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> restart: with(linalg):with(diffornms):with(liesym):wth(plots):
Warning, new definition for norm

War ni ng, new definition for norm

Warni ng, new definition for trace

War ni ng, new definition for ~ &\’

War ni ng, new definition for close

War ni ng, new definition for d

War ni ng, new definition for n xpar
L Warning, new definition for wdegree

Cartan's Repere Mobile will be used for arepresentation of the Hopf Map from S3 to S2 in 4 space.
The Position Vector R4 in 4 space will be presumed to have components { X,Y,Z,S}.

The position vector r3 in 3 space will be presumed to have components{x,y,z} .

The origins are presumed to be equal, in the sense that the four sphere goes to zero when the 3 sphere
| goesto zero.

[ > setup(X VY,Z 9):

[

> R4A: =((S)"N2+XN2+YN2+Z72)N( 1] 2) 5 r 3: =(xN2+y"2+z72)N( 1] 2);

R4::«/SZ+X2+Y2+ZZ
3:=4/ X +y’ +7

| betaisan arbitrary function on the Holder type with constant coefficients a,b,c,e.
[ > beta: =zeta*((e*S p+a* X p+b*Z p+c* Y p)r(n/p));
an o
&5
b=z(eP+axXP+bzZ’+cY)
The 4 dimensional system is presumed to be represented by a basis of 4 independent 1-forms,
{el,e2,e3,e4}. The components of each 1-form can be used to form a basis frame for vectors at any
point in R4, { E1,E2,E3,E4}. Each vector in the basis can be multiplied by an arbitrary factor.

The Hopf map is defined as as a projection from R4 to R3, by means of the functions:

There are two case (left and right handed) for which the Chiral factor is plus or minus 1. The choice

| can be changed, but is fixed on the next line.

> ch:=-1,

L ch:=-1

[ > x:=2*(S*Y+ch*X*Z) ; el: =d(x); EL: =[ ch*Z, S, ch* X, Y] ;
X:=2S8SY-2XZ

el:=2d(S)Y+2Sd(Y)- 2d(X)Z- 2Xd(2)

L El:=[-Z,S-XY]

[ > y:=2*(Y*Z-ch*S*X); e2: =d(y); E2: =[-ch*S, Z, Y, -ch*X] ;

y:=2YZ+2SX
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e2:=2d(Y)Z+2Yd(Z)+2d(S) X +2Sd(X)

E2:=[S ZY, X]
> z:=(Xr24YN2) - (((S)"2+4272));e3:=d(z);E3: [ X Y,-Z,-5];factor((r3"2))

z=X+Y*- &- 72
e3:=2Xd(X)+2Yd(Y)- 2Sd(S) - 2Zd(Z)
E3:=[XY,-Z -S]
(F+X2+Y +Z)

The fourth 1-form will not be described by the map, but may be computed from the Adjoint to the
three 1-forms, defined as e1*e2"\e3.

"> Adj oi nt: =subs(wcol | ect (fact or (wcol | ect (el&e2&"e3)))): Al: =factor(g
et coef f (Adj oi nt &d(X))); A2: =fact or (get coef f (Adj oi nt &d(Y))); A3: =fa
ctor (getcoeff(Adjoint&\d(2)));Ad: =factor(getcoeff(Adjoint&d(S)));

>

Al:=8(S+X*+Y*+Z7%)Y
A2 :=-8(S+X2+Y +7%) X
A3:=-8(S+X*+Y*+7%)S
Ad:=8(S+X+Y+7%)Z

E Thereis also alefthanded mode
| Theonly differenceisto change the sign of the A3 and A4 terms.
| To within an arbitrary factor, the components of the adjoint vector are:
"> Nright:=[Al, A2, A3, Ad]/8;
Nright :=
[(S+X+Y2+ 7)Y, - (S+X+ Y +Z) X, - (S + X2+ Y+ 7)) S (F+ X2+ Y+ 77) Z]
| The 1-form with components constructed from the adjoint is not integrable.
[ > Adj oi nt_action:=factor(innerprod(Nright,[d(X),d(Y),d(2),d(S)]));
Adjoint_action := (S + X*+ Y2+ Z%) (- X d(Y) - Sd(Z) +Zd(S) + Y d(X))
For purposed herein this 1-form will be scaled by the function beta, and will be used to define the
righthanded Action 1-form. The lefthanded Action 1-form changes the sign of the terms dZ and dS,

| through the chirality coefficient, ch = plus or minus 1.
> Action:=wcol |l ect (factor((Adjoint_action/(beta))));

