> restart;
>
with(liesymnm:with(linalg):setup(x,y,z,t,s,C);deforns(a=const, b=const, c=cons
t, d=const, p=const, n=const, k=const, omega=const, e=const ) ;
Warni ng, new definition for close
War ni ng, new definition for norm
Warni ng, new definition for trace

[X vy, 7zt s Ct]
L deforms(a = congt, b = const, ¢ = congt, d = const, p = const, h = const, k = const, w = const, e = const)
[ HOLDER NORMS 4D examples including the Hopf Map

R. M. Kiehn
Updated 11/26/2000-12/02/2000-12/22/2000

*kk

L
[

An Implicit 4D surface linear in Z:
The similarity invariants for the Jacobian matrix of the surface normal scaled by the Holder norm with
a=b=c=e=1,n=1,p=2
L (In 3D, the result yields the classic partial differential equations for the mean and Gauss curvature.)
> Phi:=z-f(x,y,t);

B F:=z- f(x,y,t)

> Al:=di ff(Phi,x);A2:=di ff(Phi,y); A3:=diff(Phi,z); Ad:=+di ff(Phi,t);
& 0

Al =-g—f(x y,t)=
gﬂx (xy )g

=5l 0

A2 =-g—f(x vy t)=
y (%Y )g
A3 =1

e 0
Ad = gﬂtf(x, Y, t)E

> A =[ AL, A2, A3]; phi : =- A4,

_e& 0 & o
A.—g-gﬂxf(x,y,t)g-gﬂyf(x,y,t)g15

f '-ﬂf(x y, 1)

’>B—curI(A[xyz]) EP: =eval n{ - grad(ph| [X,y,2])); EV:=-[diff(A[1],t),diff(Al2]
,t),diff(A[3],t)]; E =eval m( EV+EP) ; Pari ty: =i nnerprod(E, B); Torsi on_current: =eva
I m(crossprod(E, A) +eval m( B*phi)); Helicity: =i nnerprod(A B);

>
B:= [0 0, 0]
2 9 U
B 0005 By 050
é 1? 2 U
S f(X v, 1), Ty ﬂtf(x, y,t),Oﬁ
E:=[0,0,0]
Parity :=0
Torsion _current :=[0, 0, 0]
Helicity :=0

[ The gradient normal produces zero E and B fields.
[ > lanbda: =( Al 1] *2+A[ 2] *2+A[ 3] *2+e* phi *2) ~(1/ 2) ;
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_ [ ¢ e & o ¢
I '_Mgﬂxf(x’ Y, t)E +gﬂyf(x, Y, t)E + 1+egﬂtf(x, Y, t)5

> NA: =eval n{[ Al, A2, A3, phi ]/l anbda) ;

f
ﬂxf(X, y.t)

P

>

Il
DODDDDDDD

&l ¢ o ¢ 2l g
\/ ﬂxf(x'y’t)5+gﬂyf(x’ y,t)a+1+egﬂtf(x,y,t)a

1
—f(x, v, t
ﬂy(xy )

) ¢ a1 ¢ ¢
N/ ﬂxf(xvyit)5+ ﬂyf(X,y,t)a+1+egﬂtf(x,y,t)a

1

&l ¢ o ¢ el g
v ﬂxf(x,y,t)5+ ‘”yf(x,y,t)‘;’+1+eg‘”tf(x,y,t)Ej

if(X, Y. 1)

«/Eﬂ—f(xyt) +gﬂ—f(xyt) +1+eg—f(xyt
- > BB: =curl ([ NA[ 1], NA[ 2], NA[ 3]].,[X,VY, z]); EEP: =eval m(-grad(NA[ 4] ,[X, Y, z])); EEV: =-

[diff(NA[1],t),diff(NA[2],t),diff(NA[3],t)];E =eval m( EV+EP); Parity: =i nnerprod
(E, B); Torsion_current: =eval n{crossprod(E, A) +eval n{B*phi)); Helicity: =i nnerprod
(A B);

ey
oo w o o

o8}
(o8]
1
(DMDDDIDIDIDIDID

1 oz T 0 Tl o o oz 1 0
12 ‘ﬂxf(x’ y,t)a 5 Ix f(x, y,t)T+Zgﬂ f(x, y,t)Tg—f(x, y,t)T+2egﬂtf(x, y,t)Egﬂf(x, y,t)a
- Fg3'? !
2 géﬂ— (xyt)—+g—f(xyt) +1+eg—f(xyt)==
il o 0 6 0 @ o= 0
1 2 ."Xf(x, y,t)agﬂxzf(x, y,t),+2g f(x, y,t)fg—f(x, y,t)7+2egﬂtf(x, y,t)ang(x, y,t)a 1
2 TEE 2
ggﬂ—xf(xyt) +g—f(xyt) +1+eg—f(xyt)——
el 0
gﬂyf(x Y, t)
& e ozt 0 o 1 0 o T 60
gz ﬂxf(x’ y,t)fg S f(x, y,t)5+2 ‘Hyf(x' y,t)fgﬂ x f(x, y,t)rZ’+2eg‘”t f(x, y,t)agﬂxﬂtf(x, y,t)BE/
ae] & 3/2) o
ggﬂxf(x 2 t)— +g f(x,y, t)g + 1+eg f(x,y, ) Zg‘ﬂxf(x' y,t);

?B

@O

0 o &l 0 o _ & oz T 00
Zgﬂxf(x,y,t)amf(x,y,t)a+2gﬂyf(x,y,t)agﬁf(x,y,t)a+2egﬂtf(x,y,t)agﬂf(x,y,t)%/
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u
u
agel| ¢ el & F8°7y
g ‘”Xf(x,y,t)a + ﬂyf(x Y, t) +1+egﬂtf(x Y, t)—— E
u
e
glaéﬂ
._ €=
EEP : —gz ﬂtf(x Y, t)—
&
€
e oef o

2

t f tbz — f tbaeﬂzf tgzaeﬂf téaeﬂzf t®
— + = =+ — = -4t
f(x, , ) g (XY, )g .”y (xY, ).g— (%Y, )r'zs egﬂt (xY, )ﬁm (XY, )%

3/2)

DO
ﬁ
><

il

&
—f(x, y,1)= +§%f(x Y, t)g +1+eg—f(x Y t)::

2

Ix 1 2
3 2g‘”tf(xyt)
f(xyt) +gﬂ—f(xyt) +1+eg—f(xyt)‘
ae‘ﬂ
> Eax

DD
D!
=
><

ey 1)

f(x,y, ) Xy )= +2§—f(xyt) g—yzf(xyt) +29§Itf(xyt)

3/2)

f(x,y, t)— +gﬂ—f(x Y, t) +1+e§ﬂ f(x,y, t)::

('D(?Om

‘IT‘IT ‘ﬂ‘ﬂt

i

E1x

DD

X

2

u
f(x, y, t u
_ g ey oﬁ
il ¢, & - | ¢ U
e
—& = 2
EEV.—g Zg‘ﬂx (xyt)
e
e
a‘-‘za?ﬂ

T o, & oze 1 0 . & oee” 00
f(x Y, ) g'ﬂ ﬂtf(xyt) T+2 ﬂyf(x,y,t)fgﬂ ﬂtf(x,y,t)5+2egﬂtf(x,y,t)agﬂtzf(x,y,t (TZJEJ/

@O
ﬁ
><

3/2)

— f(X, Y, t)— +g—f(x Y, t) +1+e§—f(x 2 t)::

2

Ix qt

A

DD
DD
=
><

f(xy.1)

1 0
g 2& ¥ UF

+
o G &

S oF 1 9, & gz 1 0, & oz 69
gzgﬂ f(x, y,t)fg‘IT ﬂtf(x,y,t)7+2gﬂ f(x, y,t)T Pl G LS f(x, y’t)fagﬂtzf(x’ y't)BE/
3/2)
g—f(xyt)-+gﬂ—f(xyt) +1+eg‘ﬂ f(xyt)::
2
f(x, y, t
. W1t (X y, 1)
il ¢, &l P ¢
M ﬂxf(x'y't)E+§ﬂyf(x’y't)5+1+eg‘ﬂtf(x'y’t)r§
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2

28 0y ) S f(x, t) 22 iy, 1) 28 )- 26t y, ) 2B 1%y, 1)l
P TR T g'n i ﬂﬂt g'n Y §_ "o
312)

? & (xy. 02 2B +1+eg—f(xyt)§g ]

E:=[0,0,0]

Parity :=0

Torsion_current := [0, 0, 0]
Helicity:=0

[ B e B e B
vV V. V

[ > JAC: =j acobi an(NA, [Xx,y,z,t]):

[ The printing of the 4x4 JAcobian matrix has been suppressed.
[ >

> MEAN_CURVATURE: =f actor (trace(JAC)/ 2);

Y-l Ol o T 6
MEAN_CURVATURE := > §2 gﬂxf(x, 2 I)Esg‘ﬂy f(x vy, t) Emf(x, Y, t)E
2 Py L 2

aefl 0 & o 0 2 Ozl g e 6
+gﬂxf(x, y’t)Eeg‘ﬂt f(x, y,t)BEWf(x, y,t)B- gﬂ—xzf(x, y't)Eg‘ﬂyf(X' y,t)B - %f(x, y,t)E

oo iy 0F Bty 02 B iy 0 LET
' §_zf(x, y,ofegﬂ Oy DF + Ky 00y e g 06 U 4 (X

& 2 2 &
g—f(x Y, t) —f( .Y, t)‘ %f(x,y,t)g- gﬂf(x,y,t)geg—lf(x,y,t)g

gﬂtf(xyt) ECIRE gﬁf(xyt)- gﬂtf(xyt) Gy X% 02 gﬁf(xyt)-

Y, t) +§—f(x Y, t)_/

—f(x
— )+ f(x,y, )T +1+ef_f(xy,t g
g f(xy, )— gﬂ (XY, ) eg (XY, )——

[ Note the classic formula for the mean curvature of an implicit surface in 3D xyt space is obtained.
> S2:=factor(trace(i nnerprod(JAC, JAC))):
Gauss: =factor(-(1/2)*(-trace(JAC) *trace(JAC) +S2));

Gauss::gg—;f(x, yi)%%f(x, y,t)%e?ﬁf(x, y,t)g- %f(x, y’t)ge?ﬁf(x' y’t)g
} g’ﬂi)[(f(X, y,t)%e?#f(X, y,t)%;j—;tf(x, y,t)%?ﬂ—;f(x, y,t)%
) ?ﬂ_;f(x, Y't)gg%f(x, y,t)%eg%f(x, y,t)%ﬁﬁtf <y,
+§‘Lf(x' Y,t)%eg%f(x, y,t)g%f(x, y,t)%ﬁj}xf(x, y,t)%
+§y%f(xy w02y 02l y,t)g%f(x, o
5

il Oz Tl oz T
+ g&f(x, Y, t)Bg‘ﬂt f(x,y, t)Eg‘ﬂy f(x, Y, t)a Ty ‘Htf X

il Oz Tl oz T
+ g@f(x, Y, t)Bg‘ﬂt f(x,y, t)Egﬂx f(x,y, t)a P

g—f(xyt) g—f(xy ) + ﬂ_f(th)
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2l o oal o oRT 6
- mf(x, y,t)fgﬂ f(X, y,t)fgﬂtf(x, y,t)fgﬁf(x, y,t)E

o)
gﬁ( AL gﬂtf(xyt) gﬂ—f( Y )= gﬁ( yt)g

2 f f 2 ﬂ f(x 2 f ¢ %ﬂz f ¢

- 26— — = T+ =

Ty (th) (th)z oxqt oY )z y 1t >y, ) g Y05 B G Ty O
2 2

=l + =B = el = 9
- gﬁ(f(x,y,t)T +2§ﬂ f(x,y,t)fg—zf(x,y,t)fgﬂ f(x, y,t)Tgﬂ ‘ﬂxf(x’ y,t)T

g—f(xyt) g—yzf(xyt)_- g—yzf(xyt) g—f(xy = +gﬂ 'ﬂt( 5% ) _f(th)—

2

Al f(x, t)‘aeﬂ—f(x t) f(x, t) —f(x t) —f(x t)92
m Y, Y, g— Y, o Y, Y,

- il f(xy. t)i —f(X, Y. t)g- ae‘lzf(x y t)i —f(X, ¥ t)i —f(Xx, Y. t)ii/
g@ o iag‘ﬂtz " iag‘ﬂxz Y rbg‘ﬂtz - fz;g‘ﬂy BT

TN IO - SR IO -
ggﬂxf(x, 2 t)E + gﬂyf(x, 2 t)E +1+ eg‘ﬂt f(x,y, t)EB

E > ADJAC: =adj oi nt (JAQ):
> ADJO NT_CURVATURE: =f act or (t race(ADJAC))'

2 1-[2 92 2
ADJOINT_CURVATURE := gg Sf(x, Y, )T gﬂ ﬂtf(x y.0% 'n ﬂt - ﬂyzf(xy t)_

2

ol oga Al i L 0
+g&f(x, Y, t)Egﬂyzf(X’ Y, t)Eg‘ﬂtzf(X’ Y, t)a gﬂy‘ﬂxf(x' Y, t)fa gﬂtzf(x, Y, t)a

288'IT2 f toae'"2 f téaeﬂz f t %
+ = = =
g." i (%Y, )-g." T (xy, )Q oy Ix (xy, )-.

gﬂ;f(x Y t) +g—f(x Y, t) +1+e§—f(x 2 t)c:)zgm)

[ >
[ Note that the classic formula for the ADJOINT Gauss curvature of an implicit surface in 3D xyt space

| 1s obtained
> CurrentJ: =i nnerprod( ADJAC, NA) ; I nteraction: =i nnerprod(CurrentJ, NA); Di vJ: =facto
r(diverge(CurrentJ [ X, y z, t]))'

CurrentJ := 80, 0, —f t t- t f t-
urren 8 gg (Xy)g—ﬂﬂt(y) ﬂ.ﬂt y)g—(xy)
f,,ti—f,,ti—f,,ti- f,,ti—f,,ti
+§—ﬂxz (XY )ggﬂyz (XY )ggﬂtz (XY )g g—ﬂyﬂx (xy )ﬂgﬂtz (%Y )g
2aeﬂ2 f toae'”2 f tc.)ae'"2 f tbé
+ = = =T
g—ﬂxﬂt (xy, )é’ o 1t X Y, bg—ﬂyﬂx (xy, )r'aé;

I DU SO DU L
ggﬂxf(x,y,t)a+gﬂyf(x,y,t)5+1+eg f(x,y,t)TT,OE

. =er Oee T ¢
Interaction := g-gﬂ—xzf(x, y,t)g%mf(x, y,t)‘ m (XY, ) g—f(x Y, t)‘

+§ﬂx2f(x’y’t)agﬂyzf(x’y’t) 2 (% yt) Ty ﬂ oy ) f(th)

ti f(x, ,t%i/
z‘ﬂy‘ﬂx 29
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o g e F ol §g°'?
—f(x,y, )T+ f(x,y,t)T +1+e_f(x,y,t)==
B, 001 DF + B 002 +1vef v 0z
L DivJ:=0
[ It is now apparent that the interaction between the potentials and the conserved current is

| equal to the Adjoint curvature.

