[ > restart:with(plots):

| gencat.mws

The HELI-CATENOID as a parametric surface of intersecting twisted minimal surfaces. In the limits
(a=0 b=1) to (a=1,b=0), the minimal surface changes from a catenoid of revolution to a helicoid.

[ First, a picture:

[ > R:z=[a*sinh(v)*cos(u)-b*cosh(v)*sin(u),a*sinh(v)*sin(u)+b*cosh(v)*cos(u),a*u+b*v]

>

B R :=[asinh(v) cos(u) - b cosh(v) sin(u), a sinh(v) sin(u) +b cosh(v) co(u), au +bv]

[ > a:=.5:b:=.5:

> plot3d(R(u,Vv),u=-Pi.._Pi,v=-Pi._Pi,shading=zgreyscale, lightmodel=1ight4,axes=fram
ed,style=PATCHNOGRID) ;

[ Now restart the computation of the gauss and mean curvature using Cartan's Repere Mobile
[ > restart:with(linalg):

Warni ng, new definition for norm

L Warni ng, new definition for trace

[
[ > with(difforms):

> with(liesymm): setup(u,v):

Warni ng, new definition for ~ &\’

Warni ng, new definition for close

Warni ng, new definition for d

Warni ng, new definition for m xpar

L Warni ng, new definition for wdegree

[ The Position Vector in R3 parametrized with (u,v). The example is for a Monge Surface z=g(u,v)

( > RR:=[a*sinh(v)*cos(u)-b*cosh(v)*sin(u),a*sinh(v)*sin(u)+b*cosh(v)*cos(u) ,a*u+b*v

Page 1



1:
RR :=[asinh(v) cos(u) - b cosh(v) sin(u), asinh(v) sin(u) +b cosh(v) cos(u),au +bv]
[> XX:z=RR[1]:YY:=RR[2]:2Z:=RR[3]:
> Yu:=diff(RR,u);
B Yu:=[-asinh(v) sin(u) - b cosh(v) cos(u), a sinh(v) cos(u) - b cosh(v) sin(u), a]
> Yvi=diff(RR,V);
Yv :=[acosh(v) cos(u) - b sinh(v) sin(u), a cosh(v) sin(u) + b sinh(v) cos(u), b]
> NNU:=crossprod(Yu,Yv);
NNU :=[(a sinh(v) cog(u) - b cosh(v) sin(u)) b - a (acosh(v) sin(u) + b sinh(v) cos(u)),
a (acosh(v) cos(u) - bsinh(v) sin(u)) - (-a sinh(v) sin(u) - b cosh(v) cos(u)) b,
(-asinh(v) sin(u) - b cosh(v) cos(u)) (a cosh(v) sin(u) + b sinh(v) cos(u))
L - (asinh(v) cos(u) - b cosh(v) sin(u)) (a cosh(v) cos(u) - b sinh(v) sin(u))]
[ Scale the adjoint normal field here by rho
[ > rho:=innerprod(NNU,NNU)N(1/2);
r :=(b* cosh(v)®sin(u)®+ 2 b* cosh(v)*sin(u)®a” + a* cosh(v)* sin(u)? + a* cosh(v)? cos(u)?
+2a” cosh(v)® cos(u)? b + b* cosh(v)? cos(u)* + a”* sinh(v)? sin(u)* cosh(v)?
+ 4 a”sinh(v)® sin(u)® cosh(v)? b? cos(u)® + 2 a* sinh(v)? sin(u)? cosh(v)* cos(u )
+2a’sinh(v)® sin(u)* cosh(v)? b* + b* cosh(v)? cos(u)* sinh(v)® + 2 b® cosh(v)* cos(u)* sinh(v)? a*

L +2b* cosh(v)? cos(u)? sinh(v)? sin(u)? + a* sinh(v)® cos(u)* cosh(v)® + b* cash(v)? sin(u)* sinh(v)z)ll2

[ > #rho:=1;

| >

[ This vector (surface normal) NNU can be computed from the Adjoint Matrix operation on the two

| tangent vectors Yu and Yv. The basis frame utilizes this surface normal with arbitrary scaling

[ > NN:=([factor (NNU[1]) ,factor(NNU[2]) ,simplify(factor(NNU[3]))D):

L NN :=[-cosh(v) sin(u) (b + a®), cosh(v) cos(u) (b*+ a®), -a*sinh(v) cosh(v) - b cosh(v) sinh(v)]

[ > FF:=array([[Yu[1],YV[1].,NN[1]1/rho],[Yu[2],YVv[2] ,NN[2]/rho], [Yu[3],YV[3],NN[3]1/rh
ol 1):

g_ _ ) _ ) cosh(v) sin(u) (b*+a*) U
& asinh(v) sin(u) - b cosh(v) cos(u) ,a cosh(v) cos(u) - b sinh(v) sin(u) ,- 1/_ ll:
e %1 U
e 2 2y U
e ) ) ) cosh(v) cog(u) (b*+a”) U
FF =?smh(v) cos(u) - b cosh(v) sin(u), acosh(v) sin(u) +b sinh(v) cos(u) , t
e 4 %1 U
& b -a”sinh(v) cosh(Vv) - b? cosh(v) sinh(v) ¥
g ' A %1 i

%1 := b* cosh(v)*sin(u)? + 2 b® cosh(v)*sin(u)?a” + a* cosh(v)? sin(u)* + a* cosh(v)? cos( u)*

+ 2 a” cosh(v)® cos(u)? b + b* cosh(v)? cos(u)* + a” sinh(v)? sin(u)* cosh(v)?

