>

> restart: with (linalg):with(liesym):with(difforns):

> setup(x,y, z,t):defform x=0, y=0, z=0, t =0, Vx=0, V=0, Vz=0, D1=0, D2=0, D3=0, Ax=0, Ay=0, A
z=0, C=0, Phi =0, a=const, b=const, c=const, Lx=0, Ly=0, Lz=0, E=0) ;

War ni ng, new definition for norm

Warni ng, new definition for trace

War ni ng, new definition for close

Warni ng, new definition for &\

War ni ng, new definition for d

War ni ng, new definition for m xpar

War ni ng, new definition for wdegree

Using the Lorentz map asa FRAME FIELD

or
Space Time asa Minkowski Fluid

R. M. Kiehn (last update 08/09/99 - 08/10/99)
rkiehn2352@aol.com

Cartan's methods will be used to compute torsion and curvature coefficients induced on subspaces of
R4 by assuming the Lorentz map, L, to be aFrame Field. The parameters (Vx,Vy,Vz, Lx, Ly, Lz,
C,E) will NOT be presumed to be global constants, apriori. For example, it may be true that C =
C(x,y,z,t) asit doesin real mediaor in the presence of agravitational field. The conformal expansion
factor E allows for expansion of the manifold and also can be E(x,y,z,t).
If Eisagloba constant, then all torsion 2-forms of the WF type are zero, as the field "Abnormality"
(big Omega) vanishes (See http://www?22.pair.com/pdf/projfram.pdf)

Fundamental Assumption:

The Lorentz map,
L: {x,y,z,t} ==>{X,Y,Z,T}
must satisfy the equation
XN2+YyN2+7M2-(C*1)"2=0 ==>  XN24Y"2+Z"2-(C*T)"2=0
When it is recognized that the Eikonal equation (non-linear first order quadratic form of partial
derivatives) is deduced from the Maxwell PDE's as the necessary criteriafor the existence of a
singular solution set,
(and therefore is the fundamental equation describing the existance of propagating discontinuities),
then the key feature of the Lorentz map isthat asigna
( apropagating discontinuity - Not an infinite wave train)
is mapped into asignal to all oberversrelated by the Lorentz map.

The fact that the Eikonal equation is equal to zero, impliesthat it is possible to scale all quadratic
forms by anon zero factor E*2. In other words the map is defined by the equations

XN 2+yN 2470 2-(C* )N 2 = E(X,Y,Z,) N 2{ XN 2+Y N 2+ZN 2-(C* TN 2}
whereif the RHS is zero, then so isthe LHS.
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The significance of the Lorentz transformations, L, is that
they are the only Linear transformations that preserve the

Eikonal quadratic form. -- V. Fock
(AND THEREFOR MAP SIGNALSINTO SIGNALYS)

The class of Lorentz maps does not require that C be adomain constant. In fact, when C= C(x,y,z,t),
the space-time variety {x,y,z,t} constrained by Lorentz maps can be viewed as a"Minkowski Fluid".

In that which follows, the L orentz transformations considered will be those that can be constructed
from six matrix generators, three rotations (LRx, LRy, LRz) and three trandlations (LTx, LTy,LTz)..
The inverses of these matrices will be designated as (LRxn, LRyn, LRzn) and (LTxn, LTyn,LTzn).
The generators may be multiplied by arbitrary non-zero Expansion functions, E, (which merely
changes the determinant value of the map) and by 1/E for the inverse generators. The matrix
generators consist of parameters( functions of x,y,z,t) and these parameters are not restricted to be
domain constants. The only requirement is that the matrix be an element of the Lorentz group that
preserves the quadratic form defined as the Eikonal, to within a factor.

Products of these generators will generate new Lorentz transformations. However, the order of
application of the generators is significant to the outcome.

LGUN stands for the Minkowski metric
> LGUN: =eval n(array([[1,0,0,0],[0,1,0,0],[0,0,1,0],[0,0,0,-1]1)):r:=[x,y, z, Ct]:

In that which follows, six generating matrices will be constructed from maps that take r = {x,y,z,Ct)

into R ={XX,YY,ZZTT}. Theinitial rQF (aquadratic form defined as rQF) constructed from

<r|1,1,1,-1|r> will be compared to the final RQF defined as <R|1,1,1,-1|R>. The generators will be

constructed at first for those that have positive determinant.

> LRz: =subs(eval n(E*array([[ (1-Lz*2)~(1/2),Lz,0,0],[-Lz,(1-Lz"2)"(1/2),0,0],[0,0,1
,0],[0,0,0,1]1))); RPRI ME: =si npl i fy(innerprod(LRz, r)): XX: =RPRI ME[ 1] ; YY: =RPRI ME[ 2]
v ZZ: =(RPRIME[ 3] ); TT: =(sinmpl i fy(RPRI ME[ 4] )); DETL: =det (LRz) ; R =i nnerprod(LRz,r):in
itial _rQr: =innerprod(r,LGUN, r);LRzn: =i nverse(LRz);

(5 U

€ 1 0 Oou

=€ u

LGUN 901 of

@ 0 0 -10
€41-LZ ELz 0 0
e u
LRz:=§ -ELZ E4J1-LZ O 0y
§ O 0 E oy
€ 0 0 0 Eu

XX:=E4/1- LZ Xx+ELzy

YY:=-ELzx+Eq1- LZYy



TT:=ECt
DETL := E*
initial TQF :=xX*+y’+7- C°t°

§1-17 Lz !
e U
€ E E U
e U
€ Lz 1- L7 u
0 0

e E E U
LRn:=§ v
€ o o = ol
e E u
e U
e 1t
€ o 0 0 =
e EU

E Compute the final quadratic form form the Output vector R
> Final _RQF:=(factor(innerprod(R LGUN,R)));
L Final RQF :=-E?(-X*- y*- Z+ C*t%)
| Sothe map LRz isindeed a Lorentz transformation (LRz = "L orentz Rotation about z axis").
| Similarly for rotations about x and y:
| An angular formulation for non-tachyons can be written as.
> LRphi z: =subs(eval m(E*array([[ cos(phi), sin(phi),0,0],[-sin(phi),cos(phi),0,0],][0,
0,1,0],[0,0,0,1]1]1))); RPRINE: =si mpl i fy(i nnerprod(LRphiz,r)): XX =RPRI ME[ 1] ; YY: =RPR
I ME[ 2] ; ZZ: =(RPRI ME[ 3] ) ; TT: =(si npl i f y( RPRI ME[ 4] ) ) ; DETL: =det (LRz) ; R: =i nner pr od( LRp
hiz,r);initial _rQF =innerprod(r,LGUN r); Final RQ- =factor(sinplify(innerprod(R, L
GUN, R)) ) ; LRphi zn: =i nver se( LRphi z) ;

éEcos(f) Esin(f) 0 OU

: u
.__&eEdn(f) Ecog(f) 0 Ou
LRphlz.—g 0 0 E OH
e 0 0 0 Eu

XX:=Ecog(f)x+Esn(f)y
YY:=-Esin(f)x+Ecos(f)y
ZZ=Ez
TT:=ECt
DETL :=E
R:=[Ecos(f ) x+Esin(f)y,-Esin(f)x+Ecos(f)y, Ez ECt]
initial TQF :=xX*+y’+7- C°t°
Final RQF :=-E?(-X*- y*- Z+ C*t%)

& cos(f) sin(f) OE
SE (cos(f )’ +sin(f)’)  E(cos(f )’ +sin(f )?) N
sin(f) cos(f ) o ol
= 2, o 2 2 . 2 u
L Rohizn := §E(cos(f) +sn(f)?) E(cos(f)"+sin(f)?) . lE
3 0 0 — o}
3 E U
é 0 0 0 iE
é EU

T > LRx: =subs(eval m(E*array([[1,0,0,0],[0, (1-Lx*2)~(1/2),Lx,0],[0,-Lx, (1-Lx*2)~(1/2)
,0]1,[0,0,0,111))); RPRIME: =si nplify(innerprod(LRx,r)): XX:=RPRI ME[ 1] ; YY: =RPRI ME[ 2]
; ZZ: =(RPRIME[ 3] ); TT: =(si nplify(RPRI ME[ 4] )); DETL: =det (LRz) ; R =i nnerprod(LRx, r);in
itial _rQF: =innerprod(r,LGUN, r);Final _RQF: =innerprod(R LGUN, R); LRxn: =i nver se( LRx)
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& 0 0 oy

- 2 u

LR>(.=§O E41- Lx E Lx 0H

0 -Elx Eql- LY OH

€0 0 0 EU
XX:=EX

YY:=E4/1- LEy+ELxz
ZZ:=-ELxy+E41- Lz
TT:=ECt
DETL :=E*
R:=[EX, Eq/1- LCY+ELxz-ELxy+E4/1- Lz ECt]
initial rQF :=x2+y*+7- C*t?
Fina RQF :=E*X’+E’y*+E*Z- E2C*¢

D~
[

U

SE 0 0 Oll:
& v
é 1- L Lx U
o oo ¢ o
LR :=§& v
g, Lx 1- ¥ ol
& E E ¥
& 14
é0 0 0 —U
e EU

| Similary an angular representation is;

>

> LRt het ax: =subs(eval m(E*array([[1,0,0,0],[0, cos(theta), sin(theta),0],[0,-sin(thet
a),cos(theta),0],[0,0,0,1]1]1))); RPRIME: =si npl i fy(innerprod(LRt hetax,r)): XX =RPRI M
E[ 1] ; YY: =RPRI ME[ 2] ; ZZ: =( RPRI ME[ 3] ) ; TT: =(si npl i f y( RPRI ME[ 4] ) ) ; DETL: =det ( LRz) ; R: =i
nnerprod(LRthetax,r);initial _rQF: =innerprod(r,LGUN, r); Final RQF: =factor(sinplify
(i nnerprod(R, LGUN, R))); LRt het axn: =i nver se( LRt het ax) ;

SE 0 0 OH

€0 Ecos(q) Esn(q) oOu
LRthetax.—g.o -Esin(q) Ecos(q) OE
€0 0 0 EU

XX:=EX
YY:=Ecos(q)y+Esin(q) z
ZZ:=-Esin(q)y+Ecos(q) z

TT:=ECt

DETL :=E

R:=[Ex,Ecos(q)y+Esn(q)z-Esin(q)y+Ecos(q) z ECt]
initial TQF :=xX*+y’+7- C°t°
Final RQF :=-E*(-X*- y*- Z+C°t%)
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>
>

. ;
eE 0 0 OL
& . U
€0 cos(q) ) sin(q) of
2 : 2 2 . 2
LRthetaxn =& E(cos(@)’ +sin(a)’)  E(cos(q)’ +sin(q)®) U
80 sin(q) cos(q) Ot
& E(cos(q)’+sin(q)’)  E(cos(a)’+sin(a)) ¢
& 1
60 0 0 _E
€ EU

LRy: =subs(eval m E*array([[(21-Ly”2)~(1/2),0,-Ly,0],[0,1,0,0],[Ly,O, (1-Ly*r2)"(1/2)
,0],[0,0,0,1]1))); RPRI ME: =si npli fy(innerprod(LRy,r)): XX: =RPRI ME[ 1] ; YY: =RPRI ME[ 2]
1 ZZ: =(RPRIME[ 3] ) ; TT: =(sinplify(RPRI ME[ 4] )); DETL: =det (LRz) ; R =i nnerprod(LRy, r);in
itial _rQF: =innerprod(r,LGUN, r);Final_ RQF: =innerprod(R LGN, R); LRyn: =i nver se(LRy)

