[ > restart:

[ faraday.mws

| Maxell-Faraday formulas from a 1-form of Action on 4D space time.
> with(liesymm):with(linalg):with(plots):

Warni ng, new definition for close

Warni ng, new definition for norm
L Warni ng, new definition for trace

> setup(X,y,z,t);
L [x,y,2,t]
[ > defform(x=0,y=0,z=0,t=0,a=const,b=const, c=const,k=const,mu=const,m=const);
defform(x =0,y =0,z=0,t=0, a =const, b = const, ¢ = const, k = const, m= const, m = const)
[ > dR:=[d(x),d(y),d(2),d(D)];
dR :=[d(x), d(y), d(z), d(t)]
Specify the four functions that are the covariant components of the Action 1-form.
> Al:=Ax(X,Y,z,t);
> A2:=Ay(X,Y,z,t);

11

Al == AX(X,Y,2z1)
A2 = Ay(X,Y,z,t)
> A3:=Az(X,y,z,t);

A3 :=Az(x,Y,1z,1)

> Ad:=phi(X,y,z,t);

[ Skip th next line for abstract formulas
[ > AL:=x"3+x*y;A2:=x"3*z;A3:=z;Ad:=t*X;

Ad:=f(x,y,2,1)

Al:=x’+xy
A2:=x’z
A3 =z
Ad =tx

> Action:=A1*d(x)+A2*d(y)+A3*d(y)-Ad*d(t);

L Action := AX(X, Y, z,t) d(x) + Ay(x,y,z, t) d(y) + Az(x,y,z,t) d(y) - f(x,y,zt)d(t)
[ > F:=d(Action);

== AX(x Y, 2 DZ((A00) & (d())) - o AX(x Y, 2 DE((d0) & (A1)

&

el 9 A sl -l ® A
gy A, 2 DZ(00) &7 (D) + By AV Y. 2, D2+ By A2y, 2 D ZE((00) & ()

eec]

+6 6 A 2 Ea 2 (dly)) & (d
G AYOK Y, 2 DZ- o AZ(G Y, 2 DEE((A(Y)) &7 (1))

8 3

g-
e 0 & 00 & 0
g- .H_AY(X- Y, z,t)g- gEAZ(X- Y, z,t)gg((d(y))&’\(d(z)))- gﬁf(x- Y, z,t)g((d(x))&"(d(t)))

=+

DD

N

il 9 A -l 9 A
-gﬂzf(X-Y-Z.t)B((d(Z))& (d(t))) gﬂyf(X-Y-Z-t)B((d(Y))& (d(t)))

[ Vector potential
T > A:=[Al1,A2,A3];

A=[AX(X, Y, z,1), Ay(X, Y, 2, t), Az(X, Y, 2, t)]
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[

[ Magnetic field

> Bz=curl(A,[X,Y,z]);

0 & 0 el 0
g AX(X, Y, z,t)a- Az(x, Y, z,t)B

oot 0 &
B = 6% Az(x, Y, z,t)f- g'ﬂ Ay(x,y,z,t) q

Eu‘ég QO
>

g'ﬂ Ay(X, Y, z, t)‘ g—Ax(x Y, Z, t)

Electric Field
> E:=[-d iff(A4,x)—d iff(A[1],t),-diff(Ad,y)-diff(A[2],1),-diff(A4,z)-difF(A[3].1)];

[

E:=

(DD

il o & o @l 0 &
. ﬂxf(x,y,z,t)a g'ﬂ Ax(x,y,z,t)f, g‘ﬂyf(x,y,z,t)B g'ﬂtAy(X'y'Z't)B

aeﬂ—f(x Y, Z, t)—- g—Az(x Y, Z, t) lé]

Parity (Second Poncare invariant)
> EdotB:=inner(E,B);

