> restart: with (linalg):with(liesynm:wth(difforns):

> setup(x,y,z, t):deffornmx=0,y=0, z=0, t =0, Vx=0, W=0, Vz=0, D1=0, D2=0, D3=0, Ax=0, Ay=0, A
z=0, C=0, Phi =0, phi =0, t het a=0, r =0, t au=0, a=const, b=const, c=const, aa=const, bb=const,
Meconst , cc=const, ee=const, Lx=0, Ly=0, Lz=0, vx=const, vy=const, vz=const ) ;

Warni ng, new definition for norm

Warni ng, new definition for trace

Warni ng, new definition for close

Warni ng, new definition for ~ &\’

Warni ng, new definition for d

Warni ng, new definition for m xpar

Warni ng, new definition for wdegree
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INTRODUCTION

Given a connection [C] as a Cartan matrix of 1-forms, the standard formula

Cartan matrix of curvature 2-forms ,

[OMEGA] = [dC] + [C] ~ [C]

is used to define the curvatures of the space.

*

However, a connection can be computed in several distinct ways.

Given a Frame field, [F], mapping contravectors on the initial state to contravectors on the final state,
the Right Cartan Connection can be computed from the formula [C] = [F inverse][dF].

*

Given a metric, [g], the Christoffel connections coefficients [Gamma] will be computed from the functions
that define the metric. The method is independent from the Frame. Both methods yield matrices of
1-forms defined on the initial state.

However, a compatibility condition between the metric [g] and Frame field [F] requires that the metric [g]
on the initial state be related to the metric [eta] on the final state by the formula [g] =
[Ftranspose][eta][F],

*

The two connections are identical if their exists a map of coordiantes from the initial state to the final
state, and the metric on the final state is a set of constants. The Frame can then be taken to be the
Jacobian matrix of the coordinate mapping. The Frame field is said to be integrable. The matrix of
curvature 2-forms is zero in this special case.

IN all cases, the Cartan matrix of connection 1-forms can be decomposed into two parts according to the
formula

[C] = [Gamma] - [T]

The standard formula for curvature will be used to yield

[dC] + [C]*[C] ={ [dGamma] + [C]*[Gamma]} - {[dT] + [C]*[T]} = {metrical curvature} - {inertial
curvature}.
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For all Frame fields (with det not zero) the far left side vanishes, leaving the result
metric curvature = inertial curvature.
Thus a principle of equivalence is established for parallelizable spaces.

The classic coordinate map from spherical to Cartesian Coordinates

is given by the expressions:
> x:=r*sin(theta)*cos(phi);y:=r*sin(theta)*sin(phi);z:=r*cos(theta);t:=tau;
>

X :=rsin(q) cos(f)

y:=rsin(q) sin(f)

z:=rcog(q)
t:=t

The Coordinate map generates a Frame field in terms of the Jacobian of
the mapping

Compute the Frame matrix from the Jacobian matrix, so that the induced 1-forms are well defined.
>
> FF11: =get coef f (d(x) & d(theta) & d(phi)&d(tau)); FF12: =get coef f (d(x) &d(phi)& d(ta
u) &\d(r)); FF13: =get coef f (d(x) & d(tau) & d(r) & d(theta)); FF14: =get coef f (d(x) &\d(r)
& \d(t het a) & d(phi));
FF11:=sin(q) cos(f)
FF12 :=r cog(f ) cog(q)
FF13:=-rsin(q) sin(f)
FF14:=0
>
> FF21: =get coef f (d(y) & d(theta) & d(phi)&d(t)); FF22: =get coef f (d(y) & d(phi) & d(t)&"
d(r)); FF23: =get coef f (d(y) & \d(t) & d(r) & d(theta)); FF24: =get coef f (d(y) &d(r)&d(th
eta) &d(phi));
FF21 :=sin(q) sin(f)
FF22 :=r sin(f ) cos(q)
FF23:=r sin(q) cos(f)
FF24:=0
At this point the Frame matrix will be modified to make the third 1-form sigmaz not exact and not closed.
A constant coefficient "aa" will scale the perturbation of the FRame. When aa =0, the Frame is the
Jacobian matrix of the mapping. The associated Frame matrix elements of the perturbed Frame are
then:

\%

sigmaz: =wcol | ect (d(z) +taa*(y*d(x)-x*d(y))); dzz: =si gmaz;

> FF31: =get coef f (dzz&d(t het a) & d( phi ) &d(tau)); FF32: =get coef f (dzz& d( phi ) & d(t au)
& d(r)); FF33: =factor(sinplify(getcoeff(dzz&d(tau)&d(r)& d(theta)))); FF34: =getc
oef f (dzz&\d(r) & d(theta)&d(phi));

>

>

sigmaz := cos(q) d(r) - rsin(q) d(q) +aa (-r*sin(q)®sin(f )*- r*sin(q)? cos(f )?) d(f)
dzz:=cos(q) d(r) - rsin(q) d(q) +aa (- r*sin(q)*sin(f )*- r*sin(q)’ cos(f )*) d(f)
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FF31:=cos(q)
FF32:=-rsin(q)
FF33:=aar’(cos(q) - 1) (cos(q) +1)

FF34:=0
>

> dtt:=d(t);
> FF41: :éez coef f (dtt & d(theta) & d(phi) & d(tau)); FF42: =si nplify(getcoeff(dtt& d(phi
)& d(tau)&d(r))); FF43: =factor(sinplify(getcoeff(dtt&d(tau)&‘d(r)&‘d(theta))));
FF44: =get coef f (dtt &\d(r) & d(t heta) & d(phi));
dtt := d(t)
FF41:=0
FF42:=0
FF43:=0
FF44:=1

11T

(>
- These matrix elements will be put into a perturbed Frame matrix format
as:

>
> R=[x,y,z,t]:FFl:=sinplify(subs(array([[FF11, FF12, FF13, FF14], [ FF21, FF22, FF23, FF2
4], [ FF31, FF32, FF33, FF34] , [ FF41, FF42, FF43, FF44]1)));
gﬂn(q)coS(f) r cog(f ) cos(q) -rsin(q) sin(f ) Og
esin(q) sin(f) rsin(f) cos(q) rsin(q) cos(f) OH

.=e
FFI: 8 cos(q) -rsin(q) -aar’+aar’cosq) Oa
| & 0 0 0 1u

[ > dim=4;coord: =[r, theta, phi,tau]; G3:=sinmplify(inverse(FFl)); DET: =sinplify(det(FF
1));
dm:=4
coord:=[r,q,f,t]
GGl :=
[sin(q) (-rsin(f) cos(q) aa+ cos(f ) , sin(q) (r cos(f ) cos(q) aa + sin(f)) , cos(q) , 0]
gsin(f)aar- sin(f)aar cos(q)”+cos(q) cos(f) -cos(f)aar +cos(f)aar cos(q)”+ cosq) sin(f)
é r ' r '
_ sin(a)
r
ot o,
€ rsin(g) rsin(q)
[0,0,0,1]

u
’OH
u

o x o wnid

L DET :=sin(q) r

' The right Cartan Connection is based on the perturbed Frame: [C] = [G]
[dF]= - [dG][F]

L First compute the differentials of the inverse matrix [GG]

> for i from1l to dimdo for j from1l to dimdo for k from1 to dimdo d1&{i,j, K]
= (diff(Gd[i,j],coord[k])) od od od:
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[ Compute the elements of the matrix product of - d[G][F]= G[dF]
[>for b from1lto dimdo for a from1l to dimdo for k from1 to dimdo ss:=0;for
mfroml to dimdo ss := ss+(d1Ga, mk]*FFI[mDb]); CJa,b,k]:=sinmplify(-ss) od
| od od od ;
| Right Cartan connection coefficients:
[ >
> for b from1lto dimdo for a from1l to dimdo for k from1l to dimdo if
Cd a, b,k]=0 then else print( Cartan_RIGHT (a, b, k)=factor(CJa, b,k])) fi od od od

Cartan_RIGHT(1, 1, 3) =-r cos(q) aa (cos(q) - 1) (cos(q) + 1)
Cartan_RIGHT(2, 1, 2) =%
Cartan_RIGHT(2, 1, 3) = sin(q) aa (cos(q) - 1) (cox(q) + 1)
Cartan_RIGHT(3, 1, 3) =%

Cartan_RIGHT(L, 2, 2) =-r
Cartan RIGHT(1, 2, 3) =sin(q) r’ cos(q)? aa

1
Cartan RIGHT(2,2,1) ="

Cartan_RIGHT(2,2,3) =r cos(q) aa(cos(q) - 1) (cos(q) + 1)
cos(q)
sin(q)
Cartan_RIGHT(1,3,1)=rcos(q) aa(cos(q) - 1) (cos(q) +1)
Cartan_RIGHT(1, 3, 2) =-sin(q) r* cos(q)’ aa
Cartan_RIGHT(1, 3,3) =r (cos(q) - 1) (cos(q) +1)
Cartan_ RIGHT(2, 3,1) =-sin(q) aa(cos(q) - 1) (cos(q) +1)
Cartan_RIGHT(2, 3,2) =-r cos(q) aa (cos(q) - 1) (cos(q) +1)
Cartan_RIGHT(2, 3,3) =-sin(q) cos(q)

Cartan_RIGHT(3, 2, 3) =

1
Cartan RIGHT(3,3,1) ="

co(q)
L sin(q)
| Matrix elements of the right Cartan matrix of connection 1-forms.
T > CGanmall: =CC[ 1, 1, 1]*d(r)+Cd 1, 1, 2] *d(t heta) +Cd 1, 1, 3] *d( phi ) +CC[ 1, 1, 4] *d(t au) :
CGammal2: =CC[ 1, 2, 1] *d(r) +0d 1, 2, 2] *d(t het a) +Cd 1, 2, 3] *d( phi ) +C[ 1, 2, 4] *d(t au) :
CGammal3: =CC[ 1, 3, 1] *d(r) +0d 1, 3, 2] *d(t het a) +Cd 1, 3, 3] *d( phi ) +C[ 1, 3, 4] *d(t au) :
CGammal4: =CC[ 1, 4, 1] *d(r) +Od 1, 4, 2] *d(t het a) +Cd 1, 4, 3] *d( phi ) +CC[ 1, 4, 4] *d(t au) :
CGammall := (r cos(q) aa- r cos(q)®aa) d(f)
CGammal2:=-r d(q) +sin(q) r* cos(q)* aa d(f)
CGammal3:= (- r cos(q) aa+r cos(q)*aa) d(r) - sin(q) r*cos(q)*aad(q) + (- r +r cos(q)?) d(f)
CGammal4d =0
> CGamma21: =Cq] 2, 1, 1] *d(r) +0d 2, 1, 2] *d(t het a) +CC] 2, 1, 3] *d( phi ) +Cd 2, 1, 4] *d(t au) :
CGamma22: =CC] 2, 2, 1] *d(r) +0d 2, 2, 2] *d(t het a) +Cd 2, 2, 3] *d( phi ) +CC[ 2, 2, 4] *d(t au) :
> OGamma23: =0 2, 3, 1] *d(r) +Cd 2, 3, 2] *d(t het a) +Cd 2, 3, 3] *d( phi ) +CJ] 2, 3, 4] *d(t au) ;

Cartan_RIGHT(3, 3,2) =

>
>
>
>

\%
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V V V V

V V V V

>
>

CGanma24: =CC] 2, 4, 1] *d(r) +Cd 2, 4, 2] *d(t het a) +C]] 2, 4, 3] *d( phi ) +CJ] 2, 4, 4] *d(t au) ;

d(q)
r

CGamma2l := +(-sin(q) aa +sin(q) aa cos(q)?) d(f)

d(r)
CGamma22 := ]

CGamma23 := (sin(q) aa - sin(q) aa cos(q)°) d(r) + (r cos(q) aa- r cos(q)’ aa) d(q) - sin(q) co(q) d(f)
CGamma24 :=0

, 11 *d(r)+CC 3, 1, 2] *d(t heta) +CC[ 3, 1, 3] *d( phi ) +C( 3, 1, 4] *d(t au) ;

, 11 *d(r) +CC 3, 2, 2] *d(t heta) +CC 3, 2, 3] *d( phi ) +CJ 3, 2, 4] *d(t au);

, 11 *d(r)+CC 3, 3, 2] *d(t heta) +CC 3, 3, 3] *d( phi ) +CJ 3, 3, 4] *d(t au);

, 11 *d(r) +CO 3, 4, 2] *d(t het a) +CC 3, 4, 3] *d( phi ) +CJ 3, 4, 4] *d(t au) ;

d(f)
CGamma3l = T

+(-rcog(q) aa+r cog(q)* aa) d(f)

CGarmma31: =Cq 3,
CGarmma32: =Cq] 3,
CGarmm33: =Cq] 3,
CGarmma34: =Cq] 3,

A WN P

cos(q) d(f )
sin(q)
d(r) , cos(q) d(q)
r sin(q)
CGamma34 :=0
,1]*d(r)+Cd 4, 1, 2] *d(t het a) +CJ 4, 1, 3] *d( phi ) +CJ 4,
,1]1*d(r)+Cd 4, 2, 2] *d(t het a) +CJ 4, 2, 3] *d( phi ) +CJ 4,
,1]*d(r)+Cd 4, 3, 2] *d(t het a) +CJ 4, 3, 3] *d( phi ) +CJ 4,
,1]*d(r)+Cd 4, 4, 2] *d(t het a) +CJ 4, 4, 3] *d(phi ) +CJ 4,
CGamma4l :=0
CGamma42 :=0
CGamma43 =0
CGammad4 :=0
Cart anC: =array([ [ CGammall, CGamma12, CGammal3, CGanmal4] , [ CGamma21, CGamma22, CGanma2
3, CGamma24] , [ CGamma31l, CGamma32, CGanma33, CGanma34] , [ CGamua4l, CGanma42, CGamme43, CG
ammad4] ]);
sinpforn(d(CartanC));

CGamma32 :=

CGamma33 ;=

CGarma41: =Cq 4,
CGarmm42: =Cq] 4,
CGarmm43: =Cq] 4,
CGarmma44: =Cq] 4,

, 4] *d(tau);
, 4] *d(tau);
, 4] *d(tau);
, 4] *d(tau);

A WN P
A WN P

CartanC :=

[(r cos(q) aa- r cos(q)*aa) d(f), -r d(q) +sin(q) r* cos(q)* aad(f ),
(-r cos(q) aa+r co(q)’ aa) d(r) - sin(q) r* cos(q)* aad(q) + (- r +r cos(q)) d(f) , 0]

gd(a) . 2y gy 40
€ +(-sn(q)aa+sin(q) aacos()) (1), —

+(-r cos(q) aa +r cog(q)’ aa) d(f) ,

(sin(q) aa - sin(q) aacos(q)*) d(r) + (r cos(q) aa- r cos(q)’ aa) d(q) - Sin(Q)COS(Q)d(f)-OE

ed(f) cos(q)d(f) d(r) . cos(q) d(q) Og
g r ' sn(q) o sn(q) 0O
[0,0,0,0]

[(cos(q) aa- cos(q)’ aa) (d(r) &~ d(f)) + (-r aasin(q) +3r cos(q)* aasin(q)) (d(q) &" d(f))

-(d(r) &~ d(q)) + (r* cos(q)* aa - 2sin(q)”r* cos(q) aa) (d(q) &" d(f))
+2sin(q) r cos(q)” aa (d(r) &~ d(f)), (- 1+cos(q)?) (d(r) &~ d(f)) - 2r cos(q) sin(q) (d(q) & d(f))
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+(raasin(q) - rcog(q)*aasin(q)) (d(q) &"d(r)), 0]
€ d(r)&"d(q) s _ )
&~ 2 *t(-co(g)aa+coyq) aa- 2sin(q) aacoyq)) (d(q) &*d(f)),

(- cos(q) aa+ cos(q)’ aa) (d(r) & d(f)) + (r aasin(q) - 3r cos(q)*aasin(q)) (d(q) &~ d(f))

(- cos(q)* +sin(q)?) (d(q) & d(f)) +2sin(q) aa cos(q) (d(q) &" d(r)) , OE

g d(r)&"d(f) (sin(q) +cos(q) )(Zd(Q) & d(f)) ,0,0E
r2 sin(q) u
[0,0,0,0]

Cartan matrix of curvature 2-forms based upon d[C] + [C]*[C]

| first compute the [C][C] terms:

[ > OregaCCll: =si npforn(sinplify(CGammuall& CGammall+CGammual2&" CGamua2l+CGanmal3& CGa
nmra31+CGamual4&* CGamma4l) ) ; OnegaCCl2: =si npf or m(si npl i f y( CGammal1l&* CGamual2+CGanm
al2&" CGamm22+CGanmal3&" CGamm32+CGanmmal4&” CGanmad?2) ) ; OregaCCl3: =si npf or n{ si npl i
fy(CGammall&" CGamral3+CGammal2&" CGamma23+CGammual3& CGanma33+CGanmal4 & CGanma43) )

; OnegaCCl4: =si npf or n( si npl i f y( CGamuall& CGanmald+CGanmal2&" CGamma24+CGammal3&" CG
amma34+CGammal4& CGanmedd) ) ;

OmegaCC11 :=

(- cos(q) aa+cog(q)*aa) (d(r) &~ d(f)) + (raasin(q) - 3r cos(q)* aasin(q)) (d(q) &~ d(f))

OmegaCC12 :=

(-3r?cos(q)’aa+2rcos(q) aa) (d(q) & d(f)) +2sin(q) r cox(q)* aa (d(f) &~ d(r)) - (d(q) & d(r))
OmegaCC13 := 2r cos(q) sin(q) (d(q) & d(f)) + (- 1 + cos(q)*) (d(f) &~ d(r))
+(r co(q)*aasin(q) - r aasin(q)) (d(q) &~ d(r))

L OmegaCC14:=0

[ > OregaCC21: =si npforn(sinplify(CGamma2l&" CGammall+CGammua22&" CGamua2l+CGanma23&" CGa

nmra31+CGamua24&* CGamma4l) ) ; OnegaCC22: =si npf or m(si npl i f y( CGamma21&" CGamual2+CGanm

a22&" CGamm22+CGanma23&" CGamm32+CGanmma248&" CGanma4?2) ) ; OregaCC23: =si npf or n{ si npl i

f y( CGanmma21&" CGamral3+CGamma22&" CGamma23+CGamma23&* CGanma33+CGanma24&* CGanma43) )

; OregaCC24: =si mpf or m( si npl i f y( CGamua21&* CGammal4+CGanma22&" CGamma24+CGanma23&" CG

amma34+CGamma248&* CGanmead4) ) ;

o _d(r) &~ d(q) . R
megaCC2Li=— o +(3cox(q) aa- 3cox(q)’ aa) (d(a) &~ ()

OmegaCC22 :=
(cos(q) aa- cog(q)*aa) (d(r) &~ d(f))+(-raasin(q) +3r cos(q)* aasin(q)) (d(q) &~ d(f))
OmegaCC23 := (- 1+ 2 cos(q)°) (d(q) & d(f)) + (-2 cox(q) aa + 2 cog(q)* aa) (d(q) & d(r))

L OmegaCC24 :=0
[ > OregaCC31: =si mpf orm(si npl i f y(CGama31&" CGammuall+CGanma32&" CGamm21+CGanmma338&" CGa
nmra31+CGamua34&* CGamma4l) ) ; OnegaCC32: =si nmpf or m(si npl i f y( CGamma31&* CGamual2+CGanm
a32&" CGamm22+CGanma33&" CGamm32+CGanmma348&" CGanma4?2) ) ; OregaCC33: =si npf or n{ si npl i
fy( CGanmma31&* CGammal3+CGanma32&" CGanmra23+CGammua33&* CGanmma33+CGamua34 & CGanma43) )
; OregaCC34: =si mpf or n( si npl i f y( CGamua31&* CGammal4+CGanma32&" CGamma24+CGanma33&" CG
amma34+CGamma348&* CGanmead4) ) ;
d(r) &~ d(f)

2

OmegaCC3l :=
r
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d(f) &"d(q)
-1+ coy(q)*
OmegaCC33:=0

L OmegaCC34:=0

[ > OregaCCA4l: =si npforn(sinplify(CGammua4l& CGammall+CGamua428&" CGanmua2l+CGanmad3&" CGa
mra31+CGamua448&* CGamma4l) ) ; OnegaCC42: =si npf or m(si npl i f y( CGamma41&* CGamual2+CGanm
a42&" CGamma22+CGanma43&" CGamm32+CGanmad48” CGanmad?2) ) ; OregaCC43: =si npf or n{ si npl i
f y( CGanma41&* CGamral3+CGamma42&" CGamma23+CGamua4 3&* CGanma33+CGanmad4 & CGanma43) )
; OregaCC44: =si mpf or m( si npl i fy( CGamua41&* CGamml4+CGanma42&" CGamma24+CGanmad38&" CG
amma34+CGammad48& CGanmed4) ) ;

OmegaCC32 :=

OmegaCC41:=0
OmegaCC42 :=0
OmegaCC43:=0
L OmegaCC44 :=0
> CartanC: =array([[ CGanmall, CGamml2, CGanmal3, CGammald], [ CGamma2l, CGanma22, CGanma?2
3, CGamma24] , [ CGanma31, CGanmmma32, CGama33, CGamea34] , [ CGamua4l, CGamma4?2, CGanmma43, CG
amad4]]);
CartanC :=
[(rcos(q) aa- rcos(q)’aa) d(f) , -r d(q) +sin(q) r* cog(q)*aad(f ) ,
(-rcos(q) aa+r cos(q)’aa) d(r) - sin(q) r*cos(q)*aad(q) + (-r +r cos(q)?) d(f), 0]
gd(q) . : d(r)
€~ +(-sin(q) aa+sin(q) aacog(q)”) d(f),

er r

+(-r cos(q) aa +r cog(q)’ aa) d(f) ,

(sin(q) aa - sin(q) aacos(q)*) d(r) + (r cos(q) aa- r cos(q)’ aa) d(q) - Sin(Q)COS(Q)d(f)-OE

ed(f) cos(q)d(f) d(r) N cos(q) d(q) OE
é r ' sn(q) o sn(q) 0O
. [0,0,0,0]

[ > OnmegaD: =si npf or n(d( CartanC));
> OVEGAC: =si npforn(sinmplify(array([[Oregal 1, 1] +OmregaCCl1, OnegaD 1, 2] +OregaCCl12, Om
egaD[ 1, 3] +OregaCCl3, Oregal) 1, 4] +OnegaCCl4], [ OregaD 2, 1] +OregaCC21, OnegaD 2, 2] +Om
egaCC22, OregaD 2, 3] +OregaCC23, Onegalf 2, 4] +OmegaCC24], [ Oregal 3, 1] +OmregaCC31, Oreg
aD[ 3, 2] +OnegaCC32, Oregal 3, 3] +OregaCC33, Onegal] 3, 4] +OregaCC34] , [ OregaD| 4, 1] +Oreg
aCC41, Onegal 4, 2] +OnmegaCC42, OregaD 4, 3] +OregaCC43, Omegal 4, 4] +OmregaCC44]1)));
OmegaD :=
[(cos(q) aa- cos(q)’aa) (d(r) &~ d(f)) + (-raasin(q) + 3r cos(q)*aasin(q)) (d(q) &~ d(f)),
-(d(r) &~ d(q)) + (r* cos(q)*aa - 2sin(q)r* cog(q) aa) (d(q) & d(f))
+2sin(q) r cog(q)*aa (d(r) & d(f)), (- 1+ cos(q)*) (d(r) &~ d(f)) - 2r co(q) sin(q) (d(q) &~ d(f))
+(raasin(q) - r cog(q)*aasin(q)) (d(q) &~ d(r)) , 0]
e d(r)&"d(q) 3 ) )
&~ - *(-cos(q)aa+cos(a)’aa- 2sin(a)’aacos(a)) (d(a) & d(F)),

(- cos(q) aa + cos()* aa) (d(r) &~ d(f)) + (r aasin(q) - 3r cos(q)*aasin(a)) (d(q) &~ d(f)),

(- cos(q)* +sin()?) (d(q) &~ d(f)) +2sin(q)* aa cos(q) (d(a) & d(r)) , OE
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€ d(r)&~d(f)  (sin(q)*+cos(q)) (d(q) &"d(f)) u
8' 2 v T : 2 'O'OH
e r sin(q) u
[0,0,0,0]

go 00 OH

_€ 0 0 ou

OMEGAC .—g) 0 0 OE

€ 0 0 Oou

' OMEGA above IS THE MATRIX OF CURVATURE 2-FORMS.
ITIS AZERO MATRIX FOR A CARTAN CONNECTION OF AN INVERTIBLE

. FRAME FIELD.

[ > TRACEOVEGA noTor si on_snal | mass: =subs(aa=0, M*2=0, 2*r +M=2*r, si npf or n(weol | ect ( OVEG
AC[ 1, 1] +OVEGAC 2, 2] +OVEGAC] 3, 3] +OVEGAC 4, 4])) ) ; JJ: =subs(d( TRACEOVEGA noTor si on_s
mal | mass) ) ;

TRACEOMEGA noTorsion_smallmass := 0
JJ:=0

> TRACEOVEGA snal | Tor si on_nonmass: =subs(aa”2=0, M=0, si npf or m{wcol | ect (OVEGAC] 1, 1] +OM

EGAC 2, 2] +OVEGAC] 3, 3] +OVEGAC] 4, 4]))); JJ: =subs(d( TRACEOVEGA snal | Tor si on_nonass) )

TRACEOMEGA_smallTorsion_nomass := 0
JJ:=0
[ > TRACEOVEGA: =( (subs(aa”2=0, M*2=0, 2*r +M=2*r, si npf or m(wcol | ect (OVEGAC] 1, 1] +OVEGAC] 2
, 2] +OVEGA(C 3, 3] +OVEGAC 4, 4])))) ) ; IJ: =si npf or m( subs( M*2=0, d( TRACEQOVE®) ) ) ;
TRACEOMEGA :=0
L JJ:=0
[ THE TRACE OF THE CARTAN MATRIX OF 2-FORMS IS ZERO IN ALL APPROXIMATIONS.
>
> dt het a_dphi : =si npl i fy(factor(subs(aa”2=0, (get coeff ( TRACEOVEGAR d(r) & d(tau))))))
; dr _dphi @ =sinplify(factor(subs(aa”2=0, (get coeff( TRACEOVEGA&"d(t heta) & d(tau)))))
);dr_dtheta:=sinplify(factor(subs(aa”2=0, (get coeff( TRACEOVEGA&d( phi ) &*d(tau))))
));sinmplify(factor(subs(aa”2=0, (get coeff( TRACEOVEGA&d( phi )& d(theta)))))); si npl
i fy(factor(subs(aa”2=0, (get coeff( TRACEOVEGA&d( phi ) &\d(r))))));sinplify(factor(s
ubs(aa”2=0, (get coef f ( TRACEOVEGA&"d(t het a) &\d(r))))));
dtheta_dphi :=0
dr_dphi :=0
dr_dtheta:=0
0
0
0

i The matrix of curvature 2-forms ( based upon d[C]+[C]*[C] )for the right
| Cartan connection vanishes - and has zero trace.