(S+X+Y2+Z)Yd(X) (S +X2+Y*+Z%)Xd(Y) ] (F+X2+Y?+7%)Sd(2)

Action = -
z %1 Z %l z %1
. (F+X2+Y2+7%) Zd(S)
Z %l
@0
ng

%l:=(eF+aX’+bZ’+cY)
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| Itisapparent that the associated vectors are orthogonal to the adjoint field.

> factor(innerprod(ELl, Nright));factor(innerprod(E2, Nright));factor(i
nner prod( E3, Nright));

>

0
0
0

Now use the (non-integrable) 1-form Action, and compute its Pfaff sequence, A, F=dA ,A"F,F*F. Note
that the arbitrary factor 1/beta can be adjusted such that the Pfaff dimension of the 1-formis 3, for any
anisotropy coefficients and any exponent p, aslong asn =4. This means that there exists a hierarchy
of conserved Torsion (topological) invariants, depending on p and the anisotropy coefficients.. Note
that the Pfaff dimension of the 1-form Actionis 2, if nisnot equal to 2.

Hence the 1-form usually defines a symplectic manifold, but when n = 2, the 1-form defines a contact
manifold.

> Act i on;
(S+X+Y+Z)Yd(X) (S+X+Y+Z2)XA(Y) (S+X+Y+7%)Sd(2)
Z %l ) Z %l ) Z %l
+(82+X2+Y2+22)Zd(S)

Zz %1

i %1:=(eSf’+aX'°+bZ"’+cY'°)IO

_ Next compute the 2-form for the field intensities (which satisfy the Maxwell-Faraday equations)

[ >

[ > Fields: =wcol |l ect (d(Action)):BX =factor(getcoeff(Fields&d(X)&d(S)
)); BY: =factor(getcoeff(Fields&d(Y)&d(S))); BZ: =factor(getcoeff(Fi
el ds&d(Z2) &d(S))); EX: =factor (getcoeff (Fi el ds&\d(Y)&'d(2))); EY:=fa
ctor(getcoeff(Fields&d(z)&d(X))); EZ =factor(getcoeff(Fields&\d(X
)& d(Y)));

BX:=(-2SZY?eS- 25ZY*aX’- 2SZY°bZ’- 2SZY*cY+SZncY+SZnc Y’ X

+SZneY’Y?+SZneY +2XYZ2eL+2XYZ2axXP+2XYZ2bZP+2XYZ2c Y

x 9 0
g_
- XYnSbZ’- X*YnbZ’- X¥¥nbZ"- XYnZZpr)/gz(eS°+aXp+pr+cYp) Py
0
(eS+axP+bZ’+cY)Zo

BY =(2XYZ?eSL+2XYZ2aXP+2XYZ?bZ’+2XYZ?cY - XYnSbZ"- X*YnbZ
- XY nbZ’- XYnZ2bZ?+2SZXeSP+2Sz2XaxX’+2SZX*bZ"+2SZc Y X
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2 @o
po
- SZnaXP- SZnX*aX"- SZnY?aXx’- SanaXp)/gz(eS’+aXp+pr+cYp) Z
0
(eP+axP+bZ’+cY’) Xo

BZ:=(-2Z°cY’- 2Z°bZ°- 2Z%2aX’- 2Z%e - 4XPcY'- AX?bZ°- 4XPaX’- 4X?eS
- AY Y- AV DZP- 4V aX- 4YP e - 2FeF- 2Fax- 2FbZP- 2ScY