&1-LyY 0 -ELy O
€ 0 E 0 oY
LRy'_é ELy 0 Eq1- Ly OE
€ 0 0 0 EU
XX:=E4/1- Ly x- ELyz
YY =Ey
ZZ:=ELyx+E41- Ly’ z
TT:=ECt
DETL :=E*

R:=[E+/1- LYY Xx- ELyz Ey,ELyx+E4/1- Ly’ z EC{]
initial TQF :=xX*+y’+7 - C°t°
Fina RQF :=E*X +E’y"+E*Z- E°C°¢°

g_w 0 Ly og
¢ c e
€ o 1 0 ot
' g Ly 1- Ly 4
- 0 ou

& E E ¥
e 1L
€ o 0 0 =
e EU

The next exercise isto construct the generators for the Lorentz trandlations.

r> Delta:=1/(1-(Vz/C)"2)"(1/2):LTz: =subs(eval n(E*array([[21,0,0,0],[0,1,0,0],[0,0, De

Ita, Delta*Vvz/C],[0,0,Delta*Vz/C Delta]]))); RPRI ME: =si npl i fy(innerprod(LTz,r)): XX
:=RPRI ME[ 1] ; YY: =RPRI ME[ 2] ; ZZ: =(RPRIME[ 3] ) ; TT: =(si npl i f y(RPRI ME[ 4] ) ) ; DETL: =det (LT
z); R =innerprod(LTz,r):initial_rQ=innerprod(r,LGUN, r); Final_RQ:=innerprod(R L
GUN, R); LTzn: =i nverse(LTz);
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édE 0 0 0 E
&0 E 0 0 !
€ E EvVz U
g 0 v
g L AL
LTz.—g c2 c? E
EVz E
& 0 ¥
: P A
g c? C? ‘C
XX :=EX
YY =Ey
E(z+Vzt
77 .o £(2HVZY) ( )
| C? vZ2
E(sz+C2t)
o r
DETL := E*
initial rQF :=x2+y*+7- C*t?
Final RQF :=-(C*t*- X¥*- Z- y*) E?
é1
e— 0 0
E
0 0 0

0
1
E
0

»

N
Il
o

/ sz / vZ2

———C
0

/ Vz2 / Vz2

[ The Lorentz trandation can also be given atrlgonometnc repreﬂentatlon as
> Delta:=1/cos(Vz/C):LTcosz: =subs(eval m{ E*array([[1,0,0,0],[0,1,0,0],[0,0, Delta, De
Ita*sin(Vz/C],[0,0,Delta*sin(Vz/C),Delta]l]))); RPRI ME: =si nplify(innerprod(LTcosz
, 1)) : XX: =RPRI ME[ 1] ; YY: =RPRI ME[ 2] ; ZZ: =(RPRI ME[ 3] ) ; TT: =(si npl i f y( RPRI ME[ 4] ) ) ; DETL:

=det (LTz); R =innerprod(LTz,r):initial _rQ: =innerprod(r,LGUN, r);Final_RQF: =innerp
rod(R LGUN, R); LTcoszn: =i nverse(LTcosz);

o
o o o o o v o o

(DADDDIDDDDIDIDIDDIDIDIDIDIDIDIDID
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LTcosz:

LTcoszn :=

(D@XDIDDIDIDIDIDIDIDIDIDIDIDIDIDIDIDIDIDID

a/z0
CO%C @
DETL :=E*

initial TQF :=xX*+y’+7- C°t°
Final RQF :=-(C°t*- X*- Z- y°) E?
& 0 0 ;
2 !
g, 1 ¢
2 € ’ °
€ U
S co%ev—zg cosg ngngvzo t
go 0 - < < co lE
g Eg 1+sn§£22: Eg 1+sn§£gzglt'
€ U
S ae\/zo ae\/zo ae\/zo t
g E&il+' _Zgzg Eg-1+ _gzgt
g C1rsigogs  Eplrangozd

o
o

o
o

om
m o
o o

E
E

o o

sin

tlone
Q-H-O:

ae\/zo

co% C o

az0o
Esng—=
Co

sscg

a/z0
CO%C
XX:=EXx
YY:=Ey

[} o’ o o o s s s s s s s s s s s s o

e ®zO 0
Egz+sng€ECtg

az0o
cosg—=
Co

L
Egsmg Tz+ tB

E NOTE If the expansion factor is E = 1/cos(Vz/C) then the coefficients are

[ > subs(E=1/(cos(Vz/Q)), eval n(LTcosz));
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g ! 0 0 0 t
& avzo v
ecosg™ _ + U
e Co U
€ U
£ 0 L 0o |
& EeY4s) v
e cosg—= U
: co i
e o a/zo U
& sine—= U
& 1 Coy
¢ 0 0 U
€ a/z & ae\/z(jzlc
cosE—= cosk—=
g €cs Cyl
€ 0 0 Co 1 u
& aVz & Bz F
S cosg—i Cost— = (]
e Co Cgu

and related to the generators of
theRaliegh - Taylor theterms: {sin(V/C)/cos*2(V/C)} and the
Kelvin - Helmholtz  theterms{1/cos*2(V/C)}

See http://www22.pair.com/csdc/car /car frel5.htm
(Wakes arerelated to the eikonal condition again)

>

> Delta: =1/ (1-(Wx/ O "2)~(1/2): LTx: =subs(E*eval m(array([[Delta, 0,0, Delta*Vvx/C],[0, 1
,0,0],[0,0,1,0],[DPelta*vx/C,0,0,Deltal]))); RPRIME: =si mpl i fy(innerprod(LTx,r)): XX
:=RPRI ME[ 1] ; YY: =RPRI ME[ 2] ; ZZ: =(RPRIME[ 3] ) ; TT: =(si npl i f y(RPRI ME[ 4] ) ) ; DETL: =det (LT
z); R =innerprod(LTx,r):initial_rQF: =innerprod(r,LGUN,r); Final RQF: =innerprod(R L
GUN, R); LTxn: =i nverse(LTx);

é 1 VX U
§ T, 00 T /=
& e W 0
8 1-—2 1-—2Ct
e, M
0 10 0
—p6 U
LTx: ES 0 01 0 t
e U
VX 1
S 00 - |
e VX VX U
1-—C 1-—
e C? C? E
E (x + Vxt)
XX i=—F—
C?- W
C2
YY =Ey
7 =Ez
E (Vxx+C*t)
T =
C*- W
c’ ¢
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DETL :=E*
initial TQF :=xX+y’+7- C°t°
Final RQF :=-(C*t*- X*- Z- y°) F?

é 1 VX u
: 0 0 - ;
é C?- V¥ C*- W

& BEn/ T = EAl 7= Ct
e C C U
& 1 v
é 0 — 0 0 U
LTxn '=8 E llI
e 1 U
g 0 0 — 0 u

E
& v
VX 1

& 0 0 ¥
& £ cz-szC . c-w Y
g c e H

> Delta:=1/(1-(VW/O"2)"(1/2):LTy: =subs(eval n(E*array([[21,0,0,0],[0,Delta, 0, Delta*
W/C],[0,0,1,0],[0,Delta*Vy/C,0,Deltal]))); RPRIME =sinplify(innerprod(LTy,r)): XX
:=RPRI ME[ 1] ; YY: =RPRI ME[ 2] ; ZZ: =(RPRIME[ 3] ) ; TT: =(si npl i f y(RPRI ME[ 4] ) ) ; DETL: =det (LT
y); R =innerprod(LTy,r):initial _rQF: =innerprod(r,LGUN r);Final _RQF: =innerprod(R L
GUN, R); LTyn: =i nverse(LTy);

0 0

E
0

"
s,
m
<[s°

mO
<
m

D
<
I
(D@FDl’DgtDl’DfESDfDFDl’DFDtDSFDfDFH
m
o
[ 1o e ]

%

E(y+Wt)

YY .=
C’- W
CZ

ZZ.=Ez
_ E(wy+Ct)

= ¥
[C2- v
C? c

DETL :=E*
initial rQF :=x¢+y*+7- C*t?
Final RQF :=-(C*t*- X*- Z- y°) F?
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D
[N

u

& 0 0 0 0
&E ¥
e \Yi U
S0 0 - LA
: ¢ w |
e E E > Cu
e C U
LTyn:=g 1 v
g0 = 0 v
e E U
& 1
e0 0 u
g C- W
g c 8

Note that combinations of products of the six generators produce other Lorentz transformations.
The "group” is multiplicative but not additive, and is non-abelian. The inverse of each generator isthe
matrix where the rotation or translation parameter is the negative value of the original matrix.

Now it isinteresting that trandation by Vx followed by atranslation Vz, then followed by transation
of -Vx (the inverse to Vx) and then followed by translation of -V z (the inverse of VVz), does not close.
The product of al four tranglationsis still a Lorentz map, but the map is not the identity: Hence the
space of Lorentz generators has curvature or torsion or both.

To show this, compute the "Round Trip" RT product of two translations followed by two inverse
trandations for a product of 4 generators. The result is still aLorentz transformation, but it is not the
identity. The sameistrue for a Round Trip of rotations. ASwill be shown below, the RT defect of
trandations can produce curvature and torsion 2-forms. However, the RT defect of rotations does not

> RT: =i nnerprod(LTzn, LTxn, LTz, LTx) ; RPRI ME: =si npl i fy(i nnerprod(RT, r)): XX: =si npl i fy(
RPRI ME[ 1]); YY: =RPRI ME[ 2] ; ZZ: =(RPRI ME[ 3] ) ; TT: =(ssi npl i f y(RPRI ME[ 4] ) ) ; DETL: =si npl i f
y(det (RT)); R =innerprod(RT,r):initial _rQ =innerprod(r,LGUN, r); Final _RQ: =subs(L
x=1, Ly=1, factor (i nnerprod(R, LGUN, R))) ;i nnerprod(transpose(RT), RT);

RT =

& Cc?- V72 sz ou
& C — - W chg 1+

g C Vz VX

g 2. V2 0 c? c2- C?- V2 H
e C - V. - u
B e (©¥0 V V V (- v 4
é C u
[0,1,0,0]

& C?- C*- W C*- V290 C*- W
SVZVXéCZ vf+cK/ \/ = - c _— c — - V7
€ C o C

& 0

& C?-

g

e

N (c:2 V@) (C2- VZ) (C?- V2) C'CZVX

2 2 2 ou

VZ§VX C?- V¢ vf+c%/c MC £ ZVZZZH
C ﬂH

Cc’- V7 v
A/TC(C2 Vé) (C2 - VZ) E
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2 0 8] 2 _ 0

CV gcz VZ + sz VX calE : cvzé [ S zvxz-li
7] C [}

2-

4/ (02 V) (C? - VZ) (C*- VZ) CCZVXZ

W C?- W VZ + 024/ VZZ VX sz
4/ (02 V%) (C?- VZ)

Vc VXZ\/CZ

Cc?- V><2
C*- W C?*- V7 vX20 & [c?-
+C4VXt\/ o M - xt/\/ /g/\/ (C2 Vx)CZ/\/

27 :=- Vszx/\/ CZ+V23Vxx/\/ -Vszsz/\/ +Vsz3x/\/
2_ 2_ 2_ 2_
+VszxN/C CVX2 szcczv -z < = C“«/C—2 4/ 4/
V22C2V22 z VZZVXZVZZ thA/ VX2 C+VZ t CC2 VX
02 sz c*-vZ 90 @
- vzt C* +th<:2 VX +Vzt . — 1 g
C C [%]
[c2- / Ve
c 2V22 (C*- V) (C*- VZ) c :/X;Za
/\/ V22C2 Vxx/\/ VZZ VZ CP+ W x/\/
[c vX2 [c Vz2 \/ - V7 c2 V¥ N/ C’- V7 N/ -
- Vzz —C' S +Vzz . — VWX C
C C C C
+Vzz V22 - Vzz Vx Cz-t/\/ VX2C4 /\/ VXZ W VZ C?
-tC"'/\/ VZZ zz+tC24/ VZZ VZ W+t VXZ /\/ /
/(:-Vz2 ) , C- w9
C = (C*- VX%) (C*- VZ) @