1T

+§e§;f(x i t).‘o ae[# y(%. Y, 2, t)==ggﬂ AX(X, Y, z, t)—- §L Az(x,y, z, t):g
I +§e§e‘ﬂ f(x,y, z,t)g- gﬁAz(x, Y z,t)é:(iaggﬁAy(x, Y, z,t)- §LAX(X y, 2, t):

| The Torsion current.
[ > ExA:=crossprod(E,A);Bphi:=[B[1]*phi,B[2]*phi,B[3]*phi];
ExA :=§
é
gg}g (%Y, 1z, t)g g!ﬂﬁ Ay(X,Y, z, t)::Az(x y,z,t) - gg:{lz (X, z, t)i- g Az(X, Y, z, t)==Ay(x y, 7, t),
ee 2 fa % 2 0 &, 0
gg'ﬂz (Xth)z-g'ﬂt Z(Xyzt) Ax(xyzt) gg‘ﬂx (x,y,2,t)% -gﬂ x(xyzt) Az(xyzt)
gg}& (%Y, 2, t)i %AX(X Y, Z, t)—Ay(x Yy, z,t) - g;; (%, z, t)‘ ;IAy(x Y, Z, t)::AX(X Y, 2, t)H

Bphi := %Eeﬂ Az(x,y, z,t)‘ g'ﬂ Ay(x,Y, z, t);;f EE?ZAX(X Y, Z, t)‘ g—Az(x Y, Z, t)—f

O

A t 9 A t Oofa
— AY(X, Y, Z, t)=- B AX(X, Y, z, )=
B éﬂy ey 2055
[ > TORS:=evalm(ExA+A4*B);

éoe el o & 00
TORS := Sg- gﬂ—yf(x, Y, Z, t):- gﬁ Ay(x,Y, z, t):ﬂ:ﬂAz(x, Y, 7, 1)

?ﬂ—f(x Y, Z, t)— gﬁAZ(X’ Y, Z, t)?=?Ay(x, y,z,t) +f(x,y,z1t) %Az(x, Y, Z, t)%- %%Ay(x, Y, Z, t)%

“’"‘”EB

i

e oHl 00
f(x,Y,z, t)— g'ﬂ Az(x,Y, z, t)—Ax(x Y, Z,t) - g —f(x Y, Z, t)—- gﬁAX(X’ Y, z,t)é=éAz(x, Y, Z, 1)

CD("O')

9z

®
& &
o) 00 ee & 00
+f(x,Y, Z't)ggﬁAX(X- Y, z,t)+ﬂ- gﬂXAz(x Y, Z, t)—g —f(x Y, Z, t)— gﬁAX(X’ Y, z,t)é—éAy(x, Y, Z, 1)
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il o A
[ > AdotB:=inner(A,B);
AdotB := Ax(X, Y, z, 1) gé%Az(x, Y, Z, t)%- %%Ay(x, Y, Z, t)%%
e 0 & 00
+Ay(X,Y,12,1) %gﬁAX(X' Y, Z, t):ﬂ- g—Az(x, Y, Z, t):g=:g
aeef| 0 & 00
+Az(x,Yy,12,1) ggﬁ Ay(x, Y, z, t):ﬂ- g‘ﬂ_y AX(X,Y, z, t);ﬂ;g
> TORSION:=[TORS[1],TORS[2],TORS[3],AdotB];

éoe ol o & 00
TORSION := Sg- g—f(x, Y, Z, t):ﬂ- gﬁ Ay(x, Y, z, t):ﬂ=:gAz(x, Y, 7, 1)

m“”%

9z

o

3

CD("O')

e 00
g ‘ﬂyf(x Y, Z, t)— gﬁAy(x, Y, z,t)ggAx(x, y,z,t) +f(x,y, z,t)gg Ay(x,Y, z, t)—

A t) 66 A n2 &, 02 A & t
ﬂnyJ,)g%W dnyJ,)B-gh y(x,y,z,)m.7 yUALL)gg X(X, Y, 2, )ﬂ
aee 0 o ooU
*AZ(x, Y, 2, 1) gg‘ﬂx AY(X. Y, 2, )2 g'ﬂ_y AX(x,y, 2, t) £

[ Divergence of the Torsion current.
[ > DIVT:=factor(diverge(TORSION, [X,Y,z,t]));

il oat 0 & ozl
DIVT.—Zg‘ﬂzAx(x,y,z,t)ag‘”tAy(x,y,z,t)B Zg‘”yAx(x,y,z,t)fgg‘ﬂzf(x,y,z,t)B

l ozl 0, & Fal
-2 g‘ﬂy AX(X,Y, z, t)Bgﬂt Az(x,Y, z, t)5+ 2 g‘ﬂy Az(x,Y, z, t)Bgﬂt AX(X,Y, z, t)B

