i

Frame fields for Spheres in R4

[ >restart: with(linalg):with(difforms):with(liesymm):with(plots):

Warning, new definition for norm

Warni ng, new definition for norm
Warni ng, new definition for trace
Warni ng, new definition for ~&\°
Warni ng, new definition for close
Warni ng, new definition for d

Warni ng, new definition for m xpar
Warni ng, new definition for wlegree

L >

Cartan's Repere Mobile will be used to evaluate structural equations,

curvature 2- forms, and torsion 2-forms for two Frame Fields on the sphere S3 in R4.

One Frame Field will be constructed from the Hopf Map (both chiral left and right versions)

which is a map from R4 to R3. Three of the vecotrs of the Frame field will be deduced from perfect differentials
of the three Hopf map functions. The fourth vector of the Frame Field will be found by constructing the adjoint to
the three perfect differentials.

In the second case (the Instanton map) the normal field will be generated as a perfect differential, and the three
remaining vectors of the Frame Field will be non-holonomic forms.

The Frame field will be scaled by various factors that produce special cases of interest.

and the other Frame will be constructed from the Instanton map (which also has right an left versions).

In the Hopf map the three "tangent" vectors to the Fibers of the projection are well defined holonomic
differentials, while the "normal" field is anholonomic.

In the Instanton case, the "normal field" is holonomic and defined as a perfect differential, but the three "tangent
vectors to the fibers are anholonomic.

> setup(X,Y,Z,S):

> r2:=(x"2+y"2+2" 2);dR:=[d(X),d(Y),d(2),d(S)];scale:=((X*p+Y p+Z p+S~p) (n/p));

>

2:=xX+y+7
dR = [d(X), d(Y), d(Z), d(S)]

po

scale:=(X"+YP+Z"+S°)g
>pi=2;
p:i=2
The Hopf map is defined as as a projection from R4 {X,Y,Z,S} to R3 {x,y,z}, by means of the functions given
below
(ch is the chiral factor equal to plus 1 or minus 1.)

> X:=2*%(S*Y+ch*X*Z);y:=2*(Y*Z-ch*S*X); z: =((X"2+Y" 2)-(((S)* 2+2" 2)));
Hopf Map R4 to R3
X:=2SY+2chXZ
y:=2YZ- 2chSX
z2=X+Y-S- 7

Note that a point on a euclidian 2-sphere of radius squared (in R3),

r2 = x"2+y"2+z"2

is related to the points on the euclidean 3 sphere of radius squared (in R4

[ >r2:=factor(subs(ch”2=1,simplify(x"2+y"2+z"2)));

2

r2:=(S+2Z2+ X +Y?)
The differentials of these functions define three independent tangent fields as perfect differentials
> el:=d(x);e2:=d(y);e3:=d(2);

el:=2d(S) Y+2Sd(Y)+2chd(X) Z+2chXd(Z)
e2:=2d(Y)Z+2Yd(Z)- 2¢chd(S) X- 2¢ch Sd(X)
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L e3:=2Xd(X)+2Yd(Y)- 2Sd(S)- 2Zd(2)
[ and can be adjoined to a 1-form normal field which is orthogonal to each of the tangent fields.
[ >nl:=innerprod([Y,-X,ch*S,-ch*Z],dR);
L nl:=Yd(X)- Xd(Y)+chSd(Z)- chzd(S)
[ These fields, to within a factor, lead to an assignment of a global frame field inverse matrix with components
L prportional to :
[ >HELl:=[ch*Z,S,ch*X,Y];HE2:=[-ch*S,Z,Y,-ch*X];HE3:=[X,Y,-Z,-S];HN1:=[Y,-X,ch*S,-ch*Z];
HEl:=[chZ, S chX, Y]
HE2:=[-chS ZY,-chX]
HE3:=[X,Y,-Z -]

HN1:=[Y,-X,chS -chZ]
L 0
[ Arbitrarily , and for algebraic simplification, each direction field will be divided by the factor

(X p+Yp+Z27p+S™p)N(n/p). It is of some interest to note that all vectors above have zero divergence with

L respect to [X,Y,Z,S]
[ > HFFINV:=evalm(subs(ch”2=1,(array([HE1,HE2,HE3,HN1])))):
L Ther are intersting features depending on the scaling. If the index n=0,1,2,3,4.
The Frame Matrix (Repere Mobile) HFF and its induced metric.

