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Abstract

A remarkable relationship exists between homogeneous differential forms,
period integrals, fractals, and thermodynamic irreversibility.

1. INTRODUCTION

1.1. Homogeneous functions

The concept of a homogeneous function is encoded by the equation:

F(BE") = B f(EM). (1.1)
Such functions of 0 < k < n variables &" are said to be homogeneous of degree
D. Changing the scale of each of the independent variables by the same factor
replicates the same homogeneous function, times a factor. The homogeneous
function is self similar upon change of scale, 3.
A homogeneous function, f (fk), satisfies Euler’s equation

rof(€h) /ot = D - f(€F). (1.2)
Usually the homogeneity degree D has been interpreted as an integer. However,

since the popularization of fractals it is to be recognized that D does not need to
be an integer.



1. The factor 8 can be interpreted as a scaling parameter. It need not be a
constant!.

2. The factor D can be interpreted as the homogeneity degree, or the fractal
dimension.

3. The factor 3 could be interpreted as the number of copies, N (of f(¢¥)).
These interpretations lead to the formula

N = g7, (1.3)

and the ”Hausdorff” dimension,

D=InN/Ing, (1.4)

A useful homogeneous function is given by the Holder norm A which is ho-
mogeneous of degree D for any polynomial exponent, o, and any set of constants
Q..

Holder Norm :  A(€%) = {a1(€))7 + (€37 + ... + an (€M) }P/7  (1.5)

ABEY) = pPAED).
The ay, are usually treated as constants that determine the isotropy and signa-
ture of the Norm. Note that the length of a vector defined as the square root of a
quadratic (Euclidean) inner product is a homogeneous function of degree D = 1,

isotropic in its components, and of signature zero (no minus signs). In terms of
the vector components, V¥,

AVE) = (VIo|V) = {(V1)*+ (V) + (V?)*}'/2, (1.7)
o =2, D=1al=a2=..=ak=1. (1.8)

1.2. Homogeneous differential forms

In general, a homogeneous p-form, w(Ag(£¥), d€*), will satisfy the equation[l]

Lyeyw =k w. (1.9)



Consider those situations where there exists a map from a set of a parameters n* to
the n independent (coordinate) variables, &, and therefor another map (obtained
by functional substitution) from the 7* to the coefficient functions, A;(£¥).

! (1.10)
n" o= Ak(nm):Ak(fk(ﬁa))- (1.11)

Assume that the £ are homogeneous of degree D, relative to the parameters, 7®

9" |on" = D(€) €". (1.12)
Note that the Lie differential, with respect to 1%, of the elements d¢* is
Liyoy(d€®) = d(i(n")de®) + i(y*)dde" (1.13)
= d(i(n")(9¢" /on")dn") + 0 (1.14)
= d(n"9¢" /on") = d(D(¢) &) (1.15)
= D(¢) de* + (€*0D/o€")de" (1.16)
= D(&)(1+ B(€))de" (1.17)
where (£°0D/0¢") = B(£)D(§). (1.18)

In the theory of Finsler spaces it is assumed that the differentials d¢* are homo-
geneous of degree 1. When D(£)(1+ B(§)) = 1, Chern has defined the system as
being " projectivized”[2]. A simple case is where D(§) =1, and B(§) =0

Euler’s equation for homogeneous functions can be replicated for exterior dif-
ferential forms in terms of Cartan’s magic formula for the Lie differential. Con-
sider the Lie differential of a set of functions homogeneous functions, A(¢%),
homogeneous of degree H relative to the variables, ¢*. Hence the assumption
implies that

EmOAL(EN) /O™ = H(€) Aw(€™). (1.19)

Note that the Lie differential of the function set A;(¢¥)

Loy An(€") = d(i(n")Ar(€")) +i(n")dAk(€") (1.20)
= 0+i(n")(9AK(E")/0€™) (O™ fom®)dn (1.21)
= (0A(E") /0™ (n"0E™ | o) (1.22)
= D(€) (DAL(E")/0E™)(€™) (1.23)
= D(&)- H(&) A(&M). (1.24)
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Combining these results for a 1-form yields the equation

Ly (Ap(€F)da®) = { L) Ar(€F)}dE" + Ap(€") Lo (dE¥) (1.25)
= D(&) H(&) Ax(€M)dE" + D(€) (1 + B()) Ar(£*)dg1.26)
= (H(&)+ 1+ B(&)) D(&) Ap(&F)de. (1.27)

This formula generalizes for p-forms to read

Lymw? = (H(§) +p(1+ B(£)))D(§) w” =k w”, (1.28)
n*oetjon" = D(€) €, (1.30)
and  £"0D/0¢") = B(&) D(¢). (1.31)

A special class of p-forms are those which are closed; i.e., the exterior deriva-
tive of the p-form vanishes. From the definition of a homogeneous form, if the
homogeneity index is not zero, then the closed homogeneous p-form is exact:

L(na)u)p = d(i(n“)wp) + i(na)dwp (132)
for close homogeneous p-forms = d(i(n®)w?) +0 =k & (1.33)

Special interest is placed upon those closed p-forms which are not exact, for they
lead to topological period integrals. If these closed homogeneous p-forms are not
exact, they must be homogeneous of degree zero.