&

ol o & ekl 9
+2g‘ﬂyf(x,y,z,t)fﬂg‘ﬂzAx(x,y,z,t)B zg'ﬂsz(X'y'Z't)BgﬂtAX(X'y’ z,t)B

&

ot 0 L& o 9
- zg‘ﬂx Az(x,y, Z't)Bg‘ﬂyf(X' Y, z,t)a- zg‘ﬂx Az(x,y, Z't)Bgﬂt Ay(x,Y, z,t)B

&
&

+2 A tggﬂf t9+2-—A tQ%ﬂA tg
g.ﬂx y(X, Y, Z, )Bg‘ﬂz (X,Y,2, )5 g.ﬂx y(X, Y, Z, )Bg‘ﬂt Z(x, Y, z, )5

&

&l ol o & ot 0
+2g‘ﬂxf(x,y,z,t)fﬂg‘ﬂyAz(x,y,z,t)B Zg‘ﬂxf(x,y,z,t)ag‘”ZAy(x,y,z,t)B
[ An evoutionary dynamical system.

[ > Wi=[U(X,Y,z,t),V(X,Y,z,t) ,W(X,y,z,t)];
W =[U(X, Y, z,t), V(X,Y,21t), W(X,Y,1zt)]

[ The Lorentx force.
( > FL:=evalm(E+crossprod(VV,B));P:=innerprod(VV,E);
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I - %e ﬂ—yf(x,y, Z't)B ﬁAy(x Y, Z, t)==Ax(x y,z,t) +1(x, Y, z, t)?é?LAy(x Y, Z, t)g il

?ﬂ—f(x Y, Z, t)— gﬁAZ(X’ Y, Z, t)?=?Ay(x, y,z,t) +f(x,y,z1t) %Az(x, Y, Z, t)%-

" ax(x,y, 2,05
o Xy 2,0 2

<

&l 00
g.ﬂz Ay(x, Y, z, t)b—d

— f t A t A t 8ﬁﬂ_f t 9 adI_A t O_OA t
Ty 2, 0% B Ay 2 0BAX Y 20 E B 100202 B AXL 2 0 Ay, 2

. 00 e & o & 00
+f(x,y,2,1) gg—Ax(x, Y, Z, t):ﬂ- %ﬁAZ(X' Y, Z, t):@zﬁ g gﬁf(x, Y, Z, t):- gﬁAX(X’ Y, Z, t):ﬂ=:gAy(x, Y, Z, 1)

A 0
g'ﬂ X(x,Y, z, )b_'ﬂ'

|§~<

Az( t)(.'j(j
zZ(X,y,z,t)=
y o0

DD

X



o 9 geel o & %
FL :=&- " f(x,y,z, t)B- g‘ﬂt AX(X, Y, z, t)5+ V(X,Y,zt) gg‘ﬂx Ay(Xx, Y, z, t)fg g‘ﬂy AX(X, Y, z, t).ﬂ—.Q

DM
>

el 0 @ 0 & o o
- W(x,y,zt) gg'ﬂz AX(x,Y, z,t)a- g‘ﬂx Az(x, Yy, z,t).ﬂ—.ﬂ, gﬂyf(x, Y, z,t)B g‘ﬂt Ay(x, Y, z,t)B

vl el 9 ol o & 9
+W(x,Yy,zt) gg'ﬂy Az(x,Y, z, t)B- g'ﬂz Ay(x, Y, z, t)BB u(x,y,zt) gg‘ﬂx Ay(x,Y, z, t)B g‘ﬂy AX(X,Y, z, t)BB
el o & 0 aed| 0 & 00
- Ef(x, Y, Z, t):ﬂ- gﬂAZ(X’ Y, Z, t):ﬂ+ u(x,y, zt) %gﬁAX(X' Y, Z, t):ﬂ- %ﬁAZ(X' Y, Z, t):g=:g

o o oou
- V(X,Y,2,1) ggﬂ—yAz(x, Y, Z, t):ﬂ- gﬁAy(x, Y, Z, t)é=:gﬁ

Al 0 o 0 il 0
P:=-U(x,Y,1t) gﬁf(x, Y, Z, t):ﬂ- u(x,y,zt) gﬁAX(X’ Y, Z, t):ﬂ- V(X,Y,121) gﬂ—yf(x, Y, Z, t)$g