+4a”sinh(v)® sin(u)® cosh(v)? b* cos(u)® + 2 a* sinh(v)? sin(u)? cosh(v)® cos(u )?

+2 a? sinh(v)? sin(u)* cosh(v)? b2 + b* cosh(v)? cos(u)* sinh(v)? + 2 b? cosh(v)? cos(u)* sinh(v)? a®
+2b* cosh(v)® cos(u)? sinh(v)? sin(u)* + a* sinh(v)? cos( u)* cosh(v)* + b* cosh(v)? sin(u)* sinh(v)?
[ The Repere Mobile or FRAME MATRIX, FF. note that the frame matrix is not orthonormal.!!
[ > detFF:=simplify((det(FF)));

detFF := «/cosh(v) (b*+a )
[ For the Monge casel the deteminant is non-zero globally, hence an inverse always exists.
[ > FFINVD:=evalm(FF™(-1));

FFINVD :=
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€ sinh(v) acosh(v) sin(u) + b sinh(v)? cos(u)+cos(u)b

g cosh(v) %1

sinh(v) a cosh(v) cos(u) - b sinh(v)*sin(u) - sin(u) b a u
cosh(v) %1 ’ azsinh(v)2+bzsinh(v)2+b2+a2H

easmh(v) cos(u) - snh(v)bcosh(v)sm(u)+cos(u)a

g cosh(v) %1

a sinh(v)®sin(u) + sinh(v) b cosh(v) cos(u) + sin(u) a b u
cosh(Vv) %1 " a’sinh(v)? + b? sinh(v)? + b® + a? H

g %2 sin(u) 4/ %2 cos(u) sinh(v) 4/ %2 U

& cosh(v) %1 ' cosh(v) %1 ' cosh(v) (a® sinh(v)? + b? sinh(v)? + b% + a2) G

%1 := a*sinh(v)? sin(u)? + b” cos(u)? sinh(v)* + b* cos(u)? + a* sinh(v)? cos(u)? + b? sin(u)? sinh(v)* + b sin(u)?

+a’sin(u)®+a”cos(u)®

%2 :=b* cosh(v)*sin(u)? + 2 b® cosh(v)*sin(u)?a” + a* cosh(v)? sin(u)* + a* cosh(v)? cos( u)*

+2a” cosh(v)® cos(u)? b + b* cosh(v)? cos(u)* + a”* sinh(v)? sin(u)* cosh(v)?

+4a”sinh(v)® sin(u)® cosh(v)* b* cos(u)® + 2 a* sinh(v)? sin(u)? cosh(v)* cos(u )

+2a’sinh(v)® sin(u)* cosh(v)? b* + b* cosh(v)? cos(u)* sinh(v)® + 2 b” cosh(v)* cos(u)* sinh(v)? a*

+2b* cosh(v)® cos(u)? sinh(v)? sin(u)* + a* sinh(v)? cos( u)* cosh(v)* + b* cosh(v)? sin(u)* sinh(v)?

[ The 1-form components of the differential position vector with respect to the Basis Frame, F.

> dR:=innerprod(FFINVD, [d(XX),d(YY),d(ZD1);

L dR :=[d(u), d(v), 0]

> sigmal:=(wcollect(dR[1]));

L sl:=d(u)

[ > sigma2:=wcollect(dR[2]);

s2:=d(v)

[ Note that sigmal is du and sigmaz2 is dv for a parametric Monge surfaces!!

[ > omega:=(wcollect(dR[3]));

L w:=0

[ Note that this term vanishes for a parametric Monge surface, hence parametric Monge surfaces exhibit

. no TORSIONI!! of the Affine type ( that is there is no translational shear defects!)

[ >

[ >

[ Compute the Cartan Matrix of connection forms from C=[F(inverse)] times d[F]

[ > drFF:=array(L[d(FF[1,1]),d(FF[1,2]),d(FF[1,3D]1,[d(FF[2,1]),.d(FF[2,2]),d(FF[2,3])
1. [d(FF[3,11).d(FF[3,2]),d(FF[3.3D1D;

dFF :=

§- a cosh(v) d(v) sin(u) - a sinh(v) cos(u) d(u) - b sinh(v) d(v) cos(u) + b cosh(v) sin(u) d(u) ,
e

asinh(v) d(v) cos(u) - a cosh(v) sin(u) d(u) - b cosh(v) d(v) sin(u) - b sinh(v) cos(u) d(u) ,
_ sinh(v) d(v) sin(u) (b +a")  cosh(v) cos(u) d(u) (b’ + &%) lcosh(v)sm(u)(b2+a)%1d(v)u

