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Fryduldqw whqvruv dqg Frqwudyduldqw whqvru ghqvlwlhv

U1 P1 Nlhkq

Devwudfw

H{dpsohv ri krz fryduldqw whqvruv dqg frqwudyduldqw whqvru ghqvlwlhv duh gl�huhqw
iurp frqwudyduldqw whqvruv dqg fryduldqw whqvru fdsdflwlhv duh jlyhq1
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L1 Lqwurgxfwlrq

D1 Gl�huhqwldo Irupv

Wkh exloglqj eorfnv ri gl�huhqwldo irupv rq d ydulhw| ri lqghshqghqw yduldeohv i{pj
duh vfdodu ixqfwlrqv/ i+{p,> dqg 40irupv/ $ @ Dn+{

p,g{n= Wkh 40irupv duh wr eh wkrxjkw
ri dv lqwhjudqgv ri d olqh lqwhjudo1 Qrz frqvlghu wkh ehkdylru ri wkhvh remhfwv xqghu
pdsslqjv1 Lq sduwlfxodu ohw wkh i{pj uhsuhvhqw wkh lqghshqghqw yduldeohv ri d udqjh +wkh
�qdo vwdwh, zklfk lv wkh uhvxow ri d pds iurp d grpdlq i�qj=+wkh lqlwldo vwdwh,1 Qrwh wkdw
wkh qxpehu ri lqghshqghqw yduldeohv rq wkh grpdlq dqg udqjh duh qrw qhfhvvdulo| wkh
vdph1 Dvvxph wkh pds lv dw ohdvw F4 gl�huhqwldeoh1 Wkh lpsruwdqfh ri gl�huhqwldo irupv
lv wkdw wkh| duh lqyduldqwv ri vxfk F4 ixqfwlrqdo vxevwlwxwlrqv1 Iru frqvlghu wkh pdsv=

! = i�qj , i{pj @ !p+�q,

g! = ig�qj , ig{pj @ g!p+�q, @ ^C!p+�q,@C�o`g�o @ ^Mpo +�
q,`

���g�oH
Wkh +qrq0vtxduh, pdwul{ ^Mpo +�

q,` uhsuhvhqwv wkh Mdfreldq pdwul{ ri wkh pdsslqj1 Qrz
e| ixqfwlrqdo vxevwlwxwlrq lqwr wkh irupv i+{p, dqg $ @ Dn+{

p,g{n � kDn+{
p,m �

��g{n�
rq wkh �qdo vwdwh/ zhoo gh�qhg suhlpdjhv duh ixqfwlrqdoo| rewdlqhg rq wkh lqlwldo vwdwh1
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Wklv rshudwlrq kdv ehhq fdoohg wkh �sxooedfn� lq wkh olwhudwxuh1 Lw lv wkh hvvhqvh ri wkh
lqyduldqfh surshuwlhv ri gl�huhqwldo irupv1 Jlyhq ixqfwlrqdo gdwd rq wkh �qdo vwdwh/ zhoo
gh�qhg ixqfwlrqdo gdwd rq wkh lqlwldo vwdwh lv dxwrpdwlfdoo| rewdlqhg e| wkh surfhvv ri
ixqfwlrqdo vxevwlwxwlrq1

Wklv uhvxow ri remhfwv ehlqj ixqfwlrqdoo| zhoo gh�qhg lv qrw qhfhvvdulo| rewdlqhg iru
wkh iruzdug gluhfwlrq1 Wkdw lv/ wkh �sxvkiruzdug� ri remhfwv rq wkh lqlwldo vwdwh grhv qrw
ohdg wr ixqfwlrqdoo| zhoo gh�qhg remhfwv rq wkh �qdo vwdwh xqohvv wkh pds dqg lwv Mdfreldq
pdwul{ duh lqyhuwleoh1 Iru pdsv ehwzhhq vsdfhv ri gl�huhqw glphqvlrq wkh �sxvkiruzdug�
lv lv lpsrvvleoh/ exw wkh �sxooedfn� dozd|v zrunv1 Lw lv wklv ihdwxuh ri gl�huhqwldo irupv wkdw
shuplwv gl�huhqwldo irupv wr wudqvfhqg ruglqdu| whqvru fdofxoxv/ dqg wr fduu| lqirupdwlrq
derxw wrsrorjlfdo fkdqjh1 Qrwh wkdw wkh pdsv ri lqwhuhvw pd| eh lpphuvlrqv iurp vsdfhv
ri orzhu glphqvlrq wr vsdfhv ri kljkhu glphqvlrq/ ru vxephuvlrqv +surmhfwlrqv, iurp vsdfhv
ri kljkhu glphqvlrq wr vsdfhv ri orzhu glphqvlrq1