& 0 =Sl 0 & 0
- V(X,Y,2,1) gﬁAy(x, Y, Z, t):ﬂ- W(x,Y,z,t) gﬁf(x, Y, Z, t):ﬂ- W(x,Y,z,t) gﬁAZ(X’ Y, Z, t):g

[

[ The virtual work 1-form
[ > Work:=FL[1]*d(xX)+FL[2]*d(y)+FL[3]*d(2)-P*d(t);
-l o & 0 el il X
Work := g-gﬂxf(x, Y, z,t)B gﬂtAx(x, Y, z,t)B+V(x, Y, z,t)ggﬂXAy(x, Y, z,t)B i AX(X,Y, z,t).ﬂ—.Q
el 0 @ 000 2l 0 o 0
- W(x,y,zt) gg'ﬂz AX(x,Y, z, t)B- g‘ﬂx Az(x, Y, z, t)%d(x) +g gﬂyf(x, Y, Z, t)B g‘ﬂt Ay(x, Y, z, t)B

<

&

0

aeef| 0 00 aeef| 0 & 000
+W(x,Yy,zt) ggﬂ—yAz(x, Y, Z, t):ﬂ- gEAy(x, Y, Z, t)gg- u(x,y,zt) ggﬁAy(x, Y, Z, t):ﬂ- gﬂ—yAx(x, Y, Z, t):g:g=:g

il 0 & aed]| 0 & 0C
d(y) +§gﬁf(x, Y, Z, t)%- gﬁAZ(X’ Y, Z, t)%+ u(x,y, zt) %gﬁAX(X' Y, Z, t)%- %ﬁAZ(X' Y, Z,t) =

- V(X,Y,2,1) ggﬂ—yAz(x, Y, Z, t)%- gEAy(x, Y, Z, t)gzzgd(z) - §U(x, Y, Z, 1) gﬁf(x’ Y, Z, t)%

o 0 il 0 ol 0
- U(x,y,z, 1) %ﬁAX(X' Y, Z, t):ﬂ- V(X,Y,zt) gﬂ—yf(x, Y, Z, t):ﬂ- V(X,Y,zt) gﬁAy(x, Y, Z, t):g
o 0 ol 60
- W(X,y, z,t) gﬁf(x, Y, Z, t):ﬂ- W(X, Y, z,t) EﬁAZ(X' Y, Z, t)ggd(t)
[ > Closure:=wcollect(d(Work));

ae e o 0 & o o T 0
Closure :=g-g‘”—yV(x,y,z,t):gg&Ay(x,y,z,t)$g+g‘”—yV(x,y,z,t):gg‘”—yAx(x,y,z,t):ﬂ+§mAx(x,y,z,t):g

2 )
A lllti
i y(X, Y,z )lz

oef o1 0 =1 ol 0 2
+gﬂyW(x, Y, Z’t)BgﬂzAX(x’ Y, Z,t)a gﬂyW(x, Y, Z't)BgﬂxAz(X' Y, Z,t)a V(X,Y, z,t)g‘”y
2

+V(X,Y,12,1) %Ax(x, Y, 7, 1)

2

el 0, & ol
B+ W(x,Y,z,t) g'ﬂz fy AX(x,Y, z, t)5+ g‘ﬂx W(x,Y, z, t)Bgﬂy Az(x, Y, z, t)B

2

6 2
i '

&
AV Y, 2, 1) g‘ﬂx qt

& o 9 & 9
- g‘ﬂx W(x,Y, Z't)Bgﬂz Ay(x,Y, z,t)B W(x,Y,z,t) g'ﬂz Ay(x, Y, z,t)B

&

il 0, &l il 0 o 0
- g‘ﬂx u(x, Yy, z, t)Bgﬂx Ay(x,Y, z, t)5+ g‘ﬂx u(x,y, z, t)Bgﬂy AX(X,Y, z, t)B- u(x,y,zt) g‘ﬂxz Ay(x,Y, z, t)B
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2

x

o e &

& 0 o 0
+U(x,Yy,12,1) g‘ﬂy AX(X,Y, z, t);g((d(x)) &™ (d(y))) + g gﬁW(x, Y, Z, t)ggﬂ—yAz(x, Y, Z, t):g