>
> Adjointcurv:=sinplify(factor(trace(ADJAC))): Mean: =factor(trace(JAC)): Net: =fac
tor (Adj oi ntcurv-Interaction): Gnet: =factor(subs(a=1, b=1, c=1, p=2, n=1, Net));
Gnet:=0
> Vorticity:=curl ([A[1],Al2],A[3]].[x,y,z]);Helicity:=innerprod([A1],Al 2], Al 3]
], Vorticity);Diss:=innerprod([CurrentJ[1],CurrentJ[2],CurrentJ[3]],E);
Vorticity :=[0, 0, 0]
Helicity:=0
Diss:=0

Note that the formulas are valid for any signature e
>
>

1 —r r

An Implicit 4D surface linear in t:

The similarity invariants for the Jacobian matrix of the surface normal scaled by the Holder norm with
a=b=c=1,n=1,p=2

| fields the classic partial differential equations for the mean and Gauss curvature.

> Phi:=-t+f(X,Vy, z);

| F=-t+f(x,y,2)
> Al:=di ff(Phi,x);A2: =di ff(Phi,y);A3:=diff(Phi,z);Ad:=diff(Phi,t);

_T
Al = ‘ﬂxf(x’ Y, Z)
A2:=ﬂ—1;f(x, Y, 2)

-l
A3 := ﬂzf(x’ Y, 2)

Ad=-1
r > A [ Al, A2, A3]; phi : =- Ad;

A'-glf(x z)if(x z)if(x z)g
a2 T 2

fi=1
©> B =curl (A [X,Y,2]); EP: =eval n(-grad(phi,[x,y,z]));EV:=-[diff (A 1],t),diff(A 2]
yt),diff(A[3],t)]; E =eval m( EV+EP) ; Pari ty: =i nnerprod(E, B); Torsi on_current: =eva
| m(crossprod(E, A) +eval m(B*phi)); Helicity: =i nnerprod(A B);
>
B:=[0,0,0]
EP:=[0,0,0]
EV:=[0,0,0]
E:=[0,0,0]
Parity :=0
Torsion_current :=[0, 0, 0]
Helicity:=0
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[ Zero E and B fields as expected for a gradient norm.
[ > | anbda: =( A[ 1] "2+A[ 2] "2+A[ 3] "2+A4"2) " (1] 2) ;

>
>
_ & ¢, el ¢, el
I [ .—M f(x Y, z)g+ ﬂyf(xy z)g+ ﬂzf(xy z) +1
> NA: =eval ([ A1, A2, A3, phi ] /I anbda) ;
e 1
g ﬂ—xf(x,y,z)
NA=g el & o & o g
gv ﬂ—xf(x,y,z)3+gﬂf(x,y,z)g+ ‘”—Zf(x,y,z)g+1
1
_f v
Ty (XY, 2)
&l ¢ o ¢ o ¢
v ﬂxf(x'y'z)5+gﬂyf(x'y’z)5+ ﬂzf(x,y,z)5+1
1
.”Zf(x,y,Z)
&l ¢ o ¢ o ¢ .
v ﬂxf(x,y,z)a+g‘”yf(x,y,z)a+ ‘”Zf(x,y,z)a+1
1

e e i

o3 &
\/Eﬂ_ (XyZ) +g—f(xy2) +a?TTZf(XyZ)—+1H
- > BB: =curl ([ NA[ 1], NA[ 2], NA[ 3]].,[X,Y, z]); EEP: =eval n(-grad(NA[ 4] ,[Xx, Y, z])); EEV: =-
[diff(NA[1],t),diff(NA[2],t),diff(NA[3],t)]; EE =eval m( EEV+EEP); Parity: =i nnerp
rod( EE, BB) ; Torsi on_current: =eval n(crossprod( EE, [ NA[ 1], NA[ 2], NA[ 3] ] ) +eval m( BB*
NA[4])); HeI|C|ty =i nnerprod([ NA[ 1], NA[ 2], NA[ 3] ], BB);

é
BB: g 2g‘”—f(x Y, z)

oyl 0 o, & oeef o &l oz T o
Zg‘ﬂx (XY, Z)Bg—‘ﬂ T f(x,y, z)T+2gﬂyf(x,y, z)Tg—f(x, Y, z)T+zgﬂZf(x,y, Z)Bg‘ﬂz‘ﬂyf(x'y' z)‘TZ’E

+43/2)

/ —f 4G f 7.8, g, 12 PIEL !
ggﬂ (XY, Z) g (XY, Z) g (XY, Z) Zg‘ﬂy (XY, Z)B
E%E?X (XY, z)$g—f(x, Y, z)i+2§—f(x,y, Z)Egﬂ—ﬂyf(x'y’ z)g+2§f(x, Y, z)%%f(x,y, z)%/

+3/2)
?é?[x (xyz) +gﬂ—f(xyz)‘ g—f(xyz) +1- , 5 ﬂ—f(xyz)_
gzgﬂx (x,y,2)= gﬂ y f(x,y, z) +2§ﬂ f(x,y, z) g'n 21y f(x,y, z) Zgﬂ f(x, Y, z)agﬂ—zzf(x,y, Z)BB/
& +3/2)
?é?x ey 0 +gﬂ—f(x y z)— g—f(x VD +1E 4oy, )2

8

il g CpY il 9 0, & oz 1° 60
2 ﬂXf(x,y,z)+§—f(x,y,z)++2g f(x,y,z)+g—f(x,y,z)++2§ f(x,y,z)+gﬂzﬂxf(x,y,zaa

{3/2)

1
/ gﬂ—f(xyz) +g—f(xyz) +g—f(xyz)‘ 1‘ ,-Ea?[—f(xyz)—

sl 9 o &l 0 0 el o2 T 00
gﬂxf(x’ Y, Z)Egﬂ_xzf(x’ Y, Z)E+zg‘ﬂyf(x' Y, Z)Eg‘ﬂy—ﬂxf(x’ Y, Z)E+zgﬂzf(x' Y, z)E 'ﬂzﬂxf X, ,z)BB
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/ﬁl(xyz) +g—f(xyz) +g—f(xy2)62+1g3/2)+§a?—f(xyz)—

). g—( D2 xy ) g—f(xyz> LR} ARUCIL

g3y

/ggl:l((xyz) +g—f(xyz) +g—f(xyz).+1‘ H

M 2 2

l2 X (XyZ) g—f(XyZ) +2g—( VY ) gﬂ .” f(x yZ) +2g—f(xy2) gﬂﬂ f(x yZ)—
2 g%ﬂ—f(x Y, z) +g—f(x Y, z) +g—f(x Y, 2)62+1‘3/2)

Zaeﬂ—f(x )6 T z) +2 — f(X, z) f(x, z) +2 — (X, ) f(x z)‘
1 % N} Py ra(t? g Y, g— Y, g Y, g— Y,
2 43/2)

géﬂ—f(x Y, z)— +gﬂ—f(x 2 z) +gﬂ—f(x Y, z)— +1—

. . 2 TR
Zaeﬂ—f(x,y )0 yz) +2g—f( v ) g— y,z)i+2§—f(x,y,z)ggaeif(x,y,z)gﬁ
1 efx 1z ﬂ ﬂ ﬂy 1z 2897 au
5 & (3/2) H
Eg&f(xyz) +g—f(xyz) +g—f(xyz) +1 E
EEV:=1[0,0,0]
é
€
g
EE.=¢
:
€
el eFall 9, & oz ¥ 0 el oz 0
}2 .”Xf(x,y, Z)Bgﬂxzf(x’ y Z)T+2gﬂyf(x’ Y Z)Tgﬂ ‘IT ooy, Z)T+2g iy, Z)E ﬂz‘ﬂxf(x’y’ Z)Es
2 o ; _3/2)
gg f(xyz) +g f(xyz) +g f(xyz) +1
H‘[ 2
12§ﬂx( Y, ) gﬂ x f(x yZ) +Zg—f(xy2) g—yzf(xyz) +2g—f( Y, ) 3 11
2 43/2)
géﬂ—f(x, Y, z)i +g—f(x, Y, z)i +aeﬂ—f(x, Y, z)i +1i
2
2B f(x, v, 236 AT} SE TR Y e ): f(xyz)SH
178X péfz ﬂ ﬂ ﬂy 1z oy
2 ¢ el & ol g ;3/2) u
ggﬂxf(x,y, Z)B+ ‘ﬂyf(x’ Y, Z)E+ ﬂzf(x,y, Z)5+15 ﬁ
Parity :=0
&1
Torsion_current :gage
& o o T 0 & 0 o o T 60
gz ﬂxf(x,y, z)ﬂg‘”y f(x,Y, z) +2 ﬂyf(xy z) g—f(xy 2)T+2 ﬂzf(x,y, Z)Bg‘ﬂz‘ﬂyf(x'y' Z)BB
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lee

—f —f —f ¢ 102
(xyz)—— égﬂx(xyﬂ &y (3% *% ‘Xyz’e+ o 2%

e

DD
=
N

EEZE?X( XY, ) g—( ¥:2)z +2g—f( Ys ) gﬂ—ﬂy( Y, 2)E +2g—f(xyz) g—f(xyz)::
Ty /B al al ¢ @ie 0
g‘ﬂy (xyz) / %Eﬂxf(xyz) +g f(xyz) +g f(Xyz) +1= +§ 2§ f(xyz)

mmpd

zgﬂ—xf( v.2)F gﬁ( ¥.2)3 +zg—f(xyz) g—f(xyz) +2g—f( V2% o ﬂ
g3'a 1

/ggﬂ—f(xyn +g—f(xyz) +g—f(xyz) +1% Egﬂ%f(x,y,z)g

L f : f 2., &, 2 f 0, &, Qaaf-‘f 00
gzg‘ﬂ (x¥. Z)B 1z ‘ﬂ (x¥. Z)T+zg (x¥. Z)Tgﬁ (xy, Z)E+zg‘ﬂz (. Z)Bgﬂ_zz 0oy, 2)33
— f +g—f +g—f 62+1§3’2)g
ggﬂ (xyz) gﬂ (xyz) gﬂ (xy.2)% :
Mgﬂf(x,y,z)g+g@f(x,y,z)g+gﬂ—zf(x,y,z)g+1,§§e

& o vee 1 o o vee 1 o o Eoll 00
EZ gﬂx fxy.2) Egﬂz X fxy.2) E+ 2 gﬂy fxy.2) Esg'ﬂz Ty fxy.2) E+ 2 g‘ﬂzf(x’ %:2) Egﬂ_zz xy.2) 20

g'%f(x, Y, z)gg/ %f(x, Y, 2)= +§ﬂ—f(x, Y, 2)= +?—Tf(x, Y, 2)= +13 - é%e

2 of aeﬂ

gz ﬂx f(x,y,2)= g—f(xyz) I+2 ‘H ﬂ Iz
il

f(x,y,z )“/ggﬂ—xf(xyz) +§—f(xyz) +g—f(xyz) +1 +§ lal:!”—f(x,y,z)i

mm

{1z

2 o

gz ﬂxf(xy )= gﬁ( LY, 2)E +2§—f( LY, ) gﬁ f(x,y,2)= +2§—f(xyz) g—f(xyz)__
3/2)

ggﬂxf(xyz) +gﬂ—f(xyz) R CRET RRE A Sl

2 2 = .. 2
e

Sl = o — = 9, . & oe T 99
§2 &g 00, Z)*g xzf(x’ v Z)*+2§ﬂ flx Z)Tgﬂ g (Y DG 2 100y )T Ty D Es

/ ggﬂ—f(x 2 z)- +g—f(x Y, z)- +g—f(x Y 2)62+1§3’2)§/

el el el 1
Mﬂx (xyz) +gﬂ f(xyz) +g f(xyz) +1, g
& f

DEO!
N

DD

ﬁ

iy 02 g—f(xyz> 2 10y, g—( v +2g—f(xy o AL

g‘l;ﬂy (X, ¥,z )—‘/gg&f(xyz) +g—f(xyz) +g—f(xyz) +1; 2§

oyl f — f aeﬂ—f +aeﬂ2 f %
B2E, fxy 2z gﬁ (. 2)% +zgﬂ (xy.2)2 g— 0y 22+ 280 fx v D x5
il

(xyz)— / gg&f(xyz) +g—f(xyz) +g—f(xyz) +1 +§ —f(xyz)‘
el = + — = + — =
gﬂxf(x, Y, Z)Eg'ﬂ_xz f(x,y, Z)E+ 2 g‘ﬂy f(x,y, Z)Bg‘ﬂy—‘ﬂxf(x’ Y, Z)E+ 2 gﬂzf(x, Y, Z)B 2 ‘ﬂxf X

ﬁ
><

('D(T{)')%
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3/2)