[ > HFF:=simplify(evalm(subs(ch”2=1,n=1,inverse(HFFINV/scale))));DET:=factor(subs(ch”2=1,det(HFF))); Gun:=subs(ch”2=1,innerp
rod(transpose(HFF),HFF));INV:=subs(ch”2=1,innerprod(HFF,HFF));

¢ chz chS X Y t
;i\/sz+zz+x2+Y2 «/SZ+ZZ+X2+Y2 «/SZ+ZZ+X2+Y2 S+Z+X+Y |
. S z Y v
|_|FF__§\/SZ+ZZ+X2+Y2 «/SQ+ZZ+X2+Y2 NS+Z2+XP+Y S+Z+ X+ Yy
&  chXx Y z chs i
Zi\/5}2+ZZ+X2+Y2 «/SZ+22+X2+Y2 «/S}2+22+X2+Y2 «/SZ+ZZ+X2+Y2 ¥
& Y ch X S chz ¥
§ 2 2 2 B 2 2 2 B 2 2 2 B 2 2 2t
e«/§+Z+X+Y «/SZ+Z+X+Y «/SZ+Z+X+Y /\/SZ+Z+X+YL
DET:=1
Sl 00 08
Gun'—g) 10 OH
'_é() 01 Oa
e 0 0 1u
INV =
g-ch82+Zz+Y2+chh ZchS+ZS+chXY-YX -chXZ+YchS+ZX+SY ) XchsS U
& S+Z2+x2+v2 F+Z2+ X2+ Y ’ F+Z2+ X2+ Y TS+ 72+ X2+ YAy
EZchS+ZS+chXY- YX -chS+Z°+Y?+X*ch ) XS SY- ZX+YchS+chXZy
€ S+Z2+X+Y ' S+Z2+X+Y 1 S+Z+X+Y S+Z2+X+Y
& chXZ+YchS+ZX+SY ) XS -chS+Z°+Y*+X?ch -YX+chXY-ZS- ZchSy
= y T 3 3 1
€ S+Z2+X+Y S+Z2+X+Y S+Z2+X+Y S+Z2+X+Y y
g Xchs SY- ZX+YchS+chXZ -YX+chXY-ZS-ZchS -chS+Z+Y +X ch
e S+Z2+X+Y S+722+X+Y ’ S+Z2+ X+ Y TS+ Z2+ X2 +Y 0

[ Note that the Determinant never vanishes (except at the origin of R4) and is positive definite, an indication of an
orientable structure.

L The induced metric as defined by the Frame Field is conformal.
[ >subs(ch”2=1,innerprod(HFF,HFFINV));
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[ Now use the Cartan method to evaluate the stuctural equations
[ > HDR:=innerprod(subs(n=1,HFFINV/scale),[d(X),d(Y),d(Z),d(S)]):Hsigmal:=wcollect(factor(wcollect(HDR[1])));Hsigma2:=wcollect(
factor(wcollect(HDR[2])));Hsigma3:=factor(wcollect(HDR[3]));Homega:=factor(wcollect(HDR[4]));d(Hsigmal)&*Hsigmal,

Note that the scaling has been chosed to produce an orthonormal Frame. Any other scaling would produce a
chZd(X) Sd(Y) ch X d(2) Yd(S)
+ + +
S+Z2+X+Y «/SZ+22+X2+Y2 «/SZ+ZZ+X2+Y2 «/SZ+ZZ+X2+Y2
ch Sd(X) . Zd(y) . Yd(2) ch X d(S)
«/SZ+ZZ+XZ+Y2 «/SZ+ZZ+x2+Y2 «/SZ+Zz+x2+Y2 «/SZ+ZZ+X2+Y2
_ Xd(X)+Yd(Y)- Zd(Z)- Sd(S)
Hsigma3 :=
NS +Z2+ X+ Y
__Yd(X) - Xd(Y) +chSd(Z) - chZd(S)
' NS +Z2+ X+ Y
& (Ychz- SX)Y (-S+Y)chz (-ZchS+YX)S ©
2 2t > 2&MNd(S), d(X), d(Y))
(S+Z2+X2+Y?) (S+Z2+X+Y) (S+Z2+X°+Y) o
®(-chSX+YZ)S (-ZS+chXY)Y (-S+Y)chX ©
* 2t 2° 2 =&MN(d(S), d(2), d(Y))
(S+Z2+X°+Y) (S+Z2+X+Y) (S+Z2+X+Y) g
LB (-ZS+chXY)chZ+ (YchZ- SX)chX ch(Z*- X°) S