%
+ncYpZZ+ncYpX2+ncYpY2+ncYpSZ+naXpZZ+naXpY2+naXpX2+naXpSZ)/g
g’lO 0

po =
z(eF+axXP+bZ’+cY) (eF+axXP+bZ’+cY)s

EX:=(2SZXeS+2SzX*axXP+2SZX?bZ°+2SZcY’ X?- SZnaX’- SZnX?aX’
-SZnY?aX’- SZ’nax’- 2XYSeF- 2XYSFax'- 2XYSbZ’- 2XYScY
& gﬂg
+XYn82eSp+X3YneSp+XY3ne9’+XYn22eSp)/gz(e9’+axp+bzp+cYp) P
0
(eS+axXP+bZ’+cY) So

X

EY:=- (-2XYSeF-2XYSFax- 2XYSbZ’- 2XYScY+XYnFe
+XYneP+XYned+XYnZ?eS-2SzY?’eS- 2S2Y*axP- 2SZY*bZ°

x
- ZSZY2cYp+§’chYp+SchYpX2+SchYpY2+stncYp)/gz
&2 0
(eS+axXP+bZ’+cY) pﬂS(eS"+axp+pr+cYp)ng
EZ:=(2Y’cY+2Y’bZ’+2Y?axP+2Y?ed+2X°cY+2X*bZP+2X?axX+2Xed

+4FeL+4FaxXP+4S b2’ +4ScY+4Z2eL+472axXP+47°bZ°+4Z°c Y

oS
-nSbZ’- nX?eP- nX°bZ’- nY?eS- nY’bZ’- nZ?eS- nZ?b 2 - nSzeSO)/gz
g’l? 0
(eP+aX’+bZ+cY)  (eP+aX’+bZ+cY) s
[ > BFI ELD: =[ BX, BY, BZ] : EFI ELD: =[ EX, EY, EZ] : Poi ncar el: =f act or (subs(ch=-1
,a=1, b=1, c=1, e=1, p=2, (i nner pr od( BFI ELD, BFI ELD) - i nner pr od( EFI ELD, EF
| ELD)))); Poi ncar e2: =f act or (i nner pr od( EFI ELD, BFI ELD) ) ;

Poi 1'—(n'2)(n'6)(X2+Y2-SZ-Zz)(SZ+X2+Y2+ZZ)
oincarel := )5

(S+X+Y*+ 2% ) Z°
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(Sz+x2+Y2+Zz)2(-4+n)
oo
g(eS°+aXp+pr+cYp) g z°
In the above equations, specia choice has been made for the exponent p. Moreover, the assumption
has been made that the system in R4 isisotropic. The vanishing of the second Poincare invariant
implies the closed integrals of the 3-form of Spin are deformation invariants.

Poincare2 ;=2

| Next compute the three form of Topological Torsion, any signature, any exponents. Note that the
components of this 3-form are proportional to the position vector R4 contracted with the 4D volume
element, dX~dYdZ"dS. The 3-form of Torsion current isin the direction of the Position vector in R4.
The result is independent from the exponents and the isotropy signatures!!! The sign depends upon
the chirality factor.

> H =wcol | ect(factor(factor(Acti on&d(Action))));

Y(S+X+Y+ zz)2 &M d(X), d(Z), d(S))

%12 z°

Z(82+X +Y? +z) &MNd(X), d(Y), d(S))
%1% 2°

S(S+XE+ Y2+ 7%) &N(d(X), d(Y), d(2))
9612 z°

+2

X X &MNA(Y), d(Z), d(S)) (T + X*+ Y + 22)2

%12 7°

Q-H-O:

amn ¢
. wli=(eS+axP+bZ+ <:Y'°)glo
| The components of the 3-form H are orthogonal to the components of the 1-form of Action
(transversal). The components of the three form H are a current in the direction of the "radia
expansion” position vector in R4.

| Finally compute the Topological Parity 4-form
[ > K =factor(d(Action)&d(Action));

&"(d(X) d(Y), d(Z), d(S)) (S + X+ Y +z) (-4+n)
oo
g(eS°+axp+pr+cYp) g z°
Note that a specific choice of nwill cause the 4-form to vanish, such that the Pffaf dimension of the

Actionis 3, not 4.
The 1-form then defines a contact manifold, for which there exists a unique extremal vector, such that

Page 5



both the closed integrals of the Action 1-form and the Torsion 3 -form are deformation invariants. Itis
remarkable that thisresult isvalid for any istropy denominator and any value of p.