E1 Frqwudyduldqw Yhfwruv=

Frqvlghu dq lqlwldo vwdwh dv d pdqlirog ri lqghshqghqw yduldeohv ix�j � ix> y> zj=
Frqvlghu d �qdo vwdwh dv d pdqlirog ri lqghshqghqw yduldeohv i{nj � i{> |> }j= D srlqw lq
wkh lqlwldo vwdwh fdq eh frqvlghuhg dv d srvlwlrq yhfwru iurp wkh ruljlq i3> 3> 3j wr wkh vhw
ix> y> zj= Lw lv frqyhqwlrqdo wr frqvlghu wkh srvlwlrq yhfwru/ dv d froxpq yhfwru1 Vlploduo|
rq wkh �qdo vwdwh wkh srvlwlrq yhfwru fdq eh zulwwhq dv
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Suhvxph d gl�huhqwldeoh pds ! h{lvwv ehwzhhq wkh lqlwldo dqg �qdo vwdwh1
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! = ix�j , i{nj @ iin+x�,j=

H{dpsoh=
{ @ x

| @ x. y5

} @ y . xz6

Wkh gl�huhqwldelolw| ri wkh qrq0olqhdu pds ohdgv wr d olqhdu uhodwlrqvkls ehwzhhq wkh
gl�huhqwldov=

g! = igx�j , ig{nj @ i^Cin+x�,@Cx�`gx�j=

H{dpsoh=
g{ @ gx

g| @ gx. 5y gy

g} @ gy . z6 gx . x 6z5gz
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lv gh�qhg dv wkh Mdfreldq pdwul{ ri wkh pdsslqj1 H{fhsw dw wkh ruljlq rq wkh lqlwldo
vwdwh/ wklv Mdfreldq pds lv zhoo gh�qhg lq wkh vhqvh wkdw lw lv lqyhuwleoh dw doo srlqwv ri wkh
lqlwldo grpdlq h{fhsw wkh ruljlq1 Iurp wkh lpsolflw ixqfwlrq wkhruhp wkhuh duh uhvwulfwhg
grpdlqv iru zklfk dq lqyhuvh pds h{lvwv/ gh�qlqj orfdo gl�hrprusklvpv1

Qrwh wkdw wkh olqhdu pdsslqj ri wkh gl�huhqwldov fdq eh zulwwhq lq pdwul{ irup������
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dq htxdwlrq wkdw wdnhv d urz yhfwru rq wkh lqlwldo vwdwh dqg fuhdwhv d urz yhfwru rq wkh �qdo
vwdwh1 Wklv olqhdu pdsslqj +wkh sxvk iruzdug, lv wkh hslwrph ri d frqwudyduldqw
whqvru pdsslqj1 Wkdw lv/ wkrvh rughuhg duud|v ri ixqfwlrqv ri dujxphqwv rq wkh lqlwldo
vwdwh wkdw duh olqhduo| pdsshg lqwr rughuhg duud|v ri ydoxhv rq wkh �qdo vwdwh e| phdqv ri
wkh Mdfreldq pdwul{ duh gh�qhg dv frqwudydudldqw whqvruv ri udqn 4/ ru d frqwudyduldqw

yhfwru1

H{dpsoh= Frqvlghu d g|qdplfdo v|vwhp rq wkh lqlwldo vwdwh dv d yhorflw| yhfwru �hog
X ri ixqfwlrqv rq wkh lqlwldo vwdwh1
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Wklv yhfwru rq wkh lqwldo vwdwh fdq eh wudqviruphg lqwr d yhfwru rq wkh �qdo vwdwh e| wkh
Mdfreldq pdwul{ uxoh������
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Qrwh wkdw wkh rughuhg duud| ri ixqfwlrqv rq wkh �qdo vwdwh kdv dujxhphqwv rq wkh lqlwldo
vwdwh$ Lq rughu wr rewdlq dq rughuhg duud| ri ixqfwlrqv zlwk dujxhphqwv rq wkh �qdo vwdwh
lw lv qhfhvvdu| wr nqrz wkh lqyhuvh pdsslqj vxfk wkdw wkh ix> y> zj fdq eh h{suhvvhg lq
whupv ri wkh i{> |> }j= Jlyhq d srlqw rq wkh lqlwldo vwdwh/ d ydoxh ri wkh frqwud0yduldqw yhfwru
rq wkh �qdo vwdwh lv uhdglo| frpsxwhg1 Krzhyhu/ wkh ixqfwlrqdo irup ri wkh frpsrqhqwv
ri wkh frqwud0yduldqw yhfwru rq wkh �qdo vwdwh zlwk dujxhphqwv ryhu wkh edvh i{> |> }j lv
lpsrvvleoh zlwkrxw nqrzohgjh ri wkh lqyhuvh pdsslqj1