ChSieciyty
[k ]
= O O

Hsigmal :=
J

Hsigma2 := -

Homega

5
2 2 2 2&7(d(2), d(X), d(Y))
(S+Z2+X+Y)  (S+Z2+X+Y) (S+Z2+X+Y) o

+a€(—chSX+YZ) chz ] (-ZchS+YX)chX ] ch(z°- X)Y ZE&A(d(S),d(Z),d(X))

L §(SZ+ZZ+X2+Y2)2 (SZ+ZZ+X2+Y2)2 (S+Z2+X°+Y°) o
[ The forms sigma (1,2,3) and omega are the 1-forms relative to the basis frame FF

In the example, the 1-forms sigmal sigma2 and sigma3 are exact differentials equal to the differentials of the
mapping functions defined by the Hopf map giving x,y,z in terms of X,Y,Z,T

The in-exact 1-form of Action is proportional to the 1-form small omega.

For a parametrized surface, small omega vanishes, and such subspaces have Zero Torsion of the Affine type.
From the Frame use the standard methods to compute the Cartan Matrix of connection 1-forms.

See http://www.uh.edu/~rkiehn/pdf/defects2.pdf
L for details of the Cartan method for an arbitrary Repere Mobile.
[ > dHFF:=array([[d(HFF[1,1]),d (HFF[1,2]),d (HFF[1,3]),d (HFF[1,4])],[d (HFF[2,1]),d (HFF[2,2]),d (HFF[2,3]),d (HFF[2,4])],[d (HFF[3,1]),d (HF
F[3,2]),d(HFF[3,3]),d (HFF[3,4])],[d (HFF[4,1]),d (HFF[4,2]),d (HFF[4,3]),d (HFF[4,4])]]):
L > Hcartan:=(evalm(subs(HFFINV&*dHFF))):
[ Evaluate each component of the connection coefficients on transverse space of E1,E2,E3.
[ >HGammall:=wcollect(subs(ch”2=1,factor(wcollect(Hcartan[1,1]))));
(YYS+SZ2+S+SX)A(S) (SZ+Z2+ZX+Y°Z2)d(Z) (SX+XZ2+X+Y X)d(X)
(SZ+ZZ+X2+Y2)2 (82+ZZ+X2+Y2)2 (SZ+ZZ+X2+Y2)2
(SY+YXP+ Y +YZ) d(Y)
L (SZ+ZZ+x2+Y2)2
[ >HGammal2:=wcollect(subs(ch”2=1,factor(wcollect(Hcartan[1,2]))));

(SZ+Z2+ZX*+Y*Z2)d(S) (-SZ*- S- SX°- ¥*S)d(2)

HGammall := -

HGammal2 := -

(82+ZZ+X2+Y2)2 (82+ZZ+X2+Y2)2
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(chX?Y+YchS+YchZ®+Y*ch)d(X) (-chXZ?- chX®- chXY?- chSX)d(Y)

L (SZ+ZZ+X2+Y2)2 (§+ZZ+X2+Y2)2
[ >HGammal3:=wcollect(subs(ch”2=1,factor(wcollect(Hcartan[1,3]))));
Yd(S ch Xd(z chzd(X Sd(Y
HGammal3 ;= - ) (2) (X) ()

- + +
L S+Z2+X°+Y S+Z2+X°+Y S+Z2+X°+Y S+Z2+X+Y
[ >HGamma2l:=wcollect(subs(ch”2=1,wcollect(factor(wcollect(Hcartan[2,1])))));

(SZ+Z2+ZX*+Y*Z)d(S) N (-SZ%- S- SX*- ¥?S)d(2)

HGamma2l := 5 5
(F+Z22+ X2+ YY) (S+Z2+ X2+ Y
chX?Y+YchS+YchZ>+Ych)d(X -chXZ%- chX®- chXY*- ch&X)d(Y
+ +
L (SZ+ZZ+X2+Y2)2 (SZ+ZZ+X2+Y2)2

[ > HGamma22:=wcollect(subs(ch”2=1,factor(wcollect(Hcartan[2,2]))));

(YS+SZ2+S+SX) d(S) ) (SZ+Z2+ZX*+Y*Z)d(Z) ] (SX+XZ2+ X+ Y X) d(X)

