoh surfhvvhv/
djdlq zlwkrxw wkh xvh ri vwdwlvwlfv ru phwulf frqvwudlqwv1

Lq rughu wr pdnh wkh htxdwlrqv pruh vxjjhvwlyh wr wkh uhdghu/ wkh v|perolvp
iru wkh ydulhw| ri lqghshqghqw yduldeohv kdv ehhq fkrvhq wr eh ri wkh irupdw
i{> |> }> wj> exw eh dzduh wkdw qr frqvwudlqwv ri phwulf ru frqqhfwlrq duh lpsrvhg
xsrq wklv ydulhw|1 Iru lqvwdqfh/ lw lv QRW dvvxphg wkdw wkh edvh ydulhw| lv
hxfolghdq1

514 Wkh Sid� Wrsrorjlfdo Glphqvlrq

Shukdsv rqh ri wkh prvw lpsruwdqw wrsrorjlfdo wrrov wr eh xvhg zlwklq wkh wkhru|
ri frqwlqxrxv wrsrorjlfdo hyroxwlrq lv wkh frqfhsw ri Sid� wrsrorjlfdo glphqvlrq1
Wkh pd{lpxp Sid� glphqvlrq lv htxdo wr qxpehu ri lqghshqghqw yduldeohv lq
wkh edvh ydulhw|/ zklfk lq wklv duwlfoh kdv ehhq olplwhg wr q @ 7= Iru d jlyhq
40irup ri Dfwlrq/ D @ Dn+{> |> }> w,g{

n gh�qhg rq wkh edvh ydulhw| ri i{> |> }> wj/
lw lv srvvleoh wr dvn zkdw lv wkh luuhgxfleoh plqlpxp qxpehu ri lqghshqghqw
ixqfwlrqv �+{> |> }> w, uhtxluhg wr ghvfuleh wkh wrsrorjlfdo ihdwxuhv wkdw fdq eh
jhqhudwhg e| wkh vshfl�hg 40irup/ D1 Wklv luuhgxfleoh qxpehu ri ixqfwlrqv
lv gh�qhg khuh lq dv wkh %Sid� wrsrorjlfdo glphqvlrq% ri wkh 40irup/ D1 Iru
h{dpsoh/ li

D @ Dng{
n , g�+{> |> }> w,luuhgxfleoh> +9,

vxfk wkdw Dn @ C�+{> |> }> w,@C{n> +:,
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wkhq rqo| rqh ixqfwlrq �+{> |> }> w, lv uhtxluhg wr ghvfuleh wkh Dfwlrq/ qrw irxu1
Lq wklv h{dpsoh wkh luuhgxfleoh Sid� wrsrorjlfdo glphqvlrq ri wkh 40irup/ D/ lv
4/ dowkrxjk wkh glphqvlrq ri edvh ydulhw| lv 71 Lq d vhqvh/ wkh Sid� wrsrorjl0
fdo glphqvlrq gh�qhv wkh h{lvwhqfh ri d grpdlq ri %wrsrorjlfdo% edvh yduldeohv
+wrsrorjlfdo frruglqdwhv, dv vxephuvlrqv iurp wkh ruljlqdo edvh ydulhw| +jhr0
phwulf frruglqdwhv, wr wkh luuhgxfleoh edvh ydulhw| +wrsrorjlfdo frruglqdwhv,1
Gl�huhqwldo irupv frqvwuxfwhg rq wkh luuhgxfleoh edvh ydulhw| ri ixqfwlrqv/ duh
ixqfwlrqdoo| zhoo gh�qhg rq wkh ruljlqdo edvh ydulhw|1

Uhodwlyh wr wkh Fduwdq wrsrorj| ^5`/ wkh %Sid� wrsrorjlfdo glphqvlrq% fdq eh
jhqhudwhg e| hdfk ri wkh Sid!dq irupv dvvrfldwhg zlwk hdfk glvflsolqh1 Wkh lu0
uhgxfleoh Sid� wrsrorjlfdo glphqvlrq iru dq| jlyhq 40irup D lv uhdglo| frpsxwhg
e| frqvwuxfwlqj wkh Sid� vhtxhqfh ri irupv=

Sid� vhtxhqfh

iD>gD>DagD> gDagDj= +;,

Wkh Sid� wrsrorjlfdo glphqvlrq lv htxdo wr wkh qxpehu ri qrq0}hur whupv lq
wkh Sid� vhtxhqfh1 Iru h{dpsoh/ li wkh Sid� vhtxhqfh iru d jlyhq 40irup D lv
iD>gD> 3> 3j lq d uhjlrq X � i{> |> }> wj/ wkhq wkh Sid� wrsrorjlfdo glphqvlrq ri
D lv 5 lq wkh uhjlrq/ X= Wkh 40irup D> lq wkh uhjlrq X> wkhq dgplwv ghvfulswlrq
lq whupv ri rqo| wzr/ exw qrw ohvv wkdq 5/ lqghshqghqw yduldeohv/ vd| ix4> x5j=
Iru d gl�huhqwldeoh pds * iurp i{> |> }> wj , ix4> x5j/ wkh h{whulru gl�huhqwldo
40irup gh�qhg rq wkh wdujhw ydulhw| X ri 5 suh0jhrphwu| glphqvlrqv dv

D+x4> x5, @ D4+x
4> x5,gx4 .D5+x

4> x5,gx5> +<,

kdv d ixqfwlrqdoo| zhoo gh�qhg suh0lpdjhD+{> |> }> w, rq wkh edvh ydulhw| i{> |> }> wj
ri 7 suh0jhrphwulf glphqvlrqv1 Wklv ixqfwlrqdoo| zhoo gh�qhg suh0lpdjh lv re0
wdlqhg e| ixqfwlrqdo vxevwlwxwlrq ri x4> x5> gx4> gx5 lq whupv ri i{> |> }> wj dv
gh�qhg e| wkh pdsslqj *= Wkh surfhvv ri ixqfwlrqdo vxevwlwxwlrq lv fdoohg wkh
sxoo0edfn1

D+{> |> }> w, @ Dng{
n @ *�+D+x4> x5,, @ *�+D�gx

�, +43,

Lw pd| eh wuxh wkdw wkh ixqfwlrqdo irup ri D |lhogv d Sid� wrsrorjlfdo gl0
phqvlrq htxdo wr 5 joredoo| ryhu wkh grpdlq i{> |> }> wj> h{fhsw iru vxe uhjlrqv
zkhuh wkh Sid� glphqvlrq ri D lv 6 ru 71 Wkhvh vxe uhjlrqv uhsuhvhqw wrsrorj0
lfdo ghihfwv lq wkh doprvw joredo grpdlq ri Sid� glphqvlrq 51 Frqyhuvho|/ wkh
Sid� glphqvlrq ri D frxog eh 7 joredoo| ryhu wkh grpdlq/ h{fhsw iru vxe uhjlrqv
zkhuh wkh Sid� glphqvlrq ri D lv 6/ ru ohvv1 Wkhvh vxe uhjlrqv uhsuhvhqw wrsr0
orjlfdo ghihfwv lq wkh doprvw joredo grpdlq ri Sid� glphqvlrq 71 Dssolfdwlrqv
ri erwk ylhzsrlqwv zloo eh ghvfulehg ehorz1 Wkh lpsruwdqw frqfhsw ri Sid�
wrsrorjlfdo glphqvlrq dovr fdq eh xvhg wr gh�qh htxlydohqfh fodvvhv ri sk|vlfdo
v|vwhpv dqg surfhvvhv1