DETL:=1
initial TQF :=xX’+y’+7- C°t°
Final RQF :=x’+y +7Z- C*t

gce /| C*- V7 c-w [C-VZ
8§c8-4 = W CP- 2C°VZ+2 W CP+ WX C + V2 C + 4 = = Ve C*VZ
€
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-4VX2V22C4/\/ +2VX2V22C4 2Vx*C?VvZ - ¢! vZ‘/(((:2 VX2) (C*- vf)) 0, 2VZVX§C4

- CPVZ + V><2 VZ- C* VXZ 4/ VXZ VvZ- C* sz
2 2 2 2 2 0 e
+C\/ - sz\/c ZVX VC VfVC ZVX-CZVZZ 5 i é
C C C C c o
2 2 O 2 2 _ 2 _
- (02 V) (C?- V2’ A/ : 2§§ (o c CZVZZ +C6+VfC4MC CZVZZ vc CZVXZ
+CHxe- 2C44/ VX VZZ WECH+ CPVZ - CP W VZ

C*- V¢ C2-VZ2 ) 5 a2 9 ) 2, 28
+\/ = V = CVXZVZZ-VXVZBVXCE/((C-VXZ) (c- v2))Y

[0,1,0,0]

N

2 2 2 2 0 > 2)
c%/c yfva MC MC ZVX-CZVZZ szzzi/é
C C c o
0
A/ (c2 W) (C?- sz) 4/ szé
VEVZ - CP+ CH +4C44/ Vz2 Cc?VvZ'- 2VvAC sz
—2VZC§4/ VEVZ + W C?

sz) (c2 Vx®)

C*- W C*- W c*- vZ c-vZ [C- W
S VRVZ - A | =5 GV + — VW vZ- C —+C' . .
c C C C C

2 _ 2 _ 2 _ 0 > <)
+§ﬂ/cévf vaccyx ey CCZVZZ% :
2 2 U

(c*- vi)zvc v MC vz (c Vx2) gy

€ ae C*- Vv C*- V2 [ CP- W V><2
&2 gc‘"’ *+VZC M \/ +C'we- 2¢
e

-Vz2 C*- W Cc*- V7 0 0
C2 VX2 C4+C2VZ4_ CZVXZVZ2 +M 2 M 2 CZ VX2 VZZ_ VXZVZ4—VXC—/(

2
2wy (C2- vA)) 0, 2ch§ c- VZZ W VZ + V2 C? - W VZ - 4/ VXZ C? V¢
2 2
[c?- v VL c“/ Vz2 N/cczvfﬂ/c Vz2 [c- v
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2 _ 0 2 _ 2 2 o e
5 C [7]
4 -

C?- W
\Va sz Ct+2CVZ+WiCt+ VA CH

-4¢°

2 2 2 0 ) ) u

+4ﬂ/C ZVX MC 2V22 V¢ CHVZ - 4V VZ C - V2L /(G- Wé) (G- vZ))

L C C 4] u

| Thesameistruefor aRound Trip RT product of two rotations followed by two inverse rotations for a

| product of 4 generators. Theresult is still aLorentz transformation, but it is not the identity.

[ > RT: =eval n{i nner prod( LRphi zn, LRt het axn, LRphi z, LRt het ax) ) ; RPRI ME: =si npl i f y(i nner pr
od(RT, r)): XX:=si mpl i fy(RPRI ME[ 1] ) ; YY: =RPRI ME[ 2] ; ZZ: =(RPRI ME[ 3] ) ; TT: =(si npl i fy(RP
RIME[ 4] )); DETL: =si npl i fy(det (RT)); R =i nnerprod(RT,r):initial _rQF =innerprod(r, LG
UN, r); Final _RQF: =sinplify(factor(innerprod(R LGUN, R))); GUN: =i nner prod(transpose(
RT), RT);

RT :=

&cos(f ) cos(q)* + cos(f )* sin(q)* + cos(q) sin(f )
g (cos(f)* +sin(f )*) (cos(q)” + sin(q)?)
sin(f ) (cos(f ) cos(q)® + cos(f ) cos(q) sin(q)* - cos(f ) cos(q)”- sin(q)*)

(cos(f )* +sin(f )*) (cos(q)” + sin(q)?) ’
sin(f ) sin(q) (cos(f ) cos(q)” + cos(f ) sin(q)” - cos(f ) cos(q) + cos(q) )
(cos(f )*+sin(f )?) (cos(q)” +sin(q)*)

§COS(f)3n(f ) (cos(q)” +sin(q)*- cos(q))

€ (cos(f)®+sin(f)*) (cos(q)” +sin(q)’)

sin(f )* cos(q)® + cos(q) sin(f )* sin(q)” + cos(f )* cos( q)* +COS(f)9n(q)
(cos(f )*+sin(f )?) (cos(q)” + sin(q)*)

u
1OH
u

sin(q) (sin(f )? cos(q)* + sin(f )* sin(q)” + cos(f )° cos(q) - cos(f ) cos(q)) og

(cos(f )*+sin(f )*) (cos(q)” +sin(q)*) U
g_ sin(q)sin(f) _ cos(q) sin(q) (cos(f) - 1) cos(f ) sin(q)® + cos(q)’ oﬁ
€ cos(q)*+sin(q)*’ cos(@)’+sin(q)* " cos(q)’+sin(q)® U
[0,0,0,1]

XX :=x cos(f )* +x cos(q) - x cos(q) cos(f )+ sin(f ) ycos(f) cos(q) - sin(f)ycos(f)cos(q)’- sin(f)y
+sin(f)ycos(q)®+sin(f) zcos(f ) sin(q) - sin(f) sin(q) zcos(f ) cos(q) +sin(f ) sin(q) zcos(q)
YY :=cos(f ) sin(f ) x- cos(f ) sin(f ) x cos(q) +y cos(q) - ycos(q) cos(f )*+y cos(f )* cos(q)” +y cos(f )
- cos(q)”y cos(f ) +sin(q) z- zcos(f )*sin(q) + sin(q) z cos(f )* cos(q) - sin(q) zcos(f ) cos(q)
ZZ:=-sin(q) sin(f ) x + cos(q) sin(q) y cos(f ) - cos(q) sin(q) y +zcos(f ) - zcos(f ) cos(q)* + zcos(q)*
TT:=Ct
DETL =1
initial rQF :=xX*+y*+7- C°t°
Final RQF =X’ +y +7- C*t
GUN =
[(sin(f )* cos(q)” + 2 cos(q)” sin(q)” cos(f )* + cos(f )* sin(f )* sin(q)” + cos(f )° sin(q)" + cos(f )* cos(q)*

+sin(f )*sin(q)?) / ((cos(f )+ sin(f )?) (cos(q)2+sin(q)2)2),- ((cos(f )*sin(q)*- cos(f )*sin(q)®
- 2 cos(f ) sin(q)? cos(q)*- cos(f ) cos(q)* + cos(f ) cos(q)? + cos(f ) sin(f )*sin(q)*- cos(f ) sin(q)*
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- sin(f )?sin(q)? + sin(q)?) cos(q) sin(f )) / ((cos(f )+ sin(f )?) (COS(Q)Z*'Sin(Q)Z)Z),- ((cos(f)*sin(q)?
+cos(f )? cos(q)? - 2 cos(f ) sin(q)? cos(q)®- cos(f ) cos(q)* + cos(f ) cos(q)? + cos(f ) sin(f )2 sin(q)?

- cos(f ) sin(q)* + sin(f )? cos(q)? - cos(q)?) sin(f ) sin(q)) /' ((cos(f )* + sin(f )?) (cos(q)* +sin(q)?) ) , 0]

[- ((cos(f)’sin(q)?- cos(f )?sin(q)*- 2 cos(f ) sin(q)? cos(q)?- cos(f ) cos(q)* + cos(f ) cos(q)’
+cos(f ) sin(f )?sin(q)? - cos(f ) sin(q)* - sin(f )?sin(q)? + sin(q)?) cos(q) sin(f )) / (

(cos(f ) +sin(f )?) (cos(q)? +sin(q)?)") , (sin(q)* - 2 cos(f ) cos(q)?sin(f )2 sin(q)? + sin(f )? cos(q)°

+2sin(f )*sin(q)? cos(q)* + cos(f )? cos(q)* + cos(f )" cos(q)? sin(q)* + 2 cos(f ) sin(q)* cos(q)?
+cos(q)?sin(q)® cos(f )* + sin(f )* sin(q)* cos(q)* - 2 cos(f )* cos(q)* sin(q)” + sin(f )? cos(q)* sin(q)*

+cos(f )2 sin(f )? cos()? sin(q)?) / ((cos(f )? + sin(f )?) (cos(q)? +sin(a)?) ), ((sin(q)? cos( )*

- cos(f )®sin(q)* + cos(f )? cos(q)* + cos(f )>sin(f )*sin(q)?- cos(f ) sin(f )*sin(q) + cos(f ) sin(q)?
+cos(f ) sin(f )* cos(q)? - cos(f ) cos(q)*- sin(q)*+sin(f )* cos(q)* + 2 sin(f ) cos(q)* sin(q)* - sin(f )* cos(q)?
+sin(f)zsin(q)4)sin(q)cos(q))/((cos(f)2+sin(f)2)(cos(q)2+sin(q)2)2),O]

[- ((cos(f)*sin(q)?+ cos(f )? cos(q) - 2 cos(f ) sin(q)” cos(q)? - cos(f ) cos(q)" + cos(f ) cos(q)?
+cos(f ) sin(f )?sin(q)? - cos(f ) sin(q)* + sin(f )? cos(q)? - cos(q)?) sin(f ) sin(a)) / (

(cos(f ) +sin(f )?) (cos(q)? +sin(q)?)") , ((sin(q)? cos(f )* - cos(f )* sin(q)? + cos(f )° cos())?

+cos(f )>sin(f )>sin(q)*- cos(f ) sin(f )*sin(q)? + cos(f ) sin(q)® + cos(f ) sin(f )* cos(q)* - cos(f ) cos(q)?