F1 Fr0yduldqw Yhfwruv=

Qh{w frqvlghu d ixqfwlrq gh�qhg rq wkh �qdo vwdwh/ �+{> |> },= Frpsxwh wkh gl�huhqwldo
ri wklv ixqfwlrq xvlqj wkh fkdlq uxoh=

g�+{> |> }, @ iC�+{> |> },@C{jg{. iC�+{> |> },@C|jg| . iC�+{> |> },@C}jg}=

Qrwh wkdw wklv frqvwuxfwlrq fdq eh zulwwhq dv wkh olqhdu0urz froxpq surgxfw=

g�+{> |> }, @
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Qrz xvh wkh pdsslqj wr uhzulwh wkh h{suhvvlrq rq whupv ri wkh yduldeohv ri wkh lqwldo
vwdwh/ ix> y> zj=
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Dq rughu duud| ri ixqfwlrqv rq wkh �qdo vwdwh wkdw ehkdyhv olnh wkh frpsrqhqwv ri wkh
judglhqw ri d ixqfwlrq + d urz yhfwru, surgxflqj dq rughuhg duud| ri ixqfwlrqv dv d urz
yhfwru rq wkh lqlwldo vwdwh lv wkh hslwrph ri zkdw lv gh�qhg fodvvlfdoo| dv d fr0yduldqw yhfwru1
Lq wkh xvxdo uhdop ri whqvru dqdo|vlv/ wkh judglhqw lv gh�qhg rq wkh lqlwldo vwdwh/ dqg wkh
Mdfreldq pdsv duh suhvxphg wr eh lqyhuwleoh1 Wkhq wkh fryduldqw whqvru �hog lv gh�qhg
dv wkh sxvk iruzdug zlwk uhvshfw wr wkh lqyhuvh Mdfreldq pdwul{ wudqvsrvhg1 Lw lv xvxdo
wr uhvwulfw wkh pdsslqjv vxfk wkdw wkh Mdfreldqv duh hohphqwv ri wkh ruwkrjrqdo jurxs1 Lq
zklfk fdvh wkh lqyhuvh dqg wkh wudqvsrvh duh lqghqwlfdo1 Lw lv pxfk pruh looxplqdwlqj wr
frqvlghu wkh fryduldqwv dv gh�qhg rq wkh �qdo vwdwh dqg frqvlghu wkh ixqfwlrqdo vxevwlwlrq
dqg wkh sxooedfn dv wkh surshu gh�qlwlrqv ri fryduldqw whqvru �hogv1 Wkh uhdvrq lv wkdw
wkh fr0whqvruv wkhq duh zhoo gh�qhg zlwk uhvshfw wr sxooedfnv zkhwkhu ru qrw wkh Mdfreldq
lv lqyhuwdeoh1
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Ixuwkhu qrwh wkdw wkh surfhvv lv ghgxfhg e| wkh ehkdylru ri wkh judglhqw/ exw wkh
pdsslqj dqg sxooedfn frqfhswv fdq vwduw zlwk wkh vhw


D{+{> |> }, D|+{> |> }, D}+{> |> },
��

zkhwkhu ru qrw lw fdq eh frqvwuxfwhg iurp d judglhqw rshudwlrq1 Lq rwkhuzrugv wkh gl�hu0
hqwldo irup

D @
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n@4

Dn+{> |> },g{
n

qhhg qrw eh h{dfw1 Remhfwv wkdw ehkdyh dv xqghu wkh sxooedfn wudqvirup dv wkh Mdfreldq
wudqvsrvh duh gh�qhg dv fryduldqw whqvru �hogv1