In the example above, the effect of 4D radial expansionsisnull for n=4. The Lie derivative of the
forms of the Pfaff sequence generated by A,dA ,A”dA ,F F are zero in the direction of H (the torsion
vector isthe radia expansion vector in 4D when n=4 any p ,etc. )

E Form at the point R4 the matrix array of E1, E2, E3, Action, to create Cartan's Repere Mobile.

> NADJ: =[Nright[1]/R4"2, Nright[2]/R4"2, Nri ght[3]/R4"2, Nright[4]/R4"2
l;

i NADJ :=[Y,-X, -S Z]

| Having established linear independence of the basis frame, it is possible to introduce a scale factor that
will simplify the algebra. Indeed, divide each basis vector by R472, the length of the 4R position

| vector:
[ > FT: =eval m{ (array([ E1, E2, E3, NADJ] ) )/ R4"2) ; DET: =f act or (det (FT));

g%l %2 -%3 %48
_e%2 %l %4 %3u

FT:‘§%3 %4 - %1 -%2§
€%4d -%3 -%2 %l1lUu
%1 :=

S+xX2+Y+272
002 =
S+xX2+Y+272
%3 X
63 1=
S+xX2+Y+ 272
%4 =
S+xX2+Y:+ 272
_ 1
DET := 5
(F+X2+Y2+7%)

i The determinant never vanishes except at the origin of R4.
| Next create the induced metric:
[ > GUN: =subs(i nnerprod(FT, transpose(FT)));

@1 0 0 0
_e0 %1 O ou
GUN:=€0 0 w1 ol

§0 o0 0 9%
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1

%1 :=

F+X2+ Y+ 7
[
| Note that the induce metric is conformal with afactor = to 1/R4"4
[ >

[ > FF: =transpose(FT);

§o6L 962 %3 %A

cp oo E%2 %61 %4 - %3y
TE%3 %4 %1 -%20
89%4 %3 -%2 %10

Z
%1 :=
S+XP+Y+27?
%2 >
02 1=
SF+XP+Y+272
%3 X
03 ;=
SF+XP+Y+272
%4 = Y
I T Re X+ Y+ 22
[ > FFI NV: =i nver se( FF);
&Z S -X Yu
&s z Y XU
FFINV.=§X vy .7 Sldl
| eY -X -S Zu
[ > i nnerprod(FF, FFI NV) ;
gl 00 08
g) 10 OH
g) 0 1 OH
€ 0 0 1

> DR =i nnerprod(FFINV, [d(X),d(Y),d(2),d(S)]):sigmal: =wcol | ect (factor
(wcol l ect (DR[1]))); si gma2: =wcol | ect (factor(wcol l ect(DR[2]))); sigm
3: =factor(wcol | ect (DR[ 3])); onega: =fact or (wcol | ect (DR[ 4] ) ) ; dsi gmal:
=d(si gmal); dsi gma2: =d(si gna2); dsi gna3: =d( si gma3) ; donega: =d( onega) ;
Therescaling of all the basis elements by the non-negative function yields a simple algebra:
sl:=-d(X)Z+Sd(Y)- Xd(Z2)+d(S) Y
$2:=Sd(X)+d(Y)Z+Yd(Z) +d(S) X
s3:=Xd(X)+Yd(Y)- Zd(Z)- Sd(S)
w:=-Xd(Y)- Sd(Z)+Zd(S) +Yd(X)
dsigmal:=0
dsgma2:=0
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dsgma3:=0

domega := - 2 ((d(X)) & (d(Y))) +2((d(Z)) & (d(9)))
The forms sigma (1,2,3) and omega are the 1-forms relative to the basis frame FF
In the example, the 1-forms sigmal sigma2 and sigma3 are exact differentials equal to the differentials
of the mapping functions defined by the Hopf map giving x,y,z interms of X,Y,Z, T
The non-exact and non-integrable 1-form of Action is proportional to the 1-form small omega.
For a parametrized surface, small omega vanishes, and such subspaces have Zero Torsion of the
Affine type.
From the Frame use the standard methods to compute the Cartan Matrix of connection 1-forms.

See http://www.uh.edu/~rkiehn/pdf/defects2. pdf

| for details of the Cartan method for an arbitrary Repere Mobile.