2

qt

Sl ol 0, 21 0 o el 0

+g‘”tW(x,y,z,t)ag‘ﬂsz(x,y,z,t)fﬂ+§‘”y f(x,y,z,t)B+g‘”tU(x,y,z,t)fgg‘”XAy(x,y,z,t)B
2 i

0

it Ay(x, Y, z, t)5+

o o 6 @ = 6
- g‘ﬂt u(x,y, z, t)Bgﬂy AX(X, Y, Z, t)5+ W(X,Y, z,t) g'ﬂz g‘ﬂtz Ay(X,Y,z, t)B

2

i 0 0 e o 0
‘ﬂyf(x' Y, Z, t)5+ g‘ﬂy u(x,y, z, t)Bgﬂxf(x' Y, Z, t)B

A : W T
T4+
1t y(X, Y, 2, t)a (XY, 2,t) g.ﬂz

&
+U(X,Y,z1) g‘ﬂx

2

il ol A 0, & al
+g‘”yW(x,y,z,t)Bg‘”tAz(x,y,z,t)B+V(x,y,z,t)g‘”y Ay(x,y,z,t)5+g‘”yV(x,y,z,t)ag‘ﬂyf(x,y,z,t)B

It
@ 1 0 & Pl 6 i ¢
+U(X, Y, 7, 1) g‘ﬂy ‘ﬂxf(x' Y, 2, t)5+ g‘ﬂy W(x,Y, z, t)Bg'ﬂzf(X' Y, 2, t)5+ V(x,Y,zt) gﬂyzf(x, Y, Z, t)B

sl o 0 & O 00 A &
+ gﬂy u(x, y, z, t)fag'ﬂt AX(X, Y, Z, t)5+ g'ﬂy V(x,Y, 1, t)Bg'ﬂt Ay(x, Y, z, t)fafa((d(y)) &" (d(t))) +g

o o 0, & ozl
- g'ﬂz W(x,Y, z, t)Bgﬂy Az(x,Y, z, t)5+ g'ﬂz W(x, Y, z, t)Bg‘ﬂz Ay(x,Y, z, t)B

2

& ol o & ot 9 9
+ g'ﬂz u(x,y, z, t)Bgﬂx Ay(x,Y, z, t)B g'ﬂz u(x,y, z, t)Bgﬂy AX(X,Y, z, t)B W(x,Y,z,t) Az(x,Y, z, t)B

x
g‘ﬂz Ty

2

qt

E2ll 0 21
+W(X,Y,21) gﬂ—zsz(x, Y, 2, t):@+ g'ﬂz

0 & T° 0
Ay(X, Y, z, t):@+ u(x,y, zt) gWAy(x, Y, Z, t):g

2

il ol o @l sl 0 @1
+g‘ﬂyU(x,y,z,t)Bg‘”ZAx(x,y,z,t)B g‘ﬂyU(x,y,z,t)ag‘”XAz(x,y,z,t)B g Az(x,y,z,t)B

Ty Tt

2

& Ol 0, &l okl 9 9
- gﬂyV(x, Y, Z't)BgﬂyAz(X' Y, z,t)5+gﬂyV(x, Y, Z't)Bgﬂsz(X' Y, z,t)B u(x,y, z, t) Az(x, Y, z,t)B

x
g‘ﬂy x

\Y il A 2 \Y Al A 2 d &" (d &
- — I+ = A +
(X, Z.t)gﬂyz z(x, Y, Z.t)D (X, Y, Z.t)g.ﬂz.ﬂy y(x, Y, Z.t)m(( (y)) &"(d(2))) g
el Ol 0, o et o el 9
-g‘ﬂt u(x,y, Z't)BgﬂzAX(X’y' Z't)5+g‘ﬂt u(x,y, z,t)agﬂXAz(x,y, Z't)5+g'ﬂz'ﬂtf(x'y' z,t)B
Sl ol 0 o ol 0 Il 0
+gﬂtV(x, Y, Z, t)Bgﬂy Az(x,Y, z, t)B- gﬂtV(x, Y, Z, t)Bg‘ﬂz Ay(x,Y, z, t)5+ u(x,y, zt) g‘ﬂx it Az(x, Y, z, t)B