M ) M 2 0232 u

§a cosh(v) d(v) cos(u) - asinh(v) sin(u) d(u) - b sinh(v) d(v) sin(u) - b cosh(v) cos(u) d(u) ,
e

asinh(v) d(v) sin(u) +a cosh(v) cos(u) d(u) + b cosh(v) d(v) cos(u) - b sinh(v) sin(u) d(u) ,
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sinh(v) d(v) cog(u) (b* +a”)  cosh(v) sin(u) d(u) (b*+a”) 1 cosh(v) cog(u) (b” +a”) %L d(v) U
- - u

Jow2 Jow2 2 %622 b
go o ~@Cosh(v)*d(v) - a® sinh(v)* d(v) - b sinh(v)* d(v) - b° cosh(v)* d(v)
& w2
1 (-a”sinh(v) cosh(v) - b” cosh(v) sinh(v)) %1 d(v) U
"2 %22 v
%1 := 2 b* cosh(v) sin(u)? sinh(v) + 4 b? cosh(v) sin(u)? a2 sinh(v) + 2 a* cosh(v) sin(u)? sinh(V)
+2a* cosh(v) cog(u)? sinh(v) + 4 a? cosh(v) cos(u)? b2 sinh(v) + 2 b* cosh(v) cog(u )2 sinh(v)
+2a*sinh(v) sin(u)* cosh(v)® + 2 a* sinh(v)° sin(u)* cosh(v) + 8 a2 sinh(v) sin(u)? cosh(v)® b2 cos(u )2
+8a”sinh(v)®sin(u)? cosh(v) b” cos(u)? + 4 a* sinh(v) sin(u)? cosh(v)® cos( u)?
+ 4 a* sinh(v)® sin(u)? cosh(v) cog(u)? + 4 a? sinh(v) sin(u)* cosh(v)? b2 + 4 a? sinh(v)? sin(u )* cosh(V) b?
+2b* cosh(v) cos(u)* sinh(v)® + 2 b* cosh(v)? cos(u)* sinh(v) + 4 b? cosh(v) cos(u)* sinh(v)® a2
+ 4 b2 cosh(v)® cos(u)* sinh(v) a% + 4 b* cosh(v) cos(u)? sinh(v)? sin(u)? + 4 b cosh(v )? cos(u)? sinh(v) sin(u )2
+2a*sinh(v) cos(u)* cosh(v)® + 2 a* sinh(v)? cos(u )" cosh(v) + 2 b* cosh(v) sin(u)* sinh(v)?
+2 b* cosh(v)® sin(u)* sinh(v)
%2 := b* cosh(v)*sin(u)? + 2 b® cosh(v)*sin(u)?a” + a* cosh(v)? sin(u)* + a* cosh(v)? cos( u)*
+ 2 a” cosh(v)® cos(u)? b + b* cosh(v)? cos(u)* + a” sinh(v)? sin(u)* cosh(v)?
+4a”sinh(v)®sin(u)® cosh(v)? b* cos(u)® + 2 a* sinh(v)? sin(u)? cosh(v)® cos(u )
+2a2sinh(v)? sin(u)* cosh(v)2 b2 + b* cosh(v)? cos(u)* sinh(v )? + 2 b? cosh(v)? cos( u)* sinh(v)? a2
+2b* cosh(v)? cos(u)? sinh(v)? sin(u)? + a* sinh(v)? co(u)* cosh(Vv)? + b* cosh(v)? sin(u )* sinh(v)?

[ > cartan:=evalm(FFINVD&*dFF) ;
cartan :=

g %5 %4 N %3 %1 %5 %7 N %3 %6
& cosh(v) %2 cosh(v) %2 cosh(v) %2 cosh(v) %2 '
%5 %12 %3 %11 a %10 u

" cosh(v) %2 * cosh(Vv) %2 * a’sinh(v)?+b”sinh(v)*+b*+a’u
%1494 %13 %1 WIA%T %13 %6
cosh(v) %2  cosh(v) %2 ' cosh(v) %2  cosh(v) %2’
WA%I2  %I3%IL b %10 H
cosh(v) %2  cosh(v) %2  a?sinh(v)?+b?sinh(v)®+b?+a’ U

é
g
&

g Mgn(u)wm+Mmqu)%1 Mgn(u)%7+Mmqu)%6
6  cosh(v) %2 cosh(v) %2 ' cosh(V) %2 cosh(Vv) %2
%9 sin(u) %12 +Mcos(u)%11 sinh(v) /%9 %10 ﬁ
cosh(v) %2 cosh(v) %2 cosh(v) (a®sinh(v)? + b? sinh(v)® + b*+a%) U

%1 := a cosh(v) d(v) cos(u) - a sinh(v) sin(u) d(u) - b sinh(v) d(v) sin(u) - b cosh(v) cos(u) d(u)
%2 := a2sinh(v)2 sin(u)® + b% cos(u)? sinh(v)? + b% cos(u)? + a2 sinh(v)? cos(u)? + b sin(u)? sinh(v)? + b® sin(u )
+a’sin(u)®+a’cos(u)®

%3 := sinh(v) a cosh(v) cos(u) - b sinh(v)?sin(u) - sin(u) b

%4 := - a cosh(v) d(v) sin(u) - a sinh(v) cos(u) d(u) - b sinh(v) d(v) cos(u) + b cosh(v) sin(u) d(u)