> dFF: =array([[d(FF[1,1]),d(FF[1,2]),d(FF[1,3]),d(FF[1,4])],[d(FF[ 2,
11),d(FF[2,2]),d(FF[2,3]),d(FF[2,4])],[d(FF[3,1]),d(FF[3,2]),d(FF
| 3,3]),d(FF[3,4])],[d(FF[4,1]),d(FF[4,2]),d(FF[4,3]),d(FF[4,4])]11):
[ > cartan: =(eval m FFI NV& dFF)) :

| Evaluate each component of the connection coefficients on transverse space of E1,E2,E3.
> Gammall: =factor(wcol l ect(cartan[1, 1]));

Xd(X)+Yd(Y)+2Zd(Z)+Sd(S)
) S+X+Y+7
> Gammal2: =factor (wcol l ect(cartan[1, 2]));
-Yd(X)+Xd(Y)- Sd(Z)+Zd(S)
S+X+Y+Z°
> Gammual3: =factor (wcol l ect(cartan[1,3]));
_-d(X) Z+Sd(Y) +Xd(Z2)- d(S) Y
B S+X+Y+7°
> Gammm2l: =factor (wcol l ect (cartan[2,1]));
_-Yd(X) + Xd(Y) - Sd(Z) +Zd(S)
B S+X+Y+Z7°
> Ganmma22: =factor(wcol | ect(cartan[ 2, 2]));
Xd(X)+Yd(Y)+2Zd(Z)+Sd(S)
S+X+Y+7Z
> Gamma23: =f act or (wcol | ect (cartan| 2, 3]));
-Sd(X) - d(Y)Zz+Yd(Z)+d(S) X
S+X+Y+7Z
> Gamma31l: =fact or (wcol | ect (cartan[ 3, 1]));
-d(X) Z+Sd(Y)+Xd(Z)- d(S) Y
S+X+Y+Z°
[ > Ganmma32: =fact or (wcol | ect (cartan[3,2]));

Gl1:=

Gl2 :=-

G13:

G21:

G222 :=-

G23:=-

G31l:=-
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_ -Sd(X) - d(Y)Z+Yd(Z) +d(S) X

I B S+X2+Y+7

> Gamma33: =f act or (wcol | ect (cartan[ 3, 3]));
Xd(X)+Yd(Y)+2Zd(Z)+Sd(S)

) S+xX+Y+7

G32:

G33:=

E The "Space-S' components are:
[ > hhl:=factor(wcollect(cartan[4,1]));
>
-Sd(X) - d(Y)Z+Yd(Z) +d(S) X
S+X+Y +7
> ggl: =factor(wcol | ect (factor(wcollect(cartan[1,4]))));
-Sd(X) - d(Y)Z+Yd(Z)+d(S) X
S+X+Y+7Z
[ > hh2:=factor(wcol |l ect(cartan[4,2]));
-d(X) Z+Sd(Y)+Xd(Z2)- d(S) Y
S+X+Y+7Z
> gg2: =factor(wcol l ect(cartan[2,4]));
-d(X) Z+Sd(Y)+Xd(Z2)- d(S) Y
S+X+Y+Z°
[ > hh3: =factor(wcol |l ect(cartan[ 4, 3]));
-Yd(X) +Xd(Y)- Sd(Z)+Zd(S)
S+X+Y+7
> gg3: =factor(wcol l ect(cartan[3,4]));
_-Yd(X) + Xd(Y) - Sd(Z) +Zd(S)
B S+X+Y+Z
> Omega: =factor(sinplify(wcol |l ect(cartan[4,4])));
_ Xd(X)+Yd(Y) +Zd(Z) +Sd(S)
- S+X+ Y+ 22
Note that the Big Omegaterm is a perfect differential, and is zero only when the arguement R4 isa
constant. That is - off the sphere R4 = constant the Omega term does not vanish. Hence if the radius

of the two sphere is expanding, then R4 is not constant and one has a dilatation. (The source of
dilatons?)

hhl :=-

gol =

hh2 := -

g2 =

hh3 :=-

0g3:

There arein general two sets of torsion two forms.

The affine two forms, big Sigma, which depend upon the product of little omega and the connection
components, little gamma.