Wkh frqfhsw ri %Sid� wrsrorjlfdo glphqvlrq% zdv ghyhorshg pruh wkdq 443
|hduv djr +vhh sdjh 5<3 ri Iruv|wk ^<` ,/ dqg kdv ehhq fdoohg wkh %fodvv%5 ri d

5Wkh whup %Sid� wrsrorjlfdo glphqvlrq% +lqvwhdg ri fodvv, zdv lqwurgxfhg e| wkh suhvhqw
dxwkru lq rughu wr hpskdvl}h wkh wrsrorjlfdo irxqgdwlrqv ri wkh frqfhsw1
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gl�huhqwldo 40irup lq wkh pdwkhpdwlfdo olwhudwxuh1 Pruh uhfhqw pdwkhpdwlfdo
ghyhorsphqwv fdq eh irxqg lq ^49`1 Wkh phwkrg dqg lwv surshuwlhv kdyh ehhq
olwwoh xwlol}hg lq wkh dssolhg zruog ri sk|vlfv dqg hqjlqhhulqj1 Ri nh| lpsruwdqfh
lv wkh idfw wkdw wkh qrq0}hur h{lvwhqfh ri wkh 60irup DagD @ DaI ri Wrsrorjlfdo
Wruvlrq> dqg wkh 70irup ri Wrsrorjlfdo Sdulw|/ gDagD @ IaI lpsolhv wkdw wkh
Sid� wrsrorjlfdo glphqvlrq ri wkh uhjlrq lv 6 ru 7/ uhvshfwlyho|1 Hlwkhu ydoxh lv dq
lqglfdwru wkdw wkh sk|vlfdo v|vwhp +lq wkh vxe uhjlrq, lv QRW lq wkhuprg|qdplf
htxloleulxp1 Wkh frqfhsw ri wrsrorjlfdo sdulw|/ IaI / kdv lwv irxqgdwlrqv lq
wkh wkhru| ri Sid�*v sureohp/ zlwk d uhfrjql}deoh 7 glphqvlrqdo irupxodwlrq
dsshdulqj lq Iruv|wk ^<` sdjh 4331 Wkh lghd ri Wrsrorjlfdo Wruvlrq/ DaI / lv
dvvrfldwhg zlwk wkh lghd ri pdjqhwlf kholflw| ghqvlw|/ d frqfhsw wkdw dssduhqwo|
kdg lwv hohfwurpdjqhwlf jhqhvlv zlwk wkh vwxg| ri sodvpdv lq ZZLL1 Krzhyhu/
wkh frqfhsw ri kholflw| ghqvlw| lv exw rqh frpsrqhqw ri wkh irxu glphqvlrqdo
Wrsrorjlfdo Wruvlrq 7 yhfwru1

Uhfdoo wkdw d vsdfh fxuyh zlwk qrq0}hur Iuhqhw 0 Vhuuhw wruvlrq grhv qrw
uhvlgh lq d wzr glphqvlrqdo sodqh1 Qrq0}hur Iuhqhw 0 Vhuuhw wruvlrq ri d vsdfh
fxuyh lv dq lqglfdwru wkdw wkh jhrphwulfdo glphqvlrq ri wkh vsdfh fxuyh lv dw
ohdvw 61 Wkh idfw wkdw wkh Sid� wrsrorjlfdo glphqvlrq ri wkh 40irup/ D> lv dw
ohdvw 6/ zkhq DaI lv qrq0}hur/ lv wkh edvlv ri zk| wkh 60irup/ DaI / zdv fdoohg
%Wrsrorjlfdo Wruvlrq%1 Wkh lghd ri qrq0}hur DaI dovr dsshduv lq wkh wkhru| ri
wkh Krsi Lqyduldqw ^7`1

515 Sk|vlfdo V|vwhpv= Htxloleulxp/ Lvrodwhg/ Forvhg dqg

Rshq

Sk|vlfdo v|vwhpv dqg surfhvvhv duh hohphqwv ri wrsrorjlfdo fdwhjrulhv ghwhu0
plqhg e| wkh Sid� wrsrorjlfdo glphqvlrq +ru fodvv, ri wkh 40irupv ri Dfwlrq/
D> Zrun/ Z / dqg Khdw/ T= Iru h{dpsoh/ wkh Sid� wrsrorjlfdo glphqvlrq ri
wkh h{whulru gl�huhqwldo 40irup ri Dfwlrq/ D> ghwhuplqhv wkh ydulrxv vshflhv ri
wkhuprg|qdplf v|vwhpv lq whupv ri glvwlqfw wrsrorjlfdo fdwhjrulhv1 Wkh duh
wzr wrsrorjlfdo wkhuprg|qdplf fdwhjrulhv wkdw duh ghwhuplqhg e| wkh forvxuh
+ru gl�huhqwldo lghdo, ri wkh 40irup ri Dfwlrq/ D ^ gD> dqg wkh forvxuh ri wkh
60irup ri wrsrorjlfdo wruvlrq/ DagD^ gDagD= Wkh �uvw fdwhjru| lv uhsuhvhqwhg
e| d frqqhfwhg Fduwdq wrsrorj|/ zkloh wkh vhfrqg fdwhjru| lv uhsuhvhqwhg e| d
glvfrqqhfwhg Fduwdq wrsrorj|1

51514 Frqqhfwhg Wrsrorj| DagD @ 3

41 Htxloleulxp sk|vlfdo v|vwhpv duh hohphqwv vxfk wkdw wkh Sid� wrsrorjlfdo
glphqvlrq lv 41

51 Lvrodwhg sk|vlfdo v|vwhpv duh hohphqwv vxfk wkdw wkh Sid� wrsrorjlfdo gl0
phqvlrq lv 5/ ru ohvv1 Lvrodwhg v|vwhpv ri Sid� glphqvlrq 5 qhhg qrw eh lq
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htxloleulxp/ exw gr qrw h{fkdqjh udgldwlrq ru pdvv zlwk wkh hqylurqphqw1

V|vwhpv = Sid� wrsrorjlfdo glphqvlrq zkhq= DagD @ 3 +44,

gD @ 3 Htxloleulxp 0 Sid� wrsrorjlfdo glphqvlrq 4+45,

DagD @ 3 Lvrodwhg 0 Sid� wrsrorjlfdo glphqvlrq 5 +46,

51515 Glvfrqqhfwhg Wrsrorj| DagD 9@ 3

41 Forvhg sk|vlfdo v|vwhpv duh hohphqwv vxfk wkdw wkh Sid� wrsrorjlfdo gl0
phqvlrq lv 61 Forvhg v|vwhpv fdq h{fkdqjh udgldwlrq/ exw qrw pdvv/ zlwk
wkh hqylurqphqw1

51 Rshq sk|vlfdo v|vwhpv duh vxfk wkdw wkh Sid� wrsrorjlfdo glphqvlrq lv 71
Rshq sk|vlfdo v|vwhpv fdq h{fkdqjh erwk udgldwlrq dqg pdvv zlwk wkh
hqylurqphqw1