[ >

*kkkkkkkkkkhkkkhkk

NOW PERTURB THE METRIC ON THE FINAL STATE AND USE THE
COMPATIBILITY CONDITION (the metric is defined as a cotensor) TO
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YIELD A PULLBACK METRIC ON THE INITIAL STATE.

| The final state metric is perturbed as follows:

[ > Schl:=(1+M (2*r))"4; Sch2: =((1-0*M (2*r))/ (1+0*M (2*r)) ) "2;

> finalnetric := array([[-Schi1, 0, 0,0], [O,-Schl, 0,0], [O,
0,-Schi, 0],[0,0,0,Sch2]]);

e 1Md

Schl =g1 +——=

2r @

Sch2 =

e 1M U
% 1+——= 0 0 Ot
8 2r@ U
g ®z 1M7 0 ol
ﬂnahnanc:=§ _g 21 9 E
e e 1Mg U
g 0 0 -gl+———$ o4
: 2r g ¢
€ 0 0 0 10

| THE perturbed PULLBACK METRIC COEFFICIENTS ARE:

[ > pul | backmetric:=sinplify(innerprod(transpose(FFl),finalnmetric,FFl),trig):gll:=fa
ctor(pul I backmetric[1,1]);9l12: =factor(pul | backnetric[1,2]);913:=factor(pull backm
etric[1,3]);914: =factor(pul | backmetric[1,4]);g21l: =factor(pul |l backnetric[2,1]);92
2:=factor(pul | backmetric[2,2]);023:=factor(pul | backnetric[2,3]);g24: =factor(pul
backnmetric[2,4]); g31: =factor(pul | backmetric[3,1]);9g32: =factor(pul | backnetric[3,2
1);933: =(factor(pul | backnetric[3,3]));g34: =factor(pul | backnetric[3,4]);g4l: =fact
or (pul | backnetric[4, 1]); g42: =factor (pul | backmetric[ 4, 2]); g43: =fact or (pul | backnet
ric[4,3]);g44: =factor(pul | backnetric[4,4]);

gll :=- i—(zrtM)A
16 r
gl2:=0
13.__iCOS(Q)aa(2'r+|\/|)4(008(q)- 1) (cog(q) +1)
97" 16 r2
gl4:=0
g21:=0
22 :=- iw
16 r
1 sin(q)aa(2r+M)*(cos(q) - 1) (cos(q) +1)
g23 :=
16 r
924:=0
31 = 1 cos(q) aa(2r +M)*(cos(q) - 1) (cos(q) +1)
927 16 r2
1 sin(q)aa(2r+M)*(cos(q) - 1) (cos(q) +1)
g32:=
16 r
33 = - 1 (2r+M)*(cos(q) - 1) (cos(q) +1) (r* cos(q)® aa’ - r*aa’- 1)
97" 16 P2
g34:=0



941:=0

g42:=0
g43:=0
L g44:=1

L
" NEXT, obtain the Christoffel Connection coefficients from the induced

perturbed pullback metric.

> metric:= sinplify(subs(eval n{(pul | backnmetric)));

metric :=
¢ 1 16r'+32r*M+24r*M*+8r M°*+M* 1 s s 2 3
g_E r -0-'ECOS(Q)aa(-16r+16rcos(q)-32r|v|

U
+321° M cos(q)?- 241> M?+ 24 1> M2 cos(q)? - 81 M®+81 M3 cos(q)>- M* + M* cos(q)?) / 1%, OH
u

é 116r'+32r°M+24r* M*+8r M +M* 1 . . ) .
g0,- — 2 ,——sin(g)aa(-16r*+16r°cos(q) - 32r’'M
e ' 16 r 16
U
+32r° M cos(q)* - 241> M? + 24 > M? cog(q)*- 8r M*+ 81 M cog(q)*- M*+M*cos(q)*)/r , OH
u
¢ 1
g- Ecos(q)aa(-16 r*+16r*cos(q)*- 32r*M +32r°M cos(q)*- 24r* M? + 24> M? cog(q)*- 81 M®
1
+8r M®coqq)*- M4+M4cos(q)2)/r2,Esin(q)aa(-16r4+16r4cos(q)2- 32r*M +32r° M cos(q)®

1
- 24 M?+24r° M? cos(q)*- 8r M®+ 81 M®cos(q)*- M*+M*cos(q)*) /1, - E(24r“Mzaazcos(q)“+16r4

+32r°M+24r°M*+ 81 M*+M*- 24r>M?cos(q)*- 16 r* M®aa’ cog(q)*- 64 r° M aa” cos(q)”
+32r°M aa’ cog(q)* - 48 r* M aa’ cos(q)* + 8 r® M* aa’ cos(q)* + M* r*aa” cos(q)* - 2 M*r* aa’ cog(q)*
+16r°aa’- 16 r* cos(q)*- 8r M°cos(q)*- 32r®M cos(q)*- M* cos(q)? + 16 r® aa’ cos(q)* - 32 r® aa’ cos(q)?

u
+M4r2aa2+8r3Msaa2+24r4M2aa2+32r5Maaz)/rz,OH

[0,0,0,1]

> metricinverse: =inverse(netric):dim=4;coord: =[r,theta, phi,tau];

dm:=4
coord :=[r,q,f,t]

> for i from1lto dimdo for j from1l to dimdo for k from1l to dimdo
digunf[i,j,k] := (diff(netric[i,]j],coord[Kk])) od od od:

> #for i froml to dimdo for j from1l to dimdo for k from1 to dimdo if
digun[i,j,k]=0 then else print( dgun (i,j,k)=dlgun[i,j,k]) fi od od od;

> for i froml1lto dimdo for j fromi to dimdo for k from1l to dimdo C1S[i,]j, k]
=0 ododod; for i from1l to dimdo for j from1l to dimdo for k from1l to
dimdo CL1S[i,j,k] := 1/2*dlgun[i,k,]j]+1/2*dlgun[j,k,i]-1/2*dlgun[i,j,k] od od
od;

> for k froml to dimdo for i from1 to dimdo for j from1l to dimdo ss := 0;
for mto dimdo ss := ss+netricinverse[k, mM*CLS[i,j,mM od; C9S[k,i,j] :=
simplify(factor(ss),trig) od od od;
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> for i from1lto dimdo for j from1l to dimdo for k from1l to dimdo if
C2S[i,j,k]=0 then else
print( Christoffel _Gamma2 (i,j, k)=sinplify(subs(-1+cos(theta)”2=-sin(theta)”"2,(C
295[i,j,k])))) fi od od od;

The non zero Christoffel Connection coefficients 2nd kind for the

perturbed frame and perturbed metric, on the initial space (domain) are:

Gamma2(i,j,k) index (1,-1,-1)

-2r’aa’cos(q)’+2r’aa’ cos(q)*- M
r(2r+M)

Christoffel_Gamma2(1, 1, 2) = cos(q) aa’ r’sin(q) - 2 cos(q)®aa’ r*sin(q)
Christoffel_Gamma2(1, 1, 3) =- r aacos(q) (-2r*aa’ + 4r’aa’ cos(q)*- 2r’aa’cos(q)* - 5r*M aa” cos(q)*
+2r°aa’ cog(q)°M - r’Maa’ +4r*Maa’ cos(q)°+2r cos(q)’- 2r+ M- Mcos(q)?)/ (2r + M)

Christoffel_Gamma2(1, 2, 1) = cos(q) aa’ r’sin(q) - 2 cos(q)®aa’ r*sin(q)
Christoffel_Gamma2(1, 2, 2) =
r(-4r’aa®cos(q)*+4r’aa’ cos(q)’+4r°Maa’ cos(q)*- 4r°M aa’ cos(q)*+2r - M)
2r+M
Christoffel_Gamma2(1, 2, 3) =r*sin(q) aa (2 r’®aa’ cos(q)*- 2r°aa’cos(q)* + 3 r* M aa” cos(q)”

- 5r*Maa’ cos(q)*+2r*aa’ cos(q)° M + 2r cos(q)’- 2r + M- Mcos(q)?) /(21 + M)
Christoffel_Gamma2(1, 3,1) =- r aacos(q) (-2r*aa’ + 4r’aa’ cos(q)*- 2r’aa’cos(q)* - 5r*M aa” cos(q)*
+2r°aa’ cog(q)°M - r’Maa’ +4r*Maa’ cos(q)*+2r cos(q)’- 2r+ M- Mcos(q)?)/ (2r + M)

Christoffel_Gamma2(1, 3, 2) =r*sin(q) aa (2 r’®aa’ cos(q)*- 2r°aa’cos(q)* + 3 r* M aa” cos(q)”
- 5r*Maa’ cos(q)*+2r*aa’ cos(q)° M + 2r cos(q)’- 2r + M- Mcos(q)?) / (2r + M)
Christoffel_Gamma2(1, 3,3) =- r (-6r*cos(q)®aa*M + 2r* cog(q)® aa* M - 2r* cos(q)* aa* M
+6r*cos(q)*aa*M- 2r*aa’ cog(q)°M +4r*aa’- M- 2rcos(q)’+2r- 2r°M aa’ cos(q)” + 4 r’ aa” cos(q)*
+Mcos(q)*- 8r’aa’cos(q)’+4r*Maa cos(q)*)/ (2r + M)
(-1+coy(q)*) r @&’ coy(q) sin(q)
2r+M

Christoffel_Gamma2(1, 1,1) =2

Christoffel_Gamma2(2,1,1) =-4

Christoffel_Gamma2(2, 1, 2) =
-6raa’cos(q)’+2r’aa’ +4r’aa’ cos(q)*- 3r°Maa’ cog(q)*+2r°Maa’ cos(q)*+r’Maa*- 2r + M
r(2r+M)
Christoffel_Gamma2(2, 1, 3) = ((4r’aa’cos(q)*- 2r’aa’ - 2r’aa” cos(q)*+2r*aa’ cos(q)° M - r* M aa’
- 5r*Maa’ cos(q)*+4r°M aa’ cos(q)* + 2 cos(q)” + M cos(q)*) sin(q) aa) / (2r + M)
Christoffel_Gamma2(2, 2, 1) =
-6raa’cos(q)’+2r’aa’ +4r’aa’ cos(q)*- 3r°Maa’ cos(q)*+2r° M aa’ cos(q)*+r*Maa*- 2r + M
r(2r+M)
cog(q) @&’ r*sin(q) (- r +r cos(q)’ + M cos(q)* - M)
2r+M
Christoffel_Gamma2(2, 2, 3) =r aacos(q) (-2r’aa” +4r’aa’ cos(q)’ - 2r*aa’ cos(q)*- 3r°M aa’
+8r°Maa’ cos(q)*- 7r°Maa’ cos(q)*+2r°aa’cos(q)°M - 2r +2r cos(q)*- M+ M cos(q)?)/ (2r + M)

Christoffel_Gamma2(2, 2,2) =4
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Christoffel_Gamma2(2, 3, 1) = ((4r’aa’cos(q)*- 2r’aa’ - 2r’aa” cos(q)*+2r*aa’ cos(q)° M - r* M aa’
- 5r*Maa’ cos(q)*+4r*M aa’ cos(q)* + 2 cos(q)” + M cos(q)*) sin(q) aa) / (2r + M)
Christoffel_Gamma2(2, 3,2) =r aacos(q) (-2r’aa” + 4r’aa’ cos(q)’- 2r*aa’ cos(q)*- 3r°M aa’
+8r°Maa’ cos(q)*- 7r°Maa’ cos(q)*+2r°aa’ cos(q)°M - 2r +2r cos(q)*- M +Mcos(q)’)/ (2r +M)
Christoffel_Gamma2(2, 3,3) = ((2r*cos(q)°aa’'M - 2r*aa*M - 6’ cos(q)*aa’ M + 6 r* cos(q)* aa’ M
+4r*aa’cog(q)*- 4r’aa’- 4r’Maa’- 2r° M aa’ cos(q)* +6r° M aa’ cos(q)*- 21 - M) cos(q) sin(q)) / (
2r+M)

. cos(q) aa
Christoffel_Gamma2(3,1,1)=-4——
2r+M
aa(-1+2cogq)
Christoffel_Gamma(3, 1, 2) = - 221+ 2coa))
sin(q)

Christoffel_Gamma2(3, 1, 3) =
-2r%aa’cos(q)’- 3r’Maa’cos(q)’ +2r°Maa’ cos(q)* +2r’aa’ +r* M aa’ + 21 - M
r(2r+M)

aa(-1+2cogq)?)
sin(q)

(r+M)cos(q)raa
2r+M

Christoffel_Gamma2(3, 2, 1) = -

Christoffel_Gamma2(3, 2, 2) =4

Christoffel_Gamma2(3, 2, 3) =
sin(q) cos(q) (2r°aa’- 2raa’ cog(q)* +2r*M aa’ cos(q)* +3r*M aa’- 5r° M aa’ cos(q)* + 21 + M)
2rcos(q)*- 2r- M+ M cos(q)*

Christoffel_Gamma2(3, 3, 1) =
-2r’aa’cos(q)’- 3r*Maa’cos(q)’+2r*Maa’ cos(q)*+2r’aa’+r’ Maa’ +2r- M
r(2r+M)

Christoffel_Gamma2(3, 3, 2) =
sin(q) cos(q) (2r’aa’- 2r®aa’ cog(q)*+2r°M aa’ cos(q)* +3r°Maa’- 5r° M aa’ cog(q)>+ 21 + M)
) 2rcos(q)*- 2r- M+ M cos(q)*
cos(q) raaM (r’ cos(q)*aa”- 2r°cos(q)*aa’ +r’aa’ +1- cos(q)?)
2r+M

Christoffel_Gamma2(3, 3, 3) =2
>
Now compute the matrix elements of the matrix of connection 1-forms based upon the

Christoffel connection
> Gammall: =C29[ 1,1, 1] *d(r) +C29[ 1, 1, 2] *d(t heta) +C29[ 1, 1, 3] *d( phi ) +C29[ 1, 1, 4] *d(t au)

> Gammal2: =C28[ 1, 2, 1] *d(r) +C2S[ 1, 2, 2] *d(t het a) +C25[ 1, 2, 3] *d( phi ) +C2S[ 1, 2, 4] *d(t au)

> Gammal3: =((C2S[ 1, 3, 1] *d(r) +C2S[ 1, 3, 2] *d(t het a) +C2S[ 1, 3, 3] *d(phi ) +C2S[ 1, 3, 4] *d(t a

u)));
> Ganmal4: =C29[ 1, 4, 1] *d(r) +C29[ 1, 4, 2] *d(t het a) +C29[ 1, 4, 3] *d( phi ) +C29[ 1, 4, 4] *d(t au)

) (-2r’aa’cos(q)’+2r’aa’ cos(q)*- M) d(r)
N r(2r+M)
raacos(q) (-2r’aa”+4r’aa’ cos(q)’- 2r®aa’ cos(q)*- 5r° M aa’ cos(q)* + 2 r* aa* cos(()° M - r*M aa’

Gll: + (cos(q) aa’ r* sin(q) - 2 cos(q)” aa’ r*sin(q)) d(q) -
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+4r°*Maa’ cos(q)’+2rcos(q)’ - 2r+M- Mcos(q)’) d(f)/(2r +M)

Gl2 := (cos(q) aa’r’sin(q) - 2 cos(q)*aa’ r’sin(q)) d(r)

r (-4r’aa’cos(q)’ +4r’aa’cos(q)’ +4r°Maa’ cos(q)* - 4r*Maa’cos(q)’+2r- M)d(q) , .
- +r°sin(q) aa(
2r+M

2r¥aa’ cos(q)’- 2r’aa’cos(q)* +3r*M aa’ cos(q)’- 5r°M aa’ cos(q)* +2r’aa’cos(q)° M + 21 cos(q)* - 2t
+M- Mcos(q)?)d(f)/(2r +M)

Gl3:=- raacos(q) (-2r¥aa’+4r®aa’ cos(q)’ - 2r’aa’cos(q)*- 5r*M aa’ cos(q)* + 2 r* aa’ cos(q)° M
-r*Maa’+4r*Maa’cos(q)’+2rcos(q)’- 2r+M- Mcos(q)’) d(r)/(2r + M) +r?sin(q) aa (
2r¥aa’ cos(q)’- 2r’aa’ cos(q)* +3r*M aa’cos(q)’- 5r°M aa’ cos(q)* +2r’aa’cos(q)° M + 21 cos(q)* - 2t
+M- Mcos(q)®)d(q)/(2r+M)- r(-6r*cos(q)®aa’M +2r*cos(q)®aa* M- 2r*cos(q)*aa’M
+6r'cos(q)*aa’M- 2r*aa’cos(q)°M +4r’aa’- M- 2rcos(q)’+2r- 2r*M aa’ cos(q)’ + 4 r® aa’ cos(q)*
+Mcos(q)’- 8r’aa’cos(q)’+4r*Maa’ cos(q)*) d(f)/(2r +M)

Gl4:=0
> Gamme21: =C29[ 2, 1, 1] *d(r) +C29[ 2, 1, 2] *d(t het a) +C2S[ 2, 1, 3] *d(phi ) +C29] 2, 1, 4] *d(t au)

> Gamma22: =C29[ 2, 2, 1] *d(r) +C25[ 2, 2, 2] *d(t het a) +C25][ 2, 2, 3] *d( phi ) +C2S[ 2, 2, 4] *d(t au)
> Gamma23: =C29[ 2, 3, 1] *d(r) +C25[ 2, 3, 2] *d(t het a) +C25[ 2, 3, 3] *d( phi ) +C2S[ 2, 3, 4] *d(t au)

> Gamma24: =C29[ 2, 4, 1] *d(r) +C25[ 2, 4, 2] *d(t het a) +C25[ 2, 4, 3] *d( phi ) +C2S[ 2, 4, 4] *d(t au)

—.4 (-1+coy(q)*) r aa’ cog(q) sin(q) d(r) .
2r+M
(-6r°aa’cos(q)’+2r’aa’ +4r’aa’ cos(q)*- 3r°Maa’ cos(q)*+2r°Maa’ cog(q)*+r*Maa*- 2r + M) d(q)
Y/ (r(2r+M))+((4r¥aa’cos(q)’- 2rlaa’- 2r’aa’cos(q)" +2r’aa’ cos(q)° M - r* M aa’
- 5r*Maa’ cos(q)*+4r°M aa’ cos(q)* + 2 cos(q)” + M cos(q)?) sin(q) aad(f)) / (2r + M)
&2:=- (

(-6r°aa’cos(q)’+2r’aa’ +4r’aa’ cos(q)*- 3r°Maa’ cos(q)*+2r° M aa’ cos(q)*+r*Maa*- 2r + M) d(r)
cog(q) @&’ r*sin(q) (- r +r cos(q)* + M cos(q)* - M) d(q)
2r+M
+4r’aa’cos(q)’- 2r¥aa’cos(q)*- 3r*Maa’+8r°M aa’cos(q)*- 7r*M aa’cos(q)* + 2 r? aa’ cos(q)°* M

-2r+2rcos(q)’- M+Mcos(q)’)d(f)/(2r+M)
G23:=((4rfaa’cos(q)’- 2r’aa’- 2r’aa’cos(q)" +2r*aa’cos(q)°M - r’M aa’ - 5r*M aa” cos(q)*
+4r°Maa” cos(q)*+2r cos(q)”+ M cog(q)?) sin(q) aad(r))/(2r + M) +raacos(q) (-2r°aa’
+4r’aa’cos(q)’- 2r¥aa’cos(q)’- 3r°Maa’+8r°M aa’cos(q)*- 7r*M aa’cos(q)* + 2 r? aa’ cos(q)°* M
- 2r+2rcos(q)’- M+Mcos(q)?) d(q)/(2r+M) +((2r*cos(q)°aa’'M- 2r*aa'M - 6r°cos(q)* aa’ M
+6r'cos(q)’aa’*M +4r*aa’cos(q)*- 4r’aa’- 4r°Maa*- 2r°M aa’ cos(q)* + 6 r° M aa’ cos(q)*- 2r - M)
cos(q) sin(q) d(f)) /(2r + M)

Q21

Y/ (r(2r+M))+4 +raacos(q) (-2r’aa’

&4:=0

T > Gamma3l: =C29[ 3, 1, 1] *d(r) +C29[ 3, 1, 2] *d(t het a) +C25] 3, 1, 3] *d( phi ) +C295[ 3, 1, 4] *d(t au)

> Gamma32: =si mpf or m(si npl i fy(C2S[ 3, 2, 1] *d(r) +C2S[ 3, 2, 2] *d( t het a) +C2S[ 3, 2, 3] *d( phi )
+C29[3, 2, 4] *d(tau))) ;
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> Ganma33: =si mpf or m( (wcol | ect (sinplify(C29[3,3,1]*d(r)+sinmplify(C29[3,3,2])*d(thet
a)+sinmplify(C29[3,3,3])*d(phi)+C2S[ 3, 3,4]*d(tau)))));

> Gamma34: =C29[ 3, 4, 1] *d(r) +C29[ 3, 4, 2] *d(t het a) +C29[ 3, 4, 3] *d( phi ) +C29[ 3, 4, 4] *d(t au)
; subs(-1+cos(theta)”2=-sin(theta), C29[ 3, 2, 3]);

>
@1 =-4 cos(q) aad(r) S'”(Q)aa('1+2009(ZQ)2) d(q)
2r+M -1+cogq)
. (-2r%aa’ cos(q)®- 3r*Maa’ cos(q)*+2r*Maa’ cos(q)* +2r’aa’ +r*Maa’+2r- M) d(f)
r(2r+mM)
—— SIn(q)aa(-1+2f:os§q)2) d(r) , , (r+M) cos(a)r aad(q)
-1+ cog(q) 2r+M
sin(q) cos(q) (2r*aa’ - 2r®aa’cog(q)’+2r* M aa’cos(q)* +3r*Maa’- 5r°Maa’ cos(q)>+2r + M) d(f)
) 2rcos(q)’- 2r- M+ M cos(q)*
gg. (F2raa’cos(q)’- 3r°Maa’ cox(q) +21° Maa’ cos(q)* + 2’ aa’ + 1" M aa’ + 21 - M) d(r)

r(2r+M)
sin(q) cos(q) (2raa’- 2r®aa’ cos(q)*+2r°Maa’ cos(q)* +3r*Maa’- 5r* M aa’ cos(q)’+2r +M) d(q)
2rcos(q)’- 2r- M+ M cos(q)®
) cos(q) raaM (r?cos(q)*aa’- 2r°cos(q)’aa’+r*aa’ +1- cos(q)?) d(f)
2r+M

=+

G34:.=0
sin(q) cos(q) (2raa’- 2r¥aa’cos(q)’+2r*Maa’cos(q)* +3r*Maa’- 5r*M aa’ cos(q)’+2r + M)

2rcos(q)’- 2r- M+ M cos(q)°
> Garmm4l: =C2S[ 4, 1, 1] *d(r) +C29[ 4, 1, 2] *d(t het a) +C29[ 4, 1, 3] *d( phi ) +C25[ 4, 1, 4] *d(t au)

> Gamma42: =C29[ 4, 2, 1] *d(r) +C25[ 4, 2, 2] *d(t het a) +C25] 4, 2, 3] *d( phi ) +C2S[ 4, 2, 4] *d(t au)
> Gamma43: =C29[ 4, 3, 1] *d(r) +C25[ 4, 3, 2] *d(t het a) +C25] 4, 3, 3] *d( phi ) +C2S[ 4, 3, 4] *d(t au)

> Gammadd: =C29[ 4, 4, 1] *d(r) +C2S[ 4, 4, 2] *d(t het a) +C25] 4, 4, 3] *d( phi ) +C2S[ 4, 4, 4] *d(t au)

582

L 4:.=0
- Compute the "Christoffel curvature" based upon the formula d[Gamma] +
[Gamma]*[Gamma]

>

> OregaCCll: =si npform(sinplify(Gammall& Gammall+Ganmmal2&* Gama2l+Gamal3&* Gamra3l+
Gammal4&" Gamua4l) ) ; OnegaCCl2: =si npf or n(si npl i fy(Gammall& Ganmal2+Ganmal2&" Gama?2
2+Ganmmal3& Gamma32+Gammal4& Ganme4?2) ) ; OregaCCl3: =si npf or n{ si npl i f y( Ganma11&" Gamm
al3+Gammul2& Ganma23+CGamal3&” Gamma33+Gammal4 &t Ganmad3) ) ; OregaCCl4: =si npf orm(si m
plify(Gamall& Ganmald+Ganmal2& Ganma24+Ganmal3&t Ganma34+Ganmal4 &, Ganmadd) ) ;

11T
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OmegaCC11:=-2

rsin(q) aa’ cog(q) (-2r - 2M cos(q)* + M +4r cog(q)°) (d(r) &" d(q))
2r+M

6rcos(q)’+6r°Maa’ cos(q)>- 3Mcos(q)”+10r*aa’ cos(q)°M - r*M aa’ - 15r° M aa’ cos(q)* - 2 r° aa’

-2r+M+4r®aa’cos(q)’- 2r¥aa’ cos(q)*) (d(q) & d(f))/(2r +M) +cos(q) aa (- 13r*M aa” cos(q)*

+9r°M aa’ cos(q)*+6r°aa’ cos(q)° M + 2r’aa’ cos(q)* - 2r’aa’ cos(q)’+2r cos(q)’- 2r- 2r’Maa’

- Mcos(q)2+M) (d(r) &~ d(f))/ (21 + M)

- rsin(q) aa(

OmegaCC12 :=

(4r°aa’cos(q)’ - 4r’aa’ cos(q)’+M+8r°M aa’ cos(q)*- 8r°Maa’ cos(q)*- 2r) (d(r) &~ d(q))
) 2r+M )
cos(q) (17 r*M aa” cos(q)* - 3M cos(q)*+3 M- 23r°M aa” cog(q)* - 4r*M aa” + 10 r* aa’ cos(q)° M
- 2r*aa’ cog(q)*+6r’aa’cos(q)’- 4r’aa’+ 671 cos(q)>- 6r) (d(q) & d(f))/(2r+M)- rsin(q) aa(
-2Mcos(q)’- 18r*M aa’ cos(q)* + 8 r*aa’ cos(()° M + 11 r* M aa” cos(q)’ - r*M aa” + 4r cos(q)> + 2 M
+2r%aa’ cog(q)*- 2r’aa*- 4r) (d(r) & d(f))/(2r+M)

r? aa

OmegaCC13:=rsin(q) aa(-M- Mcos(q)*+2r cos(q)*- 5r°M aa’ cos(q)* + 2 r* aa’ cos(q)° M

+3r°*Maa’ cos(q)*+2r*aa’ cog(q)*- 2r’aa’cos(q)*+2r) (d(r) & d(q))/(2r +M) - 2r cos(q) sin(q) (M

+r’Maa’- 4r*Maa’cos(q)* +3r*Maa’ cos(q)’- 4r*aa’- 13r*cog(q)*aa’ M + 8 r* cog(q)* aa* M

+4r*aa’cog(q)*- rfaa*M+ 61 cos(q)®aa‘*M- 2r) (d(q) & d(f))/(2r+ M)+ ((-12r*cos(q)*aa*M - M

+Mcos(q)*- 6r°aa’cos(q)°M +10r*M aa” cos(q)*- 3r*Maa’ cos(q)*+2r +6r°aa*- 30r*cos(q)®aa*M

+10r* cog(g)®aa’M - 2r cos(q)*+31r*cos(q)*aa’ M +2r°aa’ - r*M aa”+ 4 r°aa” cos(q)*

- 10r*aa’cos(q)’ +r*aa’ M + 2r°aa’ cos(q)’ - 4r°aa’ cos(q)?) (d(r) &*d(f)))/(2r + M)
OmegaCCl4 := 0

[ > OregaCC21: =si mpforn(si nplify(Gama21& Gammall+Gamma22& Ganma2l+Ganmma238&” Gamma3l+

OmegaCC22 := 2

Gamma24&" Gamua4l) ) ; OnegaCC22: =si npf or n(si npl i f y( Gamma21& Ganmal2+Ganma22&" Gama?2
2+Ganme23&" Gamma32+Gamma24&* Ganme4?2) ) ; OregaCC23: =si npf or n( si npl i f y( Ganma21&* Gamm
al3+Gammu22&" Ganma23+CGanma238&” Gamma33+Gamma24&* Ganma4 3) ) ; OregaCC24: =si npf or m(si m
plify(Gama2l1& Ganmald+Ganma22& Ganma24+Ganma23&" Ganma34+Ganma24&* Ganmad4) ) ;

OmegaCC21 :=- ((M*- r*M?aa’cos(q)’ + 8 r’aa’ cos(q)* M - 8r’aa’ cos(q)* M + 2 r* M* aa’ cos(q)*

+4r°aa’M + 241" aa’ cos(q)* - 281 aa’ cos(q)? +8raat- 412) (d(r) &7 d(q))) / ((4r2+4r M +M?) r?)