Using this theorem, an algorithm will be constructed below to generate closed,
but not exact p-forms, in terms of homogeneous of degree zero p-forms. There
are two ways to generate homogeneous of degree zero p-forms: either D(§) = 0,
or H(§) = —p. The choice D(£) = 0 is not acceptable, for that would imply zero
displacements'. The choice H(£) = —p appears to work well for the construction
of period integrals.

1.3. Fractal differential forms

From the arguments presented above, it would appear that if the coefficients of a

projectivized differential form are of homogeneity index H (&) not an integer, then

the exterior differential form is a fractal exterior differential form. The evolution

of a fractal differential form can be studied in terms of Cartan’s Magic formula.
(More to come)

'In fact, a popular choice is that D = 1, a choice that is called the projectivized p-form, and
which is the choice utilized to define Finsler geometries.
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2. Applications of Homogeneous differential forms

2.1. The Torsion Vector

The Lie derivative of a 1-form A is said to be homogeneous of degree k if

Loy A = kA (2.1)

In even dimensional spaces, where 2N is the maximal rank of the 2-form dA,
there is a remarkable vector direction field, completely determined to within a
factor by the coefficients of the 1-form, A. This unique direction field, T, in even
dimensional spaces satisfies the homogeneity equation:

This vector, defined as the Topological Torsion Vector, T (&), is uniquely deter-
mined to within a factor by the equations,

i(T)Q = A°dA.."dA, (2.3)

for a volume element Q = d¢'"d¢?... de*N. (2.4)

The Topological Torsion vector? has the properties:

i(T)A = 0, (2.5)
i(T)dA = TA, (2.6)
LA = TA. (2.7)

The homogeneity index for the torsion vector is not necessarily unity, I' # 1.
In an even dimensional space of 4 independent variables, with the orientation

Q = da"dy"d¢” dt (2.8)

the torsion vector direction field, T4, is defined by the components of the 3-form,
A"dA. Then, in the symbol format of electromagnetism,

20n a space of 4 dimensions, the Topological Torsion vector has the properties of the Liouville
vector[1], except that the homogeneity degree is not unity.



A = Aodr—odt, (2.9)

T, = —[ExA+B¢, AocB], (2.10)
and L(T4)A = —(E o} B)A =TA. (2.11)
It is also true that
dA"dA=F"F =2(E o B)Q. (2.12)
For 1-forms, as
k=T = —(EoB) = (H(&) + 1 + B(9)) D(©). (2.13)

the Cartan Magic formula implies that when the coefficient I' = —(E o B) is not
an integer, the topological torsion vector generates a fractal set for any 1-form in
4 dimensional space of Pfaff dimension 4.

For 1-forms that satisfy the Frobenius constraint, A" F = 0, and are of Pfaff di-
mension 2, the Topological Torsion vector T vanishes. It follows ' = —(E o B) =
0. For homogeneous 1-forms that are of Pfaff dimension 3, A"F # 0, but
F"F =2(EoB)Q2 =0. Hence, the Topological Torsion vector acting on a homo-
geneous 1-form of Pfaff dimension 3 by means of Cartan’s Magic formula describes
a homogeneous 1-form of degree zero. It is also possible that the 1-form A is not
homogeneous, but the 3-form A" F' can be made homogeneous of degree zero, by
multiplication of a suitable integrating factor.

For 1-forms that are of Pfaff dimension 4, the Topological Torsion vector is not
zero, but generates fractal 1-forms (self similar homogeneous with k # integer).
For projectivized systems (D(§) = 1, B(§) = 0) the fractal index is determined
by the formula,

k=T=—(EoB)=(H() +1). (2.14)

The relative orientation of the E and B fields will determine the sign of the
homogeneity index.

For a thermodynamic process in the direction of the Torsion Vector, Ty, it
follows from the general theory of continuous topological evolution[3] that the
heat 1-form

Q = L(T4)A = —(E o B)A = FA, (2.15)



is such that

QdQ = (H+1)*A°F (2.16)
= T?A°F, (2.17)
= (EoB)?A°F, (2.18)

If EoB # 0, then Q"d@ # 0, and the process represented by Torsion Vector,
Ty, is thermodynamically irreversible. Note that the result is independent of the
orientation of the E and B fields.