2 0

A 024y HET : 2
+ T+ :
g.ﬂ_tz 206y, 2,2+ VXY, 2, )g‘ﬂy'ﬂt

0 =l
Az(X,Y, z, t):ﬂ+ W(X,Y,zt) gHAZ(X, Y, Z, t);

2

il o o o o 0 ® 0
+ EEW(X' y' Zl t);gﬁf(xl y' Z, t);+ gﬁ U(X! yl Z! t);gﬁf(xi y' Z' t);+ V(X' y' Z' t) gﬂz ﬂyf(x' y' Z’ t);

o] O 0 &l o 9
+ g'ﬂz W(X,Y, z, t)Bgﬂt Az(x,Y, z, t)5+ g'ﬂz u(x,y, z, t)Bgﬂt AX(X,Y, z, t)B

2l Ol 0 &l Ozt 0 &1 0
+g'ﬂz V(x,Y, z, t)Bgﬂt Ay(x, Y, z, t)5+ g'ﬂz V(x,Y, z, t)Bgﬂyf(x' Y, Z, t)B+W(X' Yy, z, t) gﬂzzf(x, Y, Z, t)B

2 .

00 e oF:|
o 00y, 2022 (d(2)) &~ (d0)) + B Ulx v, t)ggﬁAx(x, y.2,02

&1
+U(X, Y, 7, 1) g‘ﬂz
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2l okl 0 @ 0 2l

- g‘ﬂx u(x, Yy, z, t)Bgﬂx Az(x,Y, z, t)5+ u(x,y,zt) 2 1 AX(X,Y, z, t)B- u(x,y, z,t) gﬂszz(x, Y, 7, 1)
@ 1 .l o o, & o ¢

- ﬂx‘ﬂtAZ(X'y' z,t)a- gﬂXV(x,y, z,t)agﬂyAz(x,y, z,t)5+gﬂXV(x,y, Z't)Bg'ﬂsz(X'y' z,t)B

2

i 0

Az(x,y,z,t)

el 0 ocel 0, & ocel
- V(X Y,2,1) g‘ﬂy o . g'ﬂz V(X,Y,z, t)Bgﬂx Ay(x,Y, z, t)5+ g'ﬂz V(X,Y,z, t)Bgﬂy AX(X,Y, z, t)B

2

fy

A lllt:
X(X, Y,z )ﬂ

Sl o 0 & Tl 0 2 f
+gﬂZW(x, Y, Z't)BgﬂzAX(X' Y, z,t)B gﬂZW(x, Y, Z't)BgﬂxAz(X' Y, z,t)B+V(x, Y, Z't)g‘ﬂz
e A Q. w aenZA 0 W e T A 00
+ T+ — - =
g_‘ﬂz‘ﬂt x(x,y,z,t).Q (x,y,z,t)g‘”22 x(x,y,z,t)_g (X'y'z't)g_'ﬂz'ﬂx z(x,y,z,t).ﬂ_g

A gl O 0, ot 0
((d(x)) & (OI(Z)))+g-g.ﬂtV(><.y.Z.t);ag.ﬂx'°~3/(><.y.Z.t)j;;g.ﬂtV(X.y.Z.t)%g.ﬂyAX(X.y.Z,t);a

Al 0, o 0 & o 0
+mux, Y, z,t)5+ g‘ﬂt W(x, Y, Z't)Bgﬂz AX(X,Y, z, t)B- g‘ﬂt W(x,Y, z,t)fgg‘”X Az(x,y, z,t)B
2

qt

2

\% t f A t g 2A t g W t L A t g
+ T+ T+ =
(x.y,z, )g.ﬂy x(xy.z, 0% gﬂtz X(X, Y, 2, )fa (x,y,2, )g_ﬂz.ﬂt x(xy. 2,0

0 & o 0 & o 0
+V(X,Y,12,1) f(x,Y,z, t):ﬂ+ gﬁ V(X,Y,z, t)Egﬁ Ay(x,Y, z, t):ﬂ+ gﬁ u(x,y, z, t):ﬂgﬁf(x, Y, Z, t):g