V|vwhpv = Sid� wrsrorjlfdo glphqvlrq zkhq= DagD 9@ 3 +47,

g+DagD, @ 3 Forvhg 0 Sid� wrsrorjlfdo glphqvlrq 6 +48,

gDagD 9@ 3= Rshq 0 Sid� wrsrorjlfdo glphqvlrq 71 +49,

Zkhq wkh 60irup ri Wrsrorjlfdo Wruvlrq lv }hur/ wkh Fduwdq Wrsrorj| lv d frq0
qhfwhg wrsrorj|/ dqg vroxwlrqv wr wkh Sid� htxdwlrq duh xqltxho| ghwhuplqhg wr
zlwklq d idfwru1 Zkhq wkh 60irup ri Wrsrorjlfdo Wruvlrq lv qrq0}hur/ wkh Fduwdq
wrsrorj| lv d glvfrqqhfwhg wrsrorj|/ dqg wkh Sid!dq htxdwlrq kdv qrq0xqltxh
vroxwlrqv1 Qrwh wkdw wkhvh wrsrorjlfdo vshfl�fdwlrqv dv jlyhq deryh duh ghwhu0
plqhg hqwluho| iurp wkh ixqfwlrqdo surshuwlhv ri wkh sk|vlfdo v|vwhp hqfrghg
dv d 40irup ri Dfwlrq/ D1 Wkh v|vwhp wrsrorjlfdo fdwhjrulhv gr qrw lqyroyh d
surfhvv/ zklfk lv hqfrghg +wr zlwklq d idfwru, e| vrph yhfwru gluhfwlrq �hog/
Y7= Krzhyhu/ wkh surfhvv Y7 grhv lq xhqfh wkh wrsrorjlfdo surshuwlhv ri wkh
zrun 40irup Z dqg wkh Khdw 40irup T1

516 Uhyhuvleoh dqg Luuhyhuvleoh Surfhvvhv

Wkh Sid� wrsrorjlfdo glphqvlrq ri wkh h{whulru gl�huhqwldo 40irup ri Khdw/ T>
ghwhuplqhv lpsruwdqw wrsrorjlfdo fdwhjrulhv ri surfhvvhv1 Iurp fodvvlfdo wkhu0
prg|qdplfv %Wkh txdqwlw| ri khdw lq d uhyhuvleoh surfhvv dozd|v kdv dq lq0
whjudwlqj idfwru% ^43` ^47` 1 Khqfh/ iurp wkh Iurehqlxv xqltxh lqwhjudelolw|
wkhruhp/ zklfk uhtxluhv TagT @ 3> doo uhyhuvleoh surfhvvhv duh vxfk wkdw wkh
Sid� glphqvlrq ri T lv ohvv wkdq ru htxdo wr 51 Luuhyhuvleoh surfhvvhv duh vxfk
wkdw wkh Sid� glphqvlrq ri T lv juhdwhu wkdq 51 D glvvlsdwlyh luuhyhuvleoh
wrsrorjlfdoo| wxuexohqw surfhvv lv gh�qhg zkhq wkh Sid� glphqvlrq ri T lv 71

Surfhvvhv gh�qhg e| wkh Sid� glphqvlrq ri T

Surfhvvhv = dv gh�qhg e| wkh Sid� glphqvlrq ri T +4:,

TagT @ 3 Uhyhuvleoh 0 Sid� glphqvlrq 5 +4;,

g+TagT, 9@ 3= Wxuexohqw 0 Sid� glphqvlrq 71 +4<,
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Qrwh wkdw wkh Sid� glphqvlrq ri T ghshqgv rq erwk wkh fkrlfh ri d surfhvv/
Y7> dqg wkh v|vwhp/ D/ xsrq zklfk lw dfwv1 Dv uhyhuvleoh wkhuprg|qdplf
surfhvvhv duh vxfk wkdw TagT @ 3> dqg luuhyhuvleoh wkhuprg|qdplf surfhvvhv
duh vxfk wkdw TagT 9@ 3> Fduwdq*v irupxod ri frqwlqxrxv wrsrorjlfdo hyroxwlrq
fdq eh xvhg wr ghwhuplqh li d jlyhq surfhvv/ Y7> dfwlqj rq d sk|vlfdo v|vwhp/
D/ lv wkhuprg|qdplfdoo| uhyhuvleoh ru qrw=

Surfhvvhv gh�qhg e| wkh Olh gl�huhqwldo ri D

�
Uhyhuvleoh Surfhvvhv �Y7 = O+�Y7,DaO+�Y7,gD @ 3>
Luuhyhuvleoh Surfhvvhv �Y7 = O+�Y7,DaO+�Y7,gD 9@ 3=

�
+53,

Uhpdundeo|/ Fduwdq*v pdjlf irupxod fdq eh xvhg wr ghvfuleh wkh frqwlqxrxv
g|qdplf srvvlelolwlhv ri erwk uhyhuvleoh dqg luuhyhuvleoh surfhvvhv/ lq htxloleulxp
ru qrq0htxloleulxp v|vwhpv/ hyhq zkhq wkh hyroxwlrq lqgxfhv wrsrorjlfdo fkdqjh/
wudqvlwlrqv ehwzhhq h{flwhg vwdwhv/ dqg fkdqjhv ri skdvh/ vxfk dv frqghqvdwlrqv1

Lw lv lpsruwdqw wr qrwh wkdw wkh gluhfwlrq �hog/ Y7/ qhhg qrw eh wrsrorjlfdoo|
frqvwudlqhg vxfk wkdw lw lv vlqjxoduo| sdudphwhul}hg1 Wkdw lv/ wkh hyroxwlrqdu|
surfhvvhv ghvfulehg e| Fduwdq*v pdjlf irupxod duh qrw qhfhvvdulo| uhvwulfwhg
wr yhfwru �hogv wkdw vdwlvi| wkh wrsrorjlfdo frqvwudlqwv ri nlqhpdwlf shuihfwlrq/
g{n � Y ngw @ 31 D glvfxvvlrq ri wrsrorjlfdo  xfwxdwlrqv/ zkhuh g{n � Y ngw @
�n 9@ 3> dqg dq h{dpsoh  xfwxdwlrq surfhvv lv ghvfulehg ehorz1

6 Sk|vlfdo V|vwhpv ri Sid� Wrsrorjlfdo glphq0

vlrq 6

Frqvlghu wkrvh sk|vlfdo v|vwhpv wkdw duh uhsuhvhqwhg e| 40irupv/ D/ ri Sid�
wrsrorjlfdo glphqvlrq 61 Wkh frqfhsw lpsolhv wkdw wkh wrsrorjlfdo ihdwxuhv fdq
eh ghvfuleh lq whupv ri 6 ixqfwlrqv dqg wkhlu gl�huhqwldov1 Iru h{dpsoh/ li rqh
suhvxphv wkh ixqgdphqwdo lqghshqghqw edvh yduldeohv duh wkh vhw iS> t> �j> zlwk
dq h{whulru gl�huhqwldo yroxph hohphqw frqvlvwlqj ri d surgxfw6 ri h{dfw 40irupv

6 @ gSagtagw> wkhq d Gduerx{ uhsuhvhqwdwlrq iru d sk|vlfdo v|vwhp frxog kdyh
wkh dsshdudqfh=

D @ Sgt . g�= +54,

Wkh remhfwlyh lv wr xvh wkh ihdwxuhv ri Fduwdq*v pdjlf irupxod wr frpsxwh wkh
srvvleoh hyroxwlrqdu| ihdwxuhv ri vxfk d v|vwhp1 Wkh hyroxwlrqdu| g|qdplfv lv
hvvhqwldoo| wkh �uvw odz ri wkhuprg|qdplfv1