- sin(q)? +sin(f )2 cos(q)* + 2 sin(f )* cos()? sin(q)? - sin(f ) cos(q)? + sin(f )2 sin(q)*) sin(q) cos(q)) / (
(cos(f )? +sin(f ) (cos(q)? +sin(q)?) ) , (cos( )2 cos(q)* + 2 cos(f )° cos()? sin(q)? + cos(f )* sin(q)*
+2sin(f )*sin(q)* cos(q)* + sin(f )* sin(q)? cos(q)" + cos(q)* sin(q)* + sin(f )* cos(q)* + cos(f ) sin(f )* sin(q)"*
+2 cos(f ) cos(q)? sin(f ) sin(q)?+ sin(f ) sin(q)° - 2 cos(f ) sin(q)? cos()? + cos(@)? sin(q)? cos(f )) / (

(cos(f )? +sin(f )?) (cos(q)? + sin(q)?) ) , 0]
[0,0,0,1]

> RT1: =eval n(i nner prod(LRzn, LRxn, LRz, LRx) ) ; RT: =i nner prod(transpose(

RT1), RT1); RPRI ME: =si npl i fy(i nnerprod(RT,r)): XX: =sinplify(RPRI ME[1]); YY: =RPRI Mg[ 2
1:ZZ: =(RPRIME[ 3] ); TT: =(si npl i f y(RPRI ME[ 4])) ; DETL: =si npl i fy(det (RT)); R =i nner pr od
(RT,r):initial _rQ:=innerprod(r, LGN, r); Final _RQF: =subs(Lx=1, Ly=1, factor (i nnerpr
od(R, LGUN, R)));innerprod(transpose(RT), RT);innerprod(transpose(LRz), LRz);innerpr
od(transpose(LTz),LTz);

RT1:=

[1- LZ+L241- L&, Lz4/1- L&A1 L2 - 4/1- LZ Lz+4/1- LZ LzLR- LzL2,
LzLxa/1- LZ - LzLx4/1- LZ 4/1- ¢ + LzLx4/1- L¥®, 0]
[-W1-LZLz(-1+4/1- L&), LAY1- L +1- - LZ+LELZ+LKA1- L2,
LZLx+Lxy/1- L€ - LxLZ4/1- L - Lx/1- LE4/1- LZ, 0]

[-LzLX,Lx4/1- L4/ 1- LZ - Lxy/1- L@, 1+ L%y 1- LZ - L&, 0]

[0,0,0,1]

3
i
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TT:=Ct
DETL:=1
initial TQF :=xX*+y’+7- C°t°
Final RQF =X’ +y +7- C*t

81 00 OH
€0 1 0 oy
SO 0 1 Oﬁ
€ 0 0 1U
¢ 0 0 ou
§0 B ¥
S o £ of
go 0 O EZH
A2
S o2 0 0 y
€0 E 0 0 Y
& E? (C*+VZ) E°’Cvz Y
&0 5 2—; U
g C?- VZ C?- VZ u
80 0 E°CVz  E(C*+VZA)U
& C?- VZ CZ-VZ &

| Ontheother hand atrandation along an axis, followed by arotation about the same axis,
followed by theinver se trandation, followed by the inver se rotation about the same axisisthe
| Identity. The process closes.

[ > RT:=innerprod(LRzn, LTzn, LRz, LTz); RPRI ME: =si npl i fy(i nnerprod(RT,r)): XX =sinplify(
RPRI ME[ 1]); YY: =RPRI ME[ 2] ; ZZ: =(RPRI ME[ 3] ) ; TT: =(si npl i fy( RPRI ME[ 4] ) ) ; DETL: =si npl i f
y(det (RT)); R =innerprod(RT,r):initial _rQ=innerprod(r,LGUN, r); Final _RQ: =subs(L
x=1, Ly=1, fact or (i nnerprod(R LGUN, R)))

T

U

RT::§) 0 1 OE

e 0 0 1u
XX:=x
YY: =y
7=z
TT:=Ct
DETL =1

initial TQF :=xX*+y’+7- C°t°
L Final RQF :=x*+y* +Z- C°t°
| However thisis not the case if the tranglation and rotation are not about the same axis. THen the RT
matrix is not the identity and the process of trandlate - rotate - inverse tranglate - inverse rotate is not

| theidentity map. The RT product is still aLorentz map even though it does not close.

[ > RT: =i nnerprod(LRxn, LTzn, LRx, LTz) ; RPRI ME: =si npl i fy(i nnerprod(RT, r)): XX: =si nplify(
RPRI ME[ 1]); YY: =RPRI ME[ 2] ; ZZ: =(RPRI ME[ 3] ) ; TT: =(si npl i fy( RPRI ME[ 4] ) ) ; DETL: =si npl i f
y(det (RT)); R =innerprod(RT,r):initial _rQ =innerprod(r,LGUN, r); Final _RQ: =subs(L
x=1, Ly=1, factor (i nnerprod(R, LGUN, R)));

RT :=
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[1,0,0,0]

g / +vZ2 +Vz2 ® -CP+VZ 0
g — L Lxé«/l-LXZCZ -?-4/1-LXZCZ+V22$
SO" 2
é +V22 'C +V22
E C?
-CZ+V22 oy
LxCVz%/ -41- L@ +15Y
au
- u
+Vz2 4
H
u
€ -c+vz2 0 +sz ,
g A1- Lx2Lx = - 13 CLé = - CPLXC- 4/1- LEVZ
EO, , -
& -C 4+ VZ C2+VZ
E c:2
VZZ ou
CVszx ———— +1- L¢-4/1- LCZY
ot
-C2+V22 u
u
¢ LxVz CVz(-1+41- 1¥) 41- ¥ VZ- U
el 1 2 ’ 2 u
€ -C2+VZA -C*+VZ -C*+VZ ¥
é - > C N
é C u

2

XX:=X
e -C*+VZ -C*+VZ . -C+VZ X -C'+VZ
-gyC -?—y —?sz-yCLx —?+ny -TVZZ

-CP+VZ
+yC?LE- yLXEVZ +Lxz4/1- L C*- z4/1- L¥ LXVZ - LxZ -—24/1-Lx2C2
z2 , , Vz2
+Llxz ———— VZ+LxC?Vzty1- LY —LszBtall Ly - Lx C*Vzt ——1-L¥
+sz0 -C+vZ
+Lx C*Vzt +V22)_
-C?+VZA -
ZZ::g-y 1- L LxC? -?+yq/1-LXZLX4/-?V22+y4/1-Lx2LXC2
[ -C*+VZ [ -C*+VZ
-yAll- LE LxVZ- zCPLXC +zLEVZ - 2 -TC2+Z -Tchx2
-C*+VZ -C*+VZ -C*+ V7
+z -—24/1-LXZVZZ-CZVZth2+Vfth2-C2Vzt4/-—2+C2Vzt4/-TLX2
2 VZZ 2
+C?Vzt ———J1- ¢ é ( C+V22)_
2 2 2 +V22
'=§LszyC +LxVZy- C*Vzz +C Vzz —— 1
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-C*+VZ -C*+VZ 0 e -C*+VZ 0
+Cta /- = AN1- LEVZ- C'tal - = ;/gﬂ- = C(-C*+VZ)x
a2 a

DETL:=1
initial TQF :=xX*+y’+7- C°t°
Final RQF =X’ +y +7- C*t

M M M B
vV V. V

Now for any product combination of the Lorentz map generatorsit is possible to compute the
Structural equations of Cartan based on the Frame field constructed from the given ( or presumed )
Lorentz map. The Cartan connection linearly connects the given Frame Field to its neighbors.

| The algebra can be quite messy, but Maple with do the work.

[ >
- Example 1:

THE TORSION and CURVATURE of aLORENTZ trandation

| aong the z axis
[ > FFINV: =LTz:

[

> Z:=innerprod(FFINV, [d(x),d(y),d(z),d(Ct)]):sigml: =Z[1]; signma2: =Z[ 2] ; si gma3: =Z[
3];onmega: =sinplify((Z[4]));
The Vierbein 1-forms.

sl:=Ed(x)
s2:=Ed(y)
c3= E(d(z) C+Vztd(C) +VzCd(t))
- -C*+VZ
C B 2
C
wee E(Vzd(z) + Ctd(C) +C*d(t))
' -C+VZ
C - 2
C

> #Vol 4: =wcol | ect (sinplify(sigml& sigma2& si gma3&*Z[4])); rho: =subs(get coeff (Vol 4)
)

. The density (determinant)
| The determinant cannot go to zero for the projective domain. The zero sets of the density function
determine a hypersurface. |F the hypersurface is harmonic then it can be a boundary.

| Thereis an induced metric on R4
[ > FF:=inverse(FFI NV): Gun: =subs(innerprod(transpose(FF), FF));
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1 E

& 0 0 0 U

e u

£ 1 0

€0 — 0 0 u

cun=6 E v

“”"go crvZ  cve d

g E(-C+V7) B (-C+VA)l

g, CVvz c+vzZ U

i & E2(-C*+VA)  E(-C2+ VAL

From the Frame Field use the standard methods to compute the
Cartan Matrix of connection 1-forms.
See http://www.uh.edu/~rkiehn/pdf/projfram.pdf

| for details of the Cartan method for an arbitrary Repere Mobile.

> dFF: =array([[d(FF[1,1]),d(FF[1,2]),d(FF[1,3]),d(FF[1,4])],[d(FF[2,1]),d(FF[ 2, 2])
,d(FF[2,3]),d(FF[2,4])],[d(FF[3,1]),d(FF[3,2]),d(FF[3,3]),d(FF[3,4])],[d(FF[ 4, 1]
), d(FF[4,2]),d(FF[4,3]),d(FF[4,4])]]):

[ > cartan: =(eval n{ FFI NV&* dFF)):

| Thelnterior (space-space) Connection 1 forms

> Gamuall: =factor(wcol l ect(cartan[ 1, 1])); Gamma2l: =factor (wcol l ect(cartan[2,1])); G
mma3l: =f act or (wcol l ect (cartan[3,1]));

d(E
ay = LE)
E
G21:=0
L G31:=0
> Gamml2: =factor (wcol l ect (cartan[ 1, 2])); Garmma22: =factor (wcol l ect (cartan[2,2])); G
mma32: =f act or (wcol l ect (cartan[ 3,2]));

Gl2:=0
d(E)
E
G32:=0
> Ganmual3: =wcol | ect (factor(weol l ect(cartan[ 1, 3]))); Gamma23: =f act or (wcol | ect (cartan
[2,3])); Gamma33: =si npli fy(wcol | ect (cartan[ 3, 3]));

G13:=0
&23:=0
d(E)
T E

Q22 =

G33:=

>
| The" space-time" connection 1-formsare:
> hhl:=sinplify(wcollect(cartan[4,1]));hh2:=factor(wcollect(cartan[4,2])); hh3:=wco

Il ect(factor(wecollect(cartan[4,3])));
>

hhl:=0
hh2:=0
Cd(Vz) Vzd(C)
(-C+Vz) (C+Vz) (-C+Vz)(C+\V2)
The "time-space connection” 1-forms are

> ggl: =factor(wcol | ect (factor(wcollect(cartan[1,4]))));gg2: =factor(wcollect(cartan
[2,4]));9093: =wcol | ect (factor(wcol l ect(cartan[3,4])));

hh3 :=
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ggl:=0
092:=0
Cd(Vz) Vzd(C)
(-C+Vz) (C+Vz) (-C+Vz)(C+\V2)
| Theabnormality (time-time) connection 1-form

. Note that the abnormality (Big Omega vanishesif expansion isaglobal constant. (no red shift?)
> Orega: =wcol | ect (subs(sinplify(wcollect(cartan[4,4]))));

a(E)

L E
> L:=factor(wcol | ect (hhl&'si gmal+hh2&"si gna2+hh3&"si gna3)) ;

L:=E
(C (d(Vz) & d(2)) + Vzt (d(Vz) &> d(C)) + VzC (d(Vz) &~ d(1)) - Vz(d(C) &~ d(2)) - VZ (d(C) & d(t)))
/g/ (C+Vz)(C+Vz)

0g3:=

(-C+Vz) (C+Vz)§

"> S =(wcol | ect (f act or (hh1& ggl+hh2&*gg2+hh3&"gg3)));
L S=0
| There arein general two sets of torsion two forms.

1. Particle AFFINE (PA) torsion 2-forms which depend upon the product of little omega (the
timelike part of the Vierbein) and the (time-space) connection components, little gamma.