&
g‘ﬂy fix
o 0 Fal 0, & o 0
+U(x,y,12,1) gﬂxzf(x, Y, Z, t)5+ g‘ﬂx W(Xx, Y, z, t)Bg'ﬂzf(X' Y, Z, t)5+ g‘ﬂx u(x,y, z, t)Bgﬂt AX(X,Y, z, t)B
2

29 0 29
+W(X,Y,21) g'ﬂz ‘ﬂxf(x' Y, 2, t)§+ u(x,y,zt) g‘ﬂx

2

qt

0 & 0ol
Ax(x,y,z,t):ﬂ+g&W(x,y,z,t)ggﬁAz(x,y,z,t)g
il ot .
* i YOOy ZDZE 00y 2 DZE((d(0) &7 (D))

[ The Lagrange (internal or free energy)
> Lag:=innerprod(VV,A)-A4;

| Lag :=U(X,y,z,t) AX(X,y,Z,t) +V(X, Y, z, t) Ay(X,y, z,t) + W(X,y, 2, t) Az(X,y,z,t) - f(X,y,21)
> wcollect(d(Lag));

§J(X' Y, Z’t)g%AX(X' Ys z,t)%+§%v(x, Y, Z't)%AY(X. Y, 2, t) + V(X Y, z,t)g%Ay(x, Y, z,t)g
- g%f(x, Y, z,t)%+§%W(x, Y, z,t)gAz(x, Yy, z, 1) +§%U(x, Y, Z,t)%Ax(x, y, 2, 1)
+W(x,y, z, t)%e%Az(x, Y, z,t)%d(x) +§U(x. 12 z.t)g%Ax(x, Y, z,t)g+§%u(x, Y, Z,t)gAx(x, v, 2,1)
+V(X,Y, z,t)%%Ay(X, Y z,t)g+§—LV(x, 2 z,t)gAy(x, Yy, z,1) +§—LW(X, Y, Z,t)%Az(x, Y, 7, 1)
- g%f(x, Y, z,t)g+W(x, Y, Z, t)g%Az(x, Y, z,t)ZZZd(y) +§/(x, Y, Z.t)%Ay(x, Y, Z-t)%

o 0 ool 0 il 0
+ g'ﬂz u(x,y, z, t)BAx(x, y,z,t) - gﬂzf(x, Y, Z, t)5+ W(X,Y,zt) g'ﬂz Az(x,Y, z, t)B

o o o 0 il 0 0 &
+U(X,y,2,1) EEAX(X’ Y, Z, t):ﬂ+ gEV(x, Y, Z, t):ﬂAy(x, y,z,t) + gEW(x, Y, Z, t):ﬂAz(x, Y, Z, t):ﬂd(z) +g
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o vl =l 0 &
g‘ﬂt u(x,y, z, t)BAx(x, y,z,t) +U(x,y,zt) g‘ﬂt AX(X,Y, z, t)5+ V(x,Y,z1) g‘ﬂt Ay(x, Y, z, t)fg gﬂtf(x, Y, Z, t)fg

el 0 il 0. & 0 0
+gﬂtV(x, Y, Z, t)BAy(x, Y, Z,t) + W(X,y,2,1) g‘ﬂt Az(x,Y, z, t)5+ g‘ﬂt W(x, Y, z, t)BAz(x, Y, Z, t)Bd(t)

[ > Theta:=wcollect(Work+d(Lag));

& il sl o & 9
Q.—gU(x,y, z,t)g‘”XAx(x,y,z,t)B g‘ﬂxf(x,y,z,t)B g‘”tAx(x,y,z,t)B

0 gl

aze| 0 & 00 e . 00
+V(X,Y,12,1) ggﬁAy(x, Y, Z, t):ﬂ- gﬂ—yAx(x, Y, Z, t):ﬂ=:ﬂ- W(x,Y, z,t) %gﬁAX(X' Y, Z, t):g " Az(x, Y, z, t):g=:g