O�YD @ l+�Y,gD. gl+�Y,D, @ Z . gX @ T= +55,

6Pruh devwudfw v|vwhpv frxog eh frqvwuxfwhg iurp gl�huhqwldo irupv zklfk duh qrw h{dfw1
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Wkh hohphqwv ri wkh Sid� vhtxhqfh iru wklv Dfwlrq ehfrph=

D @ Sgt . g� +56,

gD @ gSagt> +57,

DagD @ gSagtag�> +58,

gDagD @ 3= +59,

Uhodwlyh wr wkh �rughuhg srvlwlrq� yhfwru U @ ^S> t> � `> frqvlghu wkh 6 olqhduo|
lqghshqghqw ruwkrjrqdo yhfwru gluhfwlrq �hogv=

Y @ ^3> 4> 3` +5:,

YB @ ^4> 3> 3` +5;,

H @ ^3> 3> 4`= +5<,

Wkh h{wuhpdo yhfwru H lv wkh xqltxh hljhq yhfwru zlwk hljhqydoxh }hur uhodwlyh wr
wkh dqwl0v|pphwulf pdwul{ jhqhudwhg e| wkh 50irup/ gD= Wkh dvvrfldwhg yhfwru
YB lv ruwkrjrqdo wr wkh t> � sodqh1

Qh{w ghirup wkh yhfwru gluhfwlrq �hogv e| dq duelwudu| ixqfwlrq/ �= Wkhq
frqvwuxfw wkh frqwudfwlrqv +wkh lqwhuqdo hqhuj|,1

XY @ l+�Y,D @ �S +63,

XYB @ l+�YB,D @ 3 +64,

XH @ l+�H,D @ �= +65,

Wkh olqhduo| lqghshqghqw Zrun 40irupv iru hyroxwlrq lq wkh gluhfwlrq ri wkh 6
edvlv yhfwruv/

ZY @ l+�Y,gD @ ��gS +66,

ZYB @ l+�YB,gD @ .�gt +67,

ZH @ l+�H,gD @ 3= +68,

Iurp Fduwdq*v Pdjlf Irupxod/ O+Y,D @ l+�Y,gD.g+l+�Y,D, � T> lw ehfrphv
dssduhqw wkdw

TY @ Sg�> gTY @ gSag� +69,

TYB @ .�gt> gTYB @ g�agt

TH @ g� gTH @ 3 +6:,

Doo surfhvvhv lq wkh h{wuhpdo gluhfwlrq vdwlvi| wkh frqglwlrqv wkdw THagTH @ 3=
Khqfh/ doo h{wuhpdo surfhvvhv duh uhyhuvleoh1 Lw lv dovr wuxh wkdw hyroxwlrqdu|
surfhvvhv lq wkh gluhfwlrq ri wkh rwkhu edvlv yhfwruv/ vhsdudwho|/ duh uhyhuvleoh/

;



dv wkh 60irup TagT ydqlvkhv1 Khqfh doo vxfk slhfhzlvh frqwlqxrxv surfhvvhv
duh wkhuprg|qdplfdoo| uhyhuvleoh1

Krzhyhu/ hyroxwlrq lq wkh gluhfwlrq ri vprrwk frpelqdwlrqv ri wkh edvh yhf0
wruv pd| qrw vdwlvi| wkh uhyhuvlelolw| frqglwlrqv/ TagT @ 3= Iru h{dpsoh/ lw lv
srvvleoh wr frqvlghu h{sdqvlrqv ru urwdwlrqv lq wkh S> t sodqh1

Yh{sdqvlrq @ YB .YY > +6;,

TagT @ ��g�agSagt +6<,

Yurwdwlrq @ YB �YY > +73,

TagT @ .�g�agSagt +74,

Wkh qrq0}hur ydoxh ri TagT iru wkh frqwlqxrxv h{sdqvlrqv dqg urwdwlrqv duh
uhodwhg wr wkh qrq0}hur Jrgeloorq0Yh| fodvv ^48`1

Frqfoxvlrq 4= F4 surfhvvhv iruphg iurp vhjphqwv dorqj wkh gluhfwlrqv ri

wkh ruwkrjrqdo gluhfwlrq �hogv lq 6 G duh wkhuprg|qdplfdoo| uhyhuvleoh/ exw F5

frpelqdwlrqv ri wkh ruwkrjrqdo yhfwru �hogv duh qrw1

Lw vkrxog eh uhpdunhg wkdw iru Dfwlrq 40irupv ri rgg Sid� wrsrorjlfdo glphq0
vlrq/ dgglwlrq ri d forvhg irup zkrvh irupdw frqwdlqv qhz lqghshqghqw yduldeohv
grhv qrw fkdqjh wkh Sid� wrsrorjlfdo glphqvlrq ri wkh frpsrvlwh1 Rq wkh rwkhu
kdqg/ li wkh ruljlqdo 40iurp lv uhqrupdol}hg e| vrph idfwru/ wkhq wkh Sid� wrsr0
orjlfdo glphqvlrq grhv fkdqjh1 Lq wkh qh{w vhfwlrq lw zloo eh ghprqvwudwhg
wkdw wklv slhfhzlvh htxlydohqfh fodvv ri surfhvvhv grhv qrw surgxfh d wkhuprg|0
qdplfdoo| luuhyhuvleoh surfhvv1 Lq wklv vhqvh lw pd| eh vdlg wkdw wkhuprg|qdplf
luuhyhuvlelolw| lv dq duwlidfw ri glphqvlrq 71

7 Sk|vlfdo V|vwhpv ri Sid� glphqvlrq 7

Frqvlghu wkrvh sk|vlfdo v|vwhpv wkdw duh uhsuhvhqwhg e| 40irupv/ D/ ri Sid�
glphqvlrq 71 Iru h{dpsoh/ li rqh suhvxphv wkh ixqgdphqwdo lqghshqghqw edvh
yduldeohv duh wkh vsdfh wlph vhw i{> |> }> wj> wkhq d uhsuhvhqwdwlrq iru sk|vlfdo
v|vwhp zrxog frqvlvw ri irxu ixqfwlrqv zkrvh dujxphqwv duh wkh edvh yduldeohv/
dqg wkh Dfwlrq 40irup zrxog kdyh wkh dsshdudqfh=

D@	6
n@4Dn+{> |> }> w,g{

n � !+{> |> }> w,gw= +75,

Wklv uhsuhvhqwdwlrq kdv dssolfdelolw| wr wkh vwxg| ri hohfwurpdjqhwlf v|vwhpv/
zkhuh wkh ixqfwlrqv Dn+{> |> }> w, dqg !+{> |> }> w, sod| wkh uroh ri wkh yhfwru dqg
vfdodu srwhqwldov ri fodvvlf hohfwurpdjqhwlf wkhru| ^44` 1
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Krzhyhu/ wkh Gduerx{ wkhruhp vd|v wkdw wkhuh h{lvwv d pds iurp wkh vhw
i{> |> }> wj lqwr irxu lqghshqghqw ixqfwlrqv/ it> �> S>Kj vxfk wkdw wkh hohphqwv
ri wkh Sid� vhtxhqfh ehfrph=