- aacos(q) (-4r’aa M+ 11 r* M* aa’ cos(q)* + 6 r* M? aa” cos(q)® - 15r° M* aa’ cos(q)* - 2r° M?aa” - 2 M?

+12r% cog(q)* + 3M?cos(q)’ - 4r*aa’ cos(q)*+ 20 cos(q)°rPaa’ M - 8r- 48r°aa’cos(q)* M + 4 r cos(q)* M

+32r° aa’ cos(q)* M + 4 r* aa’ cos(q)?) (d(q) &~ d(f)) / (412 +4r M+ M?)

A aa’sin(q) r’ (-3 cos(q)*M +2cos(q)° M+ 2r cos(q)*- 4rcos(q)’+2r+M) (d(r) & d(f))

Ar®+4r M+ M

aa’sin(q) rcos(q) (-4r°+4rM+8r°cos(q)’+M?) (d(r) & d(q))
Ar®+4r M+ M

12r% cos(q)*- 4r*+24r’aa’ cos(q)° M +4r cos(q)* M + 7 r> M? aa” cos(q)* + 6 r> M* aa” cos(q)°

- 4r*aa’ cog(q)* + 3M?cos(q)* - 13 r°M?aa” cos(q)* + 4 r* aa” cos(q)’ - 44 r®aa’ cos(q)* M

+20cos(q)°r’aa®M - M2 +4r M) (d(q) & d(f)) / (4r%+4r M +M?) - aacos(q) (-4r°+4r?cos(q)?- M?

+M?cos(q)’- 36r*aa’cos(q)* M +4r*aa’+ 12 cos(q)° rPaa’ M + 4 r* aa’” cos(q)* + 2 r* M* aa’ cog(q)°

- 8r*aa’ cog(q)*- 7r°M?aa’cos(q)’ - 12r¥aa’ M + 36 r’ aa’ cos(q)* M + 8 r* M? aa” cos(q)* - 3r*M*aa’

- 4rM+4rcos(q)’ M) (d(r) & d(f)) / (412 + 41 M + M?)

+aasin(q)r (

OmegaCC23 := aacos(q) (4r M + 31> M*aa’ cos(q)” + 8 r? cos(q)* + 12 r* aa” cos(q)* + 8 cos(q)° r* aa® M
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- 12r%aa’ cos(q)'M +8r*aa’M + 2 M? cos(q)? - 8r*aa’ cos(q)’ - 4r®aa’cos(q)’ M- M?
+4r2M? aa? cos(q)° + P M2 aa’- 4r%- 812 M?aa®cos(q)* - 4r*aa®) (d(r) &~ d(q)) / (4r2+4r M+M>?) - ((
M?- 201" aa” cos(q)* - 9r>M*aa® cos(q)? + 12 r* M? aa” cos(q)* + r*M?aa’ - 4r®aa’M - 4r* M? aa’ cos(q)°
- 20r®aa’ cos(q)’ M + 16 r* aa’ cos(q)* - r*M?aa’ - 16 r° aa’ cos(q)’ M + 68 r° aa’ cos(q)* M
- 72r°aa’ cos(q)° M + 40 r® aa’ cos(q)* M - 16 cos(q)®r*aa’ M - 6r* M? aa’ cos(q)* - 24 r* M? aa” cos(q)°
+23r*M?aa’ cos(q)* + 8r*M?aa’ cos(q)® - 4r°aa’ cog(q)* +8rfaa’ cos(q)’ +4r*aa’- 4r M +4r°
- 4r°Maa*- 4r°aa’ +241° aa’ cos(q)° M - 8% cos(q)’ - 2M?cos(q)?) (d(q) &M d(F))) / (412 +4r M+ M?
)- 2raa’ sin(q) cos(q) M (-6r*M aa” cos(q)* - M + M cos(q)* + 6 r* M aa” cos(q)” + 10 r cos(q)”
+2r’aa’cos(q)°M- 6r- 2r*Maa’ +24raa’ cos(q)’ + 8r’aa’ cos(q)° - 24r*aa’cos(q)* - 4r cos(q)’
- 8riaa) (d(r) &7 d(f)) / (4r2+4r M+ M?)
L OmegaCC24 := 0
T > OmegaCC31: =si npf or n(si npl i f y( Ganma31&* Gammall+Gamma32&* Gamma21+Gamma33&* Gamma3l+
Gamma34&" Gamua4l) ) ; OnegaCC32: =si npf or n(si npl i f y( Gamma31& Ganmal2+Ganma32&" Gama?2
2+GamMme33&" Gamma32+Gamma34&* Ganme4?2) ) ; OregaCC33: =si npf or n( si npl i f y( Ganma31&* Gamm
al3+Gamma32&* Ganma23+CGamua338&” Gamma33+Gamma34&* Ganma4 3) ) ; OregaCC34: =si npf or n(si m
pl i fy(Ganma31&* Garmala+Ganma328” Ganma24+Gamma33&, Ganmma34+Ganma34&: Garmadd) ) ;
sin(q) aa (d(r) &" d(q)) ‘4 r sin(q) aa’ cog(q) (M cos(q) +r) (d(q) &~ d(f))
2r+M 2r+M
(2r*Maa’ cos(q)* + 6 raa’cos(q)*- r*Maa’ cos(q)’- 4r’aa’- 2r + M) (d(r) & d(f))
) (2r+M)r?
cos(q) aa (2 M?cos(q)* +12r cos(q)°M + 4r*- M*- 8r M) (d(r) & d(q)) L
4r%cos(q)’+4rcos(q)’M+M cog(q)’- 4r°- 4r M- M?
8cos(q)°r’aa’ M +8r*aa’cos(q)* - 8r¥aa’cos(q)'M + 21’ M?aa’ cos(q)” - 8r* aa’ cos(q)?
- 2r?M?aa’co(q)?- 81 cos(q)?M+4r M- 4r?- M?) (d(q) & d(f))) / (
4% cog(q)*+4rcos(q)’M+M cos(q)>- 4r°- 4r M- M)
‘4 (2M cog(q)*+2r - M) r*sin(q) aa” cos(q) (d(r) & d(f))
Ar®+4r M+ M
aa’sin(q) r cog(q) M (2r + M co(q)*) (d(r) & d(q))
Ar®+4r M+ M
- 4rco(q)’M - r*M*aa® cos(q)® + 4 r* M* aa® cos(q)° - 6 M? cos(q)* - 21> M?aa’ cog(q)* - r* M? aa’
+4r*aa’cos(q)?- 4r°aa’M +12r* aa’ cos(q)* M - 4raa?+2 M2 - 41 M) (d(q) & d(f)) / (
4r%+4rM+M?) - cos(q) aa(2M?- 2M?cos(q)® + 12 r’aa’ cos(q)* M - 4r*aa’+ 4 r? M* aa® cos(q)°
+4r*aa’cos(q)’- 6r°M*aa’cos(q) +8r¥aa’ M- 20r®aa’ cos(q)* M +r> M aa’ cos(q)’ + r’ M?aa’ + 4 r M
- 4rcos(q)? M) (d(r) &7 d(f)) / (412 + 41 M+ M?)
L OmegaCC34 :=0
T > OmegaCCAl: =si npf or n(si npl i f y( Ganma41&* Gammall+Gammad2&* Gamma21+Gammad3&* Gamma3l+
Ganmmad4&" Gamua4l) ) ; OnegaCC42: =si npf or n(si npl i f y( Gamma41& Ganmal2+Ganmad2&" Gama?2
2+Ganme43&" Gamma32+Gamuad4&* Ganme4?2) ) ; OregaCCA3: =si npf or n( si npl i f y( Ganma41&* Gamm
al3+Gammu42&* Ganma23+CGanmmad 38" Gamma33+Gamma44 &t Ganmad3) ) ; OregaCC44: =si npf or m(si m
pl i fy(Ganmma41& Garmala+Ganmad28” Ganma24+Gamaa 38, Ganmma34+Ganmad4& Garmadd) ) ;

OmegaCC3l:=4

OmegaCC32 := -

OmegaCC33 := -4 +aasin(q) r (-8raa’cos(q)* M

OmegaCC41:=0
OmegaCC42 :=0
OmegaCC43:=0
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L

OmegaCC44 :=0

[ > Christ:=array([[ Gammall, Gammal2, Gammal3, Gammald] , [ Ganma2l, Ganmma22, Gamma23, Gamma?2

4], [ Ganma31l, Ganme32, Ganma33, Gamma34] , [ Ganmadl, Ganmed?2, Gammad 3, Gammad4] ] ) ; CartanC
c=array([[ CGammll, CGammal2, CGammal3, CGammmald], [ CGamma2l, CGamma22, CGanmma23, CGamm
a24], [ CGamma31l, CGamma32, CGamma33, CGanma34], [ CGamma4dl, CGamma42, CGanmad 3, CGamma44]

1);

Christ :=
¢ (-2r°aa’cos(q)’ +2r’aa’ cos(q)* - M) d(r) 2 2 N
gz r(2r+M) +(cog(q) aa"r"sin(q) - 2cog(q) aa” r"sin(q)) d(q) - r aa

cos(q) (-2r’aa’+4r’aa’cos(q)’- 2r’aa’ cos(q)*- 5r*Maa’ cos(q)* + 21’ aa’ cog(q)° M - r* M aa’
+4r°*Maa’ cos(q)’+2rcos(q)’- 2r+M- Mcos(q)’) d(f)/(2r +M),
(cos(q) aa’ r*sin(q) - 2 cos(q)’ aa’ r*sin(q)) d(r)

r(-4r’aa’cos(q)’+4r’aa’cos(q)’ +4r’Maa’ cos(q)* - 4r*Maa’cos(q)’+2r- M)d(q) , .
- P +r°sin(q) aa (
2r’aa’cos(q)’- 2r¥aa’ cos(q)*+3r° M aa’ cos(q)>- 5r°M aa’ cos(q)* + 2 r* aa’ cos(()° M + 21 cos(q)*- 2
+M- Mcos(q)’)d(f)/(2r+M),- raacos(q) (-2r’aa” +4r’aa” cos(q)’- 2r’aa’ cos(q)*
- 5r*Maa’ cos(q)*+2r°aa’ cos(q)°M - r’ M aa’ + 41> M aa’ cos(q)*+ 2 cos(q)’- 2r + M- M cos(q)?)
d(r)/(2r+M) +r’sin(q) aa(2r’aa’ cos(q)*- 2r’aa’cos(q)’ +3r*M aa’ cos(q)’- 5r*M aa” cos(q)*
+2r%aa’ cog(q)°M +2r cos(q)’- 2r+M- Mcos(q)’) d(q)/ (2r +M) - r (-6r*cos(q)® aa* M
+2r*cos(q)®aa*M - 2r*cos(q)’aa’M +6r'cog(q)*aa’ M- 2r°aa’cos(q)°M +4r’aa’- M- 2r cog(q)°
+2r- 2r’Maa’ cos(q)> + 4 r*aa’cos(q)* + M cos(q)*- 8r’aa’cos(q)’+4r°Maa’cos(q)*) d(f)/(2r+M),

u
0H

u
§ 41+ coq)) raa’cos(a) sin(a) d(r)
é 2r+M

(-6r’aa’cos(q)’+2r’aa’ +4r’aa’ cos(q)*- 3r°Maa’ cos(q)*+2r° M aa’ cog(q)*+r*Maa*- 2r + M) d(q)

Y/ (r(2r+M)) +((4r’aa’cos(q)’- 2r’aa’ - 2r’aa’ cos(q)*+2r°aa’ cos(q)° M - r* M aa’

- 5r*Maa’ cos(q)*+4r*M aa’ cos(q)* + 2 cos(q)” + M cos(q)?) sin(q) aad(f)) / (2r + M), - (

(-6r°aa’cos(q)’+2r’aa’ +4r’aa’ cos(q)*- 3r°Maa’ cos(q)*+2r° M aa’ cos(q)*+r*Maa*- 2r + M) d(r)

cog(q) @&’ r*sin(q) (- r +r cos(q)* + M cos(q)* - M) d(q)
2r+M

+4r’aa’ cog(q)*- 2r’aa’cos(q)’ - 3r*Maa’+8r°Maa’cos(q)’- 7r*Maa’cos(q)’ + 2 r*aa’ cos(q)° M

-2r+2rcos(q)’- M+Mcos(q)’)d(f)/(2r+M), ((4r°aa” cos(q)’- 2r’aa’- 2r’aa’ cog(q)*

+2r°aa’ cog(q)°M - r’Maa’- 5r°M aa” cos(q)* + 4 r* M aa’ cos(q)* + 2 cos(q)’ + M cos(q)*) sin(q) aa

d(r))/(2r+M)+raacos(q) (-2r’aa”+4r’aa’cos(q)’- 2r’aa’ cos(q)*- 3r° M aa’ + 8r°M aa” cos(q)*

- 7r*Maa’ cos(q)*+2r°aa’ cos(q)°M - 2r +2r cos(q)*- M+ M cos(q)?) d(q) /(21 + M) + ((

2r*cos(q)’aa’M- 2r*aa’M- 6r*cog(q)*aa’M +6r*cos(q)*aa’ M +4r’aa’ cos(q)’- 4r*aa’- 4r°M aa’

)/ (r(2r+M)) +4 +raacosq) (-2r’aa’

- 2r*Maa’ cos(q)*+ 6 1r° M aa’ cos(q)*- 2r - M)cos(q)sin(q)d(f))/(2r+M),OE

cos(q) aad(r) sin(q)aa(-1+2co(q)) d(q)
2r+Mm -1+ cog(q)?

¢
&4
e
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.\ (-2r’aa’cos(q)*- 3r*Maa” cos(q)’*+2r*Maa” cos(q)*+2rlaa’ +r*Maa’ +2r- M) d(f)

r(2r+mMm)
sin(q) aa (- 1+ 2 cos(q)*) d(r) +a (r +M) cos(q) r aad(q)
-1+ cos(q)? 2r+M

sin(q) cos(q) (2r¥aa’- 2r®aa’ cosg(q)*+2r°M aa’ cos(q)* +3r°M aa’ - 5r°M aa’ cos(q)>+ 21 + M) d(f)
) 2rcos(q)*- 2r- M+ M cog(q)°

(-2r’aa’cos(q)’- 3r*Maa’cos(q)’+2r*Maa’cos(q)*+2r*aa’+r’*Maa’ +2r - M) d(r)
' r(2r+M)

sin(q) cos(q) (2raa’- 2r®aa’ cos(q)*+2r°M aa’ cos(q)* +3r*Maa’- 5r* M aa’ cos(q)’+2r +M) d(q)
) 2rcos(q)*- 2r- M+ M cog(q)°

‘o cos(q) raaM (r’cog(q)*aa’ - 2r’cos(q)’aa’+r’aa’+1- cos(q)?) d(f) Oﬁ
2r+M v
[0,0,0,0]
CartanC :=

[(r cos(q) aa- r cos(q)*@a) d(f), -r d(q) +sin(q) r* cos(q)* aad(f ) ,

(-r cos(q) aa+r co(q)’ aa) d(r) - sin(q) r* cos(q)* aad(q) + (-r +r cos(q)) d(f) , 0]
ed(q) . . 2 d(r)
€~ +(-sin(q) aa+sin(q) aacox(q)") d(f),

e r r

+(-rcog(q) aa+rcos(q)’aa) d(f),

(sin(q) aa- sin(q) aacos(q)*) d(r) + (r cos(q) aa- r cosg(q)*aa) d(q) - Sin(Q)COS(Q)d(f)-OE

gd(f) ’ COS(_Q) d(f) ’ d(r) . COS(_Q) d(q) ,oﬁ
6 1 sin(q) r sin(q) u
[0,0,0,0]

> OnregaD: =si mpform(d(Christ));

> OVEGAG =si npforn(sinmplify(array([[OregaD 1, 1] +OmregaCCl1, OnegaD 1, 2] +OregaCCl12, Om
egaD[ 1, 3] +OregaCCl3, Oregal) 1, 4] +OnegaCCl4], [ OregaD 2, 1] +OregaCC21, OnegaD 2, 2] +Omn
egaCC22, OregaD 2, 3] +OregaCC23, Onegal) 2, 4] +OmegaCC24], [ Oregal 3, 1] +OmregaCC31, Oreg
aD[ 3, 2] +OnegaCC32, Oregal 3, 3] +OregaCC33, Onegal 3, 4] +OregaCC34] , [ OregaD 4, 1] +Oreg
aCC41, Onegal 4, 2] +OnmegaCC42, OregaD 4, 3] +OregaCC43, Omegal 4, 4] +OregaCC44]1)));

OmegaD :=
e
gaa sin(q) r (-2r¥aa’+ 12 raa’ cos(q)*- 10r’aa’ cos(q)*- 25r° M aa’ cos(q)* + 14 r* aa’ cos(q)° M

-r’Maa’ +12r° M aa’ cos(q)*+ 61 cos(q)’- 2r + M- 3M cos(q)?) (d(q) &*d(f))/(2r +M) - aacos(q) (

-12r*aa’cos(q)* + 24 r* aa’ cos(q)? + M?*- 3r’M*aa’- 12r¥aa’M - M?cos(q)’ - 28r®aa’ cos(q)’ M

+32r%aa’ cos()’M + 6 r* M? aa’ cos(q)°® + 8 cos(q)° r¥aa’ M - 15> M? aa’® cos(q)* + 12 r* M? aa” cos(q)°

- 12r*aa’- 4r M- 4r%+ 412 cos(q)? + 41 cos(q)° M) (d(r) &~ d(f)) / (21 + M)?

5 cog(q) r sin(q) aa’ (-2r - 2M cos(q)° + M +4r coy(q)*) (d(q) &~ d(r))
2r+M

- 2r’aa’cos(q)* +3r*Maa’ cos(q)’- 5r°M aa’ cos(q)* + 2 r*aa’cos(q)° M + 21 cos(q)*- 2r + M

- Mcos(q)?- 4sin(q)’aa’r’+8sin(q)?aa’r’ cos(q)*- 6sin(q)*aa’r* M + 20 sin(q)* aa’ r* cos(q)> M

- 12sin(q)’aa’r*cos(q)* M - 4sin(q)’r +2sin(q)>M) (d(q) & d(f)) / (2r + M) +2aasin(q) r (

-8r*aa’ cos(q)’ + 8r*aa’ cos(q)’ + M*- M?cos(q)? - 20 r®aa’ cos(q)* M + 14 r® aa’ cos()* M

,r*aacos(q) (2r°aa’ cos(q)°
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+4r°M*aa’ cog(q)° + 6 cos(q)° rPaa” M - 10r*M*aa’ cos(q)* + 6 r° M?aa’ cos(q)*- 2r M - 4r>+4r° cos(q)*
+2r cos(q)2M) (d(r) &~ d(f)) / (2r +M)2 + ((-4r*sin(q)?aa’- 4r°sin(q)?aa® M - r? sin(q)? aa2 M?

- 20r* aa’ cos(q)” - 28r°aa’ cos(q)* M - 11 r* M? aa” cos(q)” + 24 r* sin(q)” aa” cos(q)°
+24r°sin(q)?aa’ cos(q)° M + 6 r’sin(q)* aa’ cos(q)* M? + 16 r* aa” cos(q)* + 24 r* aa’ cos(q)* M

+10 12 M? aa® cos(q)* + 412 - M*+41 M) (d(q) & d(r))) / (21 +M)?, 21 cos(q) sin(q) (
-18r*cos(q)*aa*M +8r*cos(q)’ aa’M - 2r*aa’M + 12 r* cos(q)*aa*M - 6r°M aa’ cos(q)*- 2r - 2r*M aa’
+8rlaa’cog(q)*+ M- 8r’aa”+8r*Maa’cos(q)’) (d(q) & d(f))/(2r + M) - ((24r* aa’ cos(q)*

- 481" aa’ cos(q)’ - M*+16r°aa” M + M? cos(q)” + 32 r* aa” cos(q)* M - 40 r® aa’ cos(q)* M

- 6r’M*aa’ cog(q)°- 8cos(q)°r*aa” M + 12 r* M* aa’ cos(q)* - 6 r°M*aa’ cos(q)” + 24 r* aa’

+30r* M?aa’ cos(q)* + 48 r°aa’ cos(q)* M - 10 r* M? aa® cos(q)* - 16 r° aa® cos(q)* M + 10 r* M? aa’ cos(q)°
+16r°aa*cos(q)* M - 30r* M*aa’ cos(q)°- 48r°aa’ cos(q)°M+4rM+4r°- 4r°cos(q)*- 4r cos(q)* M)
(d(r) &~ d(f))) / (2r +M)?+aasin(q) r (-4 r*aa® cos(q)* + 8 r* aa’ cos(q)? - M?- r?M?aa’- 4r°aa’ M

- M?cos(q)*- 20 r*aa’ cos(q)* M + 8 r’ aa’ cos(q)* M + 6 r* M? aa” cos()°® + 16 cos(q)° r° aa® M

u
- 5r*M*aa’ cog(q)*- 4r*aa’+4rM+4r’+4r°cos(q)’ - 4rcos(q)2M)(d(q)&"d(r))/(2r+M)2,OH

e
gaa cos(q) (-8sin(q)’aa’r*+8sin(q)*aa’ r’cos(q)*- 12sin(q)*aa’ r’ cos(q)* M + 20 sin(q)* aa’ r* cos(q )’ M
&

- 8sin(q)*aa’ r*M - 4sin(q)’r - 2sin(q)’M +4r’aa’ cos(q)* - 2r¥aa’- 2r’aa’ cos(q)* + 2 r* aa’ cos(q)° M
-r*Maa’- 5r*Maa’cos(q)* +4r*Maa’ cos(q)* + 2 cos(q)” + M cos(q)?) (d(q) & d(f)) /(21 + M) + 2
aa’sin(q) r (8r°cos(q)*+10r cos(q)°*M - 4r°- 4r M- 4cos(q)*r*- 8cos(q)*r M +2r cos(q)° M
+2005(q)° M* - M?- 5 cos(q)* M +4 M? cos()?) (d(r) &~ d(f)) / (21 +M)* + ((241* sin(q)’ aa’ cos(q)*
+12r’sin(q)?aa’cos(q)°M - 8r*sin(q)*aa’ - 4r’sin(q)*aa’ M - 4r*aa’ cos(q)*- 8r’aa’ cos(q)* M
+4r*aa’cog(q)*M- M*+r*M*aa’ +4r’aa® M+ 2r*M?aa’ cos(q)* - 3r*M*aa’ cos(q)*+4r*aa’- 4r M
+41%) (d(q) &M d(r))) /(P (2r +M)?), - aasin(q) r (- 2r*aa’ + 12 r* aa? cos(q)? - 10 r* aa? cos(q)*
-3r’*Maa +24r°Maa’ cos(q)*- 35r°M aa’cos(q)* + 14 r*aa’ cos(q)°M - 21 + 61 cos(q)’- M
+3Mcos(q)%) (d(q) & d(f))/ (2r +M) +cos(q) aa (- M*- 9r*M?aa’- 20r®aa” M + M? cog(q)*
+8co3(q)’r’aa®M + 24 r* aa’ cos(q)* - 121" aa’ cos(q)* + 6 r* M? aa” cos(q)° - 12r*aa’- 4r M- 4r°
- 21r* M?aa® cos(q)* + 24 r* M? aa’ cos(q)* + 4 r* cos(q)* - 36 r°aa” cos(q)* M +4r cos(q)* M
+48 1 aa® cos(q)° M) (d(r) &~ d(f)) / (21 + M)?
o cog(q) rsin(q)aa’*(-4r*- 2r M+ M?+8r’cos(q)’+ 61 cos(q)* M) (d(q) & d(r))
(2r+M)?
- 14 sin(q)’r*aa’ cos(q)° M - 18sin(q)’r* aa* cos(q)*M + 2 sin(q)*r*aa* M + 30 sin(q)* r* aa” cos(q)* M
+10sin(q)*aa’r’cos(q)* M - 18 sin(q)*aa’ r* cos(q)*M + 4 sin(q)* aa’ r® + 4 sin(q)* aa’r* M
- 12sin(q)®aa’r® cos(q)’ +sin(q)*M + 2sin(q)°r - 2r*cos(q)*aa’ M - 6r*cos(q)®aa’M + 6 r* cos(q)* aa* M
- 2rcos(q)’- 4r’aa’cos(q)’- Mcos(q)*- 4r°M aa’ cos(q)” + 6 r° M aa” cos(q)* + 4 r’aa” cos(q)*
- 2r%aa’ cog(q)° M) (d(q) & d(f)))/(2r + M) +4cos(q) sin(q) raa’ (-3r’aa*M - 4r°- 2r* M aa’
+6r°M*aa’ cog(q)> + 2 r° M?aa” cos(()°® - 6r*M*aa’ cos(q)*- 5rM- 2M*+9raa’ cos(q)* M
+3co3(q)’r’aa®M - 9r’aa’ cos(q)* M - cos(q)* M?+ 3 M*cos(q)” +4r>cos(q)”+ 61 cos(q)°M - cos(q)*r M
) (d(r) &°d(f)) / (2r + M)?- aacos(q) (- M*+ 16 r* aa® cos(q) + 20 r> M? aa’ cos( ) - 16 r> M? aa? cos(q))*
- 8r’M%aa’- 16r°aa”M + 41> M*aa’ cos(q)°® + 36 r’ aa’ cos(q)° M - 8r*aa’ cos(q)*- 24 r’aa’ cos(q)*M
+4c03q)°r’aa®M + 12 r*sin(q)* aa” cos(q)* M? - 20r*sin(q) aa” cos(q)> M* + 8 r*sin(q)* aa® M?