HGamma22 := - 5 5 5
(S+Z2+X2+Y?) (S+Z22+X2+Y?) (S+Z2+X2+Y?)
(SY+YX2+ Y +YZ?) d(Y)
L (SZ+ZZ+X2+Y2)2
[ > HGamma23:=wcollect(subs(ch”2=1,factor(wcollect(Hcartan[2,3]))));
ch Xd(S Yd(Z ch Sd(X d(y) z
HGamma23 := (5) (2) ) LY)

L S1Z+X+Y SAZ+X+Y SAZ+X+Y S+ +Y
[ > HGamma3l:=wcollect(subs(ch”2=1,factor(wcollect(Hcartan[3,1]))));
Yd(s)  _ chXd(z) ch Zd(X) Sd(Y)
L S+Z2+X+Y S+Z+X+Y S+Z2+X+Y S+Z+X+Y
[ > HGamma32:=wcollect(subs(ch”2=1,factor(wcollect(Hcartan[3,2]))));
__chXdS)  YdZz) _ chSd(X) d(y) z
L S+Z2+X°+Y S+Z2+X°+Y S+Z2+X°+Y S+Z2+X+Y
[ > HGamma33:=wcollect(subs(ch”2=1,factor(wcollect(Hcartan[3,3]))));

Sd(S) Zd(2) X d(X) Yd(Y)
L S+Z2+X+Y S+Z+X+Y S+Z+X+Y S+Z2+X+Y
[ The "Space-S" components are:

[ > Hhhl:=wcollect(subs(ch”2=1factor(wcollect(Hcartan[4,1]))));
>

HGamma3l :=

HGamma32 :=

HGamma33 := -

(-’ X- §X- XZ- X})d(S) . (chX?Y+YchS +YchZ*+ Y ch)d(2)

Hhhl := 5 5
(S+Z2+X°+Y?) (S+Z2+X°+Y?)
. (Y'S+SZ+ S+ SX?) d(X) N (-chZS-chZ®- chX?*Z- Y°chZ)d(Y)
L (SZ+ZZ+X2+Y2)2 (SZ+ZZ+X2+Y2)2

[ > Hggl:=wcollect(subs(ch”2=1,factor(wcollect(factor(wcollect(Hcartan[1,4]))))));

(- X- §X-XZ2- X d(S) (chX*Y+YchS +YchZ®+Ych)d(2)

Hgol :=-
(SZ+ZZ+X2+Y2)2 (SZ+ZZ+X2+Y2)2
(YS+SZ2+S+SX)d(X) (-chZS-chZ- chX*Z- YchzZ)d(Y)
L (SZ+ZZ+X2+Y2)2 (SZ+ZZ+X2+Y2)2

> Hhh2:=wcollect(subs(ch”2=1,factor(wcollect(Hcartan[4,2]))));
(chX?Y+YchS+YchZ?+Ych)d(S) (SX+XZ2+X3+Y’X)d(Z)

(§+ZZ+XZ+Y2)2 (SZ+ZZ+X2+Y2)2

Hhh2 = -
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(-ZX?-SZ-72°-YZ)d(X) (-chS-chSZ*- chSX*- Y?chS)d(Y)

(SZ+ZZ+x2+Y2)2 (SZ+22+X2+Y2)2
[ > Hgg2:=wcollect(subs(ch”2=1,factor(wcollect(Hcartan[2,4]))));
(chX?Y+YchS +YchZ*+ Y ch)d(S) .\ (X+XZ2+X3+YX)d(2)

Hgg2 := 5 5
(S+Z2+X°+Y?) (S+Z2+X°+Y?)
.\ (-Z2X*-SZ-7°- YZ)d(X) .\ (-chS’- chSZ?- chSX?- Y’ chS)d(Y)
(SZ+ZZ+x2+Y2)2 (SZ+22+X2+Y2)2

> Hhh3:=wcollect(subs(ch”"2=1,factor(wcollect(Hcartan[4,3]))));
___chzd(S) ) ch Sd(2) . Y d(X) ] d(y) X

S+Z2+X+Y S+Z2+X°+Y S+Z2+X+Y S+Z72+X+Y
> Hgg3:=wcollect(subs(ch”2=1,factor(wcollect(Hcartan[3,4]))));

chzd(S) . chSd(2) ) Y d(X) . d(Y) X
S+Z2+X°+Y S+Z2+X°+Y S+Z2+X+Y S+Z2+X+Y
> HOmega:=factor(wcollect(subs(ch”2=1,factor(simplify(wcollect(Hcartan[4,4]))))));

Sd(S) +Zd(Z) + Xd(X) +Yd(Y)
) S+Z2+X+Y
Note that the Big Omega term is a perfect differential, and is zero only when the arguement R4 is a constant.