/g‘ﬂx (xyz) +g—f(xyz) +g—f(xyz)62+1- +$a?[—f(xyz)—

). g—( V.23 +2g—f(xyz) g—f(xyz) LR} ARUCIL

g g0
/ (xyz) +g—f(xy2) +g—f(xyz) +1; ;/

el 2l g
M ﬂx (xyz)—+ Ty f(xyz) + Zf(x,y,z)E’+1g

B Helicity :=0
[ >
[ >
> NA: =eval n{[ Al, A2, A3, phi ]/ | anbda) ;
e 1
e —_—
: PRICHVES
NA=g o G ol & o ¢
gv ‘ﬂ_xf(x’ Y, z)g +gﬂ/f(x, Y, z)g + 'ﬂ_zf(x’ Y, Z)E +1
%f(x,y, z)
= ¢, @l ¢, g, .
v ﬂxf(x'y'z)5+gﬂyf(x'y’z)5+ ‘”Zf(x,y,z)a+1
1
."Zf(x,y,Z)
&l ¢ o ¢ o ¢ .
v ﬂxf(x'y'z)5+gﬂyf(x'y’z)5+ ﬂzf(x,y,z)5+1
U
¥
- ;
el ¢l & o ¢ U
vgﬂxf(x, Y, z)B +gﬂyf(x, Y, z)B +gﬂzf(x, Y, z)B +1 H

[ > JAC. =jacobian(NA, [X,y,z,t]):
> MEAN _CURVATURE: =f act or (trace(JAC)/ 2);

i@ o T ¢
MEAN_CURVATURE := 5 g- 2 gﬂx f(x, v, 2) Egﬂyf(x’ Y, Z) Egﬂy_‘ﬂx f(x,y, z)B

&l o oee 1 0 & Oaefl ¢
2RO 258, 100V D g OV )5 B 1Y Dy (9 95

o o g o o & o o2 1
+g—2f(x, Y, z)+g—f(x, Y, 2)E +§—2f(x, Y, z)+- Zgﬂ—f(x, Y, z):%ﬂ—f(x, Y, z):%ﬂzﬂyf X

2

g—f(xyz) gﬂ—f(xyz)— g—yzf(xyz) gﬂ—f(xyz) +g—y2f(xyz)_

o3 ¢ ofF
?I—sz(x Y, z) gﬂ—f(x y,Z)= +§—sz(x y,2)x g@f(x VY, z)— g—zzf(x Y, z)__ /

ggﬂ—f(x Y, z) +g—f(x Y z) +g—f(x Y z) + 193,2)

[ Note the classic formula for the mean curvature of a SD implicit surface in xyz is obtained.
r> S2:=factor(trace(innerprod(JAC, JAC))):
Gauss: =fact or ( - (1/ 2) *(- trace(JAC) *t race(JAC) +S2));
2 OZa-[
XY, 2)E &6
i Y258

Page 10

Gauss ;= gg—yzf(xyz) g—xzf(xyz) gﬂ_f( Yy )_



28 fxy. D2 o 0 )% gm( .23 g—f(xyz)-

2

ZEW( Y ) ﬂ—f(XyZ)

-Zg—f(xyz) ‘IT‘H —f(xyz) —f(xyz)‘

+2 &f(x,y,Z) —f( Yy )gﬂﬂy( Y, ) M( Y, )‘ gﬁ( Yy )‘
& ogef” 9
+g§f(x,y, Z)Eg‘ﬂxzf(x'y’ Z)E+2 ‘ﬂz‘ﬂx X

a g ot Fall ¢ e o 0
) mf(x’ %25 g‘ﬂyzf(x’ 4 Z)Bg‘ﬂzzf(x' V. 2)2g fxy.2)% + gﬂxzf(x, Y, Z)Bgﬂ_zzf(x' v.2)%

2

el ¢z g = 7l hal ¢
- gﬂ(f(X’ Y, Z)a gﬂy f(X, Y, Z)B + gﬂxz f(X, Y, Z)agﬂzz f(X, Ys Z)Bgﬂy f(X, Y, Z)B

2 6&2

2l e Ozef o ﬂ ¢
& Oeet? 0 &f 7 Fo /
f(x,y, 2) e f(x Yy, 2)x- Y, 2) = _f —T
+§‘ﬂy2 (X)/Z)Q’g‘ﬂz2 (xyz)g g'ﬂz'ﬂy H (%Y, 2)=
aef] ¢ o ¢ ol ¢ ¢
ggﬂx f(X, y! Z)a + gﬂy f(X, y! Z)a + gﬂzf(x' y, Z)a + 15

E > ADJAC: =adj oi nt (JAQ):
> ADJO NT_CURVATURE: =f act or(t race(ADJAC))'

2

Q ksl 0 0
E Xf(x, Y, z)ggﬂyf(x, Y, Z)Bg‘ﬂz ‘ﬂyf(x' Y, Z)B

2

& eef 0
g f(x,y,2)x
o

& o
ADJOINT _CURVATURE := - ggﬁf(x y,Z)x g—f(x Y, z)‘

+ g& f(x,y, Z)ggﬂz ﬂyf X - g'ﬂ_xz f(xy, z)ggﬁf(x, Y, z)‘izjg‘”—22 f(x,y, Z)ria

Es
2 P & 2 s 2
-2 ) f(x, 'Zgae'n f(x,y,z)gaeﬂ f(x,y, z %/
Ty T 1z Ty Tz Tx
~5/2)

ﬂ‘ﬂ

&
gﬂ;f(x Y, z) +g—f(x 2 z) +g—f(x Y, z) +1—
r>

[ Note that the classic formula for the ADJOINT Gauss curvature of a 3D implicit surface in xyz is
| obtained.

> CurrentJ: =i nnerprod(ADJAC, NA) ; I nteracti on: =i nnerprod(CurrentJ, NA); Di vJ: =facto
r(diverge(Currentd,[X,y,2z,t]));
C tJ §OOO il f Gzaﬂzf 9, 8x f c'.)zaeﬂzf g
rr :=&0,0,0, - XY, 2)= (XY, 2)=+ XY, 2)% XY, 2)Z
Hrren gg‘ﬂﬂ(y)gf(y)zm(y)g_(y)ﬂ
g—f(XyZ) gﬂ—ﬂy( yZ)‘ g—f(XyZ) g—f(XyZ) g—zzf(XyZ);
- zg—‘ﬂy‘ﬂxf(x’ Y, z)g ‘ﬂz‘ﬂyf(x’ Y, Z)Eg—‘ﬂz‘ﬂxf(x’ Y, Z)E_E/

I DU O IR
ggﬂxf(x, Y, Z)B + ‘ﬂyf(x’ Y, Z)B + 'ﬂzf(x' Y, Z)B + 165

I i g—ﬂz f Ozg_z f g g—ﬂz f g —2 f g
= = I+ = *
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§ 0

i oz 1° ¢ @ oSl o 6
+g§f(x, Y, Z)Egﬂz—ﬂyf(x’ Y, Z)Es - gﬂ—xzf(x, Y, Z)E%f(x, Y, z)E p f(x,y, Z)Es

BT T R 2
" 25 Oy Dk g 00y TR S oy D)2

y y . {5/2)
gs%f(x, Y, z)g+aaﬂ1—yf(x, 2 z)g+aeﬂl[zf(x, 2 z)‘ia + 1%

L DivJ:=0

[ It is now apparent that the interaction between the potentials and the conserved current is
| equal to the Adjoint curvature of the simple surface.

>
> Adjointcurv:=sinplify(factor(trace(ADJAC))): Mean: =factor(trace(JAC)): Net: =fac
tor (Adj oi ntcurv-Interaction): Gnet: =factor(subs(a=1, b=1, c=1, p=2, n=1, Net));
Gnet:=0
> Vorticity:=curl ([A[1],Al2],A[3]].[x,y,z]);Helicity:=innerprod([A[1],Al 2], Al 3]
],Vorticity); Diss:=innerprod([CurrentJ[1],CurrentJ[2],CurrentJ[3]], E);
Vorticity :=[0, 0, 0]
Helicity:=0
Diss:=0

vV V V

1 o 1r [

Coulomb potential only:

The Coulomb potential may used as the sole component of the 1-form of Action; As the normal field
has only one component, the Jacobian matrix constructed from the renormalized 1-form is the Zero
matrix. All curvatures are zeo. The associated hypersurface is flat in a euclidean sense and without

| shape.
>
[ > Al: =0; A2: =0; A3: =0; Ad: =-k/ (x"2+y"2+z"2) (1] 2);
>
Al:=0
A2:=0
A3:=0
k
M= ——
L AN+ + 7
> A =[ Al, A2, A3]; phi : =A4;
A:=[0,0,0]
k
fi=- /77—
L A+ +7
r>
> B:=curl (A [X,Y,2z]); EP: =eval m(-grad(phi,[x,y,2z]));EV:=-[diff (A 1],t),di ff(Al 2]

y 1), diff(Al3],t)]; E =eval mM(EV+EP) ; Parity: =i nnerprod(E, B); Torsi on_current: =eva
| m(crossprod(E, A +eval m(B*phi)); Helicity:=innerprod(A B);

>
B:=[0,0,0]

EP'_é k x ky Kk z H

: g (x2+y2+22)(3l2), (x2+y2+22)(3l2), (X2+y2+zz)(3/2)H
EV:=[0,0,0]
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e k x ky kz U
E:ZS' (312)" (312)" (3/2)H
e (X+y+7) (X +y +7) (C+y'+Z) U
Parity :=0
Torsion _current :=[0, 0, 0]
L Helicity :=0
> | anbda: =( Al 1] *2+A[ 2] "2+A[ 3] *2+e*A4"2) N (nl 2);
>
> ek2 61/2n)
| = T
L §x2+yz+zzﬂ
[ > NA: =eval n{[ Al, A2, A3, phi ]/ | anbda) ;
NA'—SOOO K H
e Y "aa N girzn u
& ———— T SRV 2 Y
L g gx2+y2+zzia y i
> JAC. =j acobian(NA [x,y,z,t]);
JAC =
[0,0,0,0]
[0,0,0,0]
[0,0,0,0]
e knx k x
8-% ekd @grem (3/2)+% elkd @’2m (312)
T R +V+ 2 —— X+ +7
§ Corypizs D b (60D
kny . Ky
@ el g 5 @2 & ek gt 312)
SRS 7 T (C+y+?
§x2+yz+zzia (X+y+2) gx2+y2+zzré5 (X+y+2)
knz kz U
'69 ekl g1/zm (3/2)+a3 eld g1/zn (3/2)’0§
o A+ + 2 x A+ VP + 2
L §x2+y2+22¢; (C+y+7) gx2+y2+22fa (C+y+2) y

[ The Jacobian matrix has only 1 row not zero.
> MEAN _CURVATURE: =f act or (trace(JAC)/ 2);

MEAN_CURVATURE :=0
> S2: =factor(trace(innerprod(JAC, JAC))):
Gauss: =factor(-(1/2)*(-trace(JAC) *trace(JAC) +S2));

L Gauss:=0
[
> ADJAC. =adj oi nt (JAC) ;
£05
U
ADJAC::§) 0 0 OE
€ 0 0 Oou

[ The adjoint matrix in this case is identically ZERO.
> ADJO NT_CURVATURE: =f act or (trace( ADJAC)) ;

ADJOINT_CURVATURE :=0
>

> CurrentJ: =i nner prod( ADJAC, NA) ; I nteraction: =i nnerprod(CurrentJ, NA); Di vJ: =facto
r(diverge(Currentd,[X,y,2z,t]));
Currentd :=[0, 0, 0, 0]
Interaction := 0
L Divl:=0
[ It is apparent that the Coulomb potential yields zero Adjoint currents and charge densities.

110
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>

> Adjointcurv:=sinplify(factor(trace(ADJAC))): Mean: =factor(trace(JAC)): Net: =fac
tor (Adj oi ntcurv-Interaction): Gnet: =factor(subs(a=1, b=1, c=1, p=2, n=1, Net));

L Gnet:=0

> Vorticity:=curl ([A[1],A[2],Al3]],[%X,Y,z]);Helicity:=innerprod([Al1],A 2], A 3]

],Vorticity); Diss:=innerprod([CurrentJ[1],CurrentJ[2],CurrentJ[3]], E);

Vorticity :=[0, 0, 0]
Helicity :=0
L Diss:=0
[ NOTE that the Jacobian matrix is not zero, but all of its similarity invariants are zero.

| The current density dJ is zero, implying that G is closed.
[ >

[ >

[ >

| Scalar potential only:

[ The 1-form of Action has only 1 component, a scalar potential, but now the potential is an arbitrary

| function of space and time.
[ > Al: =0; A2: =0; A3: =0; Ad: =-U(Xx, Y, z,t);

>
Al:=0
A2:=0
A3:=0

Ad:=-U(xY,zt)

r > A =[ Al, A2, A3]; phi : =A4;
A:=[0,0,0]
fi=-UxV,zt)

>

> B:=curl (A [X,Y,2z]); EP: =eval m(-grad(phi,[x,y,2z]));EV:=-[diff (A 1],t),di ff(Al 2]
yt),diff(A[3],t)]; E =eval m( EV+EP) ; Pari ty: =i nnerprod(E, B); Torsi on_current: =eva
| m(crossprod(E, A +eval m(B*phi)); Helicity:=innerprod(A B);

>

B:=[0,0,0]
EP = gl u(xy, zt), al u(x,y, zt), al u(xy, z t)g
efix )\ 9z u
EV:=[0,0,0]
E:= 81 U(x,y, z t), Al U(x Y, z t), al U(x Y, z t)g
efx b\% 9z u

Parity :=0
Torsion_current :=[0, 0, 0]
L Helicity:=0
[ The 1-form with only a scalar potential generates an E field, but no B field.
[ > lanbda: =( Al 1] "2+A] 2] "2+A[ 3] "2+A4"2) (1] 2);
>

L | =4/ U(X Y, zt)
> NA: =eval n{[ Al, A2, A3, phi ]/l anbda) ;
e U(xy, zt
NA:=&0,0,0, - Oxyzt)
L é A U(X Y, Z, 1)
> JAC. =j acobi an(NA, [X,y,z,t]);
JAC ;=
[0,0,0,0]

"
u
u
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[0,0,0,0]

[0,0,0,0]

é =Sl o 1 sl o 1

gu(x, y, 2, t)° ﬂ_XU(X’ Y, z,t)g_ 'ﬂ_xU(X’ y,zt) U(xy, z,t)zg@u(x, Y, z,t)g_ ‘ﬂyu(x' Y,z t)
g (U(x,Y, z,t)z)(m) JU(X Yy, zt)? ' (U(x,y, z,t)z)(m) JUxy, zt)?

el o 1 L& o 1 y
U(xy, zt) gﬂZU(x,y,Z,t)B ﬂZU(x,y,z,t) U(x,y, zt) gﬂtU(x,y,z,t)E ‘HtU(X’y'Z't)H

I Uy z)™? vzt Ueyzn)®? Uy zt? l

[ The Jacobian matrix has entries in only one row.