D @ Sgt �Kg�> +76,

gD @ gSagt � gKag�> +77,

DagD @ +SgK �KgS ,gtag�> +78,

gDagD @ 5gSagKagtag�> +79,

Uhodwlyh wr wkh �srvlwlrq� yhfwru U @ ^t> � > S>K`> frqvlghu wkh 7 olqhduo|
lqghshqghqw ruwkrjrqdo yhfwru gluhfwlrq �hogv=

Y @ ^S>K> 3> 3` +7:,

YB @ ^�K>S> 3> 3` +7;,

W @ ^3> 3> S>K` +7<,

WB @ ^3> 3>�K>S ` +83,

Wkh yhfwruv Y dqg YB uhvlgh lq wkh vxevsdfh ri i{> � > 3> 3j dqg wkhuh iru zloo
eh fdoohg �wdqjhqw� yhfwruv1 Wkh yhfwruv W dqg WB uhvlgh lq wkh vxevsdfh
i3> 3> S>Kj dqg zloo eh fdoohg �qrupdo� yhfwruv Wkhvh yhfwruv fdq eh xvhg d
edvlv iudph iru dq| yhfwru lq wkh 7 glphqvlrqdo vsdfh1

Qh{w frqvwuxfw wkh frqwudfwlrqv

l+Y,D @ S 5 .K5 +84,

l+YB,D @ 3 +85,

l+W,D @ 3 +86,

l+WB,D @ 3 +87,

dqg qrwh wkdw wkh yhfwruv irup dq ruwkrjrqdo +exw qrw qhfhvvdulo| qrupdol}hg,
vhw1 Wkhq frqvwuxfw wkh olqhduo| lqghshqghqw Zrun 40irupv iru hyroxwlrq lq wkh
gluhfwlrq ri wkhvh 7 edvlv yhfwruv/

ZY @ l+Y,gD @ �g+S5 .K5,@5 +88,

ZYB
@ l+YB,gD @ SgK �KgS +89,

ZW @ l+W,gD @ Sgt �Kg� @ D +8:,

ZWB
@ l+WB,gD @ �Kgt . Sg�= +8;,

Iurp Fduwdq*v Pdjlf Irupxod/ O+Y,D @ l+Y,gD . g+l+Y,D, � T> lw ehfrphv
dssduhqw wkdw
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TY @ . g+S 5 .K5,@5> gTY @ 3 +8<,

TYB @ SgK �KgS> gTYB @ 5gSagK +93,

TW @ Sgt �Kg� @ D gTW @ gSagt � gKag� @ gD +94,

TWB @ �Kgt . Sg� gTWB @ �gKagt . gSag�> +95,

dqg lw iroorzv wkdw wkh wkuhh irupv TagT ehfrph=

TYagTY @ 3 +96,

TYBagTYB @ 3 +97,

TWagTW @ +KgS � SgK,agtag� @ DagD +98,

TWBagTWB @ +KgS � SgK,agtag� @ DagD +99,

Wkh yhfwru W lv nqrzq dv wkh Wrsrorjlfdo Wruvlrq yhfwru +lq 7G,/ dqg prwlrq
lq wkh gluhfwlrq ri wkh Wruvlrq yhfwru +ru lwv ruwkrjrqdo frpsolphqw WB, |lhog
d qrq0}hur ydoxh iru wkh 60irup T1 Lw iroorzv wkdw hyroxwlrq lq wkh gluhfwlrq
ri wkh Wruvlrq yhfwru lv wkhuprg|qdplfdoo| luuhyhuvleoh1 Iru dq| yhfwru zlwk
frpsrqhqwv frqvwuxfwhg iurp Y dqg YB zlwk duelwudu| ixqfwlrqdo frh!flhqwv/
lw iroorzv wkdw wkh Khdw 40irup T vdwlv�hv wkh Iurehqlxv lqwhjudelolw| wkhruhp1
Rqo| hyroxwlrqdu| surfhvvhv zlwk frpsrqhqwv frqvwuxfwhg iurp WB dqg W zloo
uhsuhvhqw wkhuprg|qdplfdoo| luuhyhuvleoh surfhvvhv1 Wkh gl�huhqfh ehwzhhq
wkh 6G fdvh dqg wkh 7G fdvh lv wkdw slhfhzlvh hyroxwlrq lq wkh gluhfwlrq ri wkh
edvlv yhfwruv lv dozd|v uhyhuvleoh lq wkh 60G fdvh/ exw slhfhzlvh hyroxwlrq lq wkh
gluhfwlrq ri wkh 7G edvlv yhfwruv lv qrw dozd|v wkhuprg|qdplfdoo| luuhyhuvleoh1

Wkh zrun ri wkh suhfhglqj sdudjudskv ohdgv wr wkh frqfoxvlrq=

Frqfoxvlrq 5= Wkhuprg|qdplf luuhyhuvlelolw| lv dq duwlidfw ri wrsrorjlfdo

Sid� glphqvlrq 71

Lw lv ri vrph lqwhuhvw wr uhfrjql}h wkdw wkh 40irupKgS�SgK kdv d urwdwlrqdo
srodu frruglqdwh uhsuhvhqwdwlrq

KgS � SgK @ +S 5 .K5,�+�, +9:,

xqghu wkh pdsslqj

K @
s
+K5 . S 5, frv� +9;,

S @
s
+K5 . S 5, vlq�= +9<,

Wkh 40irup

�+�, @ +KgS � SgK,@+S 5 .K5, g+�+�, @ 3 +:3,
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lv qrw dq h{dfw 40irup/ exw lw lv forvhg prg wkh ruljlq ri K dqg S= Vxfk forvhg
exw qrw h{dfw irupv duh fdoohg kduprqlf irupv dqg kdyh ydoxhv zkhq lqwhjudwhg
ryhu forvhg f|fohv zlwk udwlrqdo udwlrv1

Lw vkrxog eh uhpdunhg wkdw iru Dfwlrq 40irupv ri hyhq Sid� wrsrorjlfdo gl0
phqvlrq/ dgglwlrq ri d forvhg irup zkrvh irupdw frqwdlqv qhz lqghshqghqw
yduldeohv grhv fkdqjh wkh Sid� wrsrorjlfdo glphqvlrq ri wkh frpsrvlwh1 Li wkh
forvhg 40irup lv d ixqfwlrq lv d ixqfwlrq ri wkh ruljlqdo 5q.5 yduldeohv/ lw grhv
qrw fkdqjh wkh Sid� wrsrorjlfdo glphqvlrq ri wkh hyhq glphqvlrqdo irup1 Rq
wkh rwkhu kdqg/ li wkh ruljlqdo 40iurp lv uhqrupdol}hg e| vrph idfwru/ wkhq wkh
Sid� wrsrorjlfdo glphqvlrq grhv qrw fkdqjh1