That is - off the sphere R4 = constant the Omega term does not vanish. Hence if the radius of the two sphere is
expanding, then R4 is not constant and one has a dilatation. (The source of dilatons?)

Hhh3 :

Hgg3 :=-

HOmega :=

There are in general two sets of torsion two forms.

The affine two forms, big Sigma, which depend upon the product of litle omega and the connection
components, little gamma.

The second set of torsion 2-forms is related to Big Omega and the connection components, little gamma.

See http://www.uh.edu/~rkiehn/pdf/defects2.pdf

AFFINE TORSION 2-forms Big Sigma

> HSigmal:=(wcollect(factor(Homega&”~Hgg1l)));HSigma2:=wcollect(factor(Homega&”"Hgg?2));HSigma3:=Homega&”~Hgg3;
(ch?SZ- chXY) (d(Y) & d(Z)) (-ch®Z%+X?) (d(Y) & d(S))

HSgmal :=-

2 2, w372 > 5 21 (312)
(S+Z2+X2+Y?) (S+Z2+X2+Y?)
(ch®ZY- chSX)(d(Z) & d(S)) (-YchzZ+SX)(d(X)&"d(Y)) (Y°ch-chS) (d(X)&"d(Z))
- (SZ+ZZ+X2+Y2)(SIZ) - (SZ+ZZ+X2+Y2)(3/2) - (SZ+ZZ+)(2+Y2)(3/2)
(ZchS- YX) (d(X) & d(S))
- (SZ+ZZ+XZ+Y2)(3/2)
HSigma2 = (ch’S'- X) (d(Y) &"d(Z)) (-ch’SZ- chXY) (d(Y) & d(S))
(SZ+ZZ+X2+Y2)(3/2) (§+Zz+x2+Y2)(3/2)
(e XZ+ch’SY) (d(Z) &M d(S))  (-YehS- ZX) (d(X) &"d(Y)) (ZchS+YX) (d(X) &" d(2))
(82+ZZ+X2+Y2)(3/2) (§+ZZ+X2+Y2)(3/2) (82+ZZ+X2+Y2)(3/2)
L (Zch+Ych) (d(X) & d(S))
(SZ+ZZ+X2+Y2)(3/2)
HSgma3 :=
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L A

,YehS(d(X)&"d(Z)) ,YehZ(d(X)&"d(S)) , SchX(d(V)&"d(Z) , chZX(d(¥)&"d(S))
(SZ+ZZ+XZ+Y2)(3/2) (52+ZZ+X2+Y2)(3IZ) (SZ+ZZ+X2+Y2)(3/2) (SZ+ZZ+X2+Y2)(3/2)

>

> HPhil:=wcollect(factor(HOmega&”Hggl));HPhi2:=wcollect(factor(HOmega&”~Hgg2));HPhi3:=wcollect(factor(HOmega&”"Hgg?3));

N (ch- 1) (ch+1) (-chZ®?X*+chY*S) (d(Y) & d(Z))