> MEAN_CURVATURE: =f act or (trace(JAC)/ 2);

L MEAN_CURVATURE :=0

[ Note the classic formula for the mean curvature of a Monge surface is obtained.
> S2:=factor(trace(innerprod(JAC, JAC))):

Gauss: =factor(-(1/2)*(-trace(JAC) *trace(JAC) +S2));

L Gauss:=0
> ADJAC: =adj oi nt (JAQ);
80 00 OB
€0 0 0 ou
ADJAC .—gn 0 0 OE
€ 0 0 O0u

> ADJO NT_CURVATURE: =f act or (trace( ADJAC)) ;
ADJOINT_CURVATURE :=0
>
> CurrentJ: =i nner prod( ADJAC, NA) ; I nteraction: =i nnerprod(CurrentJ, NA); Di vJ: =facto
r(diverge(Currentd,[X,y,z,t]));
Currentd :=[0, 0, 0, 0]
Interaction := 0
L DivJ:=0
[ A normal field that consists of one time like component generates zero charge-current
densities.
| All curvature invariants are zero.
ro>
> Adjointcurv:=sinplify(factor(trace(ADJAC))): Mean: =factor(trace(JAC)): Net: =fac
tor (Adj oi ntcurv-Interaction): Guet: =factor (subs(a=1, b=1, c=1, p=2, n=1, Net) ) ;
L Gnet:=0
> Vorticity:=curl ([A[1],Al2],Al3]],[x,y,z]);Helicity:=innerprod([Al1],Al2], Al 3]
],Vorticity); Diss:=innerprod([CurrentJ[1],CurrentJ[2],CurrentJ[3]], E);
Vorticity :=[0, 0, 0]
Helicity :=0
L Diss:=0
[ NOTE that the Jacobian matrix is not zero, but all of its similarity invaraints are zero.

1

| J has no non-closed components

[ >

[ >

' Vector potential only (time independent):

The 1-form of potentials is presumed to have a vector potential which can be time dependent, but no
scalar potential

>
> AL =u(x,y,z,t); A2:=v(X,y, Z,t) ] A3 =W(X, Y, Z, t); Ad: =0;
> #AL: =x"3*y-z/2; A2: =z*X; A3: =y*Xx; Ad: =0;

11T
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Al:=u(x Y, zt)
A2 :=v(X Y, zt)
A3:=w(x Y, zt)
Ad:=0
r > A =[ Al, A2, A3]; phi : =A4;
A=u(x Y,z 1), V(X Y, Z, t), W(x Y, Z t)]
f:=0
>
> B:=curl (A [Xx,y,z]); EP:=eval m(-grad(phi,[X,y,2])); EV:=-[diff(A[1],t),diff(Al2]
,t),diff(A[3],t)]; E =eval m(EV+EP) ; Parity: =factor (i nnerprod(E, B)); Torsion_curr
ent: =eval m(crossprod(E, A) +eval m(B*phi)); Helicity: =i nnerprod(A B);

B:=
Ea?—;w(x, Y, Z t)% E?Zv(x Y,z t %?ﬂ u(x, y, z,t)%- g%(w(x, A ggﬂ V(X Y, z,t)%- a?;u(x Y, Z, t)%ﬁ
EP:=[0,0,0]
EV = g ?T—u(xyzt)— g—v(xyzt)— g—w(xyzt)gg
e eft ou
E:= g avﬂ—u(xyzt)— g—v(xyzt)‘ g W(xyzt)gg
e eft it au

Parity = - H2Er 02+ e 02
any.--%ﬂtu(x,y, Z, )Egﬂyw(x,y, Z )EJ gﬂtu(x, Y, Z, )Bgﬂzv(x,y, Z, )EJ
o oz 0 & oz 0 & Fal 0
- gﬂt v(X,Y, Z t)ag‘ﬂz u(x,y, z t)B+ g‘ﬂt V(X Y, Z t)agﬂxw(x, Y, Z, t)5 g‘ﬂt w(X,Y, z, t)ag‘ﬂx v(X,Y, Z t)5
&l o 9
+ g‘ﬂt w(X,Y, Z, t)Eg‘ﬂy u(x,y, z, t)E
Torsion_current -—é aaT—v(x z t)gw(x z t)+aéﬂ—w(x z t)gv(x zt)
eurent = o VO 2 0000020+ g (.2 D20
o 6 il 0
-gﬂtw(x, 2 z,t)au(x, Y, z,t)+g‘”t u(x,y, z,t)aw(x, Y,z t),
il il y
- gﬂt u(x,y, z, t)EV(X' Y,z 1) + gﬂt V(X Y,z t)au(x, Y, Z, t)ﬁ
Helicity := u(x, y, z,t)geﬂ—w(x, Y, z,t)g- u(x,y, z,t)gﬂ—v(x, Y, z,t)g+v(x, Y, z,t)ge"—u(x, Y, z,t)g
- v(X VY, z t)g—w(x Y, Z, t) +W(x Y, Z, t)g—v(x Y, Z, t)—- w(X,Y, z t)g—u(x Y, Z, t)B
[ The 1-form generates an E fleld and a B field.

> | anbda: =( Al 1] A2+A] 2] A2+A] 3] A2+e* AdA2) A(1/ 2) ;
>

I :-«/u(xyzt) +V(X Y, Z 1) +w(X, Y, z t)?
T> NA =eval m([ Al, A2, A3, phi ]/l ambda);

u(xy, z t) V(X Y, zt)
NA =
e«/u(xy Z 1) +v(Xx Y,z t)>+w(x Yy, z t)? «/u(xy zZ 1) +v(X Y,z ) +w(xy, zt)
w(X, Y, zt) u
.0
L «/u(x,y, zt) +v(xy, zt)’+w(xy,zt)? U

[ > JAC. =jacobian(NA, [X,y,z,t]):
[ > MEAN_CURVATURE: =f actor (trace(JAC)/ 2);
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MEAN_CURVATURE = - = t & v2
X =- SRy 2 V(X Y. 2, )gﬂXV(X, y.z 0%

& 0 e 0 2 & 9 2

U Y, Z) W Y 2 1) B WX Y, Z )2 B u(x Y, 2D EV(x Y, 2 )" B u(x Y, 2 Fw(x Y. 2 1)

+V(X Y,z t)u(xy,zt) gﬂ% u(x,y, z, t)%+ V(X Y,z t)w(x Yy, zt) %e‘;—;w(x, Y, Z, t)%

- gﬂ%v(x, Y, z,t)%u(x, 2 z,t)z- g—;v(x, 2 z,t)%w(x, Y, z,t)2+w(x, Y, Z ) u(x,y, z,t)aj—[zu(x, 2 z,t)%

& 0 & 0 & 0 0
+W(X Y, z t) V(X Y, z t) gﬂ—zv(x, Y, z, t)g- gﬂ—zw(x, Y,z t)gu(x, Y,z t)- gﬂ—zw(x, Y,z t)gv(x, Y, Z, t)zg

2 2 2 (3/2)
(u(x,y, z )" +v(xy, zt) +w(xy, zt)°)

[ The mean curvature is not zero.
> S2:=factor(trace(innerprod(JAC, JAQ))):
GAUSS CURVATURE: =factor(-(1/2)*(-trace(JAC)*trace(JAC) +S2));

GAUSS CURVATURE := - gaew(x, Y,z t)? % u(x,y, z t)ggﬂ—v(x, Y, Z, t)g
v gefx g
- w(X, Yy, z,t)zgae%u(x, Y, z,t)%ga%v(x, Y, z,t)%+ w(X, Y, z,t)%e‘;—;v(x, Y, z,t)%u(x, Y,z t) gae%izu(x, Y, z,t)%
+w(X, Y, z,t)gﬂ%u(x, Y, z,t)%v(x, Y, z,t)g%w(x, Y, z,t)%
- w(X, Y, z,t)%e%u(x, Y, z,t)%v(x, Y, z,t)%e‘l:—l(w(x, Y, z,t)%
+w(X, Y, z,t)%eﬂil(u(x, Y, z,t)%v(x, Y, z,t)%?izv(x, Y, z,t)%
- W(X, Y, z,t)gﬂi[zu(x, Y, z,t)%v(x, Y, z,t)g%v(x, Y, z,t)%
- W(X, Y, z,t)gﬂi[zv(x, Y, z,t)%u(x, Y, z,t)g%u(x, Y, z,t)%
- w(Xx Yy, z t)u(x,y, z,t)%eﬂq—llw(x, Y, z,t)%gae%v(x, Y, z,t)%
+W(X Y, z t)u(xy, zt) g%v(x, Y, z, t)gg%w(x, Y, Z, t)%
+ V(X Y, z,t)ng[zw(x, Y, z,t)%u(x, Y, z,t)g%u(x, Y, z,t)%
+u(x, Y, z,t)%e‘l:—;w(x, Y, z,t)%v(x, Y, z,t)g%(v(x, Y, z,t)%
- u(x Yy, z t) v(xy, z,t)gizv(x, Y, z,t)%%e‘l:—l(w(x, Y, z,t)%
- V(X Y,z t)u(x Y, z t) ?;T—Tzu(x, Y, z, t)%g%w(x, Y, Z, t)%+ ?;T—Tzv(x, Y, z, t)%g%w(x, Y, Z, t)%u(x, Y,z t)°

el ocefl 0 . & ocetl 0 .
- g‘ﬂx u(xy, z, t)BgﬂzW(X' Y, Z, t)Bv(x, Y,z 1) g‘ﬂy V(X Y, Z, t)BgﬂzW(X’ Y, Z, t)‘.au(x, Y,z 1)

+ %eﬂlz u(x, y, z, t)%ga%( w(X, Y,z t)%v(x, Y, Z, t)zg/ (u(x,y,zt)>+v(xy,zt)> +w(x Yy, z t)z)2

[ >
[ > ADJAC: =adj oi nt (JAC);
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9000
€ 0 0 ou
ADJA(:._gO 0 o OE
€ 0 0 o

[ The adjoint matrix is the Zero matrix.
> ADJO NT_CURVATURE: =f act or (trace( ADJAC) ) ;
ADJOINT_CURVATURE := 0
>
> CurrentJ: =i nnerprod( ADJAC, NA) ; I nteraction: =i nnerprod(CurrentJ, NA); Di vJ: =facto
r(diverge(CurrentJd,[x,y,z,t]));Diss:=innerprod([CurrentJ[1], CurrentJ[2], Curre
ntJ[3]],B);

11T

Currentd :=[0, 0, 0, 0]
Interaction := 0
Divl:=0
L Diss:=0
[ A normal field that consists of vector potential alone does not generate non- zero
charge-current densities.
| All curvature invariants are NOT zero as in the scalar potential only case.
r>
> Adjointcurv:=sinplify(factor(trace(ADJAC))): Mean: =factor(trace(JAC)): Net: =fac
tor (Adj oi ntcurv-Interaction): Gnet: =factor(subs(a=1, b=1, c=1, p=2, n=1, Net));
L Gnet:=0
> Vorticity:=curl ([A[1],Al2],A3]],[x,y,z]);Helicity:=innerprod([Al1],A 2], Al 3]
],Vorticity);

Vorticity :=
oef 0 & 0 &l 0 &l 0 el 0 oy
ggﬂyw(x,y, z,t)a- gﬂzv(x,y, z,t)agﬂzu(x,y, z,t)a gﬂxw(x,y, Z't)Bg‘ﬂxv(X’y'z't)E gﬂyu(x,y, Z’t)Bﬁ

Helicity := u(x,y, z, t) g—;w(x, Y, Z, t)%- ux,y,zt) g%v(x, Y, Z, t)%+ V(X Y, z 1) gae%izu(x, Y, Z, t)%

o 0 cal 0 il 2
I - (X, Y, z,t)gﬂxw(x, Y, z,t)B+W(X, Y, Z,t)gﬂXV(X, Y: Zyt)a w(X, y, z,t)gﬂyu(x, Y Z’t)a
> factor(innerprod(E, B));

o Fal 0, a1 CFail 0 & oz 0
- gﬂt u(x,y, z t)Esgﬂy w(X,Y, z, t)B+ gﬂt ux,y, z t)Egﬂzv(X' Y, Z, t)E g‘ﬂt v(X,Y, Z t)ag‘ﬂz u(x,y, z t) =

l kel 0 & kel 0, & kel ¢
+ gﬂt V(X Y,z t)ag‘ﬂx w(X, Y, z t)E g‘ﬂt w(X, Y, zt) Egﬂx V(X Y, Z, t)5+ g‘ﬂt w(X, Y, z t)ag‘ﬂy u(x,y, z, t)B

L I N

A stationary surface (no t dependence)

The similarity invariants for the Jacobian matrix of the surface normal scaled by the Holder norm with
a=b=c=1,n=1,p=2

| fields the classic partial differential equations for the mean and Gauss curvature.