H{dpsoh=
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Ilqdoo| wkh frpsrqhqwv ri wkh fr0yhfwru �hog rq wkh lqlwldo vwdwh fdq eh h{suhvvhg dv wkuhh
ixqfwlrqv zlwk dujxphqwv rq wkh lqlwldo vwdwh/ dv wkh sxoo0edfn=

�

Dx +x> y> z, @ 5x. +x. y5,+y . xz6, . xx+y . xz6, . +x. y5,xz6

�

Dy +x> y> z, @ x+y . xz6,5y . +x. y5,x
�

Dz +x> y> z, @ +x. y5,x6xz6

Hyhu|wklqj zlwk uhvshfw wr wkh sxooedfn lv zhoo gh�qhg zlwkrxw qhhg iru d lqyhuvh
pdsslqj ru iru d lqyhuvh mdfreldq pdsslqj1
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G1 Frqwud0whqvru ghqvlwlhv

Lq dgglwlrq wr wkh sxooedfn ri 40irupv wkhuh lv dqrwkhu frqvwuxfwlrq wkdw fdq sxooedfn
surshuo| dqg |lhogv frqwudyduldqw whqvru ghqvlwlhv +qrw whqvruv,1 Frqvlghu wkh yroxph
hohphqw rq wkh �qdo vwdwh/ zlwk shukdsv vrph phdvxuh ixqfwlrq/ �+{> |> },1


 @ �+{> |> },g{ag|ag}

Frqwudfw wkh yroxph hohphqw zlwk d frqwudyduldqw yhfwru rq wkh �qdo vwdwh wr irup wkh
Q04 irup ghqvlw|=

M @ l+Yn+{> |> },,
 @ �+{> |> },iY {+{> |> },g|ag} � Y |+{> |> },g{ag} . Y }+{> |> },g{ag|j

Qrz vxevwlwxwh iru hdfk gl�huhqwldo lv h{suhvvlrq lq whupv ri gl�huhqwldov ri wkh yduldeohv
ri wkh lqwldo vwdwh/ dqg froohfw whupv1 Wkh rughuhg duud| lv htxlydohqw wr pxowlso|lqj
wkh frqwudyduldqw yhfwru e| wkh dgmrlqw pdwul{ +pdwul{ ri fridfwruv wudqvsrvhg, ri wkh
ruljlqdo mdfreldq pdwul{1 Wklv dgmrlqw pdwul{ lv zhoo gh�qhg dqg h{lvwv hyhq wkrxjk wkh
ghwhuplqdqw ri wkh Mdfreldq ydqlvkhv1 Ilqdoo| vxevlwxwh lq wkh sxoohg edfn rughuhg duud|
ri ixqfwlrqv wkh ydoxhv ri {/|/} lq whupv ri x/y/z wr fuhdwh d frqwudyduldqw whqvru ghqvlw|
�hog rq wkh lqlwldo vwdwh1

Lq rwkhuzrugv/ wkhuh duh wzr vshflhv ri gl�huhqwldo irupv wkdw kdyh ixqfwlrqdoo|
zhoo gh�qhg irupdwv rq wkh lqlwldo vwdwh jlyhq ixqfwlrqdo gdwd rq wkh �qdo vwdwh/ dqg zlwkrxw
nqrzohgjh ri dq lqyhuvh pdsslqj ru dqg lqyhuvh Mdfreldq pdsslqj1 Rqh vshflhv gh�qhv
fryduldqw whqvruv +Ilhog lqwhqvlwlhv, dqg wkh rwkhu gh�qhv frqwudyduldqw whqvru ghqvlwlhv
+Ilhog h{flwdwlrqv, Qrw rqo| fdq ydoxhv ri vxfk remhfwv eh uhwurglfwhg wr wkh lqlwldo vwdwh
iurp wkh �qdo gdwd/ exw dovr wkh ixqfwlrqdo irupv rq wkh lqlwldo vwdwh duh zhoo gh�qh lq
whupv ri wkh ixqfwlrqdo gdwd rq wkh �qdo vwdwh1

Wkh gxdov ri wkhvh frqfhswv/ frqwudyduldqw whqvruv dqg fr0yduldqw fdsdflwlhv duh qrw
zhoo ehkdyhg zlwk uhvshfw wr qrq0lqyhuwleoh pdsslqjv1 Wkdw lv ydoxhv pd| eh suhglfwhg/
exw ixqfwlrqdo irupdwv fdqqrw1
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