2.2. Period integrals

Many (if not all®) P-1 dimensional period integrals (topological deformation in-
variants) can be constructed from those P-1 dimensional currents which are homo-
geneous of degree zero. Given a vector V¢(¢¥) of an ordered array of P functions
of m variables, construct the P dimensional volume element €2 and the P-1 current,
J, as

J = i(V)Q/A=i(V){aV'dVv?".."dV"} /), (2.19)
A= AV ={ay (VY7 +ax(VY + ... + a, (V)7 }P/° (2.20)

The scaling, or renormalization factor, A, is the Holder norm with the Holder
homogeneity index fixed to the value P. The resulting renormalized P-1 form, J,
is homogeneous of degree zero. As the homogeneous P-1 form is of homogeneity
degree zero, the current has the remarkable property of being closed, but not
exact. (If the homogeneity index was not zero, then the P-1 form would be
exact. The classic example is the 1-form (for P=2):

y(™) = (VdVZ = V2VT)/A, (2.21)
A= ({a (VY7 +ap (V). (2.22)
The P-1 = 2-1 = 1-form (n™) is homogeneous of degree zero, and is closed, but

the form has finite circulation for those closed integration cycles that encircle the
obstructions generated by the zeros of the Holder norm.

3Tt is a conjecture that all period integrals can be constructed from p-1 forms that are
homogeneous of degree zero.



For a simple vector, V = [V! V?] = [z,y], the closed 1-form has a possible
representation

v = (yda — xdy)/(z* +y?), (2:23)
where the Holder norm has been chosen such that a =1, b=1, 0 =2, P = 2.
The obstruction is the origin point, x=0, y=0.
For the [x,y] representation,

dy = 0, (2.24)
= o (2.25)

féycle enclosing origin

Such is the case for all homogeneous closed p-forms that are not exact. They all
must be homogeneous of degree zero. They all lead to period integrals which are
deformation invariants. Hence these objects constructed from closed integrals
of closed, but not exact, differential forms are topological objects independent
from metric constraints. Bottom line: the period integrals are p-dimensional
obstruction, or hole, counters.

2.3. The fundamental theorem:

The fundamental theorem utilizes differentiable projections, =, from a base space
{2*} of dimension N to vector subspaces {V™(x*)} of dimension M,with M < N.

m o 2"} = {V (")), (2.26)
dr : |da®) = |dV™(ah)) = [0V™(a") /0a7) o |da? ) (2.27)

A differential ”volume” element (V™) is constructed on the M dimensional sub-
space in terms of the differentials of the components of vector direction field,
V = [V (")) = [U,V,W..]:

Q™) =dvidv? . dvM = dUdV dW... (2.28)

The components of the direction field [V™(z¥)] can be used to construct a Holder
Norm, A, of the form,

m=M n/p
A= (a(U) +b(V)P + c(W)P..)M/P = (Zl i (vm)P> .
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The Holder norm has ”signature” and/or ”anisotropy” constants, {a,b,c,...},
an arbitrary polynomial index, p, and a "homogeneity” index, n. Although the
exponent p can be any integer, special focus is given to the quadratic form* that
is generated when p = 2.

The vector direction field V can be renormalized by division with respect to
the Holder norm, and the result can be used to construct an M — 1 form, G :

G=i(V/NQV™) ={UdV"dW... = VdU " "dW... + WdU"dV...} I\(U,V,W).
(2.29)
If the homogeneity index is selected such that n = M, then the M — 1 form G
is homogeneous of degree zero. These constructions lead to the fundamental
theorem:

Theorem 2.1. If for 0 <m < M functions, V(z¥), of N wvariables, {z*} such that

G = i(V/A)V™),
Qu(V™) = avtdv? .. avM
and X = {aUP 4 bVP 4 cWP.. }"/P
then for any p and any {a,b,c...} and
n = M,
dG = 0 and G is homogeneous of degree 0.

Proof: With n not fixed, by direct computation, the ”divergence” of GG
with respect to the ”coordinates” {U,V,W..} on M is

dG = {(M — n)/A\} Qs (2.30)

Hence, dG = 0 for n = M, any p, and any signature for the anisotropic constants
{a,b,c...}. In other words, the Holder type divisor, A, acts as an integrating factor
for the vector field, when n = M, any p, any a,b,c... The "excluded” points are
the zero sets of A. The fact that G is homogeneous of degree zero implies that
although G is closed, it is not exact. Hence as an integrand of a period integral it
will have finite values for cycles which are not boundaries, and the values of these
integrals will have rational ratios. In short, these integrals are ”quantized”.

4When the signature constants are unity, the polynomial index p=1, and the homogeneity
index n=1, the Holder renormalization yields the Gauss map, such that (V/A| o |V/A) = 1.



The projective mapping can be used by functional substitution to pull back
the closed M — 1 form G(V™,dV™) on M to a closed M — 1 form G(z*, dz*) on
N.
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