[ >

r> Al =u(X,Yy,2z); A2: =v(X,Y,2);A3: =W( X, Y, z); Ad: =-f(X,Y, z2);

Al:=u(x Y, z)
A2 :=v(X, Y, 2)
A3:=w(X, Y, 2)
L Ad=-f(xy, 2)

r > A =[ AL, A2, A3]; phi : =A4;

A:=[u(xy, 2), V(X Y, 2), W(X, Y, 2)]
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| fi=-f(xy,2)

>

> B:=curl (A [X,Y,z]); EP: =eval m(-grad(phi,[x,y,2z]));EV:=-[diff (A 1],t),di ff(Al 2]
y 1), diff(Al3],t)]; E =eval mM(EV+EP) ; Parity: =i nnerprod(E, B); Torsi on_current: =eva
I m(crossprod(E, A +eval m(B*phi)); Helicity:=innerprod(A B);

>
B:= eg—w(x y, z)- gﬂ Wxy.2)% gﬂ ux,y, z)%— gﬂxw(x y. 2% gﬂ v(x v, 2 % oy U0 224
EP = g‘ﬂ_xf(x’ Y, 2), ‘ﬂ_yf(x' Y, 2), 'ﬂ_zf(x’ Y, Z)H
'-[O 0,0]
_&f All All
E:= gﬂ_xf(x Y, z) f(x Y, z) f(x Y, z)H
Parity := gﬂx f(x,y, z) gﬂ w(X, Y, z %- gﬂx f(x, Y, z):g—v(x, Y, z);+g‘”—f(x, Y, z)gg— u(x,y, z)g
& O-< |

(3. 20 wix . 25+ 0y DT Vw2 BTy D26 ux 2

" &y 1z

) e
Torsion_current := @
€

i

0

@0 0 f
gﬂy (X, Z)EW(X, Y, 2)- §_f(xy, Z)QV(X Y, 2)- f(xy,2) gg W(X, Y, 2)=- gﬂzv(x Y, Z)—v,

D!

‘Hz

8
78

f(x,y, z)%u(x, Y, Z) - f(x,y, Z):W(X y,2)- f(xy, 2) gg u(x,y, z):- gﬂxw(x Y, Z ;O

4]

DD
DD

1z M

8
ix

g—f(x, Y, z)%v(x, v, 2z)- e f(xy, z);u(x v, 2) - f(xy, 2) gg—v(x 2 z)— g— u(x,y, z)::

X

DD

l

<

. il 0 0 0
Helicity := u(x, Yy, 2) gﬂ/ w(X, Y, Z)E- u(x,y, z) gﬂ—zv(x, 2 Z)E+ V(X Y, 2) gﬂ_z u(x,y, z)g

- V(X Y, 2) %W(X, Y, z)§+ w(X, Y, 2) gae%v(x, Y, z)%- w(X, Y, z) g’% u(x, y, z)%

[ The potentials produce a non-zero, but static E and B field
[ > |l anbda: =( A[ 1] *2+A[ 2] "2+A] 3] *2+e* AAN2) M (1] 2) ;
>

L | ::’\/U(Xa Y, 2)2 + V(X, Y, 2)2 + W(X1 Y, 2)2 + ef(X, Y 2)2
> NA: =eval n([ AL, A2, A3, phi ]/ | anbda) ;

NA:=§ u(x, y, z) v(X, Y, Z)
e«/u(x v, 2)2+ V(X Yy, 2)° +w(x Y, z)° + ef(x,y, z)° «/u(x v, 2)2+ V(X Yy, 2)° +w(x, y, z)° + ef(x, Y, z)
w(X, Y, 2) f(x,y, z) 0

«/u(x, Y, 22+ V(X Y, 2)2 +W(x, Y, 2)* + ef(x,y, 2)2,- 4/u(x, v, 22+ V(X Y, 2)2 +W(x, Y, 2)° + ef(x, y, 2)2 U
[ > JAC. =jacobian(NA [X,y,z,t]):

[ The Jacobian matrix has not been printed, but now there are entries in more than 1 row.
[ > MEAN CURVATURE: =f act or (trace(JAC)/ 2);

MEAN CURVATURE = - ~ & il 9, -l 0
— T 2 gU(X, Y, Z) V(X, Y, Z) gﬂx V(X! Y, Z)a U(Xi Y, Z) W(X, Y, Z) gﬂXW(X, Y, Z)a

ol 0 2f 0 o 2T 0 2
+u(x,y, z) ef(xy, z) ﬂXf(x,y, z)B ﬂxu(x,y, Z)EV(X, Y, Z) ﬂXu(x,y, Z)EW(X'y’ Z)

el 0 2 el 0 el 0
- gﬂx u(x,y, z)aef(x, Y, 2) + V(X Y, Z) u(x, Y, z) g‘ﬂy u(x,y, Z)5+ V(X Y, ) W(X, Y, 2) gﬂyw(x, Y, Z)B
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, & 5

+v(X Y, z) ef(x, Y, z)g%f(x, Y, z)%- g%v(x, Y, z)%u(x, Yy, 2)" - gﬂ—yv(x, Y, z)%w(x, Y, Z)

- gﬂ%v(x, Y, z)%ef(x, Y, Z2)+W(X, Y, Z) u(X, Y, 2) E?-Tzu(x, Y, z)%+ w(X, Y, z) V(X, Y, 2) gﬂ—zv(x, \2 z)%
2 ﬂ 2

+w(x, Yy, z) ef(x,y, z)g—Lf(x, Y, z)%- gae%izw(x, 2 z)%u(x, Y, 2)" - gﬂ—zw(x, Y, z)%v(x, Y, 2)

)

- §T1—TZW(X, Y, z)%ef(x, Y, z)2%/ (U(X, Y, 2)2+ V(X Y, 2)% +W(X, Y, 2)* + ef(x Y, 2)2)

[ Note the classic formula for the mean curvature of an implicit surface in 3D xyt space is obtained.
> S2:=factor(trace(innerprod(JAC, JAC))):
Gauss: =factor(-(1/2)*(-trace(JAC) *trace(JAC) +S2));

Gaus =~ 1 Vix ¥, 2) 200y, 2) v, 2) o ux v 2
B U 2 20,2 V000 2) B vy, 22+ B ux v D B wix . 2 Bui . 2
Uy, 2) Wk, 2) g wOx . S VO D Uy )26 vk, ) Sty 2
- B a0y DZE WOy, D2k v, 2 + vk v 2 2wy, D2, 2
BV DT kv D Zuy. 2y - uky, DT vk, 2wy, 2
+1(63,2) V(% %, 2) % % 2T WX Y D EH 1012 eu .2 B (kY. D2 w2
+1(x . 2) €0 Vix ¥, D206y, 2) 10y, D2 Hx v D) euly.2) o T(x % D EE V(D
- 1(03,2) eulx v, ) B 10, 2260 wix v - 1002 euly.2) 100y, D2 vy, )2
- 1(03,2) e Uk, 2200032 B 10 D0y, 2) e Uy, D2k 2 i x v 2F
(%, 2) €0 2) BTy D26 WOy, )2 fx v 2 e vixy, 2 EET wix . 2 F
103,20 e Uk DT VO D0y, 2) e vix . D Z wix v D
- f(x,y, 2)? eg%( u(x,y, Z)%g%w(x, Y, z)%- %eﬂlzv(x, Y, z)%w(x, Y, 2) u(X, Y, z) %e% u(x, v, z)%
U D009 2) B VXY TR WOy, 2% Wk 2) Uk D B vix v DT wix v 22
+1(x.2) €7 Ux Y, 22006y, 2) 16, )% Uk v 2 Wik v, 2) By wix v 2 S Wy, )3
- B D00 D VO3, D) B VO D B Uk v DUy, ) Wiy, D) B w2
FU(Y.2) U Y. 2) B U D2 WO D Bk v DUy, 2) Wy, 2) B w2

- V(% Y,2) U(x,Y, 2) E?TTZ“(X' Y, z)gg%w(x, V. 2)%- (.2 eg%u(x, . 2)20(x,,2) gﬂi)[(f(x, v.2)2

- f(xy, Z)egﬂ—zv(x, Y z)%w(x, Y, Z) gﬂ—yf(x, Y, z)%+f(x, Y, Z) eg@u(x, Y, z)%gﬂ—xv(x, Y, z)%
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1%y, 27 e ux Y DI Wx Y DDE /(U Y 2+ Uk . 2wy, 20+ Tk, 2

[ > ADJAC. =adj oi nt (JAC):
The Adjoint is no longer the Zero matrix, and has a non-zero trace implying the existence of Adjoint

| curvature.
> ADJO NT_CURVATURE: =f act or (trace( ADJAC)) ;

ADJOINT CURVATURE :=- f & sl 02l Ozl 0
— T (Xv Ys Z) eg (Xv Ys Z) gﬂx W(Xv \Z Z) %gﬂy V(X1 \Z Z)agﬂz U(X, Y, Z)%

=Sl Oad oad o)

+f(xy, 2) gﬂ—XV(x, Y, z)ggﬂ—zw(x, Y, Z)Egﬂ_y u(x, vy, z)g

all o O 0

- f(xy,2) g&v(x, Y, z)ggﬂ—yw(x, Y, Z)Eg‘ﬂ_zu(x’ Y, Z)E

- 0.2 By 226 v B won v 0

&

all O o 0
- f(xy, 2) g‘ﬂx w(X, Y, z) Eg‘ﬂz V(X Y, 2) Bg‘ﬂy u(x, y, z) p
+f(x,y, 2) ?Tﬂ— u(x,y, z)ggv(x, Y, z)g?ﬂ—w(x, Y, z)%

ax w(X, Y, Z) g_V(X Y, 2)% gﬂ—f(x Y, 2)% u(X ¥, 2)

&

- ﬂ_ u(x,y, z)ig—v(x, 2 z)iw(x, Y, 2) g—f(x, Y, z)%

DD

x

&

+E—w(X Yy, 2)= v(x Y, Z) g— u(x,y, z) gﬂ—f(x Y, z)i

=
X

& e M 0
+gﬂx u(x, yZ) g V(X Y, 2)% W(XyZ)g (XyZ)a
+§Lv(x Y, z) W(x Y, 2) g—u(x Y, z);gae%f(x Y, z)g

. o 0

+Vv(X, Y, 2) gﬂ—xf(x, Y, z)ggﬂ—z u(x,y, Z)Egﬂ—y w(X, Y, Z)E
+g o wxy, z)ggﬂ—y f(x,y, z)%gﬂ—z v(X.Y, z)%u(x, . 2)
- 0y ) B 10 z)ggﬂ—zv(x, Y, z)ggﬂ—y W(x, v, z)%
aeﬂ o o

V04, 2) BTk, z)ggﬂ—y u(x, v, 2) %gﬂ—zw(x, Y, z)%
aeﬂ - o

g v 2) %w(x, ,2) g w0y z)ggﬂ—z (.Y, z)%
U0y, 2) B 100 z)%gﬂ—y v(x,y, 2) %gﬂ—zw(x, Y, z)%
+w(X Y, 2) g& f(x,, z)%gﬂ—y u(x,y, z)%gﬂ—zv(x, Y, z)%

sl ot ot 9
- gﬂx V(X1 yv Z) Bgﬂzw(xi yv Z) Bgﬂyf(xi yv Z)BU(X, yv Z)

" Eix

w(X, Y, z)%v(x, Y, Z) gﬂi[zu(x, Y, z)r%g%f(x, Y, z)%

B3
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il 0z oz
- wW(X,Y, 2) X f(xy, Z)Eg‘ﬂz u(x, y, z) Egﬂy V(X Y, Z)B

el 0 &l oz 0
+ gﬂx u(Xl yl Z) 6V(Xl y, Z) gﬂyf(xi yl Z) 681-[2 W(Xl yl Z)B
all 9 el Ocel Y
- gﬂx u(Xl yl Z) av(xl y, Z) gﬂz f(Xl y, Z) %gﬂy W(Xl yl Z)%

+ %E%v(x, Y, 2) %E% w(X, Y, Z)%E%f(x, Y, Z)%U(X' y:2) %/

Uy 2PV Y 2P Wk Y, 2P+ ef(xy, 2D

[ These terms all cancel algebraically.

> CurrentJ: =i nnerprod( ADJAC, NA) ; I nteraction: =i nnerprod(CurrentJ, NA); Di vJ: =facto
r(diverge(Currentd,[X,y,z,t]));rho:=CurrentJ[4];

Currentd := go, 0,0, ?(x, Y, 2) %w(x, 2 z)g?ﬂ— V(X Y, z)g?{ﬂ— u(x,y, z)%
+f(xy, 2) g—v(x Y, Z) ﬂ— w(X, Y, Z) —U(x Y, Z)Ej
- f(xy,2) g& V(X , Z)Egﬂ_y w(x, Y, Z)E%TZ u(x, y, Z)%

- f(xy,2) g%u(x, Y, z)g% V(X Y, z)ggw(x, Y, z)%

&

- (%%, 2) gﬂxw(x v.2)% ﬂ— Vx Y, 2 2 Uy, 22
+1(x3,2) - uxy, D2 vy, D2 (kY. )2

: %E%w(x, y z)%é%v(x, y z)%%eﬂ’izf(x, V. )%ux y,2)

&

i ol 0 sl 0
- g‘ﬂx u(x, y, z) Bg‘ﬂz V(X Y, 2) BW(X' Y, Z) g‘ﬂy f(x,y, 2) -

g

i

w(X, Y, z)gv(x, Y, Z) g— u(x,y, z)ggﬂ—f(x, Y, z)%

=a
x

=Sl sl P 0
+gﬂx u(x, yZ) g V(X Y,2)= W(XyZ)g (XyZ)E’
+§:{Xv(x Y, z) W(x Y, 2) g—u(x Y, z);gae%f(x Y, Z)rga

. o 0
+V(X,Y, 2) g‘ﬂ_xf(x' Y, z)ggﬂ—z u(x,y, Z)Egﬂl w(X, Y, Z)E
+g o wxy, z)ggﬂ—y f(x,y, z)ggﬂ—z v(X.Y, z)%u(x, . 2)
- Y. ) B 10 z)ggﬂ—zv(x, Y, z)ggﬂ—y Wiy, 2)2

i NP I
- gﬂx V(X! yl Z) BW(X, yl Z) gﬂy U(X! y! Z)Bgﬂzf(xi yl Z)a
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) B ey 9 Z vy o
+W(X, Y, 2) g%(f(x, y, z)%g% u(x, y, Z)EE%V(X’ y Z)%
; %eﬂq—l(v(x, Y, Z)%Eeﬂlzw(x, Y, Z)%g%f(x, Y, z)%u(xl v, 2)
) %E%W(x, Y, Z)%v(x, Y, 2) gizu(x, Y, z)%ée%f(x, V. z)%

- W(X, Y, 2) %f(x, Y, z)gg u(x, v, z)g% V(X Y, z)r%

&

+

D!