, ((2r* cog(q)° aa’ M
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- 16 r*sin(q)?aa’ cos(q)’ +8sin(q)°r M- 8r*aa’- 4r M- 4r°+2sin(q)*M*+8sin(q)’r?
+16r*sin(q)*aa”- 48r’sin(q)®aa’ cos(q)* M + 24 r®sin(q)? aa’ cos(q)* M + 24 r*sin(q)* aa® M)

2 u
(d(q) &~ d(r)) /(21 +M) 08

aasin(q) (d(q) &"d(r)) 5 r aa’ cog(q) sin(q) (-2r - 3M +4 M cos(q)°) (d(q) &~ d(f)) +((
2r+M 2r+M

-4r*aa’cos(q)’+M*+r* M?aa®+4r’aa”M - 4r°aa’ cos(q)* M + 2 r* M? aa” cos(q)* - 3 r* M*aa’ cos(q)*

+4rtaa’ +4r M- 4r%) (d(r) &7 d(f))) / (r(2r +M)?), - ((15sin(q)?aa’ r? cos(q)* M

- 12sin(q)®aa’r*cos(q)’ M + 3sin(q)*aa’r’ M + 2sin(q)* aa’r* - 4sin(q)*aa’ r’ cos(q)* + sin(q)’ M

+2sin(q)’r - 2rcos(q)* +cos(q)* M - 2r’aa’ cos(q)’- M cos(q)*- 3r°M aa’cos(q)” + 8 r>*M aa” cos(q)*

- 6sin(q)’r*aa’ cos(q)® M + 2sin(q)*aa’r® cos(q)* - 2r®aa’ cog(q)° + 2 cos(q)® r* aa® M + 4 r° aa” cos(q)*

+2c0(q)?sin(q)’ r + cos()’ sin(q)* M - 7raa’ cos(q)° M + 2 cos(q)") (d(q) &~ d(f))) / (

(-1+cox(q)*) (2rcos(q)*- 2r- M+M cog(q)?))

L (2r cos(q)°’M +2M?cos(q)*- 61 M- 4r*- 3M?) cos(q) rsin(q) aa” (d(r) & d(f))
(2r +M)?

+4rM+3M*- 4r°cog(q)*- 4rcos(q)’M- 5M?cog(q)>+ 2 cos(q)* M*- 8sin(q)’r’- 8sin(q)’r M

- 2sin(q)* M?) (d(Q)&"d(f))/(('1+COS(Q)2)2(2f+|V|)2)-

L aaMsin(q) (5r°cos(q)*aa’- 6r°cog(q)*aa’+r’aa’+1- 3cos(q)?) (d(q) &*d(f))
2r+M

4r°aa’cos(q)'+3r*Maa’cos(q)’ - 8r’aa’ cos(q)’- 6r°Maa’ cos(q)*+4r’aa’+3r’Maa’+ M- M cos(q)’

cog(q) r sin(q) aa’ M (-r +3r cog(q)’ + M cog(q)°) (d(q) &" d(r)) OE

(21 +M)? ’

4

(DMDD

- aacos(q) (4r°

+2Maacos(q) (

) (d(r) &7 d(f)) / (21 +M)?- 4

[0,0,0,0]
OMEGAG =

gz (4r- 4rcoy(q)’- 5Mcog(q)’+3M +2cog(q)* M) aa’sin(q) r’ cos(q)° (d(q) & d(f))
e 2r+M
4r°M aa’ cog(q)* + 12’ aa” + 4r*aa’ cos(q)° M + 16 r* aa” cos(q)* - 28 r®aa’ cog(q)* + 2 aa’ r cos(q)* M?
+8r°M aa’- 16 1> M aa? cos(q)?- 3aa’r cos(q)> M?+aalr M2+ 4 M - 4 M cos(q)?) (d(r) &~ d(f)) / (
4% +4r M+ M),
5 (-4rcos(q)’ +4rcoy(q)’+6Mcog(q)’ - M+2cos(q)°M - 7 cox(q)* M) aa’ r* cog(q) (d(q) & d(f)) o

2r+M

sin(q) r’ (4M +4r”aa”cos(q)° M + 4 r* M aa’ cos(q)* - 12 r®aa’ cos(q)® + 16 r° aa” cos(q)* - 4r’aa’
-4r°*Maa - 4Mcos(q)*- 4r° M aa’ cos(q)*- aa’r M*+ 2 aa’ r cos(q)* M?- aa’r cos(q)* M%)
(d(r) &7 d(f)) / (4r2+4r M+M?) - r (4aa’r cos(q)* M?- 4 M + 12> M aa? cos(q)* - 121> M aa® cos(q)?
- 4aa’r cos(q)’ M2 + 41 aa’ +aa’r M2+ 41> M aa®) (d(q) &7 d(r)) / (4r2+4r M+M?), 2 ((
41°M aa’ cos(q)>- 5r°M aa’ cos(q)* +2r*aa’ cos(q)°M - r’Maa’ - 4r +4r cos(q)”+5M cos(q)*
- 2co3(q)*M- 3M)aa’sin(q) r’cos(q) (d(q) & d(f)))/(2r + M) +r (3 aa’r cos(q)> M?
- 2r*M%aa’ cog(q)* + r* M? aa’ cos(q)* - 2aa’r cos(q)* M- aa’r M*- 12r*Maa’- 12r°aa’+ 4 r° aa’
- 8r’aa’cog(q)*+ 16 r* cos(q)* aa’ M + 4 r* cos(q)® aa* M - 12r* cog(q)® aa’ M + 24 r* M aa” cos(q)* - 4 M
- 4r*aa’ cog(q)°M - 8r°M aa’ cos(q)*- 16 r®aa” cos(q)* - 12r* cog(q)*aa’ M + 28 r® aa” cos(q)* + 4 r* aa* M
+41°aa* cos(q)* + 4 M cos(q)? + r° M2 aa*) (d(r) &~ d(f)) / (412 +4r M +M?) +aasin(q) r’(

+cos(q) r aa (
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4r°aa’cos(q)’- aa’r M*- 24r*Maa’ cos(q)* + 16 r* M aa’ cos(q)* + 4 aa’r cos(q)® M* - 8 aa’r cos(q)* M?
+12r? aa cos(q)° M - 4 M cos(q)? + 5 aa’r cos(q)? M?- 4r°aa®- 412 Maa®+4M) (d(q) & d(r)) / (

2 2 u
4y +4rM+M),OH

e
Bcos(q)raa(-24r*Maa” + 21 aa’ r cos(q)* M+ 8aa’r cos(q)° M*- 22 aa’r cos(q)* M*- 7 aa’r M?
&

- 20r’aa’- 16r’aa’ cos(q)* + 8raa’ cos(q)° M - 36 r° M aa” cos(q)* + 8 M cos(q)” + 52 r* M aa’ cos(q)*

+36 1% aa’ cos(q)% - 8M) (d(q) & d()) / (4r2+4r M +M?) - 2raa’sin(q) (- 2 cos(q)° M? + 2 cos(q)* r M

+2rcos(q)®M+8cos(q)* r*- 16 r°cos(q)*+8r°+6r M+ M- 10r cog(q)*M + 5 cos(q)* M? - 4 M* cos(q)?)

(d(r) &7 d(f)) / (4r2+4r M +M?)

.\ (-4M+4r’aa’+4r°Maa’ +4aa’ r co(q)* M*- 4aa’ r cos(q)> M* + aa’r M%) (d(q) & d(r))

r(Ar’+4rM+M)

1 aa’sin(q) r* cos(q) |\£| (-1+cos(q2)2) (d(r) &"d(q)) aasin(q) r* (36 1 M aa’ cos(q)’ + 8 M cos(q)’
4r°+4rM+M

+17aa’r cos(q)*M*+8aa’r cos(q)°M*- 16’ aa’ cos(q)*- 22 aa’r cos(q)* M* - 3aa’r M?

+201° aa’ cos(q)? - 8r°M aa’ - 362 M aa’cos(q)* + 8% aa’cos(q)° M - 4r*aa’- 8 M) (d(q) &~ d(f)) / (

47 +4rM+M?) - 2aa’r’cos(q) (8r°+2r cos(q)® M +8cos(q)*r*- 2 cos(q)® M?- 16 r* cos(q)*

+7cos(q)*M*+4r M- 67 cos(q)° M- 8 M2 cos(q)? + 3 M?) (d(r) & d(f)) / (412 +4r M+M?) 1 (

4r°aa*cos(q)*- 8r°aa’ cos(q)’- 8r*aa’ cos(q)°M +4r’aa’- 28 r* cog(q)*aa’ M +40r* cos(q)* aa* M

- 281" cog(g)®aa’M +8r*cogq)®aa’ M + 8r*aa’ M + 22 aa’r cos(q)* M*- 8aa’r cos(q)° M* + 3aa’ r M*

17 aa’ r cos(q)° M* +4r’ aa’ - 8 M cos(q)*+8M - 16 r* M* aa’ cos(q)* - 26 r* M* aa’ cos(q)°

- 20r* aa’ cos(q)” + 16 r* aa’ cog(q)* + 31 r® M aa’ cos(q)* + 8 r* M* aa® cog(q)® + 16 r* M aa”

- 5212 M aa’ cos(q)? + 44 12 M aa? cos(q)* + 3 1° M? aa’) (d(q) &~ d(f)) / (412 +4r M +M?) - 2r aa®sin(q)

cos(q) (6 r*M?aa’cos(q)* +3M?- 5M*cos(q)*- 6r°M?aa’ cos(q)’- 2r cos(q)*M - 2r*M? aa” cos(q)°

+4rM+2r°M*aa’ +6r°aa’ cos(q)*M + 2 cos(q)° rPaa”M + 8 r°- 8rcos(q)’- 6r°aa’ cos(q)*M

- 2cos(q)*r M- 2r¥aa® M +2 cos(q)* M?) (d(r) &~ d(f)) / (412 + 41 M+M?) +cos(q) r aa (-8 M

+5aa’ rcos(q)°M*+ 4 aa’ r cos(q)° M* + 41’ aa’ cos(q)* + 12 r* aa’ cos(q)° M - 36 r* M aa’ cos(q)*

- 1612 Maa’ - 4r®aa’ + 40 r* M aa? cos(q)? - 8aa’r cos(q)* M?- aa?r M2 + 8 M cos(q)?) (d(q) &~ d(r)) / (

2 2 l:l
4r°+4r M+ M%), 04
u

g_z (-4r- 3M+2M cog(q)°) r cos(q) sin(q) aa” (d(q) &~ d(f)) )

e 2r+M

+2aa’ r cos(q)? M? + 16 1 aa? cos(q)? - aa’r M?- 812 M aa’ + 4 r> M aa? cos(q)*) (d(r) &~ d(f))) / (

r(Ar+4rM+M%)),- ((8aa’r cog(q)*M*+8r°M aa’cos(q)* - 14 aa’ r cos(q)’ M? - 28 r* M aa’ cos(q)*

- 16 1% aa’ cos(q)’ + 8 M + 4r° aa® + 812 M aa’ + 3aa’r M) r (d(q) &~ d(f))) / (412 + 41 M + M?)

o (-2M?cos(q)*+2rcos(q)’M+4rM+8r°+3M*)rcos(q)sin(q) aa” (d(r) & d(f))

Ar®+4r M+ M

raacog(q) (d(q) &"d(r)) M 12 aa’ sin(q) r’ cos(q) M (- 1 + co(q)°) (d(r) & d(q))
4 +4r M+ M ’ 4 +4r M+ M

16 r* M aa’ cos(q)* + 8 M cos(q)* + 11 aa’ r cos(q)° M* + 4 aa’ r cos(q)° M?- 12 aa’r cos(q)* M*- 3aa’r M?

+4r°aa’cos(q)’- 8r°Maa’- 8r°M aa’cos(q)*- 4raa’- 8M) (d(q) & d(f)) / (412 +4r M +M?) -

((8r*Maa’ cos(q)*- 12r°aa’- 4 M

+12 +aasin(q) r’(
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cos(q) raa(4r’Maa’cos(q)’ - 4r¥aa’+4aa’r cos(q)® M?+ 4 r®aa’ cos(q)® - 12 aa’r cos(q)* M?
- 4r*M aa’ cos(q)? + 13 aa’ r cos(q)? M?- 5aa’r M>+4 M - 4 M cos(q)?) (d(r) &~ d(f)) / (

u
47 +4rM+M?),0H

a

L [0,0,0,0]
[ > Christoffel curvature_no_torsion: =(subs(MM aa=0, eval n{ OVEGAG) ) ) ;

Christoffel_curvature no_torsion :=

€ o (d(g) & d(r))rM  r(-4M+4Mcos(q)’) (d(r)&"d(f)) oE
& 4P +41 M+ M 4P +41 M+ M v
§4 (d(q) & d(r)) M 0 r (-8Mcog(q)’ +8M) (d(q) & d(f)) ot
€ rar+4arM+m) 412 +41r M+ M? 4
& M(d(r)&"d(f)) r(d(q) &"d(f)) M v
g4 2 2 -8 2 2 0 0d
8 r(4ro+4r M+ M) 4r°+4rM+M t
é 0 0 0 0

>
> Christoffel _curvature_no_mass: =(subs(M=0, eval M OVEGAG) ) ) ;

Christoffel_curvature no_mass:=
e
§(4f - 4rcos(q)?) aa’sin(q) r* cos(q)* (d(q) &" d(f ))
+l cog(q) aa (12 raa’ + 16 r’ aa® cos(q)* - 28 r®aa’ cos(q)?) (d(r) &~ d(f))
4 ‘ :
(-4rcos(q)' +4r cos(q)?) aa’r’ cos(q) (d(q) &~ d(f))

- iaasin(q) (-12r°aa’ cos(q)* + 16 r’* aa’ cos(q)* - 4r’aa’) (d(r) & d(f)) - r*aa’(d(q) &*d(r)),

1
(-4r+4rcos(q)’) aa’ sin(q) r* cos(q) (d(q) & d(f)) *2

(-12r°aa®+4r°aa’ - 8r°aa’ cos(q)’- 16 r°aa’ cos(q)* + 28 r® aa’ cog(q)” + 4 r> aa’ cos(q)*) (d(r) &~ d(f))

r
+iaasin(q) (4r*aa’cos(q)’- 4r’aa’) (d(q) &™d(r)), OE

gl cos(q) aa (-20r’aa” - 16 r° aa’ cos(q)* + 36 r* aa” cos(q)?) (d(q) &~ d(f))

€4 r

1 aa’sin(q) (8r°+8cos(q)’r*- 16 r* cos(q)?) (d(r) & d(f))
2 r

+aa’ (d(q) &"d(r)),
- iaasin(q) (-16r®aa” cos(q)* + 20 r* aa’ cos(q)* - 4r’aa’) (d(q) &"d(f))

'%aasoos(q)(Br%fsoos(q)“rz- 161 cog(q)*) (d(r) &"d(F)) ,

1(4r°aa’cos(q)’- 8riaa’cos(q)’+4r°aa’+4r’aa’- 20r’aa’ cos(q)’ + 16 r’ aa’ cos(q)”) (d(q) &~ d(f))
4 r
1 aa’ sin(q) cox(q) (8r°- 8r’cos(q)?) (d(r) &~ d(f))

2 r
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+} cos(q) aa (4r’aa’cos(q)’- 4r¥aa’) (d(q) &~ d(r)) _U

OH
4 r ]
B4 1 ox(q) sin() a (@) & 1)) - o e SRADIAD LA
(-16r°aa” cos(q)’ + 4 rlaa’) (d(q) & d(f))

- %' r +4sin(q) cos(q) (d(r) &~ d(f)) r aa’®,

%aasin(q) (4r*aa’cos(q)’- 4r’aa’) (d(q) &™d(f))

1 cos(q) aa(4r’aa’cos(q)’- 4r’aa’) (d(r) & d(f))
) 4 r
[0,0,0,0]

u
|OH
u

>
> Christoffel curvature_no_torsion_noMass: =(subs(M=0, aa=0, aa"2=0, aa"3=0, aa"*4=0, eva

I M OVEGAG) ) ) ;
>
60 0 0 OQu
& o o of
Christoffel curvature no torsion noMass := € u
- - = - éo 00 OE
€ 0 0 0u

" THE matrix of 2-forms (Christoffel curvature = d[Gamma] +
[Gamma]*[Gamma] ) is non-zero for the perturbed cases. The matrix
depends upon Mass(the metric perturbation), but is of second order in aa
. (the frame perturbation). But as shown below the trace is ZERO
[ > TRACEOVEGA noTor si on_snal | mass: =subs(aa=0, M*2=0, 2*r +M=2*r, si npf or n(weol | ect ( OVEG
Ad 1, 1] +OVEGAF 2, 2] +OVEGAJ 3, 3] +OVEGAJ 4, 4] )) ) ; JJ: =subs( d( TRACEOVEGA noTor si on_s
mal | mass) ) ;
TRACEOMEGA noTorsion_smallmass := 0
JJ:=0
> TRACEOVEGA snal | Tor si on_nonmass: =subs(aa”2=0, M=0, si npf or m{wcol | ect (OVEGAGF 1, 1] +OM
EGAQ 2, 2] +OVEGA( 3, 3] +OVEGAJ 4, 4]))) ; JJ: =subs( d( TRACEOVEGA sl | Tor si on_nomass))

TRACEOMEGA smallTorsion_nomass := 0

> TRACEOVEGA: =( ( subs(aa”2=0, M*2=0, 2*r+|\/‘t]:J2.* rc,)si nmpf or m{weol | ect (OVEGAC 1, 1] +OVEGA(F 2

, 2] +OVEGAG 3, 3] +OVEGAJ 4, 4])))) ) ; IJI: =si npf or m subs( M*2=0, d( TRACEQVE®A) ) ) ;

TRACEOMEGA =0

L JJ:=0
' SURPRISE - BUT IN AGREEMENT WITH BILL PAGE's RESULT. THE
FORMULA FOR THE CURVATURE 2-FORMS GIVEN BY d[Gamma] +
[Gamma]*[Gamma] for the symmetric (perturbed metric) gives a non-zero
| curvature matrix , but the trace is ZERO.
o
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> dt het a_dphi : =si npl i fy(factor(subs(aa”2=0, (get coeff ( TRACEOVEGA&d(r) & d(tau))))))
; dr _dphi @ =sinplify(factor(subs(aa”2=0, (get coeff( TRACEOVEGA&"d(t heta) & d(tau)))))
);dr_dtheta:=sinplify(factor(subs(aa”2=0, (get coeff( TRACEOVEGA&"d( phi ) & d(tau))))
));sinmplify(factor(subs(aa”2=0, (get coeff( TRACEOVEGA&d( phi )& d(theta)))))); si npl
i fy(factor(subs(aa”2=0, (get coeff( TRACEOVEGA&d( phi)&\d(r))))));sinplify(factor(s
ubs(aa”2=0, (get coef f ( TRACEOVEGA&"d(t heta) &\d(r))))));
dtheta_dphi :=0
dr_dphi :=0
dr_dtheta:=0
0
0
0

[ kkkkhkkhhkkhhkxhk

BUT NOw compute curvature with the formula d[Gamma] + [C]*"[Gamma]
which is the definition of " metric curvature "

> OregaCCll: =si mpform(sinplify(CGamall& Ganmeall+CGamual2&" Ganma21+CGammal3&" Ganma

31+CGammal4&Ganma4l) ) : OregaCCl2: =si npf or n(si npl i f y( CGamm11&* Ganmal2+CGanmal2&”
Gamma22+CGamual3&* Ganma32+CGammual4&* Ganma4?2) ) ; OregaCCl3: =si npf or n{ si npl i f y( CGamm
all& Gammel3+CGammul2&" Ganma23+CGammal3& Ganma33+CGammal4&” Gamma43) ) ; OregaCCls: =
si mpf orm(si npl i fy(CGammall& Ganmal4+CGamual2&" Ganma24+CGamual3&" Ganma34+CGammals
& Gamma4a) ) ;
OmegaCCil = - rsin(q) aa’ cog(q) (-2r - 2Mcos(q)* + M +4r cog(q)°) (d(r) & d(q)) -~ rsin(q) aa(
2r+M
10t cos(q)*+5r*M aa’ cos(q)* + 4 r’ aa’ cos(q)°* M + 6 r® aa’ cos(q)* - 8r>M aa’ cos(q)” - 4 r®aa’ cos(q)*
+Mecos(q)*- r’Maa’- 2rlaa’- 2r- M) (d(q) & d(f))/(2r + M) + cos(q) aa (- 5r* M aa’ cos(q)*
+4r°M aa’cos(q)’- 2r¥aa’+2r?aa’ cos(q)°* M - 2r¥aa’cos(q)* + 4 r®aa’ cos(q)’+ 61 cos(q)- 61
-r*Maa’- 3Mcog(q)*+3M) (d(r) & d(f))/(2r + M)

OmegaCC12 :=r’aacos(q) (-4 r®aa’ cos(q)* + 11 r* M aa’ cos(q)* - 12 r> M aa’ cos(q)* + 6 r* aa” cos(q)?
+5Mcos(q)*- 8r+10r cos(q)’- 4M- 3r*Maa’- 2r’aa’ +4r’aa’ cos(q)* M) (d(f) &~ d(q))/(2r +M)
+sin(q) raa(8rcos(q)’+2Mcos(q)’- 2r¥aa’cos(q)*- 5r°M aa’ cos(q)" + 2 r*aa’ cos(q)° M
+3r’Maa’cos(q)*- M+2r*aa’cos(q)*- 2r) (d(f) & d(r))/(2r + M)

. (2rfaa®+M- 2r- 4r°aa’ cos(q)’ +r° M aa” + 4 r®aa’ cos(q)*) (d(q) &* d(r))
2r+M

OmegaCC13:=-2r cos(q) sin(q) (-M - 2r*M aa’ cos(q)* + 2r* cos(q)® aa’ M + 4 r* cos(q)*aa’ M - r*aa’'M
+4r’aa’cos(q)*- 5r'cos(q)aa’M- 4r’aa’+5r°Maa’cos(q)*- 3r’Maa’- 2r) (d(q) & d(f))/(
2r+M)- ((6r*Maa’cos(q)*- 2r*cos(q)?aa’M- M +4raa’cos(q)*+2r- 6r®aa’cos(q)*- 2r cos(q)?
+2raa®+Mcos(q)’+r’Maa’+6r1*cog(q)*aa’*M + 2 r* cos(q)® aa’ M - 61 cog(q)® aa* M
- 5r’M aa’cos(q)*- 2r*aa’cos(q)° M) (d(f) & d(r)))/(2r +M) - aasin(q) r (-2r®aa’cos(q)*- r* M aa’
+4r’aa’cos(q)* +2r*Maa’cos(q)’- 3r°Maa’cos(q)" +2r cos(q)*- M cos(q)*+ 2 r?aa’ cos(q)° M
- 2r%aa’) (d(q) & d(r))/ (2r +M)

OmegaCC14 :=0

> OregaCC21: =si mpform(si npl i fy(CGamua21& Ganmall+CGamua22&" Ganma21+CGamma23&" Ganma

31+CGamma24&" Ganma4l) ) ; OregaCC22: =si npf or n( si npl i f y( CGamua21& Ganmal2+CGamma228&"

Page 24



Gamma22+CGamua23&* Ganma32+CGammua248&" Ganma4?2) ) ; OregaCC23: =si npf or n{ si npl i f y( CGamm
a21& Ganmmeal3+CGammua22&" Ganma23+CGamma238&" Ganma33+CGamma248&™ Gamma43) ) ; OregaCC24: =
si mpf or m(si npl i fy(CGamma21&" Ganmal4+CGamua22&" Ganma24+CGamua23&" Ganma34+CGamma24
& Ganma4d4));
OmegaCC21 := cos(q) aa (2 M + 4 r?aa’ cos(q)° M - 4r*aa’ cos(q)* + 8 r* M aa’ cos(q)* - M cos(q)?
- 10r*Maa’cos(q)*- 2r’ M aa®- 4r®aa’+8r®aa’ cos(q)’- 8r+10r cos(q)?) (d(f) &~ d(q))/ (2 + M)
.\ sin(q) aa(-4Mcos(q)*+3M- 2r +4rcog(q)?) (d(f) &~ d(r))
r(2r+mMm)
LM 2r- 81 aa’ coy(q)’ + 81 aa’ cos(q)*) (d(q) & d(r))
r’(2r+M)
OmegaCC22 := 2 cos(q) aa’ r sin(q) (-1 + 2 cos(q)?) (d(r) &~ d(q)) +r sin(q) aa (10 r cos(q)”
+6r°M aa’cos(q)* +4r*aa’cos(q)° M + 4 r® aa® cos(q)* - 10 r* M aa’ cos(q)* - 4r®aa’cos(q)* + 3 M cos(q)°
cog(q) aa (61 cos(q)*- 4r +M cos(q)*) (d(r) &~ d(f))
2r+M
OmegaCC23:=2aacos(q) (-2r*aa’+ 4 r¥aa’ cos(q)’ - 2r’aa’ cos(q)* - 5r*M aa’ cos(q)*
+2r’aa’cos(q)° M- r*Maa’+4r*Maa’ cos(q)* +2r cos(q)*- 2r+M - Mcos(q)?) (d(r) &*d(q))/(
2r+M)+((-4r*cos(q)’aa’M - 14r®aa’cos(q)* + 12 r* cos(q)* aa* M + 6 r’aa’ - 4r cos(q)°
+8rlaa’coy(q)* +4rcog(q)®aa’M +8r°M aa’ cos(q)" - 12r*cos(q)®aa’M - r*M aa’- 3r*M aa’ cos(q)°
+2r- 4r*aa’cos(q)°M- M) (d(f) &~ d(q)))/(2r +M)
+2 cog(q) sin(q) M (r* cog(q)® aa” - raa’- 1) (d(r) &~ d(f))
r(2r+M)