8 Wkh Fduwdq0Kloehuw Dfwlrq 40irup1

Wkh wrsrorjlfdo ylhz hvwdeolvkhv d udwkhu suhflvh pdwkhpdwlfdo gh�qlwlrq ri zkdw
lv phdqw e| dq htxloleulxp sk|vlfdo v|vwhp1 Forvhg ru Rshq sk|vlfdo v|vwhpv
kdyh d glvfrqqhfwhg Fduwdq Wrsrorj|/ dqg duh ri Sid� glphqvlrq 6 ru 71 Wkh
wrsrorjlfdo gl�huhqfh ehwzhhq d frqqhfwhg dqg d glvfrqqhfwhg wrsrorj| lv d
vx!flhqw wrsrorjlfdo surshuw| zklfk fdq eh xvhg wr glvwlqjxlvk dq htxloleulxp
v|vwhp iurp d qrq0htxloleulxp sk|vlfdo v|vwhp1 Wklv frqfhsw lv edvhg rq
wkh Iurehqlxv xqltxh lqwhjudelolw| wkhruhp/ zklfk lv ydolg iru dq htxloleulxp
v|vwhp/ exw qrw iru +prvw, qrq0htxloleulxp v|vwhpv1 Krzhyhu/ wkh frqfhsw ri
htxloleulxp lv pruh vxewoh1 Edpehuj dqg Vwhuqehuj +s1 :<8 ^6`, vxjjhvw wkdw
d wkhuprg|qdplf htxloleulxp vwdwh fruuhvsrqgv wr d vroxwlrq ri d Odjudqjldq
vxepdqlirog vwuxfwxuh wr dq h{whulru gl�huhqwldo v|vwhp +lq 7G,1 Lq 7G/ wkh
Odjudqjldq vxepdqlirog ri d v|psohfwlf pdqlirog jhqhudwhg e| d 50irup/ gD/
lv d 5 glphqvlrqdo vxepdqlirog xsrq zklfk wkh 50irup gD ydqlvkhv1 Ri pruh
lqwhuhvw wr wklv duwlfoh lv krz vxfk d vxepdqlirog vwuxfwxuh pd| eh ylhzhg lq
whupv ri wkh olplw vhw ri wrsrorjlfdo  xfwxdwlrqv lq duelwudu| glphqvlrq1

Wkh vwduwlqj srlqw ri d wrsrorjlfdo dqdo|vlv ehjlqv zlwk wkrvh sk|vlfdo v|v0
whpv wkdw fdq eh hqfrghg lq whupv ri wkh Fduwdq0Kloehuw ^:` 40irup ri Dfwlrq/
zklfk dw �uvw jodqfh lqyroyhv 6q.4 lqghshqghqw yduldeohv/ +{n> yn> sn> w,=

D @ O+{n> yn> w,gw. sn+g{
n � ygw,= +:4,

O+{n> yn> w, lv d Odjudqjh ixqfwlrq dvvrfldwhg zlwk wkh sk|vlfdo v|vwhp1 Lw
lv dvvxphg wkdw wkh sn duh Odjudqjh pxowlsolhuv/ dqg qhhg qrw eh %fdqrqlfdo%
prphqwd1 Wkdw lv +CO@Cyn�sn, @ 'n 9@ 3> zkhuh wkh'n duh wkh qrq0fdqrqlfdo
frpsrqhqwv ri prphqwd=

Dowkrxjk lw dsshduv wkdw wkh Fduwdq0Kloehuw Dfwlrq lqyroyhv 6q.4 yduldeohv/
lw wxuqv rxw e| gluhfw frpsxwdwlrq wkdw wkh Sid� wrsrorjlfdo glphqvlrq +ghwhu0
plqhg iurp wkh Sid� vhtxhqfh, lv 5q.51 Wkh wrs Sid!dq lq wkh Sid� vhtxhqfh
iruphg iurp D> dqg gD dqg wkhlu lqwhulru surgxfwv +ht1 ;, kdv wkh irup ri d
5q.5 glphqvlrqdo yroxph hohphqw=

+gD,q.4 @ +q. 4,$i	q
n@4+CO@Cy

n � sn,gy
njags4a===gsqagt

4a==gtqagw= +:5,
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Lw iroorzv wkdw wkh h{suhvvlrq lq eudfnhwv fdq eh uhsuhvhqwhg e| d shuihfw gl�hu0
hqwldo/ gV =

+q. 4,$i	q
n@4+CO@Cy

n � sn,gy
nj @ 	q

m@4'mgy
m , gV= +:6,

Wkh h{dfw 40irup/ gV> lv d fdqglgdwh iru wkh gl�huhqwldo ri wkh Hqwurs| ixqfwlrq/
V> vxfk wkdw wkh Wrs Sid!dq ehfrphv d 5q.5 yroxph hohphqw=

+gD,q.4 @ gVags4a===gsqagt
4a==gtqagw= +:7,

Wkh 50irup/ gD/ jhqhudwhv d v|psohfwlf pdqlirog vwuxfwxuh1

Frqfoxvlrq 6= Dv wkh 5q.5 irup uhsuhvhqwv d yroxph hohphqw/ wkh fr0

h!flhqw ri wkh wrs Sid!dq kdv d uhsuhvhqwdwlrq dv d shuihfw gl�huhqwldo ri

d ixqfwlrq/ V/ zklfk kdv whupv zklfk duh qrw ixqfwlrqdoo| ghshqghqw xsrq

+{n> sn> w,= Wkh gl�huhqwldo ri hqwurs| ixqfwlrq V lv h{solflwo| ghshqghqw xsrq

wkh gl�huhqwldov ri yhorflw| gyn dqg wkh qrq0fdqrqlfdo frpsrqhqwv ri prphqwxp
+CO@Cyn � sn,=

Gh�qlwlrq= Wkh ixqfwlrq V zkrvh gl�huhqwldo lv wkh 40irup

gV @ +q. 4,$i	q
n@4+CO@Cy

n � sn,gy
nj +:8,

lv gh�qhg dv wkh wrsrorjlfdo hqwurs|1

Wkh hyhq glphqvlrqdo 5q.5 irup uhsuhvhqwv dq rulhqwdeoh yroxph hohphqw/
dqg rqfh dq rulhqwdwlrq kdv ehhq �{hg +vd| .4,/ dqg hyroxwlrq lv frqvwudlqhg
wr pdlqwdlq wkh yroxph hohphqw dv d 5q.5 glphqvlrqdo hohphqw zlwk �{hg vljq/
wkh fkdqjh lq wkh hqwurs|/ gV/ pxvw eh ri rqh vljq1 Vr hqwurs|/ li lw fkdqjhv
joredoo|/ fdq eh rqo| ri rqh vljq +fkrvhq wr eh srvlwlyh lq wkh klvwrulf olwhudwxuh,1
Dovr/ dv gD lv suhvxphg wr eh qrq0ghjhqhudwh/ wkhq wkh gl�huhqwldo/ gV/ fdq qrw
eh }hur rq wkh 5q.5 glphqvlrqdo v|psohfwlf vsdfh1

Frqfoxvlrq 7= Khqfh wkh idfw wkdw joredo fkdqjhv lq hqwurs| pxvw eh ri

rqh vljq A 3 lv dq duwlidfw ri wrsrorjlfdo rulhqwdelolw| ri wkh v|psohfwlf 5q.5

pdqlirog1

Qh{w frqvlghu vxevsdfhv ri wkh V|psohfwlf 5q.5 vsdfh1 Lq sduwlfxodu frq0
vlghu d Odjudqjldq vxepdqlirog/ zklfk pxvw eh glphqvlrq q.41 E| gh�qlwlrq/
rq wkh Odjudqjldq vxepdqlirog +ri glphqvlrq q.4, ri wkh V|psohfwlf vsdfh +ri
glphqvlrq 5q.5,/ wkh 50irup gD pxvw ydqlvk1 Wkh 50irup fdq eh zulwwhq dv=

gD @ gVagw. igsn � CO@C{ngwja+�tn,, 3= +:9,

Revhuyh wkdw wkh lpphuvlrq # ri wkh frq�jxudwlrq vsdfh zlwk gl�huhqwldov
igt4a==gtqagwj lqwr wkh wrs Sid!dq vsdfh igVags4a===gsqagt