%5 := sinh(v) a cosh(v) sin(u) + b sinh(v)2 cos(u) + cos(u) b

%6 := a sinh(v) d(v) sin(u) +a cosh(v) cos(u) d(u) + b cosh(v) d(v) cos(u) - b sinh(v) sin(u) d(u)
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%7 :=a sinh(v) d(v) cos(u) - a cosh(v) sin(u) d(u) - b cosh(v) d(v) sin(u) - b sinh(v) cos(u) d(u)
%8 := 2 b* cosh(v) sin(u)? sSinh(v) + 4 b? cosh(v) sin(u)? a2 sinh(v) + 2 a* cosh(v) sin(u)? sinh(V)
+2a* cosh(v) cos(u)? sinh(v) + 4 a? cosh(v) cos(u)? b2 sinh(v) + 2 b* cosh(v) co(u )2 sinh(v)
+2a*sinh(v) sin(u)* cosh(v)® + 2 a* sinh(v)° sin(u)* cosh(v) + 8 a2 sinh(v) sin(u)? cosh(v)® b2 cos(u )2
+8a”sinh(v)®sin(u)® cosh(v) b” cos(u)? + 4 a* sinh(v) sin(u)? cosh(v)® cos( u)?
+4a*sinh(v)® sin(u)? cosh(v) cog(u)? + 4 a? sinh(v) sin(u)* cosh(v)? b2 + 4 a? sinh(v)? sin(u )* cosh(V) b?
+2b* cosh(v) co(u)* sinh(v)® + 2 b* cosh(v)? cos(u)* sinh(v) + 4 b? cosh(v) cos(u)* sinh(v)® a2
+ 4 b2 cosh(v)® cos(u)* sinh(v) a% + 4 b* cosh(v) cos(u)? sinh(v)? sin(u)? + 4 b cosh(v )? cos(u)? sinh(v) sin(u )2
+2a*sinh(v) cos(u)* cosh(v)® + 2 a* sinh(v)? cos(u )" cosh(v) + 2 b* cosh(v) sin(u)* sinh(v)?
+2 b* cosh(v)® sin(u)* sinh(v)
%9 := b* cosh(v)*sin(u)? + 2 b® cosh(v)*sin(u)?a” + a* cosh(v)? sin(u)* + a* cosh(v)? cos( u)*
+2a” cosh(v)® cos(u)? b + b* cosh(v)? cos(u)* + a”* sinh(v)? sin(u)* cosh(v)?
+4a”sinh(v)® sin(u)® cosh(v)? b* cos(u)® + 2 a* sinh(v)? sin(u)? cosh(v)® cos(u )?
+2a2sinh(v)? sin(u)* cosh(v)2 b + b* cosh(v)? cos(u)* sinh(v)? + 2 b? cosh(v)? cos( u)* sinh(v)? a2
+2b* cosh(v)? cos(u)? sinh(v)? sin(u)? + a* sinh(v)? co(u)* cosh(Vv)? + b* cosh(v)? sin(u )* sinh(v)?

~a? cosh(v)2 d(v) - a?sinh(v)?d(v) - b?sinh(v)?d(v) - b2 cosh(v)? d(v)

%10 :=
4/ %9

} (- azsinh(v) cosh(v) - b? cosh(v) sinh(v)) %8 d(v)
B 2 049%'2
%11 := sinh(v) d(v) cos(u) (b2 + az) ) cosh(v) sin(u) d(u) (b2 + az) ) } cosh(v) cos(u) (b2+ az) %8 d(v)

A %9 A %9 2 %9°'2
sinh(v) d(v) sin(u) (b*+a®) cosh(v) cos(u) d(u) (b*+a®) 1 cosh(v) sin(u) (b*+a®) %8 d(v)
%12 = - - +- 52

A %9 A %9 2 %9

%13 := a sinh(v)®sin(u) + sinh(v) b cosh(v) cos(u) + sin(u) a
L %14 := a sinh(v)® cos(u) - sinh(v) b cosh(v) sin(u) + cos(u) a
[ The interior connection coefficients (can be Christoffel symbols on the parameter space
[ > Gammall:=(wcollect(cartan[1,1]));

& (sinh(v) a cosh(v) sin(u) + b sinh(v)? cos(u) + cos(u) b) (- a sinh(v) cos(u) + b cosh(v) sin(u))

Gl1:= g (v 9
(v) %1
, (sinh(v) a cosh(v) cos(u) - b sinh(v)” sin(u) - sin(u) b) (- a sinh(v) sin(u) - bcosh(v)cos(u))'idd(u)_'_ae
cosh(v) %1 2 §
(sinh(v) a cosh(v) sin(u) + b sinh(v)? cos(u) + cos(u) b) (-a cosh(v) sin(u) - b sinh(v) cos(u))
) cosh(v) %1
, {sinh(v) a cosh(v) cos(u) - b sinh(v)” sin(u) - sin(u) b) (a cosh(v) cos(u) - bsinh(v)sin(u))'idd(v)
cosh(v) %1 2