- 4r+2M)(d(q) & d(f))/ (21 + M) -

L OmegaCC24 := 0
[ > OregaCC31: =si mpform(si npli f y(CGama31& Ganmall+CGamua328&" Ganma21+CGamma33&" Ganma
31+CGanma34&” Gammma4l) ) ; OmregaCC32: =si npf or n( si npl i f y( CGanma31&" Gammal2+CGanma328”
Gamma22+CGamua33&* Ganma32+CGammua34&* Ganma4?2) ) ; OregaCC33: =si npf or n{ si npl i f y( CGamm
a31l& Gammual3+CGammua32&" Ganma23+CGamma33&" Ganma33+CGamma34&™ Gamma43) ) ; OregaCC34: =
si mpf or m(si npl i fy( CGamma31&* Ganmal4+CGamua32&" Ganma24+CGamua33&" Ganma34+CGamma34
& Garma44) )
aa(-2r- M+2Mcog(q)*) (d(r) & d(q))
sin(g)r(2r+M)
. cog(q) r aa” (2 cos(q)* M- 2r cos(q)’- 3Mcos(q)* + M +2r) (d(q) & d(f))
sin(q) (2r + M)
. (2r*Maa’cos(q)* - 2r¥aa’cog(q)’- 3r*Maa’cos(q)*+M+2r+2r’aa’ +r*Maa®) (d(r) & d(f))
r’(2r+M)
cog(q) aa (-2r +2Mcos(q)’ - 3M) (d(r) &~ d(q))
2rcos(q)’- 2r- M+ M cos(q)*
- 5r2M aa’ cos(q)* + 2 r* aa’ cos(q)? + 312 M aa’ cos( )% + 2 M cos(q)? + 21 - M) (d(q) &~ d(f))) / (
2rcog(g)*- 2r- M+M cos(q)°) - cos(q) sin(q)
(2r*M aa cos(q)* - 21 aa cos(q)? - 512 M aa’ cos(q)> + 2 r*aa’ + 3r> M aa® + 2 M) (d(r) & d(f)) / (
r(2rcos(q)’- 2r- M+Mcog(q)?))
cog(q) M (r* cos(q)*aa’ - r*aa’- 1) (d(r) &"d(q)) i
sin(gq)r(2r+M)
(2r?aa’ cos(q)° M - 4cos(q)* M- 4r* M aa’ cos(q)* - 2r cos(q)*+2r>M aa’ cos(q)* +5M cos(q)*- M +2r)

OmegaCC3l := -

OmegaCC32 := - ((2r*aa’ cos(q)° M - 2 aa” cos(q)*

OmegaCC33:=-2
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(d(q) &"d(f))/(sin(q) (2r +M))
.\ cos(q) aa (2r°M aa’ cos(q)* - 4 M cos(q)’- 4r*Maa’cos(q)’+3M- 2r +2r°Maa’) (d(r) &* d(f))
2r+M
L OmegaCC34:=0
> OregaCC41: =si mpf orm(si npli fy(CGamua4l& Ganmall+CGamua428&" Ganma21+CGamma438&" Ganma
31+CGanmad4&*Ganma4l) ) ; OregaCC42: =si npf or n( si npl i f y( CGamua41&* Ganmal2+CGanma428&"
Gamma22+CGamua43&" Ganma32+CGamu448&~ Ganma4?2) ) ; OregaCCA3: =si npf or n{ si npl i f y( CGamm
a41& Ganmal3+CGanma42&" Ganma23+CGame43&" Gama33+CGammu44&" Gamma43) ) ; OnegaCC44: =
si mpf or m(si npl i fy( CGammua41&" Ganmal4d+CGamua428&" Ganma24+CGamua43&" Ganma34+CGama4d4
& Gamedd));

OmegaCC41:=0
OmegaCC42:=0
OmegaCC43:=0
L OmegaCC44 :=0

> Christ:=array([[ Ganmall, Ganmal2, Gammal3, Gammald], [ Ganma2l, Ganmma22, Gamma23, Gamma?2

4], [ Gamma31, Gamma32, Gamma33, Ganma34] , [ Garma4l, Gamma4d2, Gammad3, Gammad4] | ) ;
Christ :=

gz (-2r’aa’cos(q)’+2r’aa’ cos(q)*- M) d(r)

e r(2r+M)
cos(q) (-2raa’+4r¥aa’ cos(q)’- 2r’aa’cos(q)" - 5r°M aa’cos(q)* + 2 r?aa’ cos(q)° M - r* M aa’
+4r*Maa’ cos(q)’+2rcos(q)*- 2r+M- Mcos(q)’) d(f)/(2r + M),
(cos(q) aa’ r*sin(q) - 2 cos(q)’ aa’ r*sin(q)) d(r)

r(-4r’aa’cos(q)’+4r’aa’cos(q)’' +4r°Maa’ cos(q)* - 4r*Maa’cos(q)’+2r- M)d(q) , .
- +r°sin(q) aa(

2r+M

2r¥aa’ cos(q)’- 2r’aa’cos(q)* +3r*M aa’ cos(q)’ - 5r°M aa’ cos(q)* + 2 r*aa’ cos(q)° M + 2r cos(q)* - 2t
+M- Mcos(q)’)d(f)/(2r+M),- raacos(q) (-2r’aa” +4r’aa” cos(q)’- 2r’aa’ cos(q)*
- 5r’M aa’cos(q)* +2r*aa’cos(q)°M - r’Maa’+4r*M aa’cos(q)*+ 21 cos(q)*- 2r + M- M cos(q)?)
d(r)/(2r+M) +r’sin(q) aa(2r’aa’ cos(q)*- 2r’aa’cos(q)’ +3r*M aa’ cos(q)’- 5r°*M aa” cos(q)*
+2r?aa’cos(q)° M +2rcos(q)’- 2r+M- Mcos(q)®) d(q)/(2r+M) - r(-6rcos(q)°aa’M
+2r'cos(q)®aa’M - 2r*cog(q)*aa’M +6r*cos(q)* aa’ M - 2r*aa’cos(q)°M +4r’aa’- M- 2r cos(q)?
+2r- 2r’Maa’ cog(q)*+4r®aa’cos(q)* + M cos(q)*- 8r’aa’cos(q)’+4r*Maa’cos(q)*) d(f)/(2r+M),

+(cos(q) aa’ r sin(q) - 2 cos(q)” aa’ r*sin(q)) d(q) - r aa

0

o C

€ (-1+cos(q)’)raa’cos(q)sin(q) d(r)

E-4 - (

e 2r+M

(-6r°aa’cos(q)’+2r*aa’ +4r*aa’cos(q)*- 3r*Maa’ cos(q)’ +2r° M aa’cos(q)* +r*Maa’- 2r +M) d(q)

Y/ (r(2r+M))+((4r¥aa’cos(q)’- 2rlaa’- 2r’aa’cos(q)" +2r’aa’ cos(q)° M - r* M aa’

- 5r*Maa’ cos(q)*+4r*M aa’ cos(q)* + 2 cos(q)’ + M cos(q)?) sin(q) aad(f)) / (2r + M), - (

(-6r°aa’cos(q)’+2r*aa’+4r*aa’cos(q)*- 3r*Maa’ cos(q)’ +2r° M aa’cos(q)* +r*Maa’- 2r + M) d(r)
2 .2 o or 4+ 2+M 2_ M d

)/(r(2r+M))+4COS(Q)aa resin(q) (-r +rcos(q) cos(q) ) d(q) +1aacos(q) (-2r° aa®

2r+M
+4r’aa’cos(q)’- 2r¥aa’cos(q)*- 3r°Maa’+8r°Maa’cos(q)*- 7r*M aa’ cos(q)* + 2 r? aa’ cos(q)°* M
-2r+2rcos(q)’- M+Mcos(q)?) d(f)/(2r+M), ((4r®aa’cos(q)’- 2r’aa’- 2r®aa’cos(q)*
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+2r’aa’cos(q)°M - r*Maa’- 5r°Maa’ cos(q)" + 4> M aa’ cos(q)* + 21 cos(q)* + M cos(q)?) sin(q) aa
d(r))/(2r+M)+raacos(q) (-2r’aa”+4r’aa’cos(q)’- 2r’aa’ cos(q)*- 3r° M aa’ + 8r°M aa” cos(q)*
- 7P M aa’cos(q)* +2r*aa’ cos(q)° M- 2r +2r cos(q)*- M+ M cos(q)?) d(q) / (2r + M) + ((
2r'cos(g)°aa’'M- 2r*aa’ M- 6r'cog(q)*aa’M +6r*cos(q)’aa’ M + 4raa’cos(q)’- 4r’aa’- 4r° M aa’

- 2r*Maa’ cos(q)*+ 6 r°M aa’ cos(q)*- 2r - M)cos(q)sin(q)d(f))/(2r+M),OE

§_4 cos(q) aad(r) _sin(q) aa (-1+2coy(q)*) d(q)
é 2r+Mm -1+ cog(q)?
.\ (-2r’aa’cos(q)*- 3r*Maa” cos(q)’*+2r*Maa” cos(q)*+2rlaa’ +r*Maa’ +2r- M) d(f)
r(2r+M) '
sin(q) aa (- 1+ 2 cos(q)*) d(r) ‘4 (r+M)cos(q) r aad(q)
-1+ cos(q)? 2r+M
sin(q) cos(q) (2r¥aa’- 2r®aa’ cog(q)*+ 2 r°M aa’ cos(q)* +3r°M aa’ - 5r*M aa’ cos(q)>+ 21 + M) d(f)
2rcos(q)*- 2r- M+ M cog(q)°

(-2r’aa’cos(q)’- 3r*Maa’cos(q)’+2r*Maa’cos(q)*+2r*aa’+r’*Maa’ +2r - M) d(r)
' r(2r+M)
sin(q) cos(q) (2r¥aa’- 2r®aa’ cog(q)*+2r°M aa’ cos(q)* +3r°M aa’- 5r°M aa’ cos(q)>+ 21 + M) d(q)

2rcos(q)*- 2r- M+ M cog(q)°
) cos(q) raaM (r’cog(q)*aa’ - 2r’cos(q)’aa’+r’aa’+1- cos(q)?) d(f)
2r+M

u
+ , 04
u

L [0,0,0,0]

[ > OmregaD: =si npf or m(d( Christ)); OregaD 1, 3] ;

> OVEGAM =si npforn(sinmplify(array([[OregaD 1, 1] +OmregaCCl1, OnegaD 1, 2] +OregaCCl12, Om
egaD[ 1, 3] +OregaCCl3, OregaD) 1, 4] +OnegaCCl4], [ OregaD 2, 1] +OregaCC21, Onmegal 2, 2] +On
egaCC22, OregaD 2, 3] +OregaCC23, Onegal 2, 4] +OmegaCC24], [ Oregal 3, 1] +OmregaCC31, Oreg
aD[ 3, 2] +OnegaCC32, Oregal 3, 3] +OregaCC33, Onegal 3, 4] +OregaCC34] , [ OregaD| 4, 1] +Oreg
aCC41, Onegal 4, 2] +OnmegaCC42, OregaD 4, 3] +OregaCC43, Oregal 4, 4] +OmregaCC44]1)));

OmegaD :=

é
gaasin(q) r(-2r¥aa’+12r¥aa’ cos(q)’- 10r®aa’ cos(q)*- 25r*M aa’ cos(q)”* + 14 r* aa’ cos(q)° M

-r’*Maa’ +12r° M aa’ cos(q)*+ 61 cos(q)’- 2r + M- 3M cos(q)?) (d(q) &*d(f))/(2r +M) - aacos(q) (

-12r*aa’cos(q)* + 24 r* aa’ cos(q)? + M?*- 3r’M?aa’- 12r¥aa’M - M?cos(q)’ - 28r®aa’ cos(q)’ M

+32r%aa’ cos(q)’M + 6 r* M? aa’ cos(q)°® + 8 cos(q)° rPaa’ M - 15> M? aa’® cos(q)* + 12 r* M? aa” cos(q)°

- 12r'aa’- 4r M- 4r?+4r?cos(q)’ +4r cos(q)° M) (d(r) &~ d(f)) / (21 + M)?

5 cog(q) r sin(q) aa’ (-2r - 2M cos(q)° + M +4r coy(q)*) (d(q) &~ d(r))
2r+M

- 2r’aa’cos(q)* +3r*Maa’ cos(q)’- 5r°M aa’cos(q)* + 2 r*aa’cos(q)°M + 21 cos(q)*- 2r + M

- Mcos(q)?- 4sin(q)’aa’r’+8sin(q)?aa’r’ cos(q)*- 6sin(q)*aa’r* M + 20 sin(q)* aa’ r* cos(q)> M

- 12sin(q)’aa’r’cos(q)* M - 4sin(q)’r +2sin(q)>M) (d(q) & d(f)) /(2r + M) +2aasin(q) r (

-8r*aa’ cos(q)’ + 8r*aa’ cos(q)’ + M*- M?cos(q)? - 20 r®aa’ cos(q)* M + 14 r® aa’ cos()* M

+4r°M?aa’ cos(q)® + 6 cos(q)° rPaa’M - 10> M? aa’ cos(q)* + 6 r* M? aa” cos(q)*- 2r M - 4r®+4r? cos(q)?

+ 271 cos(q)? M) (d(r) & d(f)) /(21 + M)?+ ((-4r*sin(q)?aa - 4r*sin(q)?aa® M - r?sin(q)? aa® M?

,r*aacos(q) (2r°aa’ cos(q)°

Page 27



- 20r* aa’ cos(q)’ - 28r°aa’ cos(q)* M - 11 r° M? aa” cos(q)” + 24 r* sin(q)” aa” cos(q)°
+24r°sin(q)?aa’ cos(q)° M + 6 r’sin(q)* aa’ cos(q)* M? + 16 r* aa” cos(q)* + 24 r* aa’ cos(q)* M

+10 12 M2 aa? cos(q)* + 412- M2+41 M) (d(q) &~ d(r))) / (21 +M)?, 21 cos(q) sin(q) (
-18r*cos(q)*aa*M +8r*cos(q)’ aa*M - 2r*aa’M + 12 r* cos(q)*aa*M - 6r°M aa’ cos(q)*- 2r - 2r*M aa’
+8rlaa’cog(q)*+ M- 8r’aa”+8r*Maa’cos(q)’) (d(q) & d(f))/(2r +M) - ((24r* aa’ cos(q)*

- 481" aa’cos(q)’- M*+16r°aa” M + M? cos(q)” + 32 r* aa” cos(q)* M - 40 r® aa’ cos(q)° M

- 6r*M*aa’ cog(q)°- 8cos(q)°raa” M + 12 r* M* aa’ cos(q)* - 6 r°M*aa’ cos(q)* + 24 r* aa’

+30r* M?aa’ cos(q)* + 48 r°aa’ cos(q)* M - 10 r* M? aa® cos(q)* - 16 r° aa’ cos(q)* M + 10 r* M? aa’ cos(q)°®
+16r°aa*cos(q)* M - 30r*M*aa’ cos(q)°- 48r°aa’ cos(q)°M +4rM+4r°- 4r°cos(q)*- 4r cos(q)* M)
(d(r) &~ d(f))) / (2r +M)? +aasin(q) r (-4 r* aa® cos(q)* + 8 r* aa’ cos(q)? - M?- r’M?aa’- 4r°aa’M

- M?cos(q)*- 20 r*aa’ cos(q)* M + 8 r’ aa’ cos(q)* M + 6 r* M? aa” cos()° + 16 cos(q)° r° aa® M

u
- 5r*M*aa’ cog(q)* - 4r*aa’+4rM+4r’+4r°cos(q)’ - 4rcos(q)2M)(d(q)&"d(r))/(2r+M)2,OH

e
8aa cos(q) (-8sin(q)*aa’r*+8sin(q)*aa’ r’cos(q)*- 12sin(q)*aa’ r’ cos(q)* M + 20 sin(q)* aa’ r* cos(q )’ M
é

- 8sin(q)*aa’ r*M - 4sin(q)’r - 2sin(q)’M +4r®aa’ cos(q)* - 2r¥aa’- 2r’aa’ cog(q)* + 2 r* aa’ cos(q)° M

-r*Maa’- 5r*Maa’cos(q)*+4r*Maa’ cos(q)* + 2 cos(q)” + M cos(q)?) (d(q) & d(f)) /(21 + M) + 2

aa’sin(q) r (8r°cos(q)*+10r cog(q)°M- 4r°- 4r M- 4cos(q)*r*- 8cos(q)*r M+ 2r cos(q)° M

+2005(q)° M? - M?- 5co(q)* M?+4 M cos(q)?) (d(r) & d(f)) / (21 +M)* + ((24r*sin(q)’ aa’ cos(q)?

+12r’sin(g)?aa’cos(q)°M - 8r*sin(q)*aa’ - 4r’sin(q)*aa’M - 4r*aa’ cos(q)*- 8r®aa’ cos(q)* M

+4r*aa’cog(q)*M- M*+r*M*aa’ +4r’aa® M+ 2r*M?aa’ cos(q)* - 3r*M*aa’ cos(q)*+4r*aa’- 4r M

+4r%) (d(q) &M d(r))) /(P (21 +M)?), - aasin(q) r (- 2r*aa’ + 12 r* aa? cos(q)? - 10 r* aa? cos(q)*

-3r’*Maa +24r°Maa’ cos(q)*- 35r°M aa’cos(q)* + 14 r*aa’ cog(q)°M - 21 + 61 cos(q)’ - M

+3Mcos(q)%) (d(q) & d(f))/ (2r +M) +cos(q) aa (- M*- 9r*M?aa’- 20r®aa’ M + M? cog(q)*

+8co3(q)’r’aa®M + 24 r* aa’ cos(q)* - 12r* aa’ cos(q)* + 6 r° M? aa” cos(q)° - 12r*aa’- 4r M- 4r°

- 21r* M?aa® cos(q)* + 24 r* M* aa’ cos(q)* + 4 r* cos(q)* - 36 r°aa” cos(q)* M +4r cos(q)* M

+481° aa® cos(q)° M) (d(r) &~ d(f)) / (21 + M)?

o cog(q) rsin(q)aa’*(-4r*- 2r M+M?+8r’cos(q)’+ 61 cos(q)* M) (d(q) &~ d(r))
(2r +M)?

- 14 sin(q)’r*aa’ cos(q)° M - 18 sin(q)*r* aa* cos(q)*M + 2 sin(q)*r*aa* M + 30 sin(q)* r* aa” cos(q)* M

+10sin(q)*aa’r’cos(q)* M - 18 sin(q)*aa’ r* cos(q)*M + 4 sin(q)* aa’ r® + 4 sin(q)* aa’r* M

- 12sin(q)®aa’r® cos(q)’ +sin(q)*M + 2sin(q)°r - 2r*cos(q)*aa’ M - 6r*cos(q)®aa’M + 6 r* cos(q)* aa* M

- 2rcos(q)’- 4r’aa’cos(q)’- Mcos(q)*- 4r°M aa’ cos(q)” + 6 r° M aa” cos(q)* + 4 r’aa” cos(q)*

- 2r%aa’ cog(q)° M) (d(q) & d(f)))/(2r + M) +4cos(q) sin(q) r aa’ (-3r’aa*M - 4r°- 2r* M aa’

+6r°M*aa’ cog(q)> + 2 r> M?aa” cos(()°® - 6r*M*aa’ cos(q)*- 5rM- 2M*+9raa’ cos(q)°M

+3co3(q)’r’aa®M - 9r’aa’ cos(q)* M - cos(q)* M?+ 3 M*cos(q)” +4r>cos(q)”+ 61 cos(q)°M - cos(q)*r M

) (d(r) &~ d(f)) / (21 + M)?- aacos(q) (- M?+ 16 r* aa® cos(q)° + 20 r? M? aa’ cos(q)° - 16 r> M? aa? cos(q)’*

- 8r’'M%aa’- 16r°aa”M + 41> M*aa’ cos(q)°® + 36 r’ aa’ cos(q)° M - 8r*aa’ cos(q)*- 24 r’aa” cos(q)*M

+4c03q)°r’aa®M + 12 r*sin(q)? aa” cos(q)* M? - 20r*sin(q)? aa” cos(q)> M* + 8 r*sin(q)* aa® M?

- 16r*sin(q)?aa’ cos(q)’ +8sin(q)°r M- 8r*aa’- 4r M- 4r°+2sin(q)*M*+8sin(q)’r?

+16r*sin(q)*aa’- 48r’sin(q)®aa’ cos(q)* M + 24 r’sin(q)? aa’ cos(q)* M + 24 r*sin(q)* aa® M)

, ((2r* cog(q)° aa’ M
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5 u
(d(q) & d(r)) /(21 +M) 08

aasin(q) (d(q) &"d(r)) 5 r aa’ coy(q) sin(q) (-2r - 3M +4 M cos(q)°) (d(q) &~ d(f)) +((
2r+M 2r+M

-4r*aa’cos(q)’+M*+r* M?aa®+4r’aa”M - 4r°aa’ cos(q)* M + 21 M? aa” cos(q)* - 3 r* M*aa’” cos(q)*

+4r*aa’+4r M- 4r%) (d(r) &~ d(f))) / (r? (2r +M)?), - ((15sin(q)?aa? r? cos(q)* M

- 12sin(q)®aa’r*cos(q)’M + 3sin(q)*aa’r’ M + 2sin(q)* aa’r® - 4sin(q)>aa’ r’ cos(q)* + sin(q)’ M

+2sin(q)’r - 2rcos(q)*+cos(q)* M - 2r’aa’ cos(q)’- M cos(q)*- 3r°M aa’cos(q)” +8r>*M aa” cos(q)*

- 6sin(q)’r*aa’ cos(q)® M + 2sin(q)*aa’r® cos(q)* - 2r’aa’ cog(q)° + 2 cos(q)® r* aa® M + 4 r° aa” cos(q)*

+2c0(q)?sin(q)’ r + cos()’ sin(q)* M - 7raa’ cos(q)° M + 2 cos(q)") (d(q) & d(f))) / (

(-1+cox(q)*) (2rcos(q)*- 2r - M+M cog(q)°))

L (2r cos(q)°M +2M?cos(q)*- 61 M- 4r*- 3M?) cos(q) rsin(q) aa” (d(r) & d(f))
(2r +M)?

+4rM+3M*- 4r°cog(q)*- 4rcos(q)’M- 5M?cog(q)>+ 2 cos(q)* M*- 8sin(q)’r’- 8sin(q)’r M

- 2sin(q)* M?) (d(Q)&"d(f))/(('1+COS(Q)2)2(2f+|V|)2),

L aaMsin(q) (5r°cos(q)*aa’- 6r°cog(q)*aa’+r?aa’+1- 3cos(q)?) (d(q) &*d(f))
2r+M

4r°aa’cos(q)*+3r*Maa’cos(q)’ - 8r’aa’ cos(q)’- 6r°Maa’ cos(q)*+4r’aa’+3r’Maa’+ M- M cos(q)’

cog(q) r sin(q) aa’ M (-r +3r cog(q)’ + M cog(q)°) (d(q) &" d(r)) OE

(21 +M)? ’

4

(DMDD

- aacos(q) (4r°

+2Maacos(q) (

) (d(r) &7 d(f)) / (21 +M)?- 4

[0,0,0,0]

2rcos(q) sin(q) (-18r*cog(q)*aa’M + 8r*cos(q)°aa’ M - 2r*aa’ M + 12 r* cos(q)” aa* M
- 6r’Maa’ cos(q)*- 2r- 2r’Maa’+8r’aa’cos(q)*+M - 8r’aa” +8r*M aa” cos(q)?) (d(q) &~ d(f))/(
2r+M)- ((24r*aa’cos(q)* - 48r*aa’ cos(q)*- M*+16r°aa’ M + M? cos(q)” + 32 r* aa’ cos(q)* M
- 40r° aa’ cos(q)* M - 6r° M?aa” cos(q)° - 8cos(q)®r*aa’ M + 12 r> M? aa” cos(q)* - 6 r* M*aa’” cos(q)*
+24r"aa’ +30r*M? aa’ cos(q)* + 48 r°aa’ cos(q)* M - 10r* M* aa’ cog(q)* - 16 r° aa’ cos(q)’ M
+10r* M?aa’ cos(q)® + 16 r° aa* cos(q)* M - 30 r* M? aa® cos(q)° - 48r°aa* cos(q)°M +4r M +4r?
- 4r?cos(q)?- 41 cos(q)>M) (d(r) &~ d(f))) /(21 +M)?+aasin(q) r (- 4r* aa’ cos(q)* + 8 r* aa® cos(q)?
- M- r’Maa’ - 4r’aa” M - M? cos(q)?- 20r°aa” cos(q)* M + 8r°aa’ cos(q)’ M + 6 r* M* aa” cos(q)°
+16cos(q)°r’aa” M- 5r°M?aa’cos(q)’- 4r*aa’ +4rM+4r°+4r°cos(q)>- 4rcos(q)° M)

(d(q) &~ d(r)) /(21 +M)?