The second set of torsion 2-formsisrelated to Big Omega and the connection components, little
gamma.

Page 9



See http://www.uh.edu/~rkiehn/pdf/defects2. pdf
AFFINE TORSION (DISLOCATION) 2-forms Big Sigma
"> Si gmal: =(wcol | ect (fact or (onega&*ggl))); Si gma2: =wcol | ect (factor (one
ga&"gg2)); Si gna3: =onega&*gg3;
_— (YZ+SX) ((d(X)) & (d(Y))) (Y Z+SX) ((d(2)) &" (d(S)))
' S+X2+Y2+ 72 S+X2+Y+ 7
] (- Y2 +S) ((d(X)) & (d(Z2)))  (ZS+XY) ((d(Y)) & (d(2)))
S+ X2 +Y+ 27 F+X2+Y+ 27
] (-Z2+X%) ((d(Y)) &" (d(S))) (-ZS- XY) ((d(X)) &" (d(S)))
F+X2+Y+ 27 S+X2+Y+ 7
- (-SY+XZ) ((d(X)) & (d(Y))) (-SY+XZ)((d(2)) &" (d(S)))
' S+X2+Y+ 27 S+X2+Y+ 27
(Z2S- XY) ((d(X)) & (d(2))) (- S+ X%) ((d(Y)) &" (d(Z2)))
F+X2+Y+ 27 F+X2+Y+ 27
(Z2S- XY) ((d(Y)) & (d(S))) (- 22+ Y?) ((d(X)) &" (d(S)))
F+X2+Y+ 27 S+ X2 +Y+ 27
s3=.2 Y S((d(X)) &"(d(Z))) ‘o Y Z ((d(X)) & (d(S))) ‘o XS((d(Y)) &"(d(2)))
' S+X2+Y2+ 27 F+X2+Y+ 27 S+X2+Y+ 7
5 XZ((d(Y)) & (d(S)))
i S+X+Y+7Z
>

| DISCLINATION TORSION FORMS

[ > Phi 1: =wcol | ect (fact or (Orega&*ggl)); Phi 2: =wcol | ect (f act or (Orega&*gg
2)); Phi 3: =wcol | ect (fact or (Onega&*gg3));
F1=. (-XZ+SY) ((d(X)) &" (d(Y))) (-SY+XZ)((d(2)) &" (d(9)))
(§+%+W+ff (§+%+%+fﬁ
_ (2S5+XY) ((d(X)) &" (d(2))) (Z2+Y°) ((d(Y)) &" (d(2)))
(§+%+W+ff (§+%+W+ff
_ (2S8+XY) ((d(Y)) &" (d(9))) (S +X°) ((d(X)) & (d(9)))
(§+%+%+ff (§+%+W+ff
Fo=. (YZ+SX) ((d(X)) &" (d(Y))) (-YZ- SX)((d(2)) &"(d(S)))
(§+%+W+ff (§+%+W+ff
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(Z2 X)) ((d(X)) &7 (d(2)))  (-ZS+XY) ((d(Y)) &" (d(Z)))

(32+X2+Y2+Zz)2 (SZ+X2+Y2+ZZ)2
(S Y) () &1 (d(S)))  (ZS- XY) ((d(X)) & ((S)))

(32+X2+Y2+Zz)2 (82+x2+Y2+ZZ)2
_ (Y- X ((d(X) & (d(V))) | (-Z°- §) ((d(2)) &" (d(9)))

F3: 5 5
(S +X2+Y2+7%) (F+X2+ Y2+ 7%
L LY Z+SX) ((d(X)) &7 (d(2))) | (XZ+SY) ((d(Y)) &" (d(2)))

(SZ+X2+Y2+ZZ)2 (82+X2+Y2+22)2
L LY Z+SX) ((d(Y)) &1 (d(S))) | (-XZ- SY) ((d(X)) &" (d(S)))

2 2
I (S +X2+Y2+7%) (F+X2+ Y2+ 7%
| What isimportant is theat the new structural equation related to disclinations generates non-zero
values for the second set of torsion 2-forms, in this case named Phi.

| Next, the Algebraic method will be used to compute the Matrix of Curvature 2-forms,
 (Soon)

[ >

[ >

[ >
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