4a==gtqagwj> gh�qhv
d Odjudqjldq vxepdqlirog zkhq wkh sxooedfn ri wkh 50irup gD ydqlvkhv1 Wkh
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50irup gD kdv h{suhvvlrq jlyhq e| wkh htxdwlrq deryh1 Frqvlghu wkh fdvh zkhuh
wkh lpphuvlrq lqwr wkh 6q.4 vsdfh lv vxfk wkdw wkh sxooedfn ri +�tn,, 3=

# = +t4> ==> tq> w,, +V+t> s> w> y,> s4> ===> sq> t
4> ==> tq> y4> ==> yq> w, +::,

Wkhq wkh 50irup kdv d sxooedfn uhdol}dwlrq vxfk wkdw

#�+gD, @ gVagw, 3 iru d Odjudqjh vxepdqlirog1 +:;,

Wkh Sid� wrsrorjlfdo glphqvlrq ri wkh frqvwudlqhg 40irup ri Dfwlrq lv wkhq 5
rq frq�jxudwlrq vsdfh/ dqg lqgxfhv d frqqhfwhg Fduwdq Wrsrorj|1 Wkh 50irup
ydqlvkhv zkhq wkh hqwurs| lv d frqvwdqw=

Frqfoxvlrq 8= gV+t> s> w> y,, 3 lpsolhv htxloleulxp1

Lw lv dovr uhpdundeoh wr qrwh wkdw gV @ 3> zkhq wkh prphqwd duh fdqrqlfdoo|
gh�qhg/ vxfk wkdw

iCO@Cyn � snj , 3 � gV @ i	q
n@4+CO@Cy

n � sn,gy
nj , 3= +:<,

Wkh wrsrorjlfdo frqfhsw ri hqwurs| lv h{solflwo| ghshqghqw xsrq wkh h{lvwhqfh
ri qrq0fdqrqlfdo prphqwd/ 'm 1

9 Dq Luuhyhuvleoh H{dpsoh= Wkh Volglqj Erzo0

lqj Edoo

914 Wkh Revhuydwlrq

Frqvlghu d erzolqj edoo jlyhq dq lqlwldo dprxqw ri wudqvodwlrqdo hqhuj| dqg
urwdwlrqdo hqhuj|1 Dvvxph wkh dqjxodu prphqwxp dqg wkh olqhdu prphqwxp
duh ruwkrjrqdo wr wkhpvhoyhv dqg dovr ruwkrjrqdo wr wkh dpelhqw judylwdwlrqdo
�hog1 Wkhq sodfh wkh erzolqj edoo/ vxemhfw wr wkhvh lqlwldo frqglwlrqv/ lq frqwdfw
zlwk wkh erzolqj dooh|1 Lqlwldoo|/ lw lv revhuyhg wkdw wkh edoo volsv ru vnlgv/
glvvlsdwlqj lwv olqhdu dqg dqjxodu prphqwxp/ xqwlo wkh Qr0Vols frqglwlrq lv
dfklhyhg1 Qrwh wkdw lw lv srvvleoh iru wkh dqjxodu prphqwxp ru wkh olqhdu
prphqwxp wr fkdqjh vljq gxulqj wkh luuhyhuvleoh skdvh ri wkh hyroxwlrq1 Wkh
g|qdplfdo v|vwhp uhsuhvhqwlqj wkh hyroxwlrqdu| surfhvv lv luuhyhuvleoh xqwlo wkh
Qr0Vols frqglwlrq lv uhdfkhg1 Wkhuhdiwhu/ wkh g|qdplfdo v|vwhp lv uhyhuvleoh/
dqg prphqwxp lv frqvhuyhg1

915 Wkh Dqdo|vlv

Dvvxph wkdw wkh sk|vlfdo v|vwhp pd| eh uhsuhvhqwhg e| d 40irup ri Dfwlrq
frqvwuxfwhg iurp d Odjudqjh ixqfwlrq=

O @ O+{> �> y> $> w, @ i�p+�$,5@5 .py5@5j +;3,
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Iljxuh 4=

Wkh frqvwdqwv duh= p@pdvv/ � @ prphqw ri lqhuwldo idfwru +528 iru vskhuh,/
� @ h�hfwlyh �udglxv� ri wkh remhfw/ wkh prphqw ri lqhuwld @ �p�5=

Ohw wkh wrsrorjlfdo frqvwudlqwv eh gh�qhg dqkrorqrplfdoo| e| wkh Sid!dq
v|vwhp=

ig{� ygwj , 3> ig� � $gwj , 3> ig{� �g�j , 3 +;4,

Gh�qh wkh frqvwudlqhg 40irup ri Dfwlrq dv

D @ O+{> �> y> $> w,gw. sig{� ygwj. oig� � $gwj.pvi�g� � g{j +;5,

zkhuh is> o> vj duh Odjudqjh pxowlsolhuv1 Uhduudqjh wkh yduldeohv wr jlyh +lq wkh
odqjxdjh ri rswlpdo frqwuro wkhru|, d suh0Kdplowrqldq dfwlrq=

D @ +�s�pv,g{. +o . �pv,g� � isy . o$ � Ojgw= +;6,

Lw lv dssduhqw wkdw wkh Sid� glphqvlrq ri wklv Dfwlrq 40irup lv 5q.5 @ 91 Wkh
Dfwlrq gh�qhv d v|psohfwlf pdqlirog ri glphqvlrq 91

Iru vlpsolflw|/ dvvxph lqlwldoo| wkdw wzr ri wkh Odjudqjh pxowlsolhuv +pr0
phqwd, duh gh�qhg fdqrqlfdoo|> h1j1/

s @ CO@Cy ,py> o @ CO@C$ , �p�5$ +;7,

zklfk lpsolhv wkdw

D @ +py �pv,g{. +�p�5$ . �v,g� � i�py5@5� �p+�$,5@5jgw= +;8,
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Wkh yroxph hohphqw ri wkh v|psohfwlf pdqlirog lv jlyhq e| wkh h{suhvvlrq

9Y ro @ 9p6��5iy � �$jg{ag�agyag$agvagw @ gDagDagD +;9,

Wkh v|psohfwlf pdqlirog kdv d vlqjxodu vxevhw xsrq zklfk wkh Sid� glphqvlrq
ri wkh Dfwlrq 40irup lv 5q.4 @ 81 Wkh frqvwudlqw iru vxfk d frqwdfw pdqlirog
lv suhflvho| wkh qr0vols frqglwlrq=

iy � �$j , 3 +;:,

Rq wkh 8 glphqvlrqdo frqwdfw pdqlirog wkhuh h{lvwv d xqltxh h{wuhpdo +Kdplo0
wrqldq, �hog zklfk +wr zlwklq d surmhfwlyh idfwru, gh�qhv wkh frqvhuydwlyh uh0
yhuvleoh sduw ri wkh hyroxwlrqdu| surfhvv1 Dv wklv xqltxh h{wuhpdo yhfwru vdwlv�hv
wkh htxdwlrq

l+Y,gD @ 3> +;;,

lw lv hdv| wr vkrz wkdw g|qdplfdo v|vwhpv gh�qhg e| vxfk yhfwru �hogv pxvw
eh uhyhuvleoh lq wkh wkhuprg|qdplf vhqvh1 +Dv gT @ g+l+Y,gD, @ 3 iru doo
Kdplowrqldq ru v|psohfwlf surfhvvhv/ lw iroorzv wkdw TagT @ 3=,