2. WaveAFFINE (WA) torsion 2-forms which depend upon Big Omega (the time-time connection
component or abnormality) and again the (time-space) connection components, little gamma.

If the time-space connection 1-forms vanish, small gamma, neither form of torsion exists.

See http://www.uh.edu/~rkiehn/pdf/projfram.pdf

. PA TORSION 2-forms

> Sigmal: =wcol | ect (sinmplify((wcollect(factor(onega&*ggl)))));

Si gma2: =factor (sinplify(wcol | ect (factor(onega&*gg2)))); Si gna3: =wcol | ect (factor (s
inmplify((onega&”gg3))));

S1:=0
S2:=0
3= EVz(d(z) &"d(Vz)) ) EVzC (d(t) & d(C))
B (-C +Vz) (C+\V2) (-C+Vz) (C+Vz)
- 2 (-C+Vz) (C+Vz) - 2 (-C+Vz) (C+Vz)
. E C*(d(t) & d(Vz)) . ECt(d(C) &"d(Vz))
(-C+Vz) (C+Vz) (-C+Vz) (C+Vz)
- = (-C+Vz) (C+Vz) - 2 (-C+Vz) (C+Vz)
] EVZ (d(z) &"d(C))
M (-C+Vz) (C+V2)
Chl- 2 (-C+Vz) (C+Vz)
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| WA TORSION 2-forms

> Phil:=sinplify((wcollect((factor(Onmega&'ggl))))); Phi2:=wcollect(factor(Orega&‘gg
2)); Phi 3: =wcol | ect ((fact or (Onega&*gg3)));

F1:=0

F2:=0
C (d(E) & d(Vz2)) . Vz(d(E) &” d(C))
L E(-C+Vz)(C+Vz) E(-C+Vz)(C+Vz)
| Next compute the matrix of curvature 2-forms on the x,y,z subspace

| Curvature 2-forms

> Theta: =array([[ggl& hhl, ggl&hh2, ggl& hh3], [ gg2&*hhl, gg2& hh2, gg2&* hh3], [ (gg3&*h
h1), (gg3&'hh2), (gg3&*hh3)]]);

>

F3:=-

go 0 03

Q:= go 0 OH

L €0 0 Ou
| The curvature 2-forms on the interior space all vanish.

' DISCUSSION

This example is rather remarkable in that it points out that THI S Lorentz transformation does not
introduce curvature on the 3D subspace (trandational motions) even if accelerations and variable
speeds C are admitted.

The WA Torsion coefficients vanish if the Expansion is constant d(E)=0

The PA torsion coefficients are dependent on the Expansion as a factor.

The Torsion coefficients vanish if both C and V are uniform and time independent, d(C)=0, d(V)=0.
The PA torsion is not zero (even though d(C)=0) if the differential of the Velocity field does not

| vanish. (accelerations)

r>

| Example 2:

THE TORSION and CURVATURE of a LORENTZ rotation

| about the z axis
[ > FFI NV: =LRz:

[

> Z:=innerprod(FFINV, [d(x),d(y),d(z),d(Ct)]):sigml: =Z[1]; sigma2: =Z[ 2] ; si gma3: =Z[
3] ; omega: =simplify((Z[4]));

The Vierbein 1-forms.

s1:=E4/1- LZ d(x) + ELzd(y)
s2:=-ELzd(x) +E4/1- LZ d(y)
s3:=Ed(2)

L w:=E(td(C)+Cd(t))
[ > #Vol 4: =wcol | ect (sinplify(sigml& si gma2&*si gma3&*Z[4])); rho: =subs(get coef f ( Vol 4)

)

. The density (determinant)
| The determinant cannot go to zero for the projective domain. The zero sets of the density function
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determine a hypersurface. |F the hypersurface is harmonic then it can be a boundary.

| Thereis an induced metric on R4
> FF: =i nverse(FFI NV): Gun: =subs(i nner prod(transpose(FF), FF));

£ 1 :
¢~ 0 0 o}

é U

& 1 ¥

e 0 Y 0 0 u

_g E v
Gun _S 1 t

0 0 — 0

& E? v

é U

go 0 0 it

8 E? U

[ From the Frame Field use the standard methods to compute the
Cartan Matrix of connection 1-forms.
See http://www.uh.edu/~rkiehn/pdf/projfram.pdf

| for details of the Cartan method for an arbitrary Repere Mobile.
> dFF: =array([[d(FF[1,1]),d(FF[1,2]),d(FF[1,3]),d(FF[1,4])],[d(FF[2,1]),d(FF[ 2, 2])
yd(FF[2,3]),d(FF[2,4])],[d(FF[3,1]),d(FF[3,2]),d(FF[3,3]),d(FF[3,4])],[d(FF[ 4, 1]
),d(FF[4,2]),d(FF[4,3]),d(FF[4,4])1]1):
[ > cartan: =(eval m FFI NV&* dFF)):
| Thelnterior (space-space) Connection 1 forms
> Gammall: =factor(wcol l ect(cartan[1, 1])); Gamma21l: =factor (wcol l ect (cartan[2,1])); G
mma3l: =f act or (wcol l ect (cartan[3,1]));

d(E)

Glli=- —
E

. d(Lz)

C - (Lz- 1) (Lz+1)

L G31:=0

> Gammual2: =factor(wcol l ect (cartan[ 1, 2])); Garma22:; =factor (wcol l ect(cartan[2,2])); Ga
mma32: =f act or (wcol l ect (cartan[3,2]));

d(Lz)
J-(Lz- 1) (Lz+1)
d(E)
E
L &B2:=0
> Gamml3: =wcol | ect (factor(wcol I ect(cartan[1,3]))); Garmma23: =f act or (wcol | ect (cartan
[2,3])); Ganma33: =si npl i fy(wcol | ect(cartan[ 3, 3]));

G13:=0
G23:=0
d(E)
T E

Gl2 :=-

Q22 =

G33:=

C>
| The" space-time" connection 1-formsare:
> hhl: =sinplify(wcollect(cartan[4,1])); hh2: =factor(wcol |l ect(cartan[4,2])); hh3:=wco
Il ect(factor(wecollect(cartan[4,3])));
>
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hhl:=0
hh2:=0
hh3:=0
The "time-space connection” 1-forms are

> ggl: =factor(wcol | ect (factor(wcollect(cartan[1,4]))));gg2: =factor(wcollect(cartan
[2,4]));993: =wcol | ect (factor(wcol l ect(cartan[3,4])));

ggl:=0
092:=0
L 0g3:=0
| Theabnormality (time-time) connection 1-form

. Note that the abnormality (Big Omega vanishesif expansion isagloba constant. (no red shift?)
> Orega: =wcol | ect (subs(sinplify(wcollect(cartan[4,4]))));

__ 9AE)
i T E
> L:=factor(wcol | ect (hhl&'si gmal+hh2&"si gna2+hh3&"si gna3));
L L:=0
> S:=(wcol | ect (fact or (hhl1& ggl+hh2&*gg2+hh38&"gg3)));
S=0

There are in general two sets of torsion two forms.

1. Particle AFFINE (PA) torsion 2-forms which depend upon the product of little omega (the
timelike part of the Vierbein) and the (time-space) connection components, little gamma.

2. WaveAFFINE (WA) torsion 2-forms which depend upon Big Omega (the time-time connection
component or abnormality) and again the (time-space) connection components, little gamma.

If the time-space connection 1-forms vanish, small gamma, neither form of torsion exists.

See http://www.uh.edu/~rkiehn/pdf/projfram.pdf

. PATORSION 2-forms
> Sigmal: =wcol | ect (sinmplify((wcollect(factor(onega&*ggl)))));
Si gnma2: =factor (sinplify(wcol | ect (factor(onega&'gg2)))); Si gna3: =wcol | ect (factor (s
inmplify((onmega&tgg3))));
S1:=0
S2:=0
L S3:=0
| WA TORSION 2-forms

> Phil:=sinplify((wcollect((factor(Onmega&'ggl))))); Phi2:=wcollect(factor(Orega&gg
2)); Phi 3: =wcol | ect ((f act or (Onega&*gg3)));

F1:=0

F2:=0

L F3:=0

| Next compute the matrix of curvature 2-forms on the x,y,z subspace
. Curvature 2-forms

Page 22



> Theta: =array([[ggl& hhl, ggl&hh2, ggl& hh3], [ gg2&*hhl, gg2& hh2, gg2&* hh3], [ (gg3&*h
h1), (gg3&*hh2), (gg3&*hh3)]]);
>

€ 0 0y

Q= 0 ou

i §8 o ol
| The curvature 2-forms on the interior space all vanish.

[ DISCUSSION

| Single axis L orentz Rotations do not generatetorsion or curvature on the 3D subspace!
(and asis shown below, multiple L orentz rotations do not generate torsion or curvature on 3D.

>
| Example 3:

THE TORSION and CURVATURE of a LORENTZ

translation combined with a Lorentz rotation
both relative to the z axis

> FFI NV: =eval n(i nnerprod(LRz, LTz)):
>

1 T

> Z:=innerprod(FFI NV, [d(x),d(y),d(z),d(Ct)]):sigmal:=Z[1]; sigma2: =Z[ 2] ; si gma3: =Z[
3] ; onmega: =si npl i fy((z[4]));

The Vierbein 1-forms.

s1:=E24/1- LZ d(x) + E>Lzd(y)

s2:=-E’Lzd(x) + E?4/1- LZ d(y)
_ E*(d(2) C+Vztd(C) +VzCd(t))

s3:
-C?*+VZ
- C2 C
E*(Vzd(z) + Ctd(C) + C*d(t))
W=
-C*+VZ
- C2 C

> #Vol 4: =wcol | ect (sinplify(signml&si gna2&*si gna3&*Z[4])); rho: =subs(get coeff(Vol 4)
)

| The density (determinant)
| The determinant cannot go to zero for the projective domain. The zero sets of the density function
determine a hypersurface. |IF the hypersurface is harmonic then it can be a boundary.

| Thereisan induced metric on R4
> FF =i nver se( FFI NV) : Gun: =subs(i nner prod(transpose(FF), FF));
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1 E
& 0 0 0 U
e u
£ 1 0
€0 — 0 0 u
cun=6 E v
wn g, crvZ  cvz d
g E'(-C+V7) E(-C+VA)l
g, CVvz c+vzZ U
& E*(-C?+VZA)  E'(-C2+VA)D

From the Frame Field use the standard methods to compute the
Cartan Matrix of connection 1-forms.
See http://www.uh.edu/~rkiehn/pdf/projfram.pdf

| for details of the Cartan method for an arbitrary Repere Mobile.