OMEGAM :=
¢r sin(q) aa’ co(q) (-2 - 2M cox()’ + M +4r cos(a)’) (d(r) & d(a)) | 5, .
: Y ((-61° aa® cos(q)

+6r°aa’ cog(q)*+ 7 r°Maa’ cos(q)>- 17 r*M aa” cos(q)* + 10 r* aa’ cos(q)°* M - 4r cos(q)* + 2 M

- 4Mcog(q)?) aasin(q) r (d(q) & d(f)))/(2r+M)- 2aacos(q) (4r°- 4r’cos(q)’- M*+ M? cog(q)*

- 8rlaa’cog(q)*M- 4r*aa’+2cos(q)’r*aa’M - 4r*aa’cos(q)* +2r* M aa” cos(q)° + 8 r* aa’ cog(q)°

- 5r*M*aa’ cog(q)* - 4r*aa”M +10r°aa” cos(q)° M + 4 r° M aa’ cos(q)* - r*M?aa’- 2r M+ 2r cos(q)° M)
(d(r) &7 d(f)) / (4r2+4rM+M?), - ((-6r*aa’cos(q)* + 81’ aa’ cos(q)?- 2r°aa’+ 10 1% aa’ cos(q)° M
-3r*Maa’ +18r°M aa’ cos(q)*- 25r*M aa’cos(q)* +2r - 4r cos(q)’- 8 M cos(q)* + 7 M) aa cos(q) r*
(d(f)&~d(q)))/(2r+M)- aasin(q)r (20r®aa’ cos(q)* M + 6 r* M* aa’ cos(q)° - 15r> M*aa’” cos(q)*
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- 28r’aa’cos(q)* M + 8 cos(q)°r’aa” M - 4 M? cog(q)* + 12 r* aa” cos(q)* - 12r* aa’ cos(q)* - 8r cos(q)* M
+9r2 M2 aa? cos(q)? - 8r2cos(q)?- 4r2+3M?) (d(f) &M d(r)) / (412 +4r M +M?)
4rM(rMaazcos(q)“+1- r M aa® cos(q)” + r* cos(q)* aa’ - r* cos(q)* aa’) (d(q) &* d(r))
4P+ 41 M+ M ’
8r*cos(q)*aa’M - 13r*cog(q)*aa’M +61* cos(q)®aa* M - r*aa*M - 4r’aa’ + 4r’aa’ cog(q)* + r* M aa’
- 4r*Maa’ cos(q)*+3r*Maa’ cos(q)*+2M) rcos(q) sin(q) (d(q) &*d(f)))/(2r + M) +r (
-24r*M?aa’ cog(q)° +20r°aa” - aa’r cos(q)* M? - 8r® M?aa’ cog(q)?- 4 aa’ r cos(q)° M?
+24 1> M?aa’ cos(q)* + 6 aa’r cos(q)* M*- 36 raa’ cos(q)>- aa’r M*+ 12r°M aa” + 16 r’ aa” cos(q)*
+12r* cog(q)®aa’ M + 8 r° M? aa’ cos(q)® - 12r* cos(q)*aa’ M + 36 r* cos(q)* aa’ M - 36 r* cos(q)° aa’ M
- 4% a8’ cos(q)° M - 241> M aa? cos(q)> + 4 M + 16 1> M aa cos(q)* - 4 M cos(q)?) (d(f) &~ d(r)) / (
47 +4rM+M?) +aasin(q) r (-12raa’ cos(q)* M + 4 r> M? aa” cos(q)® - 2r* M?aa” cos(q)*
+12cos(q)°r*aa’M - 4r cos(q)°M - 2r2M?aa? cos(q)? + 412~ M2+ 41 M) (d(q) &~ d(r)) / (

2((

2 2 u
4r°+4rM+ M), 04
a

e
& ((-6r°aa”- 6r’aa’cos(q)’+12r°aa’cos(q)’- 7r*Maa*- 27 r*M aa’cos(q)* + 10 r* aa’ cos(q)° M
é

+24r*Maa’ cos(q)’ - 4rco(q)*+4r+4Mocos(q)*- 4M) cos(q) aa (d(f) & d(q)))/(2r + M) +sin(q)

aa(4r*M?aa’cos(q)°- 16r°aa’cos(q)* M + 4 cog(q)°r’aa’ M - 81" aa” cos(q)* + 16 r* aa” cos(q)* - 8r*aa’

-8rfaa’M- 2r*M?aa”+20r°aa” cog(q)* M - 10r° M?aa’ cos(q)* + 4 r* + 81> M? aa” cog(q)* + 4 r cos(q)* M

- 4rM+4M?cos(q)?- 8r2cos(q)?- 3M?) (d(r) &~ d(f)) / (r (4r2+4r M+M?))- ((

8rM+2M +4r*aa’ - 2r*M?aa’ cos(q)* - 12r*aa’ cos(q)* + 8 r* aa’ cos(q)* + 3r° M* aa’ cos(q)’ - r° M? aa’

) (d(q) &~ d(r))) / ((4r°+4r M+M?) 1),

4 aa’sin(q) r cos(q) M (-r +r cos(q)* + M cos(q)* - M) (d(r) &~ d(q))
Ar®+4r M+ M

- 6r*aa’cog(q)*- 3r’Maa’- 25r°M aa’ cos(q)* + 10 r* aa’ cos(q)° M + 18 r* M aa’ cos(q)* - 4 r cos(q)*

+2r-3M)aasin(q)r(d(q) & d(f)))/(2r+M)+aacos(q) (4r*- 8r°cos(q)*- M*- 36r°aa’ cos(q)* M

- 12r*aa’+8cos(q)°r’aa® M - 12r*aa’ cos(q)* + 6 r* M* aa’ cos(q)°® + 24 r* aa’ cos(q)* - 21 r* M? aa” cos(q)*

- 201% aa® M + 48 1° aa’ cos(q)? M + 24 1> M? aa® cos(q)? - 9r M2 aa - 41 cos(q)? M) (d(r) &~ d(f)) / (

47 +4rM+M?), ((2r*aa*M - 181" cog(q)*aa’ M + 42 r* cog(q)* aa’ M + 12 r* cos(q)® aa’* M

- 381" cog(q)®aa’M +8r°aa’cos(q)’ - 2r’aa’- 6r®aa’ cos(q)*+5r°M aa’ + 26 r* M aa’ cos(q)*

- 8rfaa’ cog(q)°M - 23r° M aa’ cos(q)*- 2M cos(q)’+2M) (d(q) &*d(f)))/ (2r + M) +2sin(q) cos(q) (

-12r*M?aa’ cog(q)* - 5r*M?aa’+ 7 r* M? aa” cos(q)* + 12 r* M* aa® cog(q)* + 14 r® aa” cos(q)* M

+4r*M*aa*cog(q)°- 12r°aa M - M- 4r*M*aa’ + 18 r° aa’ cos(q)* M + 6 r° aa’ cos(()° M - 8r*aa’

+8r*aa’cog(q)*- 18r°aa’ cos(q)*M - 2r¥aa’ cos(q)*M- 6r°Maa’ - 2r*M*aa’ cos(q)*- 2r M)

(d(r) &7 d(f)) / (r (412 +4r M+M?)) +cos(q) aa (- 4r M + 4 r? M? aa? cos(q)° + 12 cos(q)° r° aa’ M

- 247 aa’ cos(q)* M + 4 M? cos(q)* + 12 r’ aa’ cos(q)° M - 3M*+4r*- 6r°M?aa” cos(q)* + 2 r* M* aa’

- ((8r*aa’cos(q)’- 2r’aa’

+8rco3(q)°M) (d(q)&"d(r))/(4r2+4r M+ M?), OE

€(-2r- 2Mcos(q)* +M +4r cos(q)?) aa (d(r) & d(q))
& (21 +M)sin(q) r
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.\ (-6rcos(q)’+6r+7M+10cos(q)* M- 17 M cos(q)?) cos(q) r aa’ (d(q) & d(f))
sin(q) (2r + M)

- 6r¥aa’ cog(q)°M - 3r°M*aa’ cos(q)* + 2 r°M?aa” cos(q)* +4r M - 4r*aa’ cos(q)’ + 2 r°aa’ cos(q)* M
+4r°aa’ M +r2 M2 aa® + M?) (d(r) &~ d(f))) / ((4r2+4r M +M?) %),

(10r*M aa”cos(q)* - 6r’aa’ cos(q)’- 15r°M aa’cos(q)*+2r’aa”+3r*Maa’+2 M) (d(q) & d(f))
) 2r+M )
cos(q) sin(q) (6 r* M*aa’cos(q)* +2M* + 8raa’ cos(q)*M +4r M- 12r*aa” cos(q)’ - 28 r°aa’ cos(q)> M
+20r% a2 M + 12 r* aa? + 91> M? aa’ - 15 > M? aa® cos(q)?) (d(r) &~ d(f)) / (
(r+M)aacos(q) M (d(q) & d(r)) .5

47 +41 M+ M ’

Mcos(q) (-2r- M+6r°aa’ cos(q)*- r*M aa’ cos(q)>+ 2 r°M aa’ cos(q)* - r*M aa’- 6r°aa” cos(q)?)
(d(r) &~ d(q)) / (rsin(q) (4r2+4r M+M?)) +((- 26 > M aa? cos(q)* - 2r*M aa’ + 16 r> M aa’ cos(q))?
+12r°aa’cos(q)° M +2r- 2rcos(q)*- 10 cos(q)*M + 13 M cos(q)*- 3M) r aa (d(q) & d(f)))/(
(2r +M)sin(q)) +aacos(q) (-4r*+5M?- 6 M*cos(q)* + 12 r® aa’ cos(q)* M + 8 r* M aa’ cos(q)*
+12r°aa’M - 24r*aa’cos(()°M - 16 r*M*aa’ cos(q)*+8r°M?aa’+4r M- 8r cos(q)’ M) (d(r) &*d(f))

+2((4r"aa’

(4r?cog(q)*+4rcos(q)’M+M>cog(q)’- 4r°- 4rM- M*)r) - 4

0
/(4r%+4r M +M?), O
u

L [0,0,0,0]

| WHAT AN ALGEBRAIC MESS. BUT NOW COMPUTE the trace:

[ > TRACEOVEGA noTor si on_snal | mass: =subs(aa=0, M*2=0, 2*r +M=2*r, si npf or m(weol | ect ( OVEG
AM 1, 1] +OVEGAM 2, 2] +OVEGAM 3, 3] +OVEGAM 4, 4]))); JJ: =subs(d( TRACEOVEGA noTor si on_s
mal | mass) ) ;

_Mcos(q) (d(r) & d(q))

- r’sin(q)

TRACEOMEGA noTorsion_smallmass:

L JJ:=0
[ > TRACEOVEGA snal | Tor si on_nomass: =subs(aa”2=0, M=0, si npf or mwcol | ect (OVEGAM 1, 1] +OM
EGAM 2, 2] +OVEGAM 3, 3] +OVEGAM 4, 4]))); JJ: =si npl i f y(d( TRACEOVEGA smal | Tor si on_noma
ss));
TRACEOMEGA smallTorsion_nomass :=
laa(2r- 2rcog(q)’- 2sin(q)’r) (d(q) & d(f))
2 sin(q)
L JJ:=-2aa&”(d(r),d(q), d(f))sin(q)
[ > TRACEOVEGA: =( ( subs(aa”2=0, M*2=0, 2*r +M=2*r, si npf or n(wcol | ect (OVEGAM 1, 1] +OVEGAM 2
, 2] +OVEGAM 3, 3] +OVEGAM 4, 4]))))); JJ: =sinpli fy(subs(M'2=0, d( TRACEOVE®) ) ) ;
M cos(q) (d(r) &*d(q)) 1 .
r’sin(q) 2
(-10cos(q)*M + 13 M cos(q)’+2r- 3M- 2r cos(q)’- 2sin(q)*r +5sin(q)°M - 4 cos(q)>sin(q)*M)
(d(q) &~ d(f)) / sin(q) +§ (-4r- 8Mcos(q) +6M3aacos(q) (d(r) &™d(f))
sin(q) (12Mcos(q)>+2r - 3M) aa &™d(r), d(q), d(f))
L r
( The matrix of curvature 2-forms computed from the formula d{gamma] +

- 2aacog(q) (d(r) & d(f))

TRACEOMEGA :=

JJi=-
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[C]*[Gamma] is not zero, and does NOT HAVE A ZERO TRACE.
HENCE THE NON- ZERO TRACE IS DUE TO THE INTERACTION TERMS
[T]*"[Gamma].

MOREOVER, there is a4 CURRENT JJ if the TORSION
pertubation aa is not ZERO !!!! |n this example there
appears to exist a density distribution which depends
upon the torsion coefficients. There is no "3- current” in
the example.

[ > dt heta_dphi: =sinplify(factor(subs(aa”2=0, (get coeff( TRACEOVEGA& d(r) & d(tau))))))

; dr _dphi @ =sinplify(factor(subs(aa”2=0, (get coeff( TRACEOVEGA&"d(t heta) & d(tau)))))
);dr_dtheta:=sinplify(factor(subs(aa”2=0, (get coeff( TRACEOVEGA&d( phi ) &*d(tau))))
));sinmplify(factor(subs(aa”2=0, (get coeff( TRACEOVEGA&d( phi )& d(theta)))))); si npl
i fy(factor(subs(aa”2=0, (get coeff( TRACEOVEGA& d( phi ) &\d(r))))));sinplify(factor(s
ubs(aa”2=0, (get coef f ( TRACEOVEGA&"d(t het a) &\d(r))))));

Small torsion and finite mass approximation:

>
dtheta_dphi :=sin(q) (3 cos(q)’+ 1) aaM
(2r +4Mcos(q)*- 3M) aacos(q)
r
M cos(q)
r*sin(q)

dr_dphi :=-

dr_dtheta :=

0
0

0
As aa goes to zero, there is a non-zero contribution to the trace of the of the curvature 2-forms which

>

The Right Cartan matrix is often defined as the sum of Christoffel Symbols and Rotation coefficients.
Here the sign is changed for convenience

CartanRight(ijk) = ChristoffelGammalf(ijk) - T(ijk)

Compute the T(i,j,k): These coefficients - if not zero - indicate the effects
of the pertubations on the metric and Basis. If there is no difference
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between the Christoffel symbols and the Cartan connection symbols, then
the T(i,j,k) are zero.

>for i froml1lto dimdo for j from1l to dimdo for k from1l to dimdo ss:=0; ss
= (-Cdi,j,kl+C29[i,j,k]); SHPTRi,j,k]:=sinmplify(ss) od od od

VvV V

for i froml to dimdo for j from1l to dimdo for k from1 to dimdo if
C29[i,j,k]=0 and CJi,j,k]=0 then else print("T (i,j,Kk)=sinmplify(SH PTR[i,]j,Kk]))
fi od od od ;

T(ijk) index (1,-1,-1) with mass and torsion perturbations.
-2r’aa’cos(q)’+2r’aa’ cos(q)*- M
r(2r+mMm)
T(1,1,2)=cos(q) aa’ r’sin(q) - 2 cos(q)®aa’r’sin(q)
T(1,1,3)=aacos(q) r (-2M+2Mcos(q)*+2r’aa’ - 4r°aa”cos(q)’+2r’aa’ cog(q)* +5r° M aa’ cos(q)*
- 2r*aa’ cog(q)°M +r* M aa’ - 4r*Maa’ cos(q)?) / (2r + M)
T(1,2,1)=cos(q) aa’ r’sin(q) - 2 cos(q)®aa’r’sin(q)
r(-M- 2r’aa’cos(q)’+2r’aa’ cog(q)*+2r°* M aa’ cos(q)* - 2r*M aa’ cos(q)%)
2r+M
T(1,2 3)=- sin(q) rfaa(2 M cos(q)*- 2r*aa’ cos(q)*+ 2 r’aa’ co(q)* - 3r*M aa” coq(q)”
+5r°Maa’ cos(q)*- 2r°aa’ cos(q)°M +2r- M)/ (2r +M)
T(1,3,1)=r’cos(q) aa(4- 4cos(q)*+2r°aa’- 4r°cos(q)’aa” +2r’cos(q)*aa’ +5r M aa” cos(q)*
-2raa cos(q)°M+rMaa - 4r Maa’cos(q)?) /(21 + M)
T(1,3,2)=- sin(q) rfaa(-4r cos(q)’- 2r*aa’cog(q)*+ 2 r’aa’ cos(q)* - 3r*M aa” cos(q)*
+5r°Maa’ cos(q)*- 2r°aa’ cos(q)°M +2r- M)/ (2r +M)
T(1,3,3)=-2r(-M+Mcos(q)*- 3r*cos(q)®aa’M +r*cog(q)®aa’ M - r* cos(q)*aa’ M + 3r* cos(q)* aa* M
- rFaa’cog(q)°M +2r’aa’- r’ M aa’ cog(q)> + 2 r’aa” cos(q)* - 4r’aa’ cog(q)° +2r° M aa’ cog(q)*) / (
2r+M)

T(1,1,1)=2

T(1,2,2)=-2

(-1+cog(q)®) r aa’ cog(q) sin(q)
2r+M

T(2,1,1)=-4

T(2,1,2) =
2M- 6r’aa’cos(q)’+2r’aa’ +4r’aa’ cos(q)*- 3r°M aa’ cos(q) + 2 r° M aa’ cos(q)* + r* M aa’
) r(2r+M)
T(2,1,3)=- sin(q)aa(-2r- M- 4r¥aa’ cos(q)’+2r°aa’ + 2r’aa’ cos(q)* - 2r*aa’cos(q)°’ M +r*M aa’
+5r°Maa’ cos(q)*- 4r°M aa’ cos(q)?) / (2r + M)
T(2,2,1)=
2M- 6r’aa’cos(q)’+2rlaa’ +4r’aa’ cog(q)*- 3r°M aa’ cos(q) + 2 r° M aa’ cos(q)* + r* M aa’
) r(2r+M)
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cos(q) aa’r*sin(q) (-r +r cos(q)* + M cog(q)* - M)

T(2,2,2)=4
2r+M

r®cos(q) aa’(2r - 4rcos(q)*+2r cos(q)*+3 M- 8Mcos(q)*+ 7 cos(q)* M - 2cos(q)° M)

T(2,2,3)=-
2r+M

T(2,3,1)=- sin(q)aa(2r+M- 4rcos(q)*- 2M cos(q)’- 4r’aa’ cos(q)*+2r’aa”+ 2 r’ aa’ cos(q)*
- 2rfaa’cog(q)°M +r’ M aa’ +5r*M aa” cos(q)* - 4r*M aa’ cos(q)?) / (2r + M)
T(2,3,2)=-rcos(q)aa(4r+2M- 4rcogq)*- 2Mcos(q)’+2r’aa’ - 4r’aa’ cog(q)* + 2r°aa’ cos(q)*
+3r°Maa’ - 8r*Maa’cos(q)’+7r*Maa’cos(q)*- 2r*aa’ cos(q)° M)/ (2r + M)
T(2,3,3)=2sin(q) cos(q) r*aa’ (r*aa” cog(q)° M - r’M aa”- 3r°M aa’ cos(q)* + 3 r* M aa” cos(q)”
+2rcos(q)’- 2r- 2M- cos(q)*M+3Mcos(q)’)/ (2r + M)

T(3'1'1)=_4m
2r+M
i -1+2 2
T(3,1,2) = sin(q) aa ( CZOS(Q) )
-1+cog(q)
T(3,1,3) = 2M+2r’aa’cog(q)’ + 3 r° M aa’ cog(q)’ - 2r° M aa’ cos(q)* - 21’ aa’ - 1’ M aa’
SR r(2r+M)
sin(q) aa (- 1+ 2cog(q)”
(3,2, 1) = (9) aa( 2S(q))
-1+ cog(q)
r+M) co r aa
T(3,2, 2) = 4 L M) COS(A)
2r+M
2r- 2Mcos(q)*+3M)r?aa’cos(q) sin
(3, 2, 3)=( =€) ) s(q) sin(q)
2r+M
T 3 3 1 _ 2M+2r3aazcoqq)2+3r2|vlaazcoqq)z_ 2r2MaaZCqu)4- 2r3aa2- r2Maa2
D r(2r+M)
2r-2M 241 3M) r? ad? .
T(3, 3, 2)2( r cos(q) ) r? aa® cos(q) sin(q)
2r+M
|\/|2 42_22 242 4 2 2+1_ 2
(3.3, 3):2008(Q)raa (r’cos(q)” aa r’ cos(q)’ aa’ + r* aa cos(q)?)
2r+M
>
>

> for i from1lto dimdo for j from1l to dimdo for k from1l to dimdo if
c29S[i,j,k]=90 and Ci,j,k]=0 then el se
print("T (i,j,k)=sinplify(subs(aa=0, SH PTR[i,j,k]))) fi od od od ;

T(ijk) index (1,-1,-1) with mass perturbations only.

M

r(2r+M)

T(1,1,2)=0

T(1,1,3)=0

T(1,1,4)=0

T(1,2,1)=0

T(1,1,1)=-2

T(1,2,2)=2
2r+M
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T(1,2,3)=0
T(1,2,4)=0
T(1,3,1)=0
T(1,3,2)=0

r M (-1+cos(q)°)

T(1,33)=-2
2r+M

T(1,3,4)=0
T(1,4,1)=0
T(1 4,2)=0
T(1 4,3)=0
T(1,4,4)=0
T(2,1,1)=0
naLsz?aTﬁﬂ
T(2,1,3)=0
T(2,1,4)=0
naaan?aTﬁﬂ
T(2,2,2)=0
T(2,2,3)=0
T(2,2,4)=0
T(2,3,1)=0
T(2,3,2)=0
T(2,3,3)=0
T(2,3,4)=0
T(2,4,1)=0
T(2,4,2)=0
T(2,4,3)=0
T(2,4,4)=0
T(3,1,1)=0
T(3,1,2)=0
naLazQ?aTﬁB
T(3,1,4)=0
T(3,2,1)=0
T(3,2,2)=0
T(3,2,3)=0
T(3,2,4)=0
naaan?aTﬁB
T(3,3,2)=0
T(3,3,3)=0
T(3,3,4)=0
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T(3,4,1)=0
T(3,4,2)=0
T(3,4,3)=0
T(3,4,4)=0
T(4,1,1)=0
T(4,1,2)=0
T(4,1,3)=0
T(4,1,4)=0
T(4,2,1)=0
T(4,2,2)=0
T(4,2,3)=0
T(4,2,4)=0
T(4,3,1)=0
T(4,3,2)=0
T(4,3,3)=0
T(4,3,4)=0
T(4,4,1)=0
T(4,4,2)=0
T(4,4,3)=0
T(4,4,4)=0

>
> for i from1lto dimdo for j from1l to dimdo for k from1l to dimdo if
c29S[i,j,k]=90 and C(i,j,k]=0 then el se
print("T (i,j,k)=sinplify(subs(M0, SH PTR[i,j,k]))) fi od od od :
T(ijk) index (1,-1,-1) with torsion perturbations only.
T(1,1,1)=-2rcos(q)*aa’ +2r coy q)* aa’
T(1,1,2)=cos(q) aa’ r’sin(q) - 2 cos(q)®aa’r’sin(q)
T(1,1,3)=aa’cos(q) r’- 2aa’cos(q)’r® + aa’ cos(q)° r’
T(1,1,4)=0
T(1,2,1)=cos(q) aa’ r’sin(q) - 2 cos(q)®aa’r’sin(q)
T(1,2 2)=2r*aa’cos(q)*- 2r°aa’cos(q)*
T(1,2, 3)=sin(q) r*aa’ cos(q)*- sin(q) r*aa’cos(q)*- sin(q) r*aa
T(1,2,4)=0
T(1,3,1)=2rcoyq)aa- 2rcos(q)’aa+aa’cos(q) r’- 2aa’cos(q)’r’ +aa’ cos(q)° r’®
T(1,3,2)=2sin(q) r’cos(q)’aa+sin(q) r* aa’ cos(q)*- sin(q) r*aa’ cos(q)* - sin(q) r*aa
T(1,3,3)=-2r*aa’+4r*aa’ cog(q)*- 2r°aa’cos(q)*
T(1,3,4)=0
T(1,4,1)=0
T(1,4,2)=0
T(1,4,3)=0
T(1,4,4)=0
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T(2,1,1)=2aa" cos(q) sin(q) - 2aa”cos(q)*sin(q)
T(2,1,2)=3rcos(q) aa’- aa’r - 2r cos(q)* aa’
T(2,1,3)=sin(q) aa+2sin(q) aa’r*cos(q)’ - sin(q) aa’r*- sin(q) aa’ r* cos(q)*
T(2,1,4)=0
T(2,2,1)=3rcos(q) aa’- aa’r- 2r cos(q)* aa’
T(2,2,2)=-2co3(q) aa’ r’sin(q) + 2 cos(q)* aa’ r*sin(q)
T(2,2,3)=-aa’cos(q) r’+2aa’cos(q)’r’- aa’cos(q)’r’
T(2,2,4)=0
T(2,3,1)=-sin(q) aa+2sin(q) aacos(q)*+ 2sin(q) aa’r* cos(q)*- sin(q) aa’r*- sin(q) aa’ r* cos(q)*
T(2,3,2)=-2rcos(q)aa+2rcos(q)’aa- aa’cos(q) r®+2aa’cos(q)’r’- aa’ cos(q)°r’
T(2,3,3)=-2co3(q) aa’ r’sin(q) + 2 cos(q)* aa’ r*sin(q)
T(2,3,4)=0
T(2,4,1)=0
T(2,4,2)=0
T(2,4,3)=0
T(2,4,4)=0
cos(q) aa
r
sin(q) aa (- 1+2cos(q)*)

-1+ cog(q)*
T(3,1,3)=aa’r - r cos(q)* aa’
T(3,1,4)=0
sin(q) aa (- 1+2cos(q)*)

-1+ cos(q)’

T(3,2,2)=2r cog(q) aa
T(3,2,3)=cos(q) aa*r’sin(q)
T(3,2,4)=0
T(3,3,1)=aa’r - r cos(q)* aa’
T(3,3,2)=cos(q) aa’ r’sin(q)
T(3,3,3)=0
T(3,3,4)=0
T(3,4,1)=0
T(3,4,2)=0
T(3,4,3)=0
T(3,4,4)=0
T(4,1,1)=0
T(4,1,2)=0
T(4,1,3)=0
T(4,1,4)=0
T(4,2,1)=0
T(4,2,2)=0
T(4,2,3)=0

T(3,1,1)=-2

T(3,1,2)=

T(3,2,1) =
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T(4,2,4)=0
T(4,3,1)=0
T(4,3,2)=0
T(4,3,3)=0
T(4,3,4)=0
T(4,4,1)=0
T(4,4,2)=0
T(4,4,3)=0
L T(4,4,4)=0
[ NOte that there are first and higher order terms in the connection perturbation coefficient aa.
>
E> for i froml to dimdo for j froml1l to dimdo for k from1 to dimdo if
c29S[i,j,k]=90 and Ci,j,k]=0 then el se
print( T (i,j,k)=sinplify(subs(M0,aa=0,SH PTR[i,j,k]))) fi od od od ;
T(ijk) index (1,-1,-1) with no torsion and no mass perturbations.
T(1,1,1)=0
T(1,1,2)=0
T(1,1,3)=0
T(1,1,4)=0
T(1,2,1)=0
T(1,2,2)=0
T(1,2,3)=0
T(1,2,4)=0
T(1,3,1)=0
T(1,3,2)=0
T(1,3,3)=0
T(1,3,4)=0
T(1,4,1)=0
T(1,4,2)=0
T(1,4,3)=0
T(1,4,4)=0
T(2,1,1)=0
T(2,1,2)=0
T(2,1,3)=0
T(2,1,4)=0
T(2,2,1)=0
T(2,2,2)=0
T(2,2,3)=0
T(2,2,4)=0
T(2,3,1)=0
T(2,3,2)=0
T(2,3,3)=0
T(2,3,4)=0
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T(2,4,1)=0
T(2,4,2)=0
T(2,4,3)=0
T(2,4,4)=0
T(3,1,1)=0
T(3,1,2)=0
T(3,1,3)=0
T(3,1,4)=0
T(3,2,1)=0
T(3,2,2)=0
T(3,2,3)=0
T(3,2,4)=0
T(3,3,1)=0
T(3,3,2)=0
T(3,3,3)=0
T(3,3,4)=0
T(3,4,1)=0
T(3,4,2)=0
T(3,4,3)=0
T(3,4,4)=0
T(4,1,1)=0
T(4,1,2)=0
T(4,1,3)=0
T(4,1,4)=0
T(4,2,1)=0
T(4,2,2)=0
T(4,2,3)=0
T(4,2,4)=0
T(4,3,1)=0
T(4,3,2)=0
T(4,3,3)=0
T(4,3,4)=0
T(4,4,1)=0
T(4,4,2)=0
T(4,4,3)=0
T(4,4,4)=0