%1 := a*sinh(v)? sin(u)? + b” cog(u)” sinh(v)* + b* cos(u)* + a* sinh(v)? cos(u)? + b? sin(u)? sinh(v)* + b* sin(u))?
L +a’sin(u)®+a”cos(u)®
[ > Gammal2:=(wcollect(cartan[1,2]));
@& (sinh(v) a cosh(v) sin(u) + b sinh(v)? cos(u) + cos(u) b) (-a cosh(v) sin(u) - b sinh(v) cos(u))
3 cosh(v) %1

Gl2:
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, (sinh(v) a cosh(v) cos(u) - b sinh(v)® sin(u) - sin(u) b) (a cosh(v) cos(u) - bsinh(v)sin(u))':(_id(u)+ae
cosh(v) %1 2 §
(sinh(v) a cosh(v) sin(u) + b sinh(v)? cos(u) + cos(u) b) (a sinh(v) cos(u) - b cosh(v) sin(u))
) cosh(v) %1
, (sinh(v) a cosh(v) cos(u) - b sinh(v)* sin(u) - sin(u) b) (asinh(v)sin(u)+bcosh(v)cos(u))':(_5d(v)
cosh(v) %1 2

%1 := a*sinh(v)? sin(u)? + b” cog(u)? sinh(v)* + b* cos(u)* + a* sinh(v)? cos(u)? + b? sin(u)? sinh(v)* + b sin(u))?
L +a’sin(u)®+a’cos(u)®
> Gamma2l:=(wcollect(cartan[2,1]));
o1 _:QE(asinh(v)zcos(u) - sinh(v) b cosh(v) sin(u) + cos(u) a) (- a sinh(v) cos(u) + b cosh(v) sin(u))
T é cosh(v) %1
. (asinh(v)*sin(u) +sinh(v) b cosh(v) cos(u) + sin(u) a) (-asinh(v) sin(u) - bcosr1(v)cos(u))':(_5d(u)+ae
cosh(v) %1 o} g
(asinh(v)*cos(u) - sinh(v) b cosh(v) sin(u) + cos(u) a) (-a cosh(v) sin(u) - b sinh(v) cos(u))
cosh(v) %1
. (asinh(v)*sin(u) + sinh(v) b cosh(v) cos(u) +sin(u) a) (a cosh(v) cos(u) - bsinh(v)sin(u))':qd(v)
cosh(v) %1 2}
%1 := a*sinh(v)? sin(u)? + b” cog(u)” sinh(v)* + b* cos(u)* + a* sinh(v)? cos(u)? + b? sin(u)? sinh(v)* + b* sin(u))?
L +a’sin(u)’+a” cog(u)’
[ > Gamma22:=(wcollect(cartan[2,2]));
_aE(asinh(v)zcos(u)- sinh(v) b cosh(v) sin(u) +cos(u) a) (-a cosh(v) sin(u) - b sinh(v) cos(u))

Q22

cosh(v) %1
, (asinh(v)? sin(u) + sinh(v) b cosh(v) cos(u) +sin(u) a) (a cosh(v) cos(u) - bsinh(v)sin(u))':(_id(u)+gae
cosh(v) %1 2
(asinh(v)? cos(u) - sinh(v) b cosh(v) sin(u) + cos(u) a) (a sinh(v) cos(u) - b cosh(v) sin(u))
cosh(v) %1
, (asinh(v)? sin(u) + sinh(v) b cosh(v) cos(u) +sin(u) a) (a sinh(v) sin(u) + b cosh(v) cos(u)) ':c_sd(v)
cosh(v) %1 2

%1 := a*sinh(v)? sin(u)? + b” cog(u)® sinh(v)* + b* cos(u)* + a* sinh(v)? cos(u)? + b? sin(u)? sinh(v)* + b sin(u )
L +a’sin(u)®+a’cos(u)®

[ The second fundamental form or shape matrix comes from the third row of the Cartan matrix

> hl:=wcollect(cartan[3,1]);

hl:=
85_3 %2 sin(u) (-asinh(v) cos(u) + b cosh(v) sin(u)) . Mcos(u) (-asinh(v) sin(u) - b cosh(v) cos(u))gj
cosh(v) %1 cosh(v) %1 o}
d(u) +
85_3 %2 sin(u) (-acosh(v) sin(u) - b sinh(v) co(u)) . Mcos(u) (acosh(v) cos(u) - b sinh(v) sin(u))gj
cosh(v) %1 cosh(v) %1 o}
d(v)

%1 := a2 sinh(v)? sin(u)? + b? cos(u)? sinh(v)? + b? cos(u)? + a? Sinh(v)? cos(u ) + b2 sin(u)? sinh(v)? + b? sin(u )2
+a’sin(u)®+a”cos(u)®
%2 :=b* cosh(v)*sin(u)? + 2 b® cosh(v)*sin(u)?a” + a* cosh(v)? sin(u)* + a* cosh(v)? cos( u)*
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+2a” cosh(v)® cos(u)? b + b* cosh(v)? cos(u)* + a”* sinh(v)? sin(u)* cosh(v)?