> dFF: =array([[d(FF[1,1]),d(FF[1,2]),d(FF[1,3]),d(FF[1,4])],[d(FF[2,1]),d(FF[ 2, 2])
,d(FF[2,3]),d(FF[2,4])],[d(FF[3,1]),d(FF[3,2]),d(FF[3,3]),d(FF[3,4])],[d(FF[ 4, 1]
), d(FF[4,2]),d(FF[4,3]),d(FF[4,4])]]):

[ > cartan: =(eval n{ FFI NV&* dFF)):

| Thelnterior (space-space) Connection 1 forms

> Gamuall: =factor(wcol l ect(cartan[ 1, 1])); Gamma2l: =factor (wcol l ect(cartan[2,1])); G
mma3l: =f act or (wcol l ect (cartan[3,1]));

d(E)
E
. d(Lz)
C - (Lz- 1) (Lz+1)
L &31:=0
> Gamml2: =factor (wcol l ect (cartan[ 1, 2])); Garmma22: =factor (wcol l ect (cartan[2,2])); G
mma32: =f act or (wcol l ect (cartan[ 3,2]));

Gll:=-2

d(Lz)
Gl2 .=-
J-(Lz- 1) (Lz+1)

d(E
G22::—2M
E

G32:=0
> Ganmul3: =wcol | ect (factor(weol l ect(cartan[ 1, 3]))); Gamm23: =f act or (wcol | ect (cartan
[2,3])); Gamma33: =si npl i fy(wcol | ect (cartan[ 3, 3]));

G13:=0
G3:=0

d(E
GBS:=-2L
E

C>
| The" space-time" connection 1-formsare:
> hhl:=sinplify(wcollect(cartan[4,1])); hh2: =factor(wcollect(cartan[4,2])); hh3:=wco

Il ect(factor(wecollect(cartan[4,3])));
>

hhl:=0
hh2:=0
Cd(Vz) Vzd(C)
(-C+Vz) (C+Vz) (-C+Vz)(C+\V2)

hh3 :=
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The "time-space connection” 1-forms are
> ggl: =factor(wcol | ect (factor(wcollect(cartan[1,4]))));gg2: =factor(wcollect(cartan
[2,4]));993: =wcol | ect (factor(wcol l ect(cartan[3,4])));
ggl:=0
092:=0
Cd(Vz) Vzd(C)
(- C+Vz)(C+Vz) (-C+Vz) (C+Vz)
[ The abnormality (time-time) connection 1-form

. Note that the abnormality (Big Omegavanishesif expansion isagloba constant. (no red shift?)
> Orega: =wcol | ect (subs(sinplify(wcollect(cartan[4,4]))));

093 :=

d(E
wee . JE) (E)
L E
> L:=factor(wcol | ect (hh1&*si gmal+hh2&"si gna2+hh3&"si gma3));

L:=F
(C(d(Vz) &~ d(z)) +Vzt(d(Vz) & d(C)) +VzC (d(VZ) &~ d(t)) - Vz(d(C) &"d(z)) - VZ (d(C) &" d(t)))

/gv C+VZC):(C+VZ) (- C+Vz)(C+Vz)_

> S:=(wcol | ect (fact or(hh1&"gg1+hh2&"ggZ+hh3&"ggS)));
L S:=0
| There arein general two sets of torsion two forms.

1. Particle AFFINE (PA) torsion 2-forms which depend upon the product of little omega (the
timelike part of the Vierbein) and the (time-space) connection components, little gamma.

2. WaveAFFINE (WA) torsion 2-forms which depend upon Big Omega (the time-time connection
component or abnormality) and again the (time-space) connection components, little gamma.

If the time-space connection 1-forms vanish, small gamma, neither form of torsion exists.
See http://www.uh.edu/~rkiehn/pdf/projfram.pdf

. PA TORSION 2-forms

> Signmal: =wcol | ect (sinmplify((wcollect(factor(onega&‘ggl)))));
Si gnma2: =factor (sinplify(wcol | ect (factor(onega&'gg2)))); Si gna3: =wcol | ect (factor (s
inmplify((onmega&tgg3))));

S1:=0
S2:=0
3. E*Vz(d(z) &"d(Vz)) ] E*VzC (d(t) & d(C))
B (-C+Vz) (C+\V2) (-C+Vz) (C+Vz)
- = (-C+Vz) (C+Vz) - = (-C+Vz) (C+Vz)
. E*C? (d(t) & d(Vz)) . E*Ct(d(C) &"d(Vz))
(-C+Vz) (C+Vz) (-C+Vz) (C+Vz)
- = (-C+Vz) (C+Vz) - = (-C+Vz) (C+Vz)

Page 25



] E2VZ (d(z) & d(C))
(-C+Vz) (C+Vz)
\/- = C(-C+Vz)(C+Vz)
| WA TORSION 2-forms

> Phil:=sinplify((wcollect((factor(Orega&‘ggl))))); Phi2:=wcol |l ect (factor(Orega&‘gg
2)); Phi 3: =wcol | ect ((fact or (Onega&*gg3)));

F1:=0
F2:=0
C(d(E) &"d(Vz)) . Vz (d(E) &*d(C))
L E(-C+Vz) (C+Vz) E(-C+Vz) (C+Vz)
| Next compute the matrix of curvature 2-forms on the x,y,z subspace
. Curvature 2-forms
[ > Theta:=array([[ggl& hhl, ggl& hh2, ggl& hh3],[gg2&*hhl, gg2&* hh2, gg2& hh3], [ (gg3&*h

h1), (gg3&*hh2), (gg3&*hh3)]1);
>

F3:=-2

go 0 08
Q:= gO 0 OH
e0 0 OQu

1 1T

>
>
The curvature 2-forms on the interior space all vanish.

DISCUSSION
This example is rather remarkable in that it points out that THI S Lorentz transformation does not
introduce curvature on the 3D subspace (Helical like motion) even if accelerations and variable speeds
C are admitted.
The WA Torsion coefficients vanish if the Expansion is constant d(E)=0
The PA torsion coefficients are dependent on the Expansion as afactor.
The Torsion coefficients vanish if both C and V are uniform and time independent, d(C)=0, d(V)=0.
The PA torsion is not zero (even though d(C)=0) if the differential of the Velocity field does not
vanish.
The Lorentz rotation parameters do not enter into the formulas !!!

| Example 4:

THE TORSION and CURVATURE of a LORENTZ
translation along the z axis and a Lorentz translation
along the x axis.

f > FFI NV: =eval n(i nnerprod(LTx, LTz));
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E? Vx Vz E? Vx

E2 E?Vz
-C*+VZ
C2
E? VX E?Vz E?

-C2+Vx2 C2+VX -C*+V7Z -CP+ W -C*+VZ
c © o G
>

> Z:=innerprod( FFI NV, [d(x), d(y),d(z),d(C*t)]):sigml: =Z[1];sigma2: =Z[ 2] ; si gna3:
3] ; omega: =sinplify((z[4]));

The Vierbein 1-forms.

269 2 -C+VvZ 2 9
E gd(x)C - ?+VXVZd(Z)+VXCtd(C)+VXC d(t)z
-C W, -C*+VZ
T ST e

s2:=E*d(y)
_ E?(d(z) C+Vztd(C) +VzCd(t))
-C*+VZ
- C
C

® -C*+VZ 0
E2§de(x)4 /- = +Vzd(z) + Ctd(C) +C2d(t)$

SCP+ W -C*+VZ

C? c?

FFINV :=

m@mmrmmmmmmmmmmmmmmmmmmm

o
o
1

1

Q

Ql+
<
No
@]

1 10

sl:=

W=

)

| The density (determinant)
| The determinant cannot go to zero for the projective domain. The zero sets of the density function
determine a hypersurface. |F the hypersurface is harmonic then it can be a boundary.

| Thereis an induced metric on R4
[ > FF:=inverse(FFI NV): Gun: =subs(innerprod(transpose(FF), FF));
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-C2+Vx2 CZ+Vx o -C+VZ -C+ W -C+VZ
- T YT e
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:Z[

> #Vol 4: =wcol | ect (sinplify(signml&si gna2&*si gna3&*Z[4])); rho: =subs(get coeff(Vol 4)



€C'- C'VZ+ VX' VZ +C° VX’ Vx Vz ) C® Vx u

& E'(-C+VW) (-C+VZ) SC 4R UEN(-C ) (-CP+ VA

g E'A/ - — (-C+V7) u

e C U

g 1 U

a0, - 0, Ou

: : :
Gun:=¢ , Vx Vz 0 C’+VZ , CVvz !
. Ot T T E(CHVD) v

& E — (-C*+VZ) E'(-C*+VA) 4/ - —

: c o

g, C®Vx 0 2 CVz -CP W+ VX VZ - CPVZ - C'U
ETEN(-C+Vd) (-CP+VD) CP+Ve | EN-C+V) (-C+VA)

& E'(-C*+VZ) A/ - = ¢

L € u

From the Frame Field use the standard methods to compute the
Cartan Matrix of connection 1-forms.
See http://www.uh.edu/~rkiehn/pdf/projfram.pdf

| for details of the Cartan method for an arbitrary Repere Mobile.

> dFF: =array([[d(FF[1,1]),d(FF[1,2]),d(FF[1,3]),d(FF[1,4])],[d(FF[2,1]),d(FF[ 2, 2])
,d(FF[2,3]),d(FF[2,4])],[d(FF[3,1]),d(FF[3,2]),d(FF[3,3]),d(FF[3,4])],[d(FF[ 4, 1]
), d(FF[4,2]),d(FF[4,3]),d(FF[4,4])]]):

[ > cartan: =(eval n{ FFI NV&* dFF) ) :

| Thelnterior (space-space) Connection 1 forms

> Gammall: =factor(wcol l ect(cartan[1, 1])); Gamma21l: =factor (wcol l ect (cartan[2,1])); G
mma3l: =f act or (wcol l ect (cartan[3,1]));

d(E
Gll::—2u
E
G1:=0
(-C+Wx) (Vx+C)(Vzd(C) - d(Vz) C) Vx
g (-C+Vx) (Vx+C)g¥?
_ = =
[ > Gamml2: =factor(wcol l ect (cartan[ 1, 2])); Garmma22: =factor (wcol l ect (cartan[2,2])); G
mma32: =f act or (wcol l ect (cartan[ 3,2]));

Gl2:=0
d(E)
E
G32:=0
> Ganmul3: =wcol | ect (factor(weol l ect(cartan[ 1, 3]))); Gamma23: =f act or (wcol | ect (cartan
[2,3])); Gamma33: =si npl i fy(wcol | ect (cartan[ 3, 3]));

Vxd(Vz) Vzd(C) Vx

(-C+Vx) (Vx+C) ) (-C+Vx) (Vx +C)
- = (-C+Vz) (C+Vz) - = C(-C+Vz) (C+Vz)

&3l :=-

C*(-C+Vz) (C+Vz)

G22:=-2

G13:=

@3:=0
d(E)
E

G33:=-2
>

The" gpace-time" connection 1-formsare:
> hhl: =sinplify(wcollect(cartan[4,1])); hh2: =factor(wcol |l ect(cartan[4,2])); hh3:=wco

A e R
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Il ect(factor(wcollect(cartan[4,3])));

>
— —Cd(Vx2)+Vx2d(C)
-C+ WX
hh2:=0
— C d(Vz) _ Vzd(C)
. M (-C+Vx) (Vx+C) M (- C+Vx) (Vx+C)
(-C+Vz) (C+Vz) - = (-C+Vz) (C+Vz) - =

The "time-space connection” 1-forms are
> ggl: =factor(wcol | ect (factor(wcollect(cartan[1,4]))));gg2: =factor(wcollect(cartan
[2,4]));993: =wcol | ect (factor(wcol l ect(cartan[3,4])));

-Cd(Vvx) +Vxd(C)

(-C+Wx) (Vx+C)

gg2:=0
993 :=
(-C+Wx) (Vx+C)d(Vz) (-C+Wx) (Vx+C)Vzd(C)
e (-C+Vx) (Vx+C)dg3¥? e (-C+Wx) (Wx+C)d¥'?
CE- = I (-C+Vz)(C+V2) g = z C(-C+Vz)(C+Vz)

| Theabnormality (time-time) connection 1-form
| Note that the abnormality (Big Omega vanishesif expansion isaglobal constant. (no red shift?)
> Orega: =wcol | ect (subs(sinplify(wcollect(cartan[4,4]))));
a(E)
E
> L:=factor(wcol | ect (hh1&*si gmal+hh2&"si gna2+hh3&"si gma3));

W:=-2

Lo=- EZM (C*Vx) (Vx+C) & B VX1 (d(VX) &1 d(C)) €'+ VX (d(VX) &1 d(C)) C° V7

C2
- VX Vz (d(Vx) &* d(z)) C*+ Vx VZ (d(Vx) &"d(z)) C- C°Vx (d(Vx) &*d(t)) + C*Vx (d(Vx) &* d(t)) VZ
4 (-C+Vz) (C+Vz) s (-C+Vz) (C+Vz)
+ VX (d(C) &*d(x))C' A [ - = - VX (d(C) &*d(x)) C* A [ - = \V4

- VZ (d(C) &* d(z)) V¥’ +Vz(d(C) & d(z)) C* + (d(C) & d(t)) C* Vi’ - 2 (d(C) &* d(t)) C*VZ VX
(-C+Vz) (C+Vz)
CZ

+(d(C) &M d(t)) C*VZ - C°(d(Vx) &" d(x))\/-

(-C+Vz) (C+Vz)
C2

+C(d(Vx) & d(x)) \/ VZ - C°Vz(d(Vz) & d(t)) + C*Vz (d(Vz) & d(t)) VX

- C(d(Vz) &7 d(z)) + C* (d(Vz) & d(2)) VX - Vzt (d(Vz) &~ d(C)) C* + Vzt (d(Vz) &> d(C)) C szg

/ M (-C+Vz) (C+Vz) 0
g( C+Vx)*(Vx +C)? (- C+VZ)(C+VZ)3

C2

> S:=(wcol | ect (factor (hhl& ggl+hh2&*gg2+hh3&*gg3)));
L S:=0

| There arein general two sets of torsion two forms.