T
\%

Right Cartan(ijk) = ChristoffelGammay(ijk) - T(ijk)
NOW COMPUTE THE MATRIX ELEMENTS OF THE T(ijk) CONNECTION

[ > TGammll: =SH PTR[ 1, 1, 1] *d(r) +SH PTR[ 1, 1, 2] *d(t heta) +SH PTR[ 1, 1, 3] *d( phi ) +SH PTR
1,1,4]*d(tau);
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> TGanmal2: =SHI PTR[ 1, 2, 1] *d(r) +SHI PTR[ 1, 2, 2] *d(t het a) +SH PTR[ 1, 2, 3] *d( phi ) +SHI PTR[
1,2,4]*d(tau);
> TGanmal3: =SHI PTR[ 1, 3, 1] *d(r) +SHI PTR[ 1, 3, 2] *d(t het a) +SH PTR[ 1, 3, 3] *d( phi ) +SHI PTR[
1, 3,4]*d(tau);
> TGanmald: =SH PTR[ 1, 4, 1] *d(r) +SHI PTR[ 1, 4, 2] *d(t het a) +SH PTR[ 1, 4, 3] *d( phi ) +SHI PTR[
1,4,4]*d(tau);
(- 2r°aa’ cog(q)* + 2 r’ aa’ cos(q)* - M) d(r)
r(2r+Mm)
+(cos(q) aa’r*sin(q) - 2 cos(q)’ aa’r*sin(q)) d(q) - aaco(q) r (2M- 2 M co(q)* - 21 aa’
+4r’aa’cos(q)’- 2r¥aa’cos(q)*- 5r°Maa’cos(q)" +2r’aa’cos(q)° M - r* M aa’ + 4 r* M aa’ cos(q)?)
d(f)/ (2r +M)
TGammal2 := (cos(q) aa’r’sin(q) - 2 cos(q)*aa’r’sin(q)) d(r)
r(-M- 2r’aa’cos(q)*+2r*aa’cos(q)*+2r*M aa’ cos(q)* - 2r*M aa’cos(q)?) d(q) . s
-2 +sin(q) rraa(
2r+M
-2Mcos(q)®+2r*aa’cos(q)?- 2r¥aa’ cos(q)’ +3r° M aa’ cos(q)*- 5r* M aa’ cos(q)* + 2 r* aa’ cos(q)°* M
S 2r+M)d(f)/ (21 +M)
TGammal3 :=r’cos(q) aa (4 - 4 cos(q)’+2r*aa’ - 4r>cos(q)’ aa’+ 2r°cos(q)*aa” +5r M aa’ cos(q)*
- 2raa’cos(q)°M+rMaa’- 4r Maa®cos(q)’) d(r)/ (2r +M) - sin(q) rPaa(-4r cos(q)*- 2r°aa’ cos(q)’
+2r’aa’cos(q)* - 3r*Maa’cos(q)’+5r°Maa’cos(q)* - 2r*aa’cos(q)°M +2r- M)d(q)/(2r+M)- 2r
(-M+Mcos(q)*- 3r*cos(q)®aa’M +r*cog(q)®aa’ M - rcos(q)?aa’M +3r* cos(q)* aa’' M - r*aa’ cos(q)° M
+2r’aa’- r’Maa’cos(q)’+ 2 r’aa’ cos(q)* - 4rdaa’ cos(q)?+2r* M aa’ cos(q)*) d(f)/ (21 + M)
TGammald =0
TGanma21: =SHI PTR] 2, 1, 1] *d(r) +SH PTR[ 2, 1, 2] *d(t het a) +SH PTR[ 2, 1, 3] *d( phi ) +SH PTR[
2,1,4]*d(tau);
TGanma22: =SHI PTR] 2, 2, 1] *d(r) +SH PTR[ 2, 2, 2] *d(t het a) +SH PTR] 2, 2, 3] *d( phi ) +SH PTR[
2,2,4]*d(tau);
> TGanma23: =SHI PTR[ 2, 3, 1] *d(r) +SHI PTR[ 2, 3, 2] *d(t het a) +SH PTR[ 2, 3, 3] *d( phi ) +SHI PTR[
2,3,4]*d(tau);
TGanma24: =SH| PTR] 2, 4, 1] *d(r) +SH PTR[ 2, 4, 2] *d(t het a) +SH PTR] 2, 4, 3] *d( phi ) +SH PTR[
2,4,4]*d(tau);
(-1+coy(q)*) r aa’ cog(q) sin(q) d(r)
2r+M
(2M- 6raa’cos(q)’+2r¥aa’ +4r’aa’ cos(q)* - 3r°M aa’cos(q)’ + 2 r* M aa’ cos(q)* + r* M aa®) d(q)
) r(2r+M)
-sin(g)aa(-2r- M- 4r¥aa’cos(q)’+2r’aa’ +2raa’ cos(q)" - 2r*aa’ cos(q)° M +r’ M aa’
+5r°Maa’ cos(q)*- 4r°M aa’ cos(q)?) d(f )/ (2r + M)
TGamma22 .=
(2M- 6raa’cos(q)*+2r*aa’+4r’aa’ cog(q)* - 3r°M aa’ cos(q)* + 2 r* M aa’ cog(q)* + r* M aa®) d(r)
) r(2r+M)
4 cog(q) aa’ r*sin(q) (-r +r cos(q)* + M cos(q)*- M) d(q)
2r+M
r®cos(q)aa’(2r- 4rcos(q)’+2rcos(q)'+3M- 8Mcos(q)’+ 7 cos(q)* M- 2cos(q)® M) d(f)
) 2r+M
TGamma23:=- sin(q)aa (2r + M- 4rcos(q)*- 2M cos(q)*- 4r’aa’ cos(q)’ +2r¥aa’+ 2 r®aa’ cos(q)*

TGammall ;=2

\%

\%

\%

TGamma2l :=-4

=+
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- 2rfaa’cos(q)° M +r*Maa’+5r° M aa’ cos(q)* - 4r°M aa’cos(q)?) d(r)/(2r +M) - rcos(q) aa (4 r

+2M- 4rcos(q)’- 2Mcos(q)*+2r¥aa’- 4r®aa’ cos(q)’ +2raa’cos(q)* +3r*Maa’- 8r°M aa’ cos(q)°

+7r°M aa’cos(q)* - 2r*aa’cos(q)°M) d(q)/ (2r + M) +2sin(q) cos(q) r* aa’ (r* aa’ cos(q)° M - r* M aa’

- 3r’M aa’cos(q)* +3r*M aa’ cos(q)*+ 21 cos(q)*- 2r- 2M - cos(q)* M +3 M cos(q)*) d(f)/ (21 + M)

TGamma24 := 0

© > TGanma31l: =SHI PTR[ 3, 1, 1] *d(r) +SH PTR[ 3, 1, 2] *d(t het a) +SH PTR[ 3, 1, 3] *d( phi ) +SH PTR[
3,1,4]*d(tau);

> TGanma32: =SHI PTR[ 3, 2, 1] *d(r) +SHI PTR[ 3, 2, 2] *d(t het a) +SH PTR[ 3, 2, 3] *d( phi ) +SHI PTR[

3,2,4]*d(tau);

TGanma33: =SHI PTR] 3, 3, 1] *d(r) +SH PTR[ 3, 3, 2] *d(t het a) +SH PTR] 3, 3, 3] *d( phi ) +SH PTR[

3,3,4] *d(tau);

> TGanma34: =SHI PTR[ 3, 4, 1] *d(r) +SHI PTR[ 3, 4, 2] *d(t het a) +SH PTR[ 3, 4, 3] *d( phi ) +SHI PTR[
3,4,4]*d(tau);

cos(q) aad(r) sin(q)aa(-1+2 cos()*) d(q)

\%

\%

TGamma3l:=-4

2r+M -1+ cos(q)?
(2M +2r*aa’cos(q)*+3r*Maa’ cos(q)’- 2r’Maa’cos(q)* - 2r¥aa’- r* M aa’) d(f)
) r(2r+mMm)
] -1+2 )d M d
TGamTas? = sin(q)aa(-1+ COSEQ)) (f)+4(f+ ) cos(q) r aa d(q)
-1+co9(q) 2r+M
. (2r- 2Mcos(q)*+3M) r?aa’ cos(q) sin(q) d(f)
2r+M
(2M+2r*aa’cos(q)*+3r*Maa’ cos(q)*- 2r’Maa’ cos(q)* - 2r¥aa’- r*Maa’) d(r)
TGamma33 := -
r(2r+M)
L@r- 2 M cos(q)*+3M) r aa’ cos(q) sin(q) d(q)
2r+M
o cos(q) raaM (r?cos(q)*aa’- 2r°cos(q)’aa’+r*aa’ +1- cos(q)?) d(f)
2r+M
L TGamma34 :=0
T > TGanma4l: =SHI PTR[ 4, 1, 1] *d(r) +SH PTR[ 4, 1, 2] *d(t het a) +SH PTR] 4, 1, 3] *d( phi ) +SH PTR[

4,1,4]*d(tau);
TGamme42: =SH PTR[ 4, 2, 1] *d(r) +SHI PTR[ 4, 2, 2] *d(t het a) +SHI PTR[ 4, 2, 3] *d( phi ) +SH PTR[
4,2,4]*d(tau);
> TGama43: =SH PTR] 4, 3, 1] *d(r) +SHI PTR 4, 3, 2] *d(t het a) +SH PTR[ 4, 3, 3] *d( phi ) +SH PTR
4,3,4] *d(tau);
TGamme44: =SH PTR[ 4, 4, 1] *d(r) +SH PTR[ 4, 4, 2] *d(t het a) +SHI PTR[ 4, 4, 3] *d( phi ) +SH PTR[
4,4,4]*d(tau);

\%

\%

TGammadl =0
TGamma42 .= 0
TGamma43 =0
L TGammad4 .= 0
[ >
[ >
L

[ Compute the inertial curvature d[T] + [C]*[T]
( > QOregaCCll: =si npforn(sinmplify(CGmall& TGammuall+CGamual2& TGamma21+CGanmmal3&" TGa
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nma31+CGamual4&* TGamma4l) ) ; OnegaCCl2: =si npf or m(si npl i f y( CGammall& TGamual2+CGanm
al2& TGamma22+CGammual3&* TGame32+CGammul4& TGanma4?2) ) ; OnegaCCl3: =si npf or n{ si npl i
fy(CGammall& TGammal3+CGammal28&" TGammua23+CGamual3&* TGanma33+CGanmal4 & TGanma43) )

; OnegaCCl4: =si npf orn(si npl i fy(CGamuall& TGanmald+CGanmal2& TGanmma24+CGammal3& TG
ama34+CGamal4&* TGame44) ) ;

OmegaCCil = - rsin(q) aa’co(q) (-2r - 2Mcos(q)* + M +4r cog(q)°) (d(r) & d(q)) +rsin(q)aal
2r+M
-4rcos(q)’- 5r°M aa’cos(q)’- 4r?aa’ cos(q)° M - 6r°aa’ cos(q)”+8r° M aa’ cos(q)* + 4 r® aa’ cos(q)*
+2Mcog(q)*+r*Maa’+2r’aa’) (d(q) &  d(f))/(2r +M) - cos(q) aa (5r*M aa” cos(q)*
- 4r*Maa’cos(q)*+2r¥aa’- 2r?aa’cos(q)* M +2rfaa’cos(q)*- 4r®aa’ cos(q)’- 4rcos(q) +4r
+r’Maa’ +4Mcos(q)*- 4M) (d(r) & d(f))/(2r + M)
OmegaCC12 := - r’cos(q) aa (4 r’aa’ cos(q)*- 11r°M aa’ cos(q)” + 12r*M aa” cos(q)* - 6 r®aa’ cos(q)?
-2Mcos(q)?+2M+3r*Maa’+2r%aa’- 4rcos(q)’+4r- 4r*aa’cos(q)° M) (d(f) & d(q))/ (2r + M)
- rsin(q) aa(2r®aa’cos(q)*+5r*Maa’ cos(q)* - 2r’*aa’cos(q)°M - 3r*M aa’ cos(q)’- 4r cos(q)>+ M
- 2rfaa’cog(q)*+2r) (d(f) &™d(r)) /(21 + M)
. (2r’aa*+2M- 4r’aa” cos(q)’+r*Maa’ + 4 r’aa’ cos(q)*) (d(q) &~ d(r))
2r+M
OmegaCC13 := 2r®cos(q) aa’ sin(q) (4 r* M aa’ cos(q)* - 5r*M aa’ cos(q)* + 2r? aa’ cos(q)°* M - r* M aa’
- 4r+4rcos(q)’+5Mcogq)*- 2cos(q)* M- 3M) (d(f) & d(q))/(2r +M) - ((6r*M aa” cos(q)*
- 2r*cos(g)’aa*M- 2M +4r’aa’ cos(q)* - 6r°aa’cos(q)’+2r’aa’ +2 M cos(q)* +r° M aa’
+6r'cos(q)'aa’ M +2r'cos(q)®aa’ M- 6r*cos(q)®aa’ M- 5r>M aa’ cos(q)*- 2r?aa’ cos(q)® M)
(d(f)&~d(r)))/(2r+M)+aasin(q) r (2r¥aa’cos(q)*+r*Maa’- 4r*aa’cos(q)*- 2r*M aa’ cos(q)?
+3r’Maa’cos(q)* - 4rcos(q)’- 2r’aa’ cos(q)’M+M+2r+2raa’) (d(q) & d(r))/(2r +M)
L OmegaCCl4 := 0
T > OmegaCC21: =si npf or n(si npl i f y( CGamm218&" TGanmall+CGanma22&* TGamm21+CGamm238 TGa
nma31+CGamu24&* TGammua4l) ) ; OmegaCC22: =si npf or n(si npl i f y( CGama21&" TGanmal2+CGanmm
a22&" TGamma22+CGamma238&* TGarmma32+CGanma24&” TGamma4?) ) ; OregaCC23: =si npf or n( si npl i
fy(CGanma21&" TGammal1l3+CGamma228&* TGanma23+CGamua23&* TGamma33+CGanma24&" TGamma43) )
- OmegaCC24: =si npf or n(si npl i f y( CGamm218&" TGanmal4+CGanma228&, TGamm24+CGamma238° TG
amma34+CGamm248  TGanmad4) ) ;
OmegaCC21 := - cos(q) aa(-5M - 4r’aa’cos(q)° M + 4 r®aa’ cos(q)* - 8r*M aa® cos(q)* + 4 M cos(q)?
+10r*Maa’ cos(q)* +2r*Maa’ +4r’aa*- 8raa’cos(q)”- 4rcos(q)*+2r) (d(f)&*d(q))/(2r +M)
.\ sin(q) aa(-4Mcos(q)*+3M- 2r+4rcog(q)?) (d(f) &~ d(r))
r(2r+mMm)
+8 (-1+coy(q)*) r aa” cog(q)* (d(q) &~ d(r))
2r+M
OmegaCC22 := 2 cos(q) aa’ r sin(q) (-1 + 2 cos(q)?) (d(r) &~ d(q)) - r sin(q) aa (- 4r cos(q)*
- 6r°M aa’cos(q)’- 4r*aa’cos(q)° M - 4raa’ cos(q)®+ 10 r* M aa’ cos(q)* + 4 r*aa’cos(q)* +2r - 3M)
cog(q) aa (4r cox(q)*- 21 +M) (d(r) &~ d(f))
2r+M
OmegaCC23:=-2r cos(q) aa (4- 4cos(q)’+2r°aa” - 4r°cos(q)” aa’ +2r°cos(q)* aa’+5r M aa’ cos(q)*
- 2raa’cos(q)°M+rMaa’- 4r Maa’cos(q)®) (d(r) &~ d(q))/(2r+M)+((-4r*cos(q)’aa’ M
- 14r®aa’ cos(q)’ + 12 cos(q)*aa' M + 6 r* aa® + 8 r* aa’ cos(q)* + 4 r* cos(q)? aa’ M + 8 > M aa” cos(q)*

(d(q) &™d(f))/(2r+M) -
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- 12r*cos(g)®aa'M + 2 M cos(q)*- r*Maa’- 3r°M aa’cos(q)*- 4r’aa’cos(q)°M- 2M) (d(f) &*d(q)))
cos(q) sin(q) M (r*coy(q)® @&’ - r*aa’- 1) (d(r) & d(f))
r(2r+M)
L OmegaCC24 := 0
[ > OmegaCC31: =si npf or n(si npl i f y( CGamma31&* TGanmall+CGamma32& TGamm21+CGanma33& TG
nmra31+CGamua34&* TGamma4l) ) ; OnegaCC32: =si npf or m(si npl i f y( CGamma31&* TGamual2+CGanm
a328" TGanmma22+CGama33&" TGanma32+CGamma34&* TGamma42) ) ; OregaCC33: =si npf or n{ si npl i
f y( CGanma31&* TGanma13+CGanma32&* TGanma23+CGanma33&* TGanma33+CGanma34&" TGanma43) )
; OmegaCC34: =si npf or n( si npl i f y( CGanma31&* TGamal4+CGamm328" TGamma24+CGama338) TG
amm34+CGanmma34& TGama44) ) ;
aa(2r+M- 2Mcos(q)?) (d(r) &~ d(q))
rsin(q) (2r+M)
cos(q) r aa’ (-2 co(q)* M + 21 cog(q)* +3M cos(q)*- M - 2r) (d(q) &~ d(f))
' sin(q) (21 + M)

aa’ (-2 cos(q)*M+2r cos(q)*+3Mcos(q)*- M- 2r) (d(r) & d(f))
) 2r+M
cos(q) aa (2r - 2M cog(q)*+3M) (d(r) & d(q))

2rcos(q)’- 2r- M+ M cos(q)®
. (-2r*Maa’ cos(q)* + 3r* M aa’ cos(q)* + 2 r® aa’ cos(q)* - 2M) (d(q) & d(f))
2r+M
(2% aal cos(q)?- 2r°aal- 212 M aa® cos(q)* + 512 M aal cos(q)?- 3r°Maa®- 2M) (d(r) &~ d(f)) / (
r(2rcox(q)’- 2r- M+ M cos(q)*))
cos(q) M (r? cos(q)*aa’ - r®aa’- 1) (d(r) &~ d(q)) “r
sin(gq)r(2r+M)
(2r?aa’ cos(q)°M - 4cos(q)* M- 4r*Maa’ cos(q)* - 2r cos(q)*+2r>M aa’ cos(q)* +5M cos(q)*- M +2r)
(d(a) &*d(f))/ (sin(q) (2r +M))
+cos(q)aa(2r2Maa2ms(q)4- 4Mcos(q)’- 4r*Maa’cos(q)’+3M- 2r +2r*Maa’) (d(r) & d(f))
2r+M

L OmegaCC34:=0
[ > OmegaCCA1l: =si npf or n(si npl i f y( CGamma41&* TGanmall+CGamma42& TGamm21+CGanma43& TGa
nmma31+CGamua44&* TGamma4l) ) ; OnegaCCA2: =si npf or m(si npl i f y( CGamma41&* TGamual2+CGanm
a428" TGamma22+CGama43&" TGanma32+CGammad4&* TGammma42) ) ; OregaCC43: =si npf or n{ si npl i
f y( CGanma41&8* TGanma13+CGanma4 28" TGanma23+CGanma4 38" TGanma33+CGanmad4& TGanma43) )

; OregaCC44: =si mpf or m( si npl i fy(CGamua41& TGammal4+CGanma42&" TGamma24+CGanmad 38" TG
amma34+CGammad48&*TGanmed4) ) ;

[(2r +M) +2

OmegaCC3l :=

OmegaCC32 := -

+sin(q) cos(q)

OmegaCC33:=-2 aa

OmegaCC41:=0
OmegaCC42 :=0
OmegaCC43:=0

L OmegaCC44 :=0

> CartanT: =array([[ TGammall, TGammal2, TGamml3, TGanmmald], [ TGamma2l, TGanma22, TGamma?2
3, TGamma24], [ TGamua3l, TGanme32, TGamma33, TGamma34] , [ TGanmedl, TGamma42, TGanma43, TG
amad4]]);

CartanT =

Page 43



gz (-2r’aa’cos(q)’+2r’aa’ cos(q)*- M) d(r)

e r(2r+M)

cos(q) r (2M- 2Mcos(q)*- 2r’aa’ + 4 r’aa’ cog(q)*- 2raa’cos(q)* - 5r°M aa’ cos(q)*

+2r°aa’ cog(q)°M - r’Maa’+4r*Maa’ cos(q)?) d(f )/ (2r + M),

(cos(q) aa’ r*sin(q) - 2 cos(q)’ aa’ r*sin(q)) d(r)

r(-M- 2r®aa’cos(q)’+2r*aa’ cog(q)*+ 2r*M aa’ cos(q)* - 2r°M aa’cos(q)’) d(q) . s

-2 +sin(q) raa(
2r+M

-2Mcos(q)’+2raa’ cos(q)*- 2r’aa’ cos(q)* +3r°M aa’ cos(q)”- 5r>M aa’ cos(q)* + 2 r* aa’ cos(q)° M

-2r+M)d(f)/(2r+M),rcos(q) aa(4- 4cos(q)*+2r°aa’ - 4r°cos(q)’aa’+ 2 r° cos(q)* aa’”

+5rMaa’cos(q)’- 2raa cos(q)°M+rMaa’- 4r Maa’ cos(q)?) d(r)/(2r+M) - sin(q) r*aa(

-4rcos(q)’- 2raa’ cos(q)* + 2 r*aa’cos(q)* - 3r*Maa’ cos(q)’+5r° M aa” cos(q)*- 2r”aa’ cos(q)° M

+2r- M)d(q)/(2r+M)- 2r (-M+Mcos(q)*- 3r*cos(q)®aa*M +r*cog(q)®aa’ M - r* cog(q)*aa’ M

+3r*cos(q)*aa’M - r’aa’cos(q)° M + 2r’aa*- r*M aa’ cos(q)* + 2 r’ aa” cos(q)* - 4r®aa’ cog(q)®

+(cos(q) aa’ r* sin(q) - 2 cos(q)” aa’ r*sin(q)) d(q) - aa

+2r°M aa” cos(q)*) d(f)/(2r+M),OE

€ (-1+cos(q)’)raa’cos(q)sin(q) d(r)
64
<] 2r+M

(2M- 6r’aa’cos(q)’+2r’aa’ +4r’aa’ cos(q)*- 3r°M aa’ cos(q)* +2r° M aa’ cos(q)* + r* M aa’) d(q)
) r(2r+M)
-sin(q)aa(-2r- M- 4r*aa’cos(q)*+2r’aa” +2r’aa’ cos(q)*- 2r*aa’ cos(q)° M +r’ M aa’
+5r°Maa’ cos(q)*- 4r*M aa’ cos(q)?) d(f)/(2r +M),

(2M- 6r’aa’cos(q)’*+2r’aa’ +4r’aa’ cogq)*- 3r°Maa’ cog(q)°+2r° M aa’ cog(q)* + r* M aa’) d(r)

r(2r+M)
‘4 cog(q) aa’ r*sin(q) (-r +r cos(q)* + M cos(q)* - M) d(q)
2r+M
r®cos(q)aa’ (2r- 4rcos(q)’+2rcos(q)*+3M- 8Mcos(q)*+ 7 cos(q)* M- 2cos(q)° M) d(f) _
) 2r+M - sin(a)

aa(2r+M- 4rcos(q)*- 2Mcos(q)’- 4raa’ cog(q)*+2r°aa’+2r’aa’cos(q)* - 2r*aa’ cos(q)° M
+r’Maa’+5r*Maa’cos(q)*- 4r*Maa’ cos(q)?) d(r)/(2r +M)- rcos(q)aa(4r+2M- 4r cos(q)”

- 2Mcog(q)*+2r’aa’- 4r°aa’cos(q)’+2r’aa’ cos(q)*+3r°*Maa’ - 8r*Maa’ cos(q)’+ 7 r*M aa’ cos(q)*
- 2r%aa’ cog(q)°M) d(q) / (2r + M) + 2sin(q) cos(q) r* aa” (r*aa’ cos(q)°M - r* M aa’ - 3r°M aa” cos(q)*

+3r°*Maa’ cos(q)*+2r cos(q)’- 2r- 2M - cos(q)“M+3Mcos(q)2)d(f)/(2r+M),OE

§_4 cos(q) aad(r) N sin(q) aa (- 1+2cox(q)*) d(q)
é 2r+Mm -1+ cog(q)?
(2M+2r°aa’cos(q)’+3r*Maa’cos(q)’- 2r*M aa”cos(q)*- 2r*aa’- r* M aa’) d(f)

) r(2r+M) '
sin(q) aa (- 1+ 2 cos(q)*) d(r) +a (r +M) cos(q) r aad(q)

-1+ cog(q)? 2r+M
.\ (2r- 2Mcos(q)*+3 M) r’aa” cos(q) sin(q) d(f)

2r+M '
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(2M+2r*aa’cos(q)’+3r*Maa’cos(q)’- 2r*Maa” cos(q)*- 2r®aa’- r* M aa’) d(r)
) r(2r+mMm)
@ 2 M cos(q)* +3M) r* aa’ cog(q) sin(q) d(q)
2r+M
) cos(q) raaM (r’cos(q)*aa’ - 2r>cos(q)’aa’+r’aa’+1- cos(q)?) d(f)
2r+M

u
+ , 04
u

L [0,0,0,0]

[ > OnegaD: =si npf orn(d( CartanT));

> OVEGAT: =si npforn(sinmplify(array([[ Oregal 1, 1] +OregaCCl1, OnegaD 1, 2] +OregaCCl12, Om
egaD[ 1, 3] +OregaCCl3, Oregal) 1, 4] +OnegaCCl4], [ OregaD 2, 1] +OregaCC21, Onegal 2, 2] +On
egaCC22, OregaD 2, 3] +OregaCC23, Onegal 2, 4] +OmegaCC24], [ Oregal 3, 1] +OmregaCC31, Oreg
aDf 3, 2] +OnegaCC32, Oregal 3, 3] +OregaCC33, Onegal] 3, 4] +OregaCC34] , [ OregaD 4, 1] +Oreg
aCC41, Onegal 4, 2] +OnmegaCC42, OregaD 4, 3] +OregaCC43, Omegal 4, 4] +OmregaCC44]1)));

OmegaD :=

é
g- rsin(q)aa(-2M+6M cos(q)’+2r¥aa’ - 12r°aa’cos(q)” + 10 r® aa’ cos(q)* + 25 r* M aa” cos(q)*

- 14r*aa’cos(q)’ M +r*Maa’- 12r*M aa” cos(q)?) (d(q) &~ d(f))/(2r + M) + aacos(q) (2 M? cos(q)*

- 6r’M*aa’ cos(q)°- 8cos(q)°r’aa” M- 2M*+3r*Maa’ + 12r°aa’ M + 12 r* aa® + 15 r* M* aa” cos(q)*

+28r’aa’cos(q)* M- 32r®aa’ cos(q)° M - 12r° M*aa’ cos(q)” - 24 r* aa’ cog(q)* + 12 r* aa” cos(q)*)

cog(q) r sin(q) aa® (-2r - 2M cog(q)* + M +4r cox(q)*) (d(q) &~ d(r))
2r+M

aacos(q) (-2 M cos(q)’ +2r®aa’ cos(q)*- 2raa’ cos(q)* +3r°M aa’cos(q)*- 5r°M aa’ cos(q)*

+2r°aa’cog(q)°M- 2r+ M +4sin(q)°’M- 4sin(q)*aa’ r’+8sin(q)”aa’ r’ cos(q)” - 6sin(q)*aa’ r’ M

+20sin(q)’aa’r’cos(q)’ M - 12sin(q)*aa’ r’ cos(q)* M) (d(q) & d(f))/(2r+M) - 2rsin(q) aa(

2M?cog(q)*+2r cos(q)°M - 4r*M*aa” cos(q)°- 6cos(q)’r*aa®M- M>+2r M +4r*+10r*M?aa” cos(q)*

+20r’aa’cos(q)* M - 14r’aa’ cos(q)°M - 6r*M*aa’ cos(q)>- 8r*aa’cos(q)” +8r*aa” cos(q)?)

