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Abstract: In Maxwell’ s theory of Electromagnetism, the concept of force
Isrelated to the fields of E and B, which are the components of an exact 2-
form F=dA on 4D space time. The concept of sourceisrelated to the fields
of D and H, which are the components of an inexact N-2=2 form density, (,
on space time. The presence of matter induces geometrical constraints in the
form of constitutive relations between [F and G. However, the symplectic
topology [F/F is open, while the symplectic topology of GG is compact.
The Maxwell system supports three fundamental 3-forms, A*F, A*G, and
J=dG. Theratiosof theintegrals of [ F to GG isthe radiation impedance
of the free space. Theratio of the closed integrals of A*F to A”G isthe
rational Hall impedance. The cross ratio of the four quantities is twice the
fine structure constant, a topological invariant.

(Engineersdoit right. Physicistsdo it wrong.)



Cartan’s Theory of
Exterior Differential Calculus

operates on differential p-forms, A, B, ... (integrands of multipleintegrals)

Two non-conventional 1deas:

1. N . Theexterior product. A"B =-BM"A, AAA =0
2. d: Theexterior derivative. F=dA, ddA=dFPb O

Algebraic Closure
and
Differential Closure

For Odd p-forms, A*A =0
For even p-forms, the O result depends on the topological dimension.

On a gpace of three topological dimensions, the fundamental 2-form of
electromagnetism, F = dA, satisfiesF*F = 0O, always.

On a gpace of four (or more) topological dimensions, the fundamental 2-form of

electromagnetism, F = dA, need not satisfy the constraint FAF = 0. In fact,
irreversible processes ar e to be associated with the fact that on 4D

FAF1 0

Moral: Must use 4D representation of
differential formsfor electromagnetism.

Differential Forms
carry
Topological Information



Concept of Closure focuses Attention on
Topological Aspectsof Cartan theory

What about other topological features?

Pfaff Topological Dimension

Definestheirreducible number of functionsrequired
to describe an exterior differential system.

Period Integrals and Harmonic forms
Every p-form can be decomposed into THREE parts. (deRham)

A = exact + harmonic + co-exact
P gradf +g+curl Z

In a euclidean topology, harmonic part, g, does not exist.
Thereisauniquegfor every topological hole or handle.

The closed (period) integrals of
{df +g¢=0+ {g

are evolutionary invariants.

{ g} = integerS(timesaconstant)

Harmonic vector fieldsare not dissipative, and
generate minimal surfaces and “ stationary” states.

{df +g}arethe”“gauge’ terms



Topological Defects
and
Differential Forms

If aform isexact, then it can have a domain of
support which is compact, or compact with
boundary cyclesor “defects’ representing zer os of
theform.

If the Harmonic part of the form has zer o divergence, then the form hasa
handle?

If aform isclosed, then it can have a domain of
support which is compact, or compact with
boundary cyclic “ defects’ which must comein
equal and opposite pairs.
(Chargefrom D and H)

|f an exact form is never zero
then itsdomain of support
cannot be compact without boundaries.
(E and B)



Maxwell’ s Electromagnetism
ISsa set of topological statements.

| ndependent from metric, connection, dimension!

Theseideas started with Van Dantzig about 1934

Start with an ordered array:

{1,2,3,4,..)

Assert the existence of ordered set of independent variables.

{x,y,z,t....}

Construct a set of C2 functionsof {x,y, z,t ... .}

[Ag Ay, Ay f )

Construct the 1-form of Action
A = Adx*-f dt

Userules of Cartan Calculusto construct the 2-form of Field I ntensities

I = dA =B dx"dy +...+ E,dx/dt +...

withE=-gradf - JA/ft andB=curl A
(Field Intensities do not depend upon choice of Gauge)

Use Poincare lemma for second exterior derivative and derive First Maxwell pair.
df =ddA =0

which isequivalent to

CurlE+9B/Mt=0, divB=0

Any set of symbols! EM, Hydrodynamics, ... Economics!
Always get First Maxwell set of (topological) equations.



TheFirst Maxwell Set (Forces)

AsF = dA isexact and non-zero,
from Stokestheorem

boundary A = JIF>0
If the left side is compact, then it has no boundary, and
theintegral is zero, in disagreement with theright side.
Therefore domain of support for FisNOT COMPACT.

For evolution, use Cartan’s Magic Formula:

Loy A =i(rV)dA +d(i(r V)A) =W + dU =Q

Topological equivalent of the First Law of Thermodynamics

Virtual Work b i(rV)dA =f_- dr + Pdt
where

fL=r[E+V "~ B] theLorentzforce!

1. Virtual Work b 0: implies Extremal process (Hamiltonian)
Yields The Perfect Plasma equations:
fL=r[E+V° B] =0

2. d(VlrtuaI Wor k) P O : implies Symplectic process (Helmholtz)
Yields The Master Equation:
1B/t - curl (V' B) =0.

Both of these processes are Thermodynamically Reversible !!!



Many uses of
CARTAN’sMagic Formula:

LevwA =i(rV)dA +d(i(r V)A) = Q

where 4 vector (J,r)=r(V,1)
1. Describestopological evolution

2. Describes “ stationary” pathsif Q =0

3. Isequivalent to the First Law of Thermodynamics.

LevyA=W+d(U)=Q

W=i(rV)dA° 1-form of virtual Work



Axiom T: A Thermodynamic Processis
Irreversible when the Heat 1-form Q does not
admit an integrating factor. (P. M. Morse)

Differential Form Criteriafor existence of
Integrating Factor isthe
Frobenius Condition® Q*dQ =0.