1. Particle AFFINE (PA) torsion 2-forms which depend upon the product of little omega (the
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timelike part of the Vierbein) and the (time-space) connection components, little gamma.

2. WaveAFFINE (WA) torsion 2-forms which depend upon Big Omega (the time-time connection
component or abnormality) and again the (time-space) connection components, little gamma.

If the time-space connection 1-forms vanish, small gamma, neither form of torsion exists.

See http://www.uh.edu/~rkiehn/pdf/projfram.pdf

. PA TORSION 2-forms

> Signmal: =wcol | ect (simplify((wcollect(factor(onega&‘ggl)))));

Si gma2: =factor (sinplify(wcol | ect (factor(onega&*gg2)))); Si gna3: =wcol | ect (factor (s
inplify((onmega&™gg3))));

oo E>CVx (d(t) & d(C))
\/_ (—C+Vx)2(Vx+C) \/ (-C+VZ)2(C+VZ) (Vs C) (- C o)
C C
E*VxVz(d(z) & d(C))
\/- (_C+Vxéz(vx+c) q/ ('C+VZC):2(C+Vz) C(Vx+C) (-C+Vx)
. E Vx (d(x) & d(Vx)) ) E* V¢ (d(x) & d(C))
(-C+Vx) (Vx+C) (-C+Vx) (Vx+C)
- = (Vx+C) (-C+VWx) - = C(Vx+C)(-C+VWx)
. E* C? (d(t) & d(Vx))
M_ (-C+Vx)2(Vx+C) \/ (-C+VZ)2(C+VZ) (Vs ©) (-C+ W)
C C
. E*Vz (d(z) &” d(Vx))
M_ (-C+Vx)2(Vx+C) M (-C+VZ)2(C+VZ) (Vs ©) (- C o)
C C
. E*Ct(d(C) &"d(Vx))
N/' (—C+Vx)2(Vx+C) \/ (-C+VZ)2(C+VZ) (Vs C) (- C V)
C C
S2:=0
o Vz C*E*(d(z) &"d(Vz))
B M (-C+Vz) (C +Vz)
(C+Vz) (-C+Vz) - 2 (-C+Vx) (Vx+C)
Vx C? E? (d(x) &* d(Vz)) . Vz C*E? (d(t) &* d(C))
~ (C+V2) (-C+V2) (-C+Vx) (Vx +C) W/ (-C+Vz) (C+Vz)
(C+Vz)(-C+Vz) - 2 (-C+Vx) (Vx+C)

C*E? (d(t) &” d(Vz))

) \/ (-C+Vz) (C+V2)
(C+Vz) (-C+Vz) - 2 (-C+Wx) (Vx+C)
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C*tE? (d(C) &" d(Vz))

) M (-C+Vz) (C+V2)
(C+Vz) (-C+Vz) - (-C+Vx) (Vx+C)

CZ
. CVZ E*(d(z) & d(C)) . CVxVz(d(x) & d(C)) E?
\/ (-C+Vz) (C+V2) (C+Vz) (-C+Vz) (-C+Vx) (Vx+C)
(C+Vz) (-C+Vz) - o (-C+Wx) (Vx+C)

| WA TORSION 2-forms
- > Phi L:=si npl i fy((wcol | ect ((factor (Otega&*ggl)))));: Phi 2: =wcol | ect (f act or (Omegad gy
2)); Phi 3: =wcol | ect ((fact or (Omega&*gg3)));

_C(d(E) &~ d(Vx)) + Vx (d(E) & d(C))

Fl=2 E (Vx+C) (- C+Vx)
F2:=0
F3:=
) (-C+Vx) (Vx+C) (d(E) & d(Vz)) (-C+Vx) (Vx+C) Vz(d(E) & d(C))
g (-C+Vx) (Vx+C)g¥? (-C+Vx) (Vx+C) g2 |
EC% = 5 (-C+Vz) (C+Vz) Eg = B C(-C+Vz) (C+Vz)

| Next compute the matrix of curvature 2-forms on the x,y,z subspace

. Curvature 2-forms

[ > Theta:=array([[ggl& hhl, ggl& hh2, ggl& hh3],[gg2&*hhl, gg2&* hh2, gg2& hh3], [ (gg3&*h
h1), (gg3&*hh2), (gg3&*hh3)]]);

>

C* (d(Vx) &" d(Vz))

o

101

(-C+Wx) (Vx+C)
C2

(D@DDIDIDID

(VWx+C)(-C+VWx) (-C+Vz) (C+Vz)«/-
CVz(d(Vx) &"d(C))

(-C+Wx) (Vx+C)

(Vx+C)(—C+Vx)(—C+Vz)(C+Vz)v-

C2
) Vx C (d(C) &"d(Vz)) H
v (-C+Vx)(Vx+C)H
(Vx+C) (-C+Vx) (-C+Vz) (C+Vz) - = H
[0,0,0]
8 (- C+Vx) (Vx+C) (d(Vz) & d(Vx))
& (-C+Vx) (Vx+C) g*?
g (- C2+VX2)g 2 z  (-C+Vz)(C+Vz)
e C 4]
. (- C+Vx) (Vx+C) Vx(d(Vz) & d(C))
) (-C+Vx) (Vx+C) g*'?
(-C +vX2)cg . T (-C+Vz)(C+Vz)
C (4]
. (-C+Vx) (Vx+C)Vz(d(C) &" d(Vx)) ,0,0H
5 (-C+Vx) (Vx+C)d3’2’ u
(-C +Vx)g 5 = C(-C+Vz)(C+Vz) u
L C u
I
( DISCUSSION
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This example israther remarkable in that it points out that THI S Lorentz transformation DOES
introduce curvature on the 3D subspace (when accelerations and variable speeds C are admitted).

The curvature coefficients are not dependent upon the Expansion, but the WA torsion coefficients
| require that the d(E) is not zero over the domain.

[ >

| Example5:

THE TORSION and CURVATURE of a LORENTZ rotation
along the z axis and a Lorentz rotation along the x axis.

> FFI NV: =eval m(i nner prod(LRx, LRzn, LRx, LRz)):
>

1 1T

> Z:=innerprod(FFI NV, [d(x),d(y),d(z),d(Ct)]):sigmal:=Z[1]; sigma2: =Z[ 2] ; si gma3: =Z[
3] ; omega: =sinplify((z[4]));

The Vierbein 1-forms.
sl:=
d(x) E?- d(x) E?LZ +d(x) LZE?4/1- Y& +d(y) E*4/1- LZ Lz- d(y) LzE*4/1- L 4/1- LZ - LzE?Lx d(2)
$2:=d(X) LzE?4/1- Lx¢ 4/1- LZ - d(x) E?y/1- LZ Lz+d(x) E2Lz4/1- LZ L +d(x) E*LzLX
+d(y) LZE*4/1- L¢ + E2d(y) - d(y) E?LZ- d(y) E2LE +d(y) B2 LE LZ - d(y) E?4/1- LZ L¥®
FLXE1- LE d(2)4/1- LZ +LxE?4/1- L d(2)
$3:=-d(X) LZE? Lx4/ 1- LZ +d(X) E>Lz4/1- LZ 4/1- L& Lx+d(x) E*LzLx/1- ¥ - d(y) LZ E? Lx
Cd(y) B4/ 1- L@ Lx+d(y) E24/1- L@ LXLZ- d(y) E24/1- LZ Lx4/1- LE - E2d(2)4/1- LZ LE+E*d(2)

- E?d(z) L¥

L w:=E*(td(C) + Cd(t))
[ > #Vol 4: =wcol | ect (si nplify(sigml& sigma2& si gma3&*Z[4])); rho: =subs(get coeff (Vol 4)

)

| The density (determinant)
| The determinant cannot go to zero for the projective domain. The zero sets of the density function
determine a hypersurface. |IF the hypersurface is harmonic then it can be a boundary.

| Thereis an induced metric on R4
[ > FF: =i nverse(FFI NV): Gun: =subs(innerprod(transpose(FF), FF));
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[ From the Frame Field use the standard methods to compute the
Cartan Matrix of connection 1-forms.
See http://www.uh.edu/~rkiehn/pdf/projfram.pdf

| for details of the Cartan method for an arbitrary Repere Mobile.

r> dFF:=array([[d(FF[1,1]),d(FF[1,2]),d(FF[1,3]),d(FF[1,4])],[d(FF[2,1]),d(FF[2,2])
,d(FF[2,3]),d(FF[2,4])],[d(FF[3,1]),d(FF[3,2]),d(FF[3,3]),d(FF[3,4])], [d(FF[ 4, 1]
), d(FF[ 4,2]),d(FF[ 4,3]),d(FF[4,4])]]):

[ > cartan: =(eval m FFI NV&* dFF)):

| Thelnterior (space-space) Connection 1 forms
> Gammuall: =factor(wcol l ect(cartan[ 1, 1])); Gamma2l: =factor(wcol l ect(cartan[2,1])); G
mma3l: =f act or (wcol l ect (cartan[3,1]));

Gl1:=0

G21:= (-d(Lz) y/- (Lx- 1) (Lx+1) LZ+d(L2) (- (Lx- 1) (Lx+1))®'? L2 + Lz4/- (Lz- 1) (Lz+ 1) Lxd(Lx)
+LZLE (LX) 4/~ (Lz- 1) (Lz+ 1) +LzLCd(Lx) (- (Lz- 1) (Lz+1))®'2
+d(Lz) /- (Lx- 1) (Lx+1) o/- (Lz- 1) (Lz+1) L+ d(Lz) /- (Lx- 1) (Lx+ 1) LZLX - d(L2)
+d(Lz) /- (Lx- 1) (Lx+1) - d(Lz)+/- (Lx- 1) (Lx+ 1) L@+ L@ d(Lz) - Lz d(Lx)+/- (Lz- 1) (Lz+ 1))
/ (-(Lz- 1) (Lz+ 1) 4/~ (Lx- 1) (Lx + 1))