(d(r) &7 d(f)) / (2r + M)?+ ((-4r*sin(q)? aa®- 4r’sin(q)’aa® M - r2sin(q)? aa® M?- 20 r* aa’ cos(q)°

- 281’ aa’cos(()* M - 11r* M aa’ cos(q)° + 24 r* sin(q)? aa” cos(q)” + 24 r’ sin(q)* aa” cos(q)* M

+6r°sin(q)”aa’ cos(q)> M* + 16 r* aa’ cos(q)* + 24 r* aa” cos(q)* M + 10 r* M* aa’ cos(q)* - 2 M?)

(d(q) &~ d(r))) / (2r + M)?, 4r cos(q) sin(q) (M- 9r* cos(q)* aa* M + 4 r* cos(q)® aa* M - r*aa*M

+6r*cos(q)’aa’*M- 3r°M aa’ cos(q)*- r’Maa’+4r’aa’ cog(q)*- 4r’aa’+4r°M aa’ cog(q)%)

(d(q) & d(f))/(2r+M)- 2 ((M?cos(q)*- 3r*M*aa’cos(q)®- 4cos(q)°rPaa” M- M*+8rlaa’M

+24r°aa* cos(q)* M- 5r* M?aa’ cos(q)’ - 8r°aa’ cos(q)°M +5r* M*aa’ cos(q)° + 8 r° aa’ cog(q)® M

- 15r* M?aa’ cos(q)° + 12 aa’ - 24 r°aa’ cos(q)° M + 15 r* M? aa’ cog(q)* + 6 r* M* aa’ cos(q)*

+16r°aa’cos(q)* M- 20r®aa’ cos(q)° M - 3r* M*aa’ cos(q)”- 24 r*aa” cos(q)’ + 12 r* aa’ cos(q)*)

(d(r) &~ d(f))) / (2r +M)?- rsin(q) aa (-6 r> M? aa? cos(q)° - 16 cos(q)° r’ aa’ M + 2 M? + 1 M? aa’

+4r*aa®M+4r*aa’- 8ricos(q)’+5r°M*aa’ cos(q)* + 20 r* aa” cos(q)* M - 8r°aa” cos(q)’ M

(d(r) &7 d(f)) / (21 + M)?- 2 2

- 8r*aa’ cog(q)* + 4 r*aa’cos(q)*) (d(q) & d(r))/(2r+M)2,OE

é
Baacos(q) (2r+M+4r’aa’cos(q)’- 2r’aa’- 2r’aa’ cos(q)’ +2r*aa’ cos(q)° M - r* M aa’
&

- 5r*Maa’ cos(q)*+4r°M aa’ cos(q)*- 8sin(q)’aa’r’+8sin(q)®aa’r®cos(q)’ - 12 sin(q)”aa’ r* cos(q)* M
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+20sin(q)’aa’r’cos(q)’M - 8sin(g)*aa’r’M) (d(q) &~ d(f))/(2r+M)- 2aa’sin(q) r (- 8r*cos(q)*

- 10r cos(q)’M +4r?+4rM+4cos(q) r*+8cos(q)*r M- 2rcos(q)°M - 2 cos(q)® M* + M? + 5 cog(q)* M?

- AMPcos(q)?) (d(r) &M d(f)) /(21 +M)?+ ((24 r* sin(q)? aa’ cos(q)? + 12 r* sin(q)? aa® cos(q)> M

- 8r*sin(q)®aa’- 4r’sin(q)’aa’M - 4r*aa’ cos(q)’- 8r’aa’cos(q)°M +4r’aa’cos(q)' M - 2M?

+rPM?aa’ +4raa® M +4r*aa’- 8r M +2r2 M2 aa cos(q)* - 312 M?aa? cos(q)?) (d(q) &~ d(r))) / (

(2r +M)*r?), r*aa’sin(q)

(2r- 12rcos(q)*+10r cos(q)*+3M - 24 M cos(q)* + 35 cos(q)* M - 14 cos(q)° M) (d(q) &* d(f)) / (

2r+M)- aa’cos(q) r’ (12r°+20r M- 24r*cos(q)”- 48r cos(q)*M + 12 cos(q)* r* + 36 cos(q)* r M + 9 M?

- 24 M? cos(q)? + 21 cos(q)* M2 - 87 cos(q)° M - 6 cos(q)® M?) (d(r) &7 d(f)) / (21 +M)?

o cog(q) rsin(q)aa*(-4r*- 2r M+ M?+8r’cos(q)’+ 61 cos(q)* M) (d(q) & d(r))
(2r+M)?

-cos(q)°r*aa’ M +r*M aa” cos(q)’ + 3r*aa’ cos(q)° M - 3r*M aa’ cos(q)*- 2r cos(q)* + 21 cog(q)°

+2Mcos(q)*+cos(q)°M - 3cos(q)* M+ 7sin(q)’r’aa’ cos(q)® M - sin(q)*aa’ r’ M

- 15sin(q)®aa’r’cos(q)* M + 9 sin(q)*aa’ r’ cos(q)* M + 6 cos(q)* sin(q)’r - 2sin(q)’r - 2sin(q)°M

- 5sin(q)*cos(q)* M + 9 cos(q)* sin(q)* M) (d(q) & d(f)) / (2r + M) + 4 cos(q) sin(q) r aa” (-3r’aa” M

- 4r°- 2r*MPaa’+6r°M*aa” cos(q)’ + 2r*M*aa’ cos(q)° - 61> M?aa’cos(q)*- 5rM- 2M?

+9raa’ cog(q)*M +3cos(q)’r*aa®M - 9r’aa’ cos(q)* M - cos(q)* M+ 3 M* cos(q)” + 4 r* cos(q)°

+671 cos(q)> M- cos(q)*r M) (d(r) & d(f)) / (2r + M)*+aacos(q) (M- 16 r* aa® cos(q)?

- 201 M? aa” cos(q)” + 16 r* M* aa’ cos(q)* + 8 r’ M*aa” + 16 r’ aa’ M - 4r> M* aa” cos(q)°

- 36r°aa’cos(()° M + 8 r*aa’ cos(q)* + 24 r’ aa’ cos(q)* M - 4 cos(q)°r®aa® M - 12 r”sin(q)” aa’ cos(q)* M?

+20r?sin(q)?aa” cos(q)’ M? - 8r’sin(q)’aa’ M*+ 16 r*sin(q)* aa” cos(q)*- 16 sin(q)’rM +8r*aa +4r M

+4r1°- 4sin(q)°M?- 16sin(q)°r*- 16 r*sin(q)*aa” + 48 r’sin(q)” aa’ cos(q)* M - 24r’sin(q)* aa’ cos(q)* M

,-2r7ad (

- 24r%sin(q)?aa*M) (d(q) &” d(r))/(2r+M)2,OE

§4 aasin(q) (d(q) &"d(r)) +2 r aa’ cog(q) sin(q) (2r +3 M- 4 M cos(q)*) (d(q) &~ d(f)) -
é 2r+M 2r+M
4r*aa’cos(q)’+4r’aa’ cos(q)’M +3r*M*aa’ cos(q)*- 2r°M?aa’cos(q)’ - 4r*aa’ - 4r’aa M - r’ M aa’
- 8r M- 2M?) (d(r) &~ d(f))) / ((2r +M)?r?) , - r?aa’
(-6cos(q)*sin(q)* M +2sin(q)*r +3sin(q)* M- 2r cos(q)* + 2 cox(q)* M - 3M cos(q)?) (d(q) &~ d(f)) / (
aa”cos(q) sin(q) (4r°+6rM- 2r cos(q)°M - 2 M?cos(q)*+ 3 M) (d(r) &*d(f))
(2r +M)?

(-4r°- 4rM- 3M*+4r°cos(q)*+4r cos(q)°M +5M cog(q)*- 2cos(q)* M*+8sin(q)*r*+8sin(q)’rM
+29”(Q)2M2)(d(Q)&"d(f))/(('1+COS(Q)2)2(2f+|V|)2).

raaMsin(q) (5r°cos(q)*aa’- 6r°cos(q)*aa’ +r*aa’+1- 3cos(q)?) (d(q) & d(f))
-2 2+ M +2 M aacosq) (
4r%aa’cos(q)*+3r*Maa’cos(q)’ - 8r’aa’ cos(q)’- 6r°Maa’ cos(q)*+4r’aa’+3r’Maa’+ M- M cos(q)”
cog(q) r sin(q) aa’ M (-r +3r cog(q)’ + M cog(q)°) (d(q) & d(r)) U

(2r +M)? OH

r
2r+M)+2 +aacos(q)

) (d(r) &7 d(f)) /(21 +M)2- 4

[0,0,0,0]
OMEGAT :=
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érsin(q) aa’ cog(q) (-2r - 2M cog(q)* + M +4r cox(q)*) (d(r) & d(q))
& 2r +M
+6r°aa’ cog(q)*+ 7 r°Maa’ cos(q)*- 17 r*M aa” cos(q)* + 10 r* aa® cos(q)°* M - 4r cos(q)* + 2 M
- 4Mcog(q)?) aasin(q) r (d(q) & d(f)))/(2r+M)- 2aacos(q) (4r°- 4r’cos(q)’- M*+ M? cog(q)*
- 8rlaa’cog(q)*M- 4r*aa’+2cos(q)’r*aa’M - 4r*aa’cos(q)* +2r* M aa” cos(q)° + 81 aa’ cog(q)°
- 5r*M*aa’ cog(q)* - 4r°aa”M +10r°aa” cos(q)° M + 4 r° M? aa’ cos(q)* - r*M?aa’- 2r M+ 2r cos(q)° M)
(d(r) &7 d(f)) / (4r2+4r M+M?), ((6r°aa’cos(q)* - 81°aa’cos(q)? + 21 aa’ + 31> M aa?
+25r°M aa’ cos(q)* - 18r*M aa” cos(q)’ - 10r* aa’ cos(q)° M + 4 r cos(q)’- 2r + 8M cos(q)*- 7 M) aa
cos(q) r* (d(f) &~ d(q)))/(2r+M) +aasin(q) r (-20r’aa’ cos(q)*M - 6 r* M*aa’ cos(q)°
+15r° M?aa” cos(q)* + 28 r®aa’ cos(q)* M - 8 cos(q)° r*aa”M - 12 r*aa” cos(q)’ + 12 r* aa” cos(q)*
+871 cos(q)*M - 9r?>M? aa® cog(q)% + 812 cos(q)? + 4 12 + 4 M? cos(q)? - 3M?) (d(f) &~ d(r)) / (
477 +41 M+ M)

4rM(rMaazcos(q)“+1- r M aa® cos(q)” + r> cos(q)* aa’ - r* cos(q)* aa’) (d(q) &~ d(r)) 2 ((

4P+ 41 M+ M ’

8r*cos(q)*aa’ M- 13r* cog(q)*aa*M +6r1* cos(q)®aa*M - r*aa*M - 4r’aa’ + 4r’aa’ cog(q)* + r° M aa’
- 4r*Maa’ cos(q)*+3r*Maa’ cos(q)*+2M) rcos(q) sin(q) (d(q) &*d(f)))/(2r + M) +r (
-24r*M?aa’ cog(q)° +20r°aa” - aa’r cos(q)* M? - 8r® M aa’ cog(q)*- 4 aa’ r cos(q)° M?
+24 1> M?aa’ cos(q)* + 6 aa’r cos(q)* M*- 36 r’aa’ cos(q)>- aa’r M*+ 12r°M aa” + 16 r’ aa” cos(q)*
+12r* cog(q)®aa’ M + 8 r° M?aa’ cos(q)® - 12r* cos(q)*aa’ M + 36 r* cos(q)* aa’ M - 36 r* cos(q)° aa’* M
- 4% aa’ cos(q)° M - 2412 M aa? cos(q)> + 4 M + 16 1> M aa cos(q)* - 4 M cos(q)?) (d(f) &~ d(r)) / (
47 +4rM+M?) +aasin(q) r (-12raa’ cos(q)* M + 4 r> M? aa” cos(q)® - 2r* M*aa” cos(q)*
+12 cos(q)°raa®M - 41 cos(q)° M - 212 M? aal cos(q)? + 412 - M2+ 41 M) (d(q) &~ d(r)) / (

+((-6r°aa’coy(q)*

2 2 u
4r°+4rM+ M), 04
u

((6r*aa’+6r°aa’ cos(q)*- 12r’aa’ cos(q)*+ 7r° M aa’ + 27 r* M aa’ cos(q)* - 10r”aa’ cos(q)° M

(DOD

- 241 M aa’ cog(q)* +4r cos(q)’- 4r- 4Mcos(q)>+4M)aacos(q) (d(f) & d(q)))/(2r +M) - sin(q)

aa(-4r°M?aa’cos(q)®+ 16 r’aa’ cog(q)*M - 4 cos(q)’r’aa®M +8r*aa’ cos(q)* - 16 r* aa’ cos(q)* + 81 aa”

+8rlaa®M+2r*M*aa’ - 20r° aa’ cos(q)*M + 10 r* M aa” cos(q)*- 4r*- 8r*M?aa” cos(q)*- 4r cos(q)’ M

+41 M- 4 M2 cos(q)? + 812 cos(q)? +3M2) (d(r) &~ d(f)) / (r (4r3+4r M+M?)) - ((

8rM+2M +4r*aa’- 2r*M*aa’ cos(q)*- 12 r*aa’ cos(q)’ + 8 r* aa’ cos(q)* + 3r° M? aa” cos(q)” - r* M* aa’

) (d(q) &~ d(r))) / ((4r°+4r M+M?) 1),

4 aa’sin(q) r cos(q) M (-r +r cos(q)’ + M cos(q)* - M) (d(r) &~ d(q))
Ar®+4r M+ M

- 6r*aa’cog(q)*- 3r’Maa’- 25r°M aa’ cos(q)* + 10 r* aa’ cos(q)° M + 18 r* M aa’ cos(q)> - 4 r cos(q)*

+2r-3M)aasin(q)r(d(q) & d(f)))/(2r+M)+aacos(q) (4r*- 8r°cos(q)*- M*- 36r°aa’ cos(q)* M

- 12r*aa’+8cos(q)°rPaa® M - 12r*aa’ cos(q)* + 6 r* M* aa’ cos(q)°® + 24 r* aa’ cos(q)* - 21 r* M? aa” cos(q)*

- 201° aa® M + 48 1° aa’ cos(q)> M + 24 r? M? aa® cos(q)? - 9r?M?aa’- 41 cos(q)? M) (d(r) &~ d(f)) / (

47 +4rM+M?), ((2r*aa*M - 181" cog(q)*aa’ M + 42 r* cog(q)* aa’ M + 12 r* cos(q)® aa’* M

- 38r'cog(g)®aa’ M +8r°aa’cos(q)’ - 2r’aa’- 6r®aa’ cos(q)’+5r° M aa’ + 26 r* M aa’ cos(q)*

- 8rfaa’ cog(q)°M - 23r° M aa’ cos(q)*- 2M cos(q)’+2M) (d(q) &*d(f)))/ (2r + M) +2sin(q) cos(q) (

- ((8r*aa’cos(q)’- 2r’aa’

Page 47



-12r*M?aa’ cog(q)*- 5r*M?aa’ + 7 r* M? aa” cos(q)* + 12 r* M* aa® cog(q)* + 14 r® aa” cos(q)* M
+4r*M*aa*cog(q)°- 12r°aa” M - M- 4r*M*aa’ + 18 r° aa’ cos(q)* M + 6 r° aa’ cos(q)° M - 8r*aa’
+8r*aa’ cog(q)*- 18r°aa’ cos(q)*M - 2r’aa’ cos(q)*M- 6r°Maa’ - 2r*M?*aa’ cos(q)*- 2r M)
(d(r) &7 d(f)) / (r (4r2+4r M+M?)) +cos(q) aa (- 41 M + 4 r? M? aa? cos(q)° + 12 cos(q)° r° aa? M
- 241 aa’ cos(q)* M + 4 M? cos(q)* + 12 r’ aa’ cos(q)° M - 3M*+4r*- 6r°M?aa” cos(q)* + 2 r* M* aa’

+8rco3(q)°M) (d(q)&"d(r))/(4r2+4r M+ M?), OE

€(-2r- 2Mcog(q)*+M +4r cos(q)*) aa (d(r) &~ d(q))
& (21 +M) sin(q) r
.\ (-6rcos(q)’+6r+7M+10cos(q)* M- 17 M cos(q)?) cos(q) r aa’ (d(q) & d(f))
sin(q) (2r + M)

- 6r¥aa’ cog(q)*M - 3r°M*aa’ cos(q)* + 2 r°M?aa” cos(q)* +4r M - 4raa’ cos(q)* + 2 r°aa’ cos(q)* M
+4r%aa> M + 2 M2 aa + M) (d(r) & d(f))) / (412 + 41 M+ M) r?)

(10r*M aa”cos(q)* - 6r®aa’ cos(q)’- 15r°M aa’cos(q)*+2r’aa*+3r*Maa’+2 M) (d(q) & d(f))
) 2r+M )
cos(q) sin(q) (6 r* M*aa’cos(q)* +2M* +8raa’ cos(q)*M +4r M- 12r*aa” cos(q)’ - 28r°aa’ cos(q)> M
+20r°aa® M + 12 r* aa? + 91> M? aa’ - 151> M? aa® cos(q)?) (d(r) &~ d(f)) / (
(4r?cog(q)*+4rcos(q)’M+M>cog(q)’- 4r°- 4rM- M*)r) - 4 (r+M)aaC(2)s(q)M(d(q2) &7d(r)) ,-2

4r°+4rM+M

Mcos(q) (-2r- M+6r°aa’ cos(q)*- r*M aa’ cos(q)*+ 2 r°M aa’ cos(q)* - r*M aa’- 6r°aa” cos(q)?)
(d(r) &~ d(q)) / (rsin(q) (412 + 41 M +M?)) + ((- 26 > M aa? cos(q)* - 21> M aa® + 16 > M aa’ cos(q)?
+12r°aa’cos(q)°M+2r- 2r cos(q)*- 10 cos(q)*M + 13 M cos(q)’- 3M) r aa (d(q) &~ d(f)))/(
(2r +M)sin(q)) +aacos(q) (-4r*+5M?- 6 M*cos(q)* + 12 r® aa’ cos(q)* M + 8 r* M* aa’ cos(q)*
+12r°aa’M - 24r’aa’cos(q)° M - 16 r*M*aa’ cos(q)*+8r*M?aa’+4r M- 8r cos(q)° M) (d(r) &*d(f))

+2((4r"aa’

0
/ (4r%+4r M +M?) , OH
u

[0,0,0,0]
[ NOw prove that the metric curvature = the inertial curvature.
[ > eval m{ OVEGAM OVEGAT) ;

[0,- ((-6r°aa’cos(q)* +8r’aa’ cos(q)’- 2r’aa’ +10r°aa” coy(q)° M - 3r°M aa’ + 18 r* M aa” cos(q)°
- 25r°Maa’ cos(q)*+2r - 4rcos(q)*- 8 M cos(q)*+7 M) aacos(q) r’ (d(f) &~ d(q)))/(2r +M) - aa
sin(q) r (20r*aa’ cos(q)* M + 6 r> M? aa” cos(q)® - 15> M* aa’ cos(q)* - 28 r® aa” cos(q)* M
+8co3(q)’r’aa®M - 4 M*cos(q)” + 12 r* aa’ cos(q)* - 12 r*aa’ cos(q)* - 8r cos(q)* M + 9 r* M? aa” cos(q)*
- 8r2cos(q)’- 4r2+3M?) (d(f) &~ d(r)) / (4r*+4rM+M?)- ((61°aal cos(q)*- 81°aa? cos(q)?
+2rfaa®+3r’Maa’ +25r°M aa’ cos(q)*- 18 r*M aa” cos(q)”- 10r”aa’ cos(q)° M + 4 r cos(q)’- 2
+8Mcos(q)>- 7M)aacos(q) r’ (d(f) & d(q)))/(2r +M) - aasin(q) r (- 20 r’ aa’ cos(q)’* M
- 6r°*M*aa’ cog(q)° + 15 r* M aa’ cos(q)”* + 28 r* aa” cos(q)* M - 8 cos(q)°r®aa’ M - 12 r* aa’ cos(q)”
+12r*aa’cos(q)* + 81 cos(q)° M - 9r*M*aa’ cos(q)* + 8 r° cos(q)> + 4 r* + 4 M? cos(q)* - 3 M?)
(d(f)&~d(r)) / (4r2+4rM+M?),0,0]
[- ((-6r°aa’- 6r’aa’cos(q)* + 12 r¥aa’ cos(q)*- 7r° M aa’ - 27 r*M aa’ cos(q)* + 10 r* aa” cos(q)° M
+24 1M aa’ cos(q)*- 4rcos(q)’+4r+4Mcos(q)*- 4M) cos(q) aa (d(f) & d(q)))/(2r + M) +sin(q)

Page 48



aa(4r*M?aa’cos(q)°- 16 r*aa’cos(q)* M + 4 cos(q)®r’aa’ M - 8r*aa’cos(q)* + 16 r* aa’ cos(q)? - 8r*aa’
-8rfaa®M- 2r*M?aa’ +20r° aa’ cos(q)* M - 10r> M aa” cos(q)* + 4 r*+ 8r*M? aa” cos(q)* + 4 r cos(q)’ M
- 4r M +4M? cos(q)?- 8r2cos(q)?- 3M2) (d(r) &~ d(f)) / (r (4rP+4r M+M?)) - ((61°aa’
+6r’aa’cos(q)" - 12r’aa’cos(q)* + 7r*M aa’ + 27 r* M aa’ cos(q)* - 10r° aa’ cos(q)° M

- 241* M aa’ cog(q)*+4r cos(q)’- 4r- 4Mcos(q)*+4M)aacos(q) (d(f) & d(q)))/(2r +M) +sin(q)
aa(-4r*M?aa’cos(q)° + 16 r*aa’cos(q)* M - 4 cos(q)®r’aa’ M + 8r*aa” cos(q)* - 16 r* aa” cos(q)* + 8 r* aa’
+8rlaa®M+2r*M?aa’ - 20r’ aa’ cos(q)*M + 10 r* M* aa” cos(q)* - 4r*- 8r*M?aa” cos(q)*- 4r cos(q)’ M
+41 M- 4M?cos(q)?+ 812 cos(q)?+ 3 M?) (d(r) &~ d(f)) / (r (4r*+4rM+M?)),0,0,0]

[0,0,0,0]

[0,0,0,0]

L conpute the trace of the inertial curvature.

[ > TRACEOVEGA noTor si on_snal | mass: =subs(aa=0, M*2=0, 2*r +M=2*r, si npf or m(weol | ect ( OVEG
AT[ 1, 1] +OVEGAT] 2, 2] +OVEGAT] 3, 3] +OVEGAT[ 4, 4]))); JJ: =subs(d( TRACEOVEGA noTor si on_s
mal | mass) ) ;

M cos(q) (d(r) &" d(q))
r*sin(q)

TRACEOMEGA noTorsion_smallmass :=

JJ:=0
C > TRACEQVEGA snal | Tor si on_nomass: =subs(aa”2=0, M=0, si npf or m(wcol | ect (OVEGAT[ 1, 1] +OM
EGAT[ 2, 2] +OVEGAT][ 3, 3] +OVEGAT[ 4, 4])) ) ; JJ: =si npl i fy(d( TRACEOVEGA snal | Tor si on_nona
ss));
TRACEOMEGA smallTorsion_nomass :=
laa(2r- 2rcog(q)’- 2sin(q)’r) (d(q) & d(f))
2 sin(q)

- 2aacoy(q) (d(r) &"d(f))
L JJ:=-2aa&”(d(r),d(q),d(f))sin(q)
T > TRACEOVEGA: =((subs(aa”2=0, M2=0, 2*r +M:=2*r , si npf or m{weol | ect ( OVEGAT[ 1, 1] +OVEGAT] 2
, 2] +OVEGAT] 3, 3] +OVEGAT[ 4, 4]))))): 3J: =si npl i f y( subs(M2=0, d( TRACEOVEGA) ) ) ;
M cos(q) (d(r) &"d(q)) 1
aa

r’sin(q) 2

(-10cos(q)*M + 13 M cos(q)*+2r- 3M- 2r cos(q)’- 2sin(q)*r +5sin(q)°M - 4 cos(q)>sin(q)>M)

N ) 1(-4r- 8 M cos(q)’ + 6 M) aacos(q) (d(r) & d(f))
(d(q) &"d(f))/sin(a) +7

TRACEOMEGA :=

r
sin(q) (12Mcos(q)>+2r - 3M) aa &™d(r), d(q), d(f))
r

JJi=-

T rar e
V V V VYV \V VYV
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