+ 4 a”sinh(v)® sin(u)? cosh(v)? b? cos(u)® + 2 a* sinh(v)? sin(u)? cosh(v)® cos(u )

+2a2sinh(v)? sin(u)* cosh(v)? b + b* cosh(v)? cos(u)* sinh(v )? + 2 b? cosh(v)? cos( u)* sinh(v)? a2
i + 2 b* cosh(v)? cos(u)? sinh(v)? sin(u)? + a* sinh(v)? cos(u)* cosh(v)? + b* cosh(v)? sin(u)* sinh(v)>?
[ > gammal:=wcollect(cartan[1,3]);

" o sinh(v) a cosh(v) sin(u) + b sinh(v)? cos(u) + cox(u) b) cos(u) (b? + a2)

'=§ %34/ %2
x
_ (sinh(v) a cosh(v) cos(u) - b sinh(v)® sin(u) - sin(u) b) sin(u) (b2+a2)£0d(u)+§-
%34/ %2 g

(sinh(v) a cosh(v) sin(u) + b sinh(v)? cos(u) + cos(u) b)
@ sinh(v)sy%(b%az) % cosh(v)sin(s/:2)3/(2b2+a2) %1 g/(cosh(v)%?’) .
(sinh(v) a cosh(v) cos(u) - b sinh(v)?sin(u) - sin(u) b)
g Oj% e, é . Ooso(/:z)a/(zbz Ha) %l gl (cosh(v) %3)
@ a’cosh(v)’- a’sinh(v)’- b sinh(v)° - b cosh(v)” 1 (-a’sinh(v) cosh(v) - b° cosh(v) sinh(v)) %10
Jo2 2 9%2°'2 P

a’sinh(v)?+b”sinh(v)® + b*+ a*

zd(v)
g

%1 := 2 b* cosh(v) sin(u)? sinh(v) + 4 b? cosh(v) sin(u)? a? sinh(v) + 2 a* cosh(v) sin(u)? sinh(V)
+2a* cosh(v) co(u)? sinh(v) + 4 a? cosh(v) cos(u)? b2 sinh(v) + 2 b* cosh(v) co(u )2 sinh(v)
+2a*sinh(v) sin(u)* cosh(v)® + 2 a* sinh(v)° sin(u)* cosh(v) + 8 a2 sinh(v) sin(u)? cash(v)° b2 cos(u )2
+8a”sinh(v)®sin(u)® cosh(v) b” cos(u)?+ 4 a* sinh(v) sin(u)? cosh(v)® cos( u)?
+ 4 a* sinh(v)® sin(u)? cosh(v) cog(u)? + 4 a? sinh(v) sin(u)* cosh(v)? b2 + 4 a? sinh(v)? sin(u)* cosh(Vv) b?
+2b* cosh(v) co(u)* sinh(v)® + 2 b* cosh(v)? cos(u)* sinh(v) + 4 b? cosh(v) cos(u)* sinh(v)? a2
+ 4 b2 cosh(v)® cos(u)* sinh(v) a% + 4 b* cosh(v) cos(u)? sinh(v)? sin(u)? + 4 b cosh(v )? cos(u)? sinh(v) sin(u )2
+2a*sinh(v) cox(u)* cosh(v)® + 2 a* sinh(v)* cos(u )" cosh(v) + 2 b* cosh(v) sin(u)* sinh(v)?
+2b* cosh(v)® sin(u)* sinh(v)
%2 :=b* cosh(v)*sin(u)? + 2 b® cosh(v)*sin(u)?a” + a* cosh(v)? sin(u)* + a* cosh(v)? cos( u)*
+2a” cosh(v)® cos(u)? b + b* cosh(v)? cos(u)* + a”* sinh(v)? sin(u)* cosh(v)?
+4a”sinh(v)® sin(u)® cosh(v)? b* co(u)® + 2 a* sinh(v)? sin(u)? cosh(v)* cos(u )?
+2a2sinh(v)? sin(u)* cosh(v)2 b + b* cosh(v)? cos(u)* sinh(v )? + 2 b? cosh(v)? cos( u)* sinh(v)? a2
+2b* cosh(v)? cos(u)? sinh(v)? sin(u)? + a* sinh(v)? co(u)* cosh(Vv)? + b* cosh(v)? sin(u )* sinh(v)?
%3 := a2 sinh(v)? sin(u)? + b? cos(u)? sinh(v)? + b? cos(u)? + a sinh(v)? cos(u )2 + b2 sin(u)? sinh(v)? + b? sin(u )2
L +a’sin(u)®+a’cos(u)’
> h2:=(wcollect(cartan[3,2]));
h2 :=
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2 /%2 sin(u) (-a cosh(v) sin(u) - bsinh(v) cog(u)) | %2 cos(u) (a cosh(v) cos(u) - b sinh(v) sin(u)) &

cosh(v) %1 cosh(v) %1 [}
d(u) +
85_3 %2 sin(u) (asinh(v) cos(u) - b cosh(v) sin(u)) . Mcos(u) (asinh(v) sin(u) + b cosh(v) cos;(u))gj
cosh(Vv) %1 cosh(v) %1 [}
d(v)

%1 := a2 sinh(v)? sin(u)? + b? cos(u)? sinh(v)? + b? cos(u)? + a sSinh(v)? cos(u ) + b2 sin(u)? sinh(v)? + b? sin(u )2
+a’sin(u)®+a’cos(u)®

%2 := b* cosh(v)*sin(u)? + 2 b® cosh(v)*sin(u)?a” + a* cosh(v)? sin(u)* + a* cosh(v)? cog( u)*

+2a” cosh(v)® cos(u)? b + b* cosh(v)? cos(u)* + a”* sinh(v)? sin(u)* cosh(v)?