><

1 U z)Zv(x v, 2) g—f(x v, 2)% gﬂ W(x, v, z)%

i

u(x, y. z)Zv(x v, 2) g—f(x . 2)2 g—w(x Y, Z’g

D!

Mx

><

o

+

VO DS Wk v DR (kY. 22Uk v 22/

D!

X

(u(x,y, 2)* +v(x y, 2)* + W(x, y, z)* + ef(x, y, 2)2) H

Interaction := - g(x, Y, Z) g& w(X, Y, Z’%% V(X Y, z)gg‘"—z u(x,y, z)%
+f(x,y, 2) %ﬁ v(X, Y, 2) %gﬂ_z w(X,Y, 2) %gﬂ u(x,y, z)%
- 1% y,2) § vk, z)ggﬂ—y WOy, DFE Uk Y. 22

- 104 ,2) z)ggﬂ—y v(x,y, 2) %gﬂ—zw(x, Y, z)%

&

- f(xy.2) E&W(X, Y, Z)%E%V(X, Y, ) %%E% u(x, y, z)%
+(x,y, 2) gfn—u(x, Y, z)ggv(x, Y, z)ggﬂﬂ—w(x, Y, z)g

gﬂxw(x y,2)= gﬂ V(X Y, z) —f(x Y, 2)x u(x Y, 2)

&

D!

o u(x y, z) ggﬂ—zv(x, Y, 2) Ew(x, Y, 2) g@f(xi Y, z)%

i

+ w(X, Y, z)gv(x, Y, 2) g%u(x, 2 z)%g%zf(x, Y, z)%

=a
X

&

0 =Sl 0
+ u(x,y, z) g'ﬂ V(X Y, z):w(x,y, Z) —f(x, Y, Z)E

D!

™

><

&

+

x

o< | 0
— V(X, Y, z) W(x Y, Z) g— u(x, y, z)gg@f(x Y, Z)Es

D!

)l
+ —f =6— gﬂ— 9
V(Xv yi Z) gﬂx (Xv yv Z)agﬂz U(X, yi Z) Eig‘ﬂy W(X1 yv Z)a

+ g’ﬂi)[(w(x, 2 z)gg% f(x Y, z)r%gﬂi[zv(x, Y, z)%u(x, Y, Z)

- Y. ) B0 z)ggﬂ—zv(x, Y, z)ggﬂ—y W(x, v, z)%
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sl o o 0
- V(% Y, 2) ﬂ—xf(X, Y, Z)Egﬂ, u(x, y, 2) Egﬂ—zw(x, Y. 2%

- gﬂq—Lv(x, Y, z)%w(x, Y, 2) E%u(x, Y, z)%a?izf(x, Y, z)%
FU(x, Y. Z)%f(x, Y, Z)%gﬂ%v(x, V. z)%gﬂizw(x, " Z)%
+Ww(X,Y, 2) %elf(x, Y, z)gg u(x, y, z)%gizv(x, y, Z)%

Eﬂ Xy, 2 2 wix v 2 —f(xyz> 2u(x,¥,2)
- g.ﬂ_x wW(X, Y, Z)EV(X’ Y, 2) gﬂ—z u(x y, z)gg@f(x, Y, Z)r%
S w(x Y, 2) Ee%f(x, Y, z)%g—Lu(x, V. z)gg%v(x, " Z)%
B U0y D2V(x v, 2 B 100y, D 2wy, )2

eal 0 sl OFN 0
- gﬂx U(X, yl Z) BV(X! y! Z) gﬂz f(X, y! Z) Bgﬂy W(X, yl Z)B

+ gﬂ_x V(X Y, 2) %gﬂ_y w(X, Y, z) %gﬂ—zf(x, Y, 2) %u(x, Y, 2) %f(x, Y, Z) %/

(u(x, Yy, Z)2 + V(X Y, 2)* + W(X, y, 2)* + ef(x, y, 2)2)(5/2)

Divl:=0

=§xv.2) gﬂ w(xy. 22 gﬂ vy, ) gﬂ—u(xy o
+106y, z)gﬂ v(xy. )3 ﬂ— wix v, 2 2 Uy, )2
1003, 2) vy, D2 wxy, 226 Uy, )2

- 104, 2) §u(x,y z)%gﬂ—y v(x,y, 2) %gﬂ—zw(x, Y, z)%

&

el b2l O 0
- f(Xv yi Z) gﬂx W(X1 yi Z) Esgﬂz V(X1 yv Z) agﬂy U(X1 yv Z)%
+f(x,y, 2) g%u(x, Y, z)ggﬂi[zv(x, 2 z)r%g%w(x, Y, z)%

- gy, z)ggﬂ—y v(X,Y, z)%gﬂ—zf(x, Y, z)%u(x, . 2)

&

oee 0 =l 9
- x u(x, y, z) Egﬂz V(X Y, 2) EW( XY, Z) gﬂy f(x,y, 2) z

DD

i

+ w(X, Y, z)gv(x, Y, 2) ae'lﬂT—u(x, Y z)gaé”—f(x, Y, z)%

DED!

)

x

& all iy 0
+gﬂx( yZ)g V(X Y, 2)= W(XyZ)g (XyZ)ﬂ

Al =Sl
+gﬂxv(x y,Z)= W(x Y, Z) g— u(x, y, z)zg@f(x Y, z)g

V(Xv yi Z) gﬂx (Xv yv Z)agﬂz U(X, yi Z) %gﬂy W(X1 yv Z)%
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+ gﬂ_x w(X, Y, z)%gﬂ—y f(x Y, z)%gﬂ—zv(x, Y, z)%u(x, Y, Z)
- Y. ) B 1O z)ggﬂ—z v(X,Y, z)ggﬂ—y W(x, v, z)%
- VY. 2) B 1 z)%gﬂ—y u(x, v, 2) %gﬂ—zw(x, .22
- g v 2) 2w(x, ¥, 2) Gy U0 z)%gﬂ—zf(x, .22
. o -l

+u(x,Y, 2) g‘ﬂ_x f(xy, 2) %gﬂ/ V(X Y, 2) %g'ﬂ_z w(X, Y, z)%
w0y, 2) B 10y z)%gﬂ—y u(x, v, z)%gﬂ—z v(X,Y, z)%
g vy, z)%gﬂ—zw(x, Y, z)ggﬂ—yf(x, Y. D2Ux,Y,2)
SRR BN URN:
- g‘ﬂx w(X,Y, z) Bv(x, Y, 2) g'ﬂz u(x, y, z) Eg‘ﬂy f(x,y, 2) p
Wy, 2) B 1y z)ggﬂ—z u(x, y. z)%gﬂ—y v(X,Y, z)%
+ gﬂ_x ux,y, z) %v(x, Y, 2) gﬂ—yf(x, Y, 2) %gﬂ_z w(X, Y, z)%
- g, ux 0 2) 2v(x 1, 2) G, 100y z)ggﬂ—y Wiy, 2)2

+ g’ﬂi)[(v(x, Y, 2) %gﬂ%w(x, Y, Z)ggﬂi[zf(X, Y, z)%u(X, ¥, 2) %/

2
L (U(x Y, 2)* + V(% ¥, 2)* +W(x, ¥, 2)° + ef(x y, 2)°)
[ It is now apparent that the interaction between the potentials and the conserved current is
equal to the adjoint curvature of the implicit surface. The system of stationary potentials
| produces a non-zero charge density, but not a non-zero current density.
M >
> Adjointcurv:=sinplify(factor(trace(ADJAC))): Mean: =factor(trace(JAC)): Net: =fac
tor (Adj oi ntcurv-Interaction): Guet: =factor(subs(a=1, b=1, c=1, p=2, n=1, Net) ) ;

aee &

Gnet := - ggf(x, Y, z)g

- oeh

ﬂ_XW(X’ Y; Z)%gﬂ_y V( X, Y, Z)%gﬂ_z U(X, Y, Z)%
e o8 oz 0

iy 2) g vy, 2) g wix Y. 2) 2l u(x Y. 2)%

- f(x,y,2) g& v(X, Y, z)%gﬂ_y w(X. Y, Z)gg‘ﬂ_z uix.y, Z)%s

Cf(xy, z)%u(x, y z)ggﬂ"—;v(x, y z)%é%w(x, v.2)2

&

all o o 0
- f(xy, 2) g‘ﬂx w(X, Y, z) Eg‘ﬂz V(X Y, 2) Bg‘ﬂy u(x, y, z) p
+100y,2) fo un v DZE vix y, ) 2E wixy 22

: %E%w(x, y z)%%%v(x, y z)%%eﬂ’izf(x, . )%ux y,2)

sl ot 0 sl 9
- gﬂx U(X1 yv Z) Bgﬂz V(Xv yi Z) BW( Xv yv Z) gﬂyf(x’ yv Z)B
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il sl o
+§ﬂxw(x 2 z) v(x Y, 2) ‘Hy —u(Xx, Y, Z)Eg‘ﬂzf(x’ Y, Z)E
gl el
+g‘ﬂx u(x, y, Z) g—v(x Y. 2)x W(X Y, 2) gﬂ—zf(x Yi Z)Ej
Sl

o< | 0
+E— V(X Y, z) W(x Y, Z) gﬂ u(x, y, z)gg@f(x Y, z);

mm

B3

)l
+ —f 66— gﬂ— 9
V(Xv yi Z) gﬂx (Xv yv Z)agﬂz U(X, yi Z) Eig‘ﬂy W(X1 yv Z)a

+ g‘ﬂ_x w(X, Y, z)%gﬂ—y f(x Y, z)%gﬂ—zv(x, Y, z)%u(x, Y, Z)
- kY. ) B 100 z)ggﬂ—zv(x, Y, z)ggﬂ—y W(x, v, z)%
- VY. 2) B 1O z)%gﬂ—y u(x, v, 2) %gﬂ—zw(x, .22
o - o

g vk y.2) 2w(x, Y, 2) Gy U0 z)ggﬂ—zf(x, V.22
. o e

+Uu(x, Y, z) g‘ﬂ_x f(x, Y, 2) %g‘ﬂ_y V(X Y, 2) %g'ﬂ_z w(X, Y, z)%
w0y, 2) B 10y z)%gﬂ—y u(x, v, z)ggﬂ—z v(xy. 2%
- gﬂ_x V(X Y, 2) %gﬂ—zw(x, Y, z)%’g@f(x, Y, z)%u(x, Y, Z)
- g wxy.2) 2u(x,1,2) g, U z)%gﬂ—yf(x, V.22
- w0y, 2) B 1y z)%gﬂ—z u(x, y. z)%gﬂ—y v(X,Y, z)%
+ g& u(x,y, z) %v(x, Y, 2) g@f(x, Y, ) %gﬂ_z w(X, Y, z)%
g uxy.2) 2v(x 1, 2) G100y, z)ggﬂ—y Wy, 2)2

el Ocefl Ot 9 0 2

+ g‘ﬂx v(X, Y, Z)Bg‘ﬂy w(X, Y, Z)Bg‘ﬂzf(x’ Y, Z)BU(X, Y, 2) Bf(x, y,2) (e 1)5/
(5/2)

(u(x,y, 2)* +v(x y, z)* +w(x, Y, 2)* + ef(x, y, 2)?)