Krzhyhu/ rq wkh 9 glphqvlrqdo v|psohfwlf pdqlirog/ wkhuh grhv qrw h{lvw d
xqltxh h{wuhpdo �hog/ qru d xqltxh vwdwlrqdu| �hog/ wkdw fdq eh xvhg wr gh�qh
wkh g|qdplfdo v|vwhp1 Wkh v|psohfwlf pdqlirog grhv vxssruw yhfwru �hogv/ V/
wkdw ohdyh wkh Dfwlrq lqwhjudo lqyduldqw/ exw wkhvh yhfwru �hogv duh qrw xqltxh
lq wkh vhqvh wkdw wkdw wkh| ghshqg rq dq duelwudu| jdxjh dgglwlrq wr wkh 40irup
ri Dfwlrq wkdw pd| eh uhtxluhg wr vdwlvi| lqlwldo frqglwlrqv1

Wkhuh grhv h{lvw d xqltxh wruvlrq �hog +ru fxuuhqw, gh�qhg +wr zlwklq d
surmhfwlyh idfwru/ �, e| wkh 9 frpsrqhqwv ri wkh 8 irup/

Wrsrorjlfdo Wruvlrq @ DagDagD +;<,

Wklv xqltxh yhfwru/ W/ lqghshqghqw ri jdxjh dgglwlrqv/ kdv wkh surshuwlhv wkdw

O+W,D @ � � D dqg l+W,D @ 3= +<3,

Wklv �Wruvlrq� yhfwru �hog vdwlv�hv wkh htxdwlrq

O+W,DaO+W,gD @ TagT 9@ 3= +<4,

Khqfh d g|qdplfdo v|vwhp kdylqj d frpsrqhqw frqvwuxfwhg iurp wklv xqltxh
Wruvlrq yhfwru �hog ehfrphv d fdqglgdwh wr ghvfuleh wkh lqlwldo luuhyhuvleoh ghfd|
ri dqjxodu prphqwxp dqg nlqhwlf hqhuj|1

Vroylqj iru wkh frpsrqhqwv ri wkh Wruvlrq yhfwru iru wkh erzolqj edoo sureohp
ohdgv wr wkh +xqltxh, ghfd|lqj g|qdplfdo v|vwhp=

gy@gw @p6��5i���5$5 � 5�y$ . y5j +<5,

g$@gw @ p6�5i���5$5 . 5��y$ . y5j +<6,
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gv@gw @ p6��5i���5$5 � y5 � 5+�$ � y,vj +<7,

Wklv lv d Yrowhuud v|vwhp jhqhudwhg rq d Ilqvohu vsdfh +vhh s1538 ^4`,1
Lw lv wr eh qrwhg wkdw wkh qrq0fdqrqlfdo �v|psohfwlf prphqwxp� yduldeohv/

gh�qhg e| lqvshfwlrq iurp wkh frqvwudlqhg 40irup ri Dfwlrq ohdg wr wkh prphq0
wxp pds=

S{
=
@ p+y � v,> S�

=
@ p+��5$ . v�,= +<8,

Vxevwlwxwlrq lq whupv ri wkh prphqwxp yduldeohv ohdgv wr wkh jhqhulf irup
+s1 64 ^4:`/ dovr vhh ^46`, iru wkh 40irup ri Dfwlrq=

D @ S{g{. S�g� �Kgw +<9,

zkhuh K lv dq lqghshqghqw yduldeoh rq wkh 90glphqvlrqdo pdqlirog1 Wkh K pds
lv jlyhq e| wkh h{suhvvlrq iru hqhuj| zkhuh y dqg $ duh holplqdwhg lq whupv ri
wkh S{ dqg wkh S�=

K @ +py5@5 . �p+�$,5@5,, 4@5p^+S{@p. v,5 . ��+
S�@p�� v

��
,5` +<:,

Qrwh wkdw y @ CK@CS{ dqg $ @ CK@CS�= Hdfk frpsrqhqw ri �fdqrqlfdo pr0
phqwd� ghfd|v zlwk wkh vdph udwh lq wkh fdqrqlfdo grpdlq1

: Vxppdu|

Wkh wrsrorjlfdo phwkrg ohdgv wr d suhflvh hyroxwlrqdu| gh�qlwlrq ri dq hqwurs|
ixqfwlrq/ V> dv dq lqwhjudo ri wkh Sid!dq h{suhvvlrq/ +q . 4,$i	q

n@4+CO@Cy
n �

sn,gy
nj= Wkh frqwlqxrxv fkdqjh ri hqwurs| gxulqj d surfhvv fdq qhyhu eh

qhjdwlyh/ lq rughu wr suhvhuyh wkh rulhqwdwlrq ri wkh 5q.5 v|psohfwlf pdqlirog
jhqhudwhg e| wkh 50irup/ gD> uhsuhvhqwlqj wkh olplw srlqwv ri wkh Dfwlrq 40irup1
Htxloleulxp lv gh�qhg e| wkh q.4 glphqvlrqdo Odjudqjldq vxepdqlirog ri wkh
5q.5 glphqvlrqdo v|psohfwlf vsdfh/ xsrq zklfk gD>khqfh gV> lv }hur1

Lw lv uhpdundeoh wkdw wkh v|psohfwlf v|vwhpv ri luuhgxfleoh wrsrorjlfdo glphq0
vlrq 5q.5 vhhp wr vroyh wkh Erow}pdqq 0 Orvfkplgw 0 ]huphor sdudgr{ ri zk|
fdqrqlfdo Kdplowrqldq phfkdqlfv grhv qrw vhhp wr eh deoh wr ghvfuleh wkh ghfd|
wr dq htxloleulxp vwdwh/ dqg zk| wkh xvxdo +h{wuhpdo, phwkrgv ri Kdplowrqldq
phfkdqlfv gr qrw jlyh dq| lqvljkw lqwr wkh frqfhsw ri Suhvvxuh/ Whpshudwxuh/
Hqwurs| ru wkh Jleev iuhh hqhuj|1 Lw lv h{wudruglqdu| wkdw dqvzhuv wr wkhvh 483
|hdu rog sdudgr{hv ri sk|vlfv vhhp wr iroorz/ zlwkrxw uhfrxuvh wr vwdwlvwlfv/ ru
jhrphwulf surshuwlhv ri phwulf ru frqqhfwlrq/ li rqh xwlol}hv d wrsrorjlfdo shu0
vshfwlyh1 Wkh lqwhusuhwdwlrq ri wkh idfw wkdw wkh wrs Sid!dq +iru d sk|vlfdo
v|vwhp wkdw fdq eh hqfrghg e| d Fduwdq0Kloehuw 40irup ri Dfwlrq, lv ri glphq0
vlrq 5q.5 dqg qrw 6q.4 lv/ dw suhvhqw/ qrw frpsohwh1 Wkh lpsolfdwlrq lv wkdw
wkhuh pxvw h{lvw +6q.4,0+5q.5, @ q04 wrsrorjlfdo lqyduldqwv lq wkhvh v|vwhpv1
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