+4a”sinh(v)® sin(u)® cosh(v)? b? cos(u)® + 2 a* sinh(v)? sin(u)? cosh(v)* cos(u )?
+2a2sinh(v)? sin(u)* cosh(v)?2 b + b* cosh(v)? cos(u)* sinh(v )? + 2 b? cosh(v)? cos( u)* sinh(v)? a2

i +2b* cosh(v)? cos(u)? sinh(v)? sin(u)? + a* sinh(v)? co(u)* cosh(Vv)? + b* cosh(v)? sin(u )* sinh(v)?

[ > gamma2:=(wcollect(cartan[2,3]));

2 (asinh(v)2cog(u) - sinh(v) b cosh(v) sin(u) + cos(u) a) cog(u) (b?+ a2)

=& %34/ %62
x
] (asinh(v)zsin(u)+sinh(v)bcosh(v)cos(u)+sin(u)a)sin(u)(b2+a2)gd(u)+§
%34/ %2 g

(asinh(v)? cos(u) - sinh(v) b cosh(v) sin(u) + cos(u) a)
@ sinh(v)sy%(b%az) % cosh(v)sin(s/:2)3/(2b2+a2) %1 g/(cosh(v)%s) .
(asinh(v)?sin(u) +sinh(v) b cosh(v) cos(u) +sin(u) a)
g OT% ee). é . Ooso(/:z)s/(zbz Ha) %l gl (cosh(v) %3)
, @2 oosh(v)® - asinh(v)° - b sinh(v)’- b cosh(v)® 1 (-a’ sinh(v) cosh(v) - b* cosh(v) sinh(v)) %18
o2 2 9%2°'2 P

a’sinh(v)?+b”sinh(v)” + b*+a*

zd(v)
g

%1 := 2 b* cosh(v) sin(u)? sSinh(v) + 4 b? cosh(v) sin(u)? a? sinh(v) + 2 a* cosh(v) sin(u)? sinh(V)

+2a% cosh(v) co(u)? sinh(v) + 4 a? cosh(v) cos(u)? b2 sinh(v) + 2 b* cosh(v) co(u )2 sinh(v)

+2a*sinh(v) sin(u)* cosh(v)® + 2 a* sinh(v)® sin(u)* cosh(v) + 8 a2 sinh(v) sin(u)? cash(v)° b2 cos(u )2
+8a”sinh(v)®sin(u)® cosh(v) b” cos(u)? + 4 a* sinh(v) sin(u)? cosh(v)® cos( u)?

+4a*sinh(v)® sin(u)? cosh(v) cog(u)? + 4 a? sinh(v) sin(u)* cosh(v)? b2 + 4 a? sinh(v)? sin(u )* cosh(V) b?
+2b* cosh(v) co(u)* sinh(v)® + 2 b* cosh(v)? cos(u)* sinh(v) + 4 b? cosh(v) cos(u)* sinh(v)? a2

+ 4 b2 cosh(v)® cos(u)* sinh(v) a% + 4 b* cosh(v) cos(u)? sinh(v)? sin(u)? + 4 b* cosh(v )? cos(u)? sinh(v) sin(u )2
+2a*sinh(v) cos(u)* cosh(v)® + 2 a* sinh(v)? cos(u )" cosh(v) + 2 b* cosh(v) sin(u)* sinh(v)?

+2b* cosh(v)® sin(u)* sinh(v)

%2 := b* cosh(v)*sin(u)? + 2 b® cosh(v)*sin(u)?a” + a* cosh(v)? sin(u)* + a* cosh(v)? cos( u)*

Page 8



11

1T

+2a” cosh(v)® cos(u)? b + b* cosh(v)? cos(u)* + a”* sinh(v)? sin(u)* cosh(v)?

+ 4 a”sinh(v)® sin(u)? cosh(v)? b? cos(u)® + 2 a* sinh(v)? sin(u)? cosh(v)® cos(u )

+2a2sinh(v)? sin(u)* cosh(v)? b + b* cosh(v)? cos(u)* sinh(v )? + 2 b? cosh(v)? cos( u)* sinh(v)? a2

+2b* cosh(v)? cos(u)? sinh(v)? sin(u)? + a* sinh(v)? co(u)* cosh(Vv ) + b* cosh(v)? sin(u )* sinh(v)?

%3 := a2 sinh(v)? sin(u)? + b? cos(u)? sinh(v)? + b? cos(u)? + a Sinh(v)? cos(u ) + b2 sin(u)? sinh(v)? + b? sin(u )2

+a’sin(u)®+a®cos(u)®

[ The abnormality for the parametric surface will show up as a non-zero entry in the [3,3] slot of the

Cartan Matrix. Always an exact differental for parametric and Monge surfaces. Therefore implicit

L Monge surfaces will admit disclination defects (Torsion of the second kind due to rotations)
[ > Omega:=(wcollect(factor(simpform(cartan[3,3]))));

(cos(u)®+sin(u)*- 1) d(v) cosh(v) sinh(v)
) (sinh(v)® cos(u)®+ 1+ sinh(v)*sin(u)?) (sinh(v)*+ 1)
Omega vanishes for a given normalization.