[ The terms cancel algebraically

[ >

> Vorticity:=curl ([Al1],Al2],Al3]],[x,y,z]);Helicity:=innerprod([Al1],Al2], Al 3]

],Vorticity); Diss:=innerprod([CurrentJ[1],CurrentJ[2],CurrentJ[3]],E);

o ST o & 0 & o &l o 2 o &l o
Vorticity := ggﬂyw(x,y, Z)B gﬂzv(x, Y, Z)Bg‘ﬂzu(x’ Y, Z)B gﬂXW(X,y, Z)B'g‘ﬂxv(x’ Y, Z)EJ ﬂyU(X,y, Z)Bﬁ
. l g il ¢ il 0

Helicity := u(x, y, 2) gﬂy w(X, Y, Z)E u(x, y, z) gﬂZV(x, Y, Z)5+ v(X,Y,z) gﬂz u(x, y, Z)B

- V0 Y, 2) B wiy z)§+ W0, 2) o V0 z)%- wixy,2) oy z)%

L Diss:=0
| THere is no induced current density BUT there is an induced charge density proportional to the
Adjoint curvature
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> factor(innerprod(E, B));

el o 0 o 0, = o 0
il Fal o, Fsll 0z Fall 0
-gwﬂmMaBQMWWJka WKK%HB%MWK%HB 1EKK%HB%WMKMHB

>

A Whittaker surface (time harmonic case)

1 [

The 1-form of Action consists of a product of a function alpha and a gradient of a second function beta.
The 1-form is integrable in the sense of Frobenius. Hence the helicity is zero, (Topological Torsion is
zero). The three curvature invariants depend only on the function beta. If beta is not a function of

time, then the Adjoint curvature vanishes, and there is no curvature induced charge current density.
[ >

> Al:=al pha(x,y,z,t)*di ff(beta(x,y, z), x); A2: =al pha(x,y,z,t)*diff(beta(x,y,z),y)
; A3: =al pha(x,y, z,t)*diff(beta(x,y, z),z); Ad: =al pha(x,y,z,t)*diff(beta(x,y,z),t
)

& 0
Ak=dx%zwg&uxmng
& 0
A2:=a(xy,zt) g‘ﬂ_y b(x,y, Z)E

o 0
A3=a(xy 2 t) g bxy 2)

L A4:=0
r> A =[ AL, A2, A3]; phi : =- A4,
—§ el o 2l 0 & ou
A= ga(x, Y,z 1) g‘ﬂx b(x,y, Z)B a(x,y,zt) g‘ﬂy b(x,y, Z)B a(x,y,zt) 'ﬂzb(x' Y, Z)BH
f:=0

>

> B:=curl (A [X,Y,z]); EP:=eval m(-grad(phi,[X,y,2])); EV:=-[diff(A[1],t),diff(Al2]
yt),diff(A[3],t)]; E =eval m( EV+EP) ; Pari ty: =i nnerprod(E, B); Torsi on_current: =eva
| m(crossprod(E, A) +eval m(B*phi)); Helicity: =i nnerprod(A B);

B:= %% a(xy, z t)gg b(x,y, z)g- gﬂ—a(x, Y, Z, Ug% b(x,y, Z)%

gﬂza(x v,z t)= g— b(Xx,Y, z) g— a(x,y,zt)= g— b(x,Y, z)%

sl Q&N +_ — Q&N gu
i a(xy, z t)Eg‘ﬂy b(x, Y, Z)E g‘ﬂy a(xy, z t)Eg‘ﬂx b(x,y, Z)Esﬂ
EP:=[0,0,0]
e o gae‘ﬂ_ 9361_ gaeﬂ_ o & oad ou
EV = ggﬂta(x, Y, z,t)agﬂxb(x,y, Z)B gﬂta(x,y, z,t)Tgﬂ b(x,y, z)g, Tt a(x, y,zt)ggﬂzb(x 2 )EE
¢ o Oz 0 o 0 o o] oy
E:.= g gﬂta(x Y, Z, t)gg‘”X b(x,y, z)g, gﬂta(x Y,z t)= g'ﬂ b(x,y, z)g, g‘ﬂt a(x,y, z t)ﬂgﬂzb(x 2 )BH
Parity :=0
Torsion_current :=[0, 0, 0]
Helicity:=0

[ The potentials produce a non-zero E and B field
[ > | anbda: =( A[ 1] "2+A[ 2] "2+A[ 3] "2+A4"2) " (1] 2) ;
>
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¥l b(x,y,2)T +a(xy, z t)zae‘ﬂ_ b(x, YV, Z)E

| Ma(xyzt) g—b(xyz) +a(x vy, zt) y = “

T> NA =eval m([ Al, A2, A3, phi ]/l ambda);

a(x,y, zt) geﬂ—b(x, Y, z)g

ae;Lb(xy )= +a(xy, zt)? g—b(x Y, z)—+a(xy zt)? ag[ﬂlb(x,y,z)%2

P

>

Il
DODDDDIDDID

QD
—~
X
<

N

—_
-,

a(x,y,zt) g— b(x,y, z)i

«/a(x,y, z,t)zaeg[xb(x Y, 2)02+a(x y, 2, t)° gﬂ b(x,y, z)oz+a(x y, 2, t)° Xl —b(Xx,y, z)fi;2

a(x,y, z,t)g— b(x,Y, z)¢

o
ot o v e  wni

va(xy zt)? g—b(xy z) +a(xy, zt)? g—b(x Y, z)—+a(xy zt)? b(x,y,z)é

[ > JAC. =jacobian(NA, [X,y,z,t]):
[ The Jacobian matrix has not been printed, but now there are entries in more than 1 row.
> MEAN CURVATURE: =f act or (trace(JAC)/ 2);

2

1 -l Oz oz 6
MEAN_CURVATURE.—Za(x, Y,z 1) g Zgﬂyb(x, Y, Z)Egﬂzb(x, Y, Z)Eg‘ﬂzﬂyb(x’ Y, Z)B

il Fsl o f 0 &l O oz I ¢
ol Ogel ¢, &r Oee] ¢ Oeefl ¢
+ gﬁ b(Xl y’ Z)agﬂx b(X1 y1 Z)B + gﬁ b(X1 yv Z) 6%1-[2 b(X1 yv Z)B + gﬂ_zg b(X1 yv Z)Bgﬂx b(X1 yv Z)a

: 5 ¢ o 5 " 6 &6
+§ib(x, y z)ggﬂly b(xY,2) +§eﬂ—xzb(x, y z):gﬂ— b(x Y, 2)3 +§eﬂ—2b(x, y z)gg—L b(x,Y, z)gg/

Fog32
ga(x Y,z t)? ggﬂ b(x, Y, z)- +gﬂ b(X, Y, z)- +gﬂ b(x, Y, z :%;

[ Note the classic formula for the mean curvature of an implicit surface in 3D xyt space is obtained.
> S2:=factor(trace(i nnerprod(JAC, JAC))):
Gauss: =factor(-(1/2)*(-trace(JAC) *trace(JAC) +S2));

2 & . 2 O

& , & ¢
Gauss = - g?ﬂ:"—b(x, y,Z)= gnﬂﬂy b(x,y, z)Z - ?Tﬂ—b(x, Y, 2)= %elb(x, Y, Z)E% b(x,y, z)%

+2§Lb(xy2) E_( Y ) gﬁ( Y 2)E g—b(XyZ)g
Sl e 0
+2gﬂxb(xy2) gﬂ b(xy, ) .H
2§Lb(xyz) Eﬂb(y) 'n'n 'n'n
& 0
ZEﬂXb(xyZ) gﬂ—( Y ) g—( Y ) m( yz)ﬂ
a-[Z 2

o7

b(x y,2)x g—yz b(x,Y, z) g'ﬂ b(x,Y, z)—

2 2 02%1-[
DO D bk D b(xy. ) g—b( e +gwb(xyz;g

e

+2

g
b(xy,2)%

(]

Iz
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2

@ 1 ¢ ¢ @ 0 ol oz 1
+ g—ﬂy i b(x,Y, z)E g‘ﬂz b(x,Y, Z)Es -2 g‘ﬂy i b(x,Y, Z)Egﬂy b(x,Y, Z)Eg‘ﬂz b(x,Y, Z)Eg‘ﬂz

i ozt Ocen g0
- g& b(Xv Ys Z)agﬂzg b(X, Ys Z)Bgﬂy b(Xv \Z Z)a a /
il ¢, @ ¢, & ¢4
By P00 205 By POV 205+ g, DOy 2052
> ADJAC. =adj oi nt (JAC):

§ 0

x b(xy.2)%

1 1T

> ADJO NT_CURVATURE: =f act or (trace( ADJAC)) ;

ADJOINT_CURVATURE :=0
r>

> CurrentJ: =i nnerprod( ADJAC, NA) ; I nteraction: =i nnerprod(CurrentJ, NA); Di vJ: =facto
r(diverge(CurrentJd,[x,y,z,t]));rho:=CurrentJ[4];
Currentd :=[0, 0, 0, 0]
Interaction:=0
Divl:=0
L r:=0
[ It is now apparent that the interaction between the potentials and the conserved current is
equal to the adjoint curvature of the implicit surface. Both are zero for the time harmonic

case where beta is independent from time.
>

> Adjointcurv:=sinplify(factor(trace(ADJAC))): Mean: =factor(trace(JAC)): Net: =fac
tor (Adj oi ntcurv-Interaction): Gnet: =factor(subs(a=1, b=1, c=1, p=2, n=1, Net));
Gnet :=0
> Vorticity:=curl ([A[1],Al2],A3]],[x,y,z]);Helicity:=factor(innerprod([Al1], Al
2] ,A[3]],Vorticity));Parity:=factor(innerprod(E, B)); Diss:=factor(innerprod([C
urrentJ[1],CurrentJ[2],CurrentJ[3]],E));

- oal o gl ocl
Vorticity := gg‘ﬂy a(x,y, z I)Egﬂz b(x, Y, Z)Es gﬂz a(x,y, z t)ragﬂy b(x,y, Z)B

o il 0 & ol ¢
g'ﬂz a(x,y, z t)Eg‘ﬂx b(x,y, Z)B g‘ﬂx a(xy, z t)Eg‘ﬂz b(x,y, Z)B

Eeﬂﬂl_l( a(xy, z t)ggﬂ% b(x, Y, z)%- Q—La(x, Y, Z, t)ggﬂ% b(x,y, z)%ﬁ
Helicity :=0
Parity :=0
Diss:=0

11 1T

>

A Whittaker surface (not time harmonic)

The 1-form of Action consists of a product of a function alpha and a gradient of a second function beta.
The 1-form is integrable in the sense of Frobenius. Hence the helicity is zero, (Topological Torsion is

zero). The three curvature invariants depend only on the function beta. If beta is not a function of
time, then the Adjoint curvature vanishes, and there is no curvature induced charge current

| density. see the time harmonic example above.

> #Al: =al pha(x,y,z,t)*diff(beta(x,y,z,t),x); A2: =al pha(x,y, z,t)*diff(beta(x,y, z,
t),y); A3: =al pha(x,y,z,t)*diff(beta(x,y,z,t),z); Ad: =al pha(x,y, z,t)*di ff(beta(x

L Ly, z,t),t);
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> AL =x*y/ z*t "2*di ff (x"3*y+3*z72, X) ; A2: =x*y/ z*t"2*di ff (x"3*y+3*z"2,y); A3: =x*y/z
¥t A2xdi ff (xA3*y+3*z72,2z); Ad: =x*y/l z*t *di ff (x"3*y+3*z72,1);

Xyt
A1:=3L
z
Xy t?
A2:=L
z
A3:=6xyt
L A4:=0
r> A =[ AL, A2, A3]; phi : =- A4,
g Xyt X'yt
=g XY XYE el
€ z z
f:=0

>

> B:=curl (A [X,Y,z]); EP:=eval m(-grad(phi,[X,y,2])); EV:=-[diff(A[1],t),diff(Al2]
,t),diff(A[3],t)]; E =eval m(EV+EP) ; Pari ty: =i nnerprod(E, B); Torsi on_current: =eva
I m(crossprod(E, A +eval m(B*phi)); Helicity:=innerprod(A B);

>
é Xyt 3yt Xyt u
B:=86xt*+ ,-3 -6yt -2——
: 7 ;Y .
EP:=[0,0,0]
¢ Xyt Xyt U
EV::8-6—y2,-2—y,-12xytH
€ z z a
e Xyt fyt U
E:=8—6—y2,-2 ,-12xytH
€ z a
Parity :=0
Torsion _current :=[0, 0, 0]
L Helicity :=0
[ >

[ The potentials produce a non-zero, but static E and B field
[ > lanbda: =( Al 1] "2+A] 2] "2+A[ 3] "2+A4"2) (1] 2);

>
X6y4t4 X8y2t4
| :=A/9 +———+ 36XV t*
V 7 V7 4

> NA: =eval n{[ Al, A2, A3, phi] /I anbda) ;

4 2
NA = §3 X y4 t X:Sy;tzl ! X y4 t );2 !
gvg 7 7 +36x2ftzv9 7 +— 7 +36 XVt z
) .
° Xyt Xx?:;t4 'OE
%’7*7*36*2“ d

E > JAC. =j acobi an(NA, [X,y,z,t]):
[ The Jacobian matrix has not been printed, but now there are entries in more than 1 row.
> MEAN_CURVATURE: =f act or (trace(JAC));

Xy (2X°y- 36yZ- 9%y - X)

&Yyt (OX'yY+xX+367) 32

g 5 7
vd I’}

MEAN_CURVATURE :=-6

> S2:=factor(trace(i nnerprod(JAC, JAC))):
Gauss: =factor(-(1/2)*(-trace(JAC) *trace(JAC) +S2));
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(2yx*+97)x*
(O Y+ +362)

Gauss:=-36

[ > ADJAC. =adj oi nt (JAC):

[ The Adjoint is no longer the Zero matrix, and has a non-zero trace implying the existence of Adjoint
| curvature.

> ADJO NT_CURVATURE: =f act or (trace( ADJAC)) ;

ADJOINT_CURVATURE :=0
>

11

None of the similarity invariants depend upon the first factor alpha.