Therefore
L(rV)A AL(rV)dA — QAdQ 10
implies

ProcessrV isirreversible
on Physical System represented by A the 1-form of Action.

HOW TO FIND EXAMPLES of
IRREVERSIBLE PROCESSES ?



Given Electromagnetic Action, A
compute

TOPOLOGICAL TORSION 3-form
[(T)dx dy*dz dt = AMdA

4D TORSION CURRENT
T={E A +Bf,A-B}

ADivT =-2E-B

By Direct Computation
L(T)A AL(T)dA — GZAAdA 10

G»E-B

Processes in the direction of the Torsion Current
areirreversible, when DivT 1 0.



IMPLICATION
dANdA =-2E-B dxdy*dzAdt 1 O

E 4D Symplectic Manifold

(No unique extremal processes exist on a symplectic manifold.)
Hamiltonian Processes can exist on a symplectic manifold, but they are not unique.
They aredissipativein “energy” but not in “angular momentum?”;
hencethey arereversble in a thermodynamic sense.

Moral:
ToMinimizelrreversible Dissipation
In a Plasma,

Minimize or Eliminate Domains
whereE - B1 0.

When E - B =0, domain isa contact manifold
of Pfaff Topological dimension 3
and admits a unique non-dissipative
Hamiltonian Evolution as an extremal process.



The Second Maxwell Set (Sour ces)
Subsumethereexistsa
N-2 form G,
such that the N-1 form, J
IS exact

Then dG =J

IS equivalent to: curl H + D/t =
divD=r

Conservation L aw:
ddG=dJ=0

is equivalent to: divj+9qr/ft=0
Duality relations:

A isdual toJ
Fisdual to G

Many duality mechanisms



The Complete Maxwell System (on 4D)

{AF,G,J,AG, A*F, AN, F*F, FA G}

Exact Components:

Physical Dimensonhe A =F

Physical Dimension e dG: J,

Physical Dimension (ve?  d(A"NF) = FMF,
physical Dimensonh (A" G) = FAG-AN]

When RHS =0, then [ yosq(LHS) » integersn

Flux quantum h/e f01A =n hle
Charge quantum e fch =Nne
Topological Torsion (h/e)® fc3 (A"F) =n (h/e)z,

Spin quantum h fc3 (AA G) =nh



Notethat it ispossibleto define 3
|IMPEDANCES

which areratios of period integrals

and therefore are not dissipative.

Zua = hle’= 25,812.81491 ohms

Super conductivity Typell

Physical Dimension h/e? Z1= [ Al G
finitein domain interior: {A,f ,D,H}
null in domain interior: {E,B,J,r}

Superconductivity (HIi-TC? Anyon?)

—_ 2
Physical Dimension h/e? Z>= 3 AG/(f 2G)
finitein domain interior: {A,f ,E,B,D,H,E- B}
null in domain interior: {J,r,(B-H-D-E)}

Rational Fraction Quantum Hall effect

Physical Dimension h/e? Z3= [ 3 A NFI [ SANG

finitein domain interior: {A,f ,E,B,D,H,J,r}}
null in domain interior: {E-B,(B-H-D-E)-(A-J-rf)}



Dissipative Radiation | mpedance
of Free Space:

Zo=nle=376.730313 ohms
Fine Structur e constant

2 — —
a - RBohr Orbit— a - I Compton — I classical radius of electron

NOTE
a = YAZo/Zha) = 1/137.0360411

Implies Z,
must have topological significance.

Zo)*=[[[IFAFIf IGMG = mie
or
(Zo)’ =4 (Zra)*{( G)*/1[ [JG G}

(Z0)° =4 (Znar)* {2%}



Topological Result #1.

If E-B 1 Oover adomain,
then thetopological dimension is4
creating a symplectic manifold which
ISNOT compact without boundary.

Topological Result #2:

If EEB=0,but EXA+Bf 10

then topological dimension is3
creating a contact manifold,

With a unique (Hamiltonian) evolutionary field.

Topological Result #3:
If ExA +Bf =0,

then topological dimension is 2
creating a symplectic manifold.



OTHER TOPICS
IN ter ms of
DIFFERENTIAL FORMS

1. Quaternion TORSION Waves

10" Signal to Noisein Dual Polarized Ring Lasers

2. FTL Propagation of Singularities (> C)

V. Fock proves Conformal solutionsindicate FTL for Topological Singularities

3. Casmir DP and Symplectic DT
4. Duality Conditions- Yang Millstheory.
5. Needle Radiation and Torsion Defects

Collapse of the Wave Function

6. Minimal Surfaces as Defectsin EM
waves (Electromagnetic Wakes!)

Anti-Stealth Technology ?

7. Planck Eq. IsTopological Formula

(Hence must be derivable from Exterior Differential Form arguments)

8. MagnetoDynamic Alpha effect



Symplectic Evolution (E - B 0) implies
r[E+V° B]=-grad Q

and

B-grad Q1 0.

Implies gradient of Temperature (Q = kT) along B field lines,
and
Ohmic Dissipation in the direction of the B field lines.

r[E-V]=-gadQ-V
\ Along B field Lines

rE=-grad(kT)

UsingJ = sE leadsto
Thompson thermal power formula:

J=-grad(kT)/rs

Conjecture:

Magneto Hydrodynamic Acceleration
Isdueto
Thermal gradient along B field lines
around rotating neutron stars.