> wcollect(factor(simpform(d(Omega))));

> FROBOMEGA:=simpform(Omega&”™d(Omega)) ;
FROBOMEGA :=0

The coefficients of the shape matrix determined from the Cartan matrix.
> factor(simpform(Omega&”™gammal));

(cos(u)® +sin(u)’ - 1) cosh(v) sinh(v) b ((d(u)) & (d(v))) / (

«/cosh(v)z (sin(u)?+ cos(u)?) (sinh(v)? cos(u)? + 1 + sinh(v)? sin(u)?) (b2 + a2)°
(sinh(v)? cos(u)? + 1 + sinh(v)? sin(u)?) (sinh(v)? + 1))

> simplify(Omega&”™gammal);

0
The components of the disclination 2-form are given above. Note that they are proportional to the Square
Root of the Gauss Curvature (for scaling = 1) and form the "Stream" vector relative to the gradient of the

| Monge function g -- a symplectic rotation
[ > shapell:=-factor(gammal&™d(v)/d(u)&"™d(v));

b

shapell :=

Jcosh(v)2 (sin(u)®+ cos(u)?) (sinh(v)? cos(u)® + 1 + sinh(v)*sin(u)®) (b*+ az)2
> shapel2:=-factor(gammal&™d(u)/d(v)&nd(u));

a cosh(v)*

shapel? := .
Jcosh(v)2 (sin(u)®+ cos(u)?) (sinh(v)? cos(u)® + 1 + sinh(v)*sin(u)®) (b*+a*) (sinh(v)*+1)
> shape2l:=-factor(gamma2&d(v)/d(u)&™d(v));

a

shape?l :=

Jcosh(v)2 (sin(u)?+ cos(u)?) (sinh(v)® cos(u)® + 1 + sinh(v)®sin(u)®) (b*+ az)2
> shape22:=-factor(gamma2&d(u)/d(v)&d(u));

b cosh(v)?
shape22 := .
Jcosh(v)2 (sin(u)®+ cos(u)?) (sinh(v)? cos(u)® + 1 + sinh(v)®sin(u)®) (b*+a*) (sinh(v)>+1)
>
> SHAPE:=array([[shapell,shapel?], [shape2l,shape22]]):
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[ > HH:=simplify(trace(SHAPE)/2):
[ > print(CMean Curvature is ~,HH);
Mean Curvature is , 0

[ > KK:=simplify(det(SHAPE)):
[ > print(CGauss Curvature is ~,KK);
1

cosh(v)* (b% + a%)

Gauss Curvature is , -

[ >
[ Note that the scaling of the normal or adjoint vector is a common factor of the formulas for the mean
curvature and the Gauss curvature. Note the appearance of the Hessian of the Monge function.

| The induce metric appears below
[ > GUN:=innerprod(transpose(FF),FF);

GUN :=
gazsinh(v)zsin(u)2+b2 cos(u)® cosh(v)® + a° sinh(v)? cos(u)* + b* cosh(v)* sin(u)® + a*,
é
asinh(v)®sin(u)*b - b cosh(v)® cos(u)?a + a sinh(v)*cos(u)’b - b cosh(v)*sin(u)*a+ab,

cosh(v) (b*+a*) asinh(v) %2 U
1/ %l

cCe

ga sinh(v)?sin(u)®b - b cosh(v)® cos(u)?a + a sinh(v)*cos(u)’b - b cosh(v)’sin(u)*a+ab,
&

a2 cog(u)? cosh(v)? + b sin(u )2 sinh(v)? + a2 cosh(v)? sin(u)? + b2 cos(u )2 sinh(v)? + b? |
cosh(v) (b2 +a2) b sinh(v) %2 0

ot i
gcosh(v) (b +a’) asinh(v) %2 cosh(v) (b + a?) b sinh(v) %2

sin(u)? + cos(u)? + sinh(v)? 0

sin(u)? + cog(u)? + sinh(v)2sin(u)* + 2 sinh(v)? sin(u)? cos(u)? + sinh(v)? cos{u)* &
%1 := b* cosh(v)*sin(u)? + 2 b® cosh(v)*sin(u)?a” + a“* cosh(v)? sin(u)* + a* cosh(v)? cog( u)*
+2a” cosh(v)® cos(u)? b + b* cosh(v)? cos(u)* + a”* sinh(v)? sin(u)* cosh(v)?
+4a”sinh(v)®sin(u)? cosh(v)? b? cos(u)® + 2 a* sinh(v)? sin(u)? cosh(v)* cos(u )
+2a2sinh(v)? sin(u)* cosh(v)? b + b* cosh(v)? cos(u)* sinh(v )? + 2 b? cosh(v)? cos( u)* sinh(v)? a2
+2b* cosh(v)? cos(u)? sinh(v)? sin(u)? + a* sinh(v)? co(u)* cosh(Vv)? + b* cosh(v)? sin(u )* sinh(v)?
%2 :=cos(u)’+sin(u)’- 1

T
vV V V
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