©> CurrentJ: =i nner prod( ADJAC, NA) ; I nteraction: =i nnerprod(CurrentJ, NA); Di vJ: =facto
r(diverge(CurrentJd,[x,y,z,t]));rho:=CurrentJ[4];J1:=factor(CurrentJ[1]);
Currentd :=[0, 0, 0, 0]
Interaction:=0
Divl:=0
r:=0
L J1:=0
| It is now apparent that the interaction between the potentials and the conserved current is
equal to the adjoint curvature of the implicit surface. The Bateman system produces a
non-zero charge density, and a non-zero current density.
>
> Adjointcurv:=sinplify(factor(trace(ADJAC))): Mean: =factor(trace(JAC)): Net: =fac
tor (Adj oi ntcurv-Interaction): Gnet: =factor(subs(a=1, b=1, c=1, p=2, n=1, Net));
Gnet:=0
> Vorticity:=curl (A [x,y,z]);Helicity:=factor(innerprod(A Vorticity));Parity:=i
nner prod(E, B); Di ss: =factor (i nnerprod([CurrentJ[1],CurrentJ[2],CurrentJ[3]],E)
)

Xyt u
6yt2'_2LH
Z U

X4yt2 X3y2t2
2 T
Helicity :=0
Parity :=0

L Diss:=0

> GWN: =i nner prod(transpose(JAC), JAC) : DETGWN: =det (GWN) ;
>

Vorticity := 86 x t° +
€

DETGMN :=0

The induced metric is a long expression, and printing has been suppresed. It is a singular metric.
>

A Hopf surface

1 [

The 1-form is modeled after the Hopf map 1-form. In the example, constant coefficients are used to
show that topological torsion and topological pairity need not be zero. By permuting variables and
signs it is to be observed that there are 2 distinct pairs of triples of Hopf implicit surfaces. Three with
positive parity and three with negative parity. (orientation) For more details, see

| http://www22.pair.com/csdc/pdf/vig2000.pdf
> Al: =a*y; A2: =-a*x; A3: =b*t ; Ad4: =- b*z;

Al:=ay
A2:=-ax

A3:=bt
Ad:=-bz
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L

11T

>

> A =eval n([ Al, A2, A3]); phi : =- Ad;

A:=[ay,-ax bt]
fi=bz

r> B =curl ([AI1], A 2],A3]].[x,Y,2]); EP: =eval n{-grad(phi,[x,y,z])); EV:=-[diff(A

11,t),diff(A2],t),diff(A3],t)]; E =eval m(EV+EP) ; Parity: =i nner prod(E, B); Torsi
on_current: =eval n(crossprod(E, A) +eval m(B*phi)); Helicity: =i nnerprod(A B);
>
B:=[0,0,-2a]
EP:=[0,0, - b]
EV:=[0,0,-b]
E:=[0,0,-2b]
Parity:=4ba
Torsion current:=[-2bax,-2bay,-2bza]
Helicity:=-2bta
The potentials produce a non-zero, but static E and B field. It ie noteworthy that the two fields are
PARALLEL or ANTI PARALLEL depending on the signs of A3 and A4, or A1l and A2. That is Al= -y,

A2 = +x has negative parity compared to the example under study.
> | anbda: =f act or (subs(a”2=1, br2=1, A[ 1] *"2+A[ 2] "2+A[ 3] *2+phi *2) )~ (1/ 2);

>
| =y +X+2+7

> NA: =eval n{[ Al, A2, A3, - phi ]/ | anbda) ;
2 ay ax bt bz u

é
NA:=§ - , - u
g«/y2+x2+t2+z2 I +R+0+2 P+ +0+2 Ay +R+E2+72 1

>
> JAC. =j acobi an(NA, [ X,y, z,t]):det (JAC); "curvatures :=(sol ve(factor(ni npol y(JAC,
al pha)) =0, al pha));

0
. 00«/-aztz-azzz-bzxz-bzy2 J-dt-d7- K- By
rvatures := -
eurvatres =5, 5 YV+X+t2+7 ’ YV +X+t2+7

The minimum polynomial indicates that two eigen values (curvatures) are zero and two are pure
imaginary conjugates.

The sum of the two imaginary conjugates gives zero (a Minimal Surface) but the Gauss curvature is
positive as the product of the two imaginary curvatures.

> MEAN_CURVATURE: =f act or (subs(trace(JAQ)));

MEAN_CURVATURE :=0

> S2: =factor(trace(innerprod(JAC, JAC))):
Gauss: =factor(subs((-(1/2)*(-trace(JAC)*trace(JAC) +S2))));

at+aZ+p’y +b’x
(Y +X+E+7)

Gauss :=
> ADJAC: =adj oi nt (JAC):

> ADJO NT_CURVATURE: =f act or (subs(trace(ADJAC)));
ADJOINT_CURVATURE :=0

> CurrentJ: =((innerprod(ADJAC, NA))); I nteraction:=innerprod(CurrentJ, NA); Di vJ: =f
actor(diverge(CurrentJ,[x,y,z,t]));rho:=CurrentJ[4]; parity:=innerprod(E, B);Di
ss: =i nnerprod([CurrentJ[1],CurrentJ[2],CurrentJ[3]],E);
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a’xb? ab’y a’b’z a’b’t
(y2+x2+t2+22)2, (y2+x2+t2+zz)2, (y2+x2+t2+zz)2, (y2+x2+t2+zz)2u
Interaction:=0
Divl:=0
_ a’b’t
(PR 2)
parity:=4ba
ab’z
i (P + X+ +7)
> ) AdotJ :=CurrentJ[ 1] *A[ 1] +Current J[ 2] *A[ 2] +Current J[ 3] *Al 3] ; r ho_phi : =r ho* phi

1

u
u
u

é
Currentd := g
e

r

Diss:=-2

a’b’zt
(P +X+0+7)

a’b’zt
(P +X+E+7)
What is remarkable about the Hopf map is that the Jacobian matrix has two zero
curvatures and two imaginary equal and opposite curvatures. Yet the Gauss sectional
curvaure is real and positive. The surface is an "imaginary 2 surface" in 4D. IT can have
both a right handed and a left handed realization. The right and left handed concepts relate
to the parity (whether E and B are parallel or anti-parallel) and to orientation of the 4 form,
F*F.
>
> Adjointcurv:=sinplify(factor(trace(ADJAC))): Mean: =factor(trace(JAC)): Net: =fac

tor (Adj oi ntcurv-Interaction): Gnet: =factor(subs(c=1, n=1, Net));
Gnet :=0

> Vorticity:=curl ([A[1],A[2],Al3]],[X,Y,z]);Helicity:=factor(innerprod([Al1], Al
2] ,A[3]],Vorticity)); Torsion_current: =eval n(crossprod(E, A) +eval n( B*phi)); Pari
ty: =i nnerprod(E, B);

AdotJ :=

~rho_phi :=

Vorticity :=[0,0,-2a]
Helicity:=-2bta
Torsion current:=[-2bax,-2bay,-2bza]
Parity:=4ba
When a=b the charge density is positive but time dependent, parity is zero and the torsion current is
not equal to the adjoint current. The E field is zero, but the magnetic field is not zero.
The interaction energy is zero, the odd curvatures are zero, and the gauss curvature is that of a 4D
euclidean sphere.

If a = -b non of the curvatures are zero, the parity is not zero, and the charge density is negative, and
| the torsion current is proportional to the charge-current density.

> GWN: =subs(a”2=1, br2=1, i nner prod(transpose(JAC), JAC)) ; DETGWN: =det (GWN) ;

GMN :=

gt“+t2x2+2t222+2t2y2+x222+y“+z“+y2x2+2yzz2 ) y X ] Xz

g (y2+x2+t2+zz)3 ' (yz+x2+t2+zz)2’ (y2+x2+t2+22)2’
) tx H

(y2+x2+t2+zz)ZH

S_ y X '+ Y+ 20 72+ 20X+ X+ Y 242X 2+ + X ) yz

g (y2+x2+t2+22)2' (y2+x2+t2+22)3 ’ (y2+x2+t2+zz)2’
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ty u

. -4

(Y+X+t2+7) U
g Xz yz '+ P2+ 20V + 20X+ 2+ + X+ 2y X+ X7
g (y2+x2+t2+22)2, (y2+x2+t2+22)2, (y2+x’-’+t2+zz)3 ,

zt(-t?- Y- Z- X)) U
U
(Y+X+t+7) 1

g tx ty zt(-t- y*- Z- X0)
g (y2+x2+t2+22)2' (y2+x2+t2+22)2' (y2+x"’+t2+zz)3
t2x2+t2y2+t222+z4+x4+2y2x2+y“+2y222+2x2228
(y2+x2+t2+22)3 i

L DETGMN :=0

[ The induced metric is singular and is rank 2, not 3.

[ >

[ >

- A Hopf surface2

The 1-form is modeled after the Hopf map 1-form. In the example, constant coefficients are used to
show that topological torsion and topological pairity need not be zero. By permuting variables and
signs it is to be observed that there are 2 distinct pairs of triples of Hopf implicit surfaces. Three with
positive parity and three with negative parity. (orientation) For more details, see
http://www22.pair.com/csdc/pdf/vig2000.pdf

[ >

> AL =2*t*y-2*x*z; A2: =2*y*z+2*t *X; A3: =X"2+y"N2-t1"2-z"2; Ad: =0* (XN2+y"N2+z"2+t " 2);
Al:=2ty- 2xz
A2:=2yz+2tx
A3 =X +y - - 7
A4:=0
>
> A =eval m([ AL, A2, A3]); phi: =- A4;
A=[2ty- 2Xxz2yz+2tx, X +y - t*- 7]
f:=0
r> B:=curl ([A[1],A[2],A[3]],[X,Y,2]); EP:=eval n{-grad(phi,[x,y,2z])); EV:=-[diff(A
11,t),diff(A2],t),diff(A3],t)]; E =eval mEV+EP) ; Parity: =i nner prod(E, B); Torsi
on_current: =eval n(crossprod(E, A) +eval m(B*phi)); Helicity: =i nnerprod(A B);
>
B:=[0,-4x 0]
EP:=[0,0,0]
EV:=[-2y,-2x,21]
E:=[-2y,-2X, 2t]
Parity := 8 X
Torsion current:=[-2x (¢ +y*- t?- Z)- 2t(2yz+2tX), 2t (2ty- 2x2) +2y (X +Yy*- t?- 7),
-2y (2yz+2tx)+2x(2ty- 2x2)]
L Helicity :==-8(yz+tx) X
| The potentials produce a non-zero, but static E and B field. It ie noteworthy that the two fields are
PARALLEL or ANTI PARALLEL depending on the signs of A3 and A4, or A1 and A2. That is Al= -y,
| A2 = +x has negative parity compared to the example under study.
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> | anbda: =f act or (subs(b=1, a=1, A[ 1] *"2+A[ 2] "2+A[ 3] *2+phi *2) )" (1/ 2);

I::«/(y2+x2+t2+22)2
> NA: =eval n([ AL, A2, A3, -phi ]/l anbda) ;
NA::§ 2ty- 2xz _ 2yz+2tx _ x2+y2-t-222,OE
S rereazy Jigekeeer) Jopeceezy
>

> JAC. =j acobi an(NA, [X,y,z,t]):det (JAC); MM =ni npol y(JAC, bet a) ; CC. =coef f (MM bet a)
; BB: =(coeff (MV beta”2)); Rl: =-subs(t =0, | anbda”2*BB) +(f act or (subs(t =0, (| anbda™4
*(sinmplify(BB*BB)-4*CC)))))"(1/2);

>
>
0
i = g {202 SO OV BYxale SY £2202)b o (VX L)V 2 il s
(V+X+t°+7) (Y+X+1P+7))
CC:=-4t +21°7- 3+ - 8yxzt; 3V 2+7 %7
(Y +X+0+7)
BB:=8 (Y +X+C+Z)y(yz+ix)

2 (3/2)

(Y +xX+t+2Z))

g L i 22y
X+ VP +

The minimum polynomial indicates that two eigen values (curvatures) are zero and two are pure

imaginary conjugates.
The sum of the two imaginary conjugates gives zero (a Minimal Surface) but the Gauss curvature is

| positive as the product of the two imaginary curvatures.

> MEAN_CURVATURE: =f act or (subs(t=t, trace(JAC)));
(V+X+t2+2)y(yz+tx)

2.(3/2)

(P +X+E+2))

MEAN_CURVATURE :=-8

> S2: =factor(trace(innerprod(JAC, JAC))):
Gauss: =factor(subs(t=t,(-(1/2)*(-trace(JAC)*trace(JAC)+S2))));

t'+207- 38X +t°y’ - 8yxzt- 3y Z+7+X7
(V+x 4+ Z)

Gauss:=-4
> ADJAC. =adj oi nt (JAC):

> ADJO NT_CURVATURE: =f act or (subs(trace(ADJAC)));
ADJOINT_CURVATURE := 0

> CurrentJ: =i nner prod( ADJAC, NA) ; I nteracti on: =i nnerprod(CurrentJ, NA); Di vJ: =facto
r(diverge(CurrentJd,[x,y,z,t]));rho:=CurrentJ[4];innerprod(E, B); D ss:=innerpro
d([CurrentJ[1],CurrentJ[2],CurrentJ[3]], E);

Currentd :=[0, 0, 0, 0]
Interaction:=0
DivJ:=0
r:=0
8x°
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L Diss:=0

[ >

" What is remarkable about the Hopf map is that the Jacobian matrix has
two zero curvatures and two imaginary equal and opposite curvatures.
Yet the Gauss sectional curvature is real and positive. The surface is
an "imaginary 2 surface" in 4D. IT can have both aright handed and a
left handed realization. The right and left handed concepts relate to the
parity (whether E and B are parallel or anti-parallel) and to orientation
of the 4 form, F*F.

>
> Adjointcurv:=sinplify(factor(trace(ADJAC))): Mean: =factor(trace(JAC)): Net: =fac
tor (Adj oi ntcurv-Interaction): Gnet: =factor(subs(c=1, n=1, Net));
Gnet:=0
> Vorticity:=curl ([A[1],A[2],Al3]],[X,Y,z]);Helicity:=factor(innerprod([Al1], Al
2] ,A[3]],Vorticity)); Torsion_current: =eval n(crossprod(E, A) +eval n( B*phi)); Pari
ty: =i nnerprod(E, B);
Vorticity :=[0, - 4 x, 0]
Helicity :=-8 (yz+tXx) X
Torsion current:=[-2x (¢ +y?- t?- Z)- 2t(2yz+2tX), 2t (2ty- 2x2) +2y (X +Yy*- t°- 7),
-2y (2yz+2tx)+2x(2ty- 2x2)]
Parity := 8 X°
When a=b the charge density is positive but time dependent, parity is zero and the torsion current is
not equal to the adjoint current. The E field is zero, but the magnetic field is not zero.
The interaction energy is zero, the odd curvatures are zero, and the gauss curvature is that of a 4D
euclidean sphere.

If a = -b non of the curvatures are zero, the parity is not zero, and the charge density is negative, and

| the torsion current is proportional to the charge-current density.
> GWN: =i nner prod(transpose(JAC), JAC) ; DETGWN: =det (GWN) ;

LT
[>
[ >
[ >
[ >

he induced metric is singular and is rank 2, not 3.
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84 > 0 4 Y 2 - Y 2U
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g '+ 7 yz+tx ty- xz U
& 0 4 2 2 2U
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' §4 ty- xz yzZ+tx v+ X 0 Y
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e Z+tX ty- xz +X ¥
5'4 . 2 . 2 0 4 s 2
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DETGMN =0