>

sl 0 el ol 0
+ g‘ﬂx V(X,Y,z, t)BAy(x, y,Z,t) +V(X,y,z,1) g‘ﬂx Ay(x,Y, z, t)B gﬂxf(x, Y, Z, t)B

il cal sl % 1)+ &
+ g‘ﬂx W(x,Y, z, t)BAz(x, y,z,t) + g‘ﬂx u(x, Yy, z, t)BAx(x, Y, 2, 1) + W(X,y, z,1) g‘ﬂx Az(x,Y, z, t);ﬂd(x) +g

Sl o & 0 el o & 9
-g'ﬂ f(xy,z t)B- g‘ﬂt Ay(X, Y, z, t)5+ W(x,Y, z,t) gg'ﬂy Az(x,Y, z, t)B g'ﬂz Ay(X,Y, z, t)BB

<

- U(x, Y, 2, t’?é%‘\y(x' ) t)% %AX(X' Y Z't)%*%wx' Y Z-t)gAy(x, y,2,1) - g%f(x, Y, Z,t)g
+U(X, Y, 7, 1) g%Ax(x, Y, Z, t)%+§—LU(x, Y, z, t)gAx(x, Y, 2, t) +V(X,Y,2zt) %Ay(x, y, 2, t)g
+§%W(x, Y, Z, t)%Az(x, y,z,t) + W(X,y,z1t) g%Az(x, Y, z, t)z=zd(y) +§/(x, Y, z,t) %E’%Ay()(’ v, 2, t)%
+§%V(x, Y, z,t)gAy(X, y, z,t) + U(X, Y, z,t)%e%Ax(x, Y, z,t)g- %e%f(x, Y, Z't)g' &ﬁﬂT_Zf(X' v, 2, t)%

- ?#AZ(X, Y, Z, t)§+ u(x,y, z, t) gé%Ax(x, Y, Z, t)%- %%Az(x, Y, 2, t)%z

-V y.zt) %AZ(K ¥, Z, t)g' ?IEAY(X' Y, Z, t)%z"'g%W(x, Y, 2, t)gAz(x, Yy, z,t)

+§%U(X' ye t)gAX(X' Y, 2,0+ Wy, 2, 1) ?IEAZ(X- Y. 2, t)ggd(z) +§§%u(x, v, 2, t)%Ax(x, y,2,1)
+W(X,Y,z, t)gﬂﬁAz(x, Y, z,t)%+V(x, Y, z,t)gﬂﬁAy(x, Y, Z't)% g%f(x, Y, 2, t)%

+U(X,y,2,1) %e%f(x, Y, Z, t)§+ u(x,y,z,t) %Ax(x, Y, Z, t)§+ V(X Y, t) g%f(x’ v, 2, t)%
+V(X,y,2,1) %eﬂﬁAy(x, Y, Z, t)§+ W(X,Y, z,1) %e%f(x, Y, 2, t)§+ W(X, Y, 7, t) %eﬂﬁAz(x, V.2 t)%

el 0 il 0 il %
+ g‘ﬂt V(X,Y, z, t)BAy(x, y,z,t) + g‘ﬂt W(X,Y, z, t)BAz(x, y,z,t) +U(x,y,zt) g‘ﬂt AX(X,Y, z, t)BBd(t)

C > q:=getcoeff(Thetag™d(y)&Nd(z)&"Nd(t));

il o @ 0 & il
q:=U(xy, z,t)gﬂXAx(x, Y, z,t)a- gﬂxf(x, Y, z,t)B gﬂtAx(x, Y, z,t)B+V(x, Y, z,t)gﬂXAy(x, Y, z,t)B

=Sl 0 =Sl 0 k=Sl 0
- V(X,Y,2,1) gﬂ—yAx(x, Y, Z, t):ﬂ- W(X, Y, z,t) EEAX(X’ Y, Z, t):ﬂ+ W(X,Y,zt) gﬁAz(x, Y, Z, t)$g
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0 =Sl 0 & 0
V(X,Y,z, t)EAy(x, y,Z,t) +V(X,y,zt) gﬁAy(x, Y, Z, t)g- ﬁf(x, Y, Z, t)$g

0 k=<l 0 k=Sl 0
W(x,Y, z, t):ﬂAz(x, y,z,t) + gﬁ u(x, Yy, z, t):ﬂAx(x, Y, z2,t) + W(X,y, z,1) %ﬁAZ(X' Y, Z, t):g
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