G31:=- (Lxd(Lz) +Lz4/- (Lz- 1) (Lz+1) d(Lx) - Lx+/- (Lx- 1) (Lx+ 1) d(Lz)
+L2 d(Lx) /- (Lz- 1) (Lz+1) L+ Lzd(Lx) (- (Lz- 1) (Lz+1))®'2 L - Lzd(Lx) /- (Lz- 1) (Lz+1) LK

+Lxy/- (Lx- 1) (Lx+ 1) o/- (Lz- 1) (Lz+ 1) d(L2)) / A/~ (Lz- 1) (Lz+1)
- > Ganmal2: =factor (wcol | ect (cartan[1, 2])); Ganma22: =f act or (wcol | ect (cartan[2,2])); Ga
mma32: =f act or (wcol l ect (cartan[ 3,2]));

GL2:= (-2 LzLx d(Lx) 4/~ (Lz- 1) (Lz+1) 4/~ (Lx- 1) (Lx +1)
+2LzLxd(Lx) (- (Lz- 1) (Lz+1))®'24/- (Lx- 1) (Lx+1)
+2 L2 Lxd(Lx) /- (Lz- 1) (Lz+1) 4/~ (Lx- 1) (Lx+1) + Lz4/- (Lz- 1) (Lz+ 1) Lx d(Lx)
+d(Lz) /- (Lx- 1) (Lx+1) L@ + d(Lz) 4/~ (Lx- 1) (Lx+1) LZ- d(Lz)+/- (Lx- 1) (Lx+1)
- 2L2Lxd(Lx) /- (Lz- 1) (Lz+1) - 2LzLxd(Lx) (- (Lz- 1) (Lz+1))®'?
- d(L2) (- (Lx- 1) (Lx+1))¥? LZ- 2Lz d(Lx) 4/ - (Lz- 1) (Lz+1)
- d(Lz) /- (Lx- 1) (Lx+1) 4/ (Lz- 1) (Lz+1) L€~ d(Lz) 4/~ (Lx- 1) (Lx+ 1) LZ L + d(LZ) - L d(LZ)
+2LZ2 L3 d(Lx) «/- (Lz- 1) (Lz+1) + 2Lz d(Lx) (- (Lz- 1) (Lz+ 1))<3’2>)/(
- (Lz- 1) (Lz+1) 4/~ (Lx- 1) (Lx + 1))

&2:=0
G32:= (-3d(Lx) (- (Lz- 1) (Lz+1))¥? LZ LR - LzLxd(Lz) y/- (Lx- 1) (Lx+1) o/ (Lz- 1) (Lz+ 1)
+3d(Lx) /- (Lz- 1) (Lz+1) 4/- (Lx- 1) (Lx+1) LZ* LK
+LzLAd(Lz) 4/ - (Lx- 1) (Lx+1) o/ (Lz- 1) (Lz+1)
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+LzLxd(Lz) (- (Lx- 1) (Lx+1))®24/- (Lz- 1) (Lz+1)

+3d(Lx) (- (Lz- 1) (Lz+ 1)) 2 L2 LA/ - (Lx- 1) (Lx+1) - 3d(Lx) /- (Lz- 1) (Lz+1) LZLX

- LzLxd(L2) (- (Lx- 1) (Lx+1))®'? - 3d(Lx) /- (Lz- 1) (Lz+1) 4/- (Lx- 1) (Lx+ 1) LZLX

- d(Lx) (- (Lz- 1) (Lz+1))®"2 L@ +d(Lx) /- (Lz- 1) (Lz+ 1) L¥ - LzL®d(Lz) 4/~ (Lx- 1) (Lx+ 1)
+2d(Lx) /- (Lz- 1) (Lz+1) L2+ 2d(Lx) (- (Lz- 1) (Lz+1))®/? LZ LK

+2d(Lx) 4/ - (Lz- 1) (Lz+1) LZLx*- 2d(Lx)+/- (Lz- 1) (Lz+ 1) LZLX* - LZ d(Lx)

- d(Lx) /- (Lz- 1) (Lz+1) +d(Lx)) / (/- (Lz- 1) (Lz+1) 4/~ (Lx- 1) (Lx+1))

> Ganmal3: =wcol | ect (factor(wecol l ect(cartan[ 1, 3]))); Gamma23: =f act or (wcol | ect (cartan
[2,3])); Gamma33: =si npl i fy(wcol | ect (cartan[ 3, 3]));

Gl3:= ((-2L24- (Lz- 1) (Lz+1) 4/- (Lx- 1) (Lx+1) LK
- 2Lz(-(Lz- 1) (Lz+ 1)) 2 L@ 4/- (Lx- 1) (Lx+1) +2Lz4/- (Lz- 1) (Lz+ 1) L4/~ (Lx- 1) (Lx + 1)
+LZ24-(Lz- 1) (Lz+1) o/~ (Lx- 1) (Lx+ 1) +Lz(- (Lz- 1) (Lz+ 1))@ ?4[-(Lx- 1) (Lx+ 1)
- LA - (Lz- 1) (Lz+1) - Lz(-(Lz- 1) (Lz+1))®? + Lzy/- (Lz- 1) (Lz+1)
+212 - (Lz- 1) (Lz+1) LE+2Lz(- (Lz- 1) (Lz+ 1)) 2 ¢ 2Lz4/- (Lz- 1) (Lz+1) LE) d(Lx)) / (
- (Lz- 1) (Lz+ 1) 4/~ (Lx- 1) (Lx+ 1) ) + (- Lx + Lx (- (Lx - 1) (Lx+1))®/? L2
+ ¢4 - (Lx- 1) (Lx+ 1) LZ +4/- (Lz- 1) (Lz+ 1) Lx- L4/~ (Lz- 1) (Lz+ 1) ++/- (Lx- 1) (Lx+ 1) Lx
- Lxy- (Lx- 1) (Lx+ 1) LZ+¢) d(L2)) / (- (Lz- 1) (Lz+ 1) 4/- (Lx- 1) (Lx+1))
G23:= (- 2d(Lx) (- (Lz- 1) (Lz+1))®? LZ4/- (Lx- 1) (Lx+ 1)
+2d(Lx) /- (Lz- 1) (Lz+1) 4/- (Lx- 1) (Lx+1) LZ- 2d(Lx) /- (Lz- 1) (Lz+1) LZ*4/- (Lx- 1) (Lx+1)
- 2d(Lx) 4/ - (Lz- 1) (Lz+1) L2+ 2d(Lx) (- (Lz- 1) (Lz+1))®? LZ + 2d(Lx) /- (Lz- 1) (Lz+1) LZ
+2d(Lx) /- (Lz- 1) (Lz+1) LZLx*- 2d(Lx) /- (Lz- 1) (Lz+1) L2 L’
- 3d(Lx) 4/ - (Lz- 1) (Lz+1) 4/~ (Lx- 1) (Lx+ 1) LZ LXK
+3d(Lx) /- (Lz- 1) (Lz+1) 4/- (Lx- 1) (Lx+1) LZ* LK
- Lz d(Lz) /- (Lx- 1) (Lx +1) 4/- (Lz- 1) (Lz+1)
- LzLxd(Lz) (- (Lx- 1) (Lx+ 1))®24/- (Lz- 1) (Lz+1)
+3d(Lx) (- (Lz- 1) (Lz+ 1)) 2 L2 LA/ - (Lx- 1) (Lx+1) +LzLxd(Lz) (- (Lx- 1) (Lx + 1))@
+5d(Lx) /- (Lz- 1) (Lz+1) LZ L@+ 2d(Lx) (- (Lz- 1) (Lz+1))®'? LZ L¥*
+ Lz d(Lz) /- (Lx- 1) (Lx+ 1) + LzLx d(Lz) /- (Lx- 1) (Lx + 1) /- (Lz- 1) (Lz+1)
- 4d(Lx) /- (Lz- 1) (Lz+1) LZ L@+ d(Lx) 4/ - (Lz- 1) (Lz+1) +d(Lx) (- (Lz- 1) (Lz+1))®'? LR
- d(Lx) o/ - (Lz- 1) (Lz+ 1) 8- 4d(Lx) (- (Lz- 1) (Lz+1))®'2 LZ Lé - d(Lx) + L2 d(Lx)) / (
- (Lz- 1) (Lz+1) 4/~ (Lx- 1) (Lx+ 1))

L G33:=0

[ >

| The" space-time" connection 1-formsare:

> hhl:=sinplify(wcollect(cartan[4,1]));hh2:=factor(wcollect(cartan[4,2])); hh3:=wo

Il ect(factor(wecollect(cartan[4,3])));
>

hhl:=0
hh2 :=0
L hh3:=0
[ The "time-space connection” 1-forms are
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> ggl: =factor(wcol | ect (factor(wcollect(cartan[1,4]))));gg2: =factor(wcollect(cartan
[2,4]));993: =wcol | ect (factor(wcol l ect(cartan[3,4])));

ggl:=0
092:=0
L 0g3:=0
| The abnormality (time-time) connection 1-form

| Note that the abnormality (Big Omega vanishesif expansion isaglobal constant. (no red shift?)
> Orega: =wcol | ect (subs(sinplify(wcollect(cartan[4,4]))));

L W:=0
> L:=factor(wcol | ect (hh1&*si gmal+hh2&"si gna2+hh3&"si gma3));
L L:=0
> S:=(wcol | ect (factor (hhl& ggl+hh2&*gg2+hh3&*gg3)));
S=0

There arein general two sets of torsion two forms.

1. Particle AFFINE (PA) torsion 2-forms which depend upon the product of little omega (the
timelike part of the Vierbein) and the (time-space) connection components, little gamma.

2. WaveAFFINE (WA) torsion 2-forms which depend upon Big Omega (the time-time connection
component or abnormality) and again the (time-space) connection components, little gamma.

If the time-space connection 1-forms vanish, small gamma, neither form of torsion exists.

See http://www.uh.edu/~rkiehn/pdf/projfram.pdf

. PA TORSION 2-forms

> Signmal: =wcol | ect (sinmplify((wcollect(factor(onega&‘ggl)))));
Si gma2: =factor (sinplify(wcol | ect (factor(onega&*gg2)))); Si gna3: =wcol | ect (factor (s

implify((omega&™gg3))));
S1:=0
S2:=0
| S3:=0
| WA TORSION 2-forms

> Phil:=sinplify((wcollect((factor(Onmega&'ggl))))); Phi2:=wcollect(factor(Orega&‘gg
2)); Phi 3: =wcol | ect ((fact or (Onega&*gg3)));

F1:=0

F2:=0

L F3:=0

| Next compute the matrix of curvature 2-forms on the x,y,z subspace

. Curvature 2-forms

[ > Theta:=array([[ggl& hhl, ggl& hh2, ggl& hh3],[gg2&'hhl, gg2& hh2, gg2& hh3],[ (gg3&*h

h1), (gg3&*hh2), (gg3&*hh3)]]);
>

SO 0 OB
Q:= 0 OH
e0 0 OQu
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| The curvature 2-forms on the interior space all vanish.

[ DISCUSSION

| Lorentzrotations do not seem to generatetorsion or curvature on the 3D supspace, which must
be dueto thefact (somehow) that thetranspose of a Lorentz rotation is proportional to its
inverse. Thisfact isnot truefor Lorentz trandations.

It is remarkable that the Lorentz Round Trip Rotations do not seem to effect curvature or torsion, yet
the represent a defect in that the Identity is not the result of the round trip. | would have suspected that
thiswould induce a curvature or torsion defect of some kind. But that does not seem to be the case.

| Strange.
[ >
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