(SQ+ZZ+X2+Y2)3
CIE 1) (ch+1) (-ZchSX?*- ZchSY*- YXS - YXZ% (d(Y) &*d(S))
(S+Z2+ X+ Y7
. (ch- 1) (ch+1) (X*YchS+X*Z+ Y chS+Y*ZX) (d(Z) & d(S))
(SZ+ZZ+X2+Y2)3
. (ch- 1) (ch+1)(-SchXZ- SY- Z2chX- Z2SY) (d(X) & d(Y))
(SZ+ZZ+X2+Y2)3
. (ch- 1) (ch+1) (chXYS+chXYZ*+ZSX*+ZSY?) (d(X) & d(Z))
(SZ+ZZ+X2+Y2)3
L (eh- 1) (ch+1) (-Z2X*+ ¥'S) (d(X) &"d(S))
(§+Zz+x2+Y2)3
HPhi2 (ch- 1) (ch+1)(ZchSX*+ZchSY*- YXS- YXZ%) (d(Y) &"d(Z))
' (SZ+ZZ+X2+Y2)3
. (ch- 1) (ch+1) (chSX?- chZ®Y?) (d(Y) & d(S))
(SZ+ZZ+X2+Y2)3
. (ch- 1) (ch+1) (-X*S+X*YchZ- YYSX+YchZz)(d(Z) & d(S))
(SZ+ZZ+X2+Y2)3
.\ (ch- 1) (ch+1)(-22Y+SchX- §YZ+Z°chSX) (d(X) & d(Y))
(SZ+ZZ+x2+Y2)3
. (ch- 1) (ch+1) (- X2+ Z2Y?) (d(X) &"d(Z))
(§+Zz+x2+Y2)3
. (ch- 1) (ch+1)(ZSX*+ZSY*- chXYS - chXYZ%) (d(X) & d(S))
(SZ+ZZ+X2+Y2)3
N (ch- 1) (ch+1)(-X*Z- Y"ZX- YchS*- YchSZ%) (d(Y) &*d(Z2))
. (SZ+ZZ+X2+Y2)3
. (ch- 1) (ch+1)(-Y*SX- X*S+YchZS +YchZ®) (d(Y) & d(S))
(SZ+ZZ+X2+Y2)3
. (ch- 1) (ch+1)(-chSX?- chZ?2X?*- chY*S - chZ?Y?) (d(Z) & d(S))
(SZ+ZZ+x2+Y2)3
. (ch- 1) (ch+1) (-SX*- Z2X*- Y*S - Z2Y?) (d(X) &* d(Y))
(SZ+ZZ+X2+Y2)3
. (ch- 1) (ch+1)(-SchX- ZZchSX+YZ X+ Y’ Z) (d(X) & d(Z))
(SZ+ZZ+X2+Y2)3
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. (ch- 1) (ch+1) (SYX*+SY*+ S chXZ+ZchX) (d(X) & d(S))

(F+Z72+ X+ Y2)3
[ >factor(HPhil&"HSigmal);factor(HPhi2&"HSigma2); factor(HPhi3&"HSigma3);
0
0
0

#
Theta:=([Hgg1&"Hhh1,Hgg1&"Hhh2,Hgg1&"*Hhh3],[Hgg2&"Hhh1,Hgg2&"Hhh2,Hgg2&"Hhh3],[Hgg3&*Hhh1,Hgg3&"*Hhh2,Hgg3&
AHhh3]):Thetall:=(wcollect(factor(Theta[1,1]))); Thetal2:=(wcollect(factor(Theta[1,2]))); Thetal3:=(wcollect(factor(Theta[1,3]))); Thet
a2l:=(wcollect(factor(Theta[2,1]))); Theta22:=(wcollect(factor(Theta[2,2]))); Theta23:=(wcollect(factor(Theta[2,3]))); Theta31l:=(wcolle
ct(factor(Theta[3,1]))); Theta32:=(wcollect(factor(Theta[3,2]))); Theta33:=(wcollect(factor(Theta[3,3])));

The interior Curvature 2-forms are:

11:=0
o1 = (e’ SY- chXZ) (d(Y) &2 d(2)) | (-ch sx-Qchzzv) (d(Y) & d(S)) | (X' + ¥ c) (d(2) &"d(S))
(§+ZZ+XZ+Y2)2 (SZ+ZZ+x2+Y2)2 (SZ+ZZ+x2+Y2)2
(e S- Zch) (dX) &7 d(Y)) | (YchZ+SX) (d(X) &2 d(Z)) | (YchS- ZX) (d(X) & d(S))
(S;2+22+X2+Y2)2 (SZ+ZZ+X2+Y2)2 (SZ+ZZ+X2+Y2)2
013 = (-ch®SZ- ch XY) (d(Y)fm d(2)) N (X% +ch®Z%) (d(Y) &":J(S)) . (chSX- ch*ZY) (d(Z2) 8;" d(s))
(S+Z2+X°+Y?) (S+Z2+X°+Y?) (S+Z2+X°+Y?)
L (YChZ+SX) (d(X) &M d(Y)) (chS+ ¥ ch) (d(X) &N d(Z)) | (-ZchS- YX) (d(X) & d(S))
(SZ+ZZ+X2+Y2)2 (SZ+ZZ+X2+Y2)2 (SZ+ZZ+X2+Y2)2
Q2= - (ch®*SY- chX2Z) (d(Y) 8;"d(Z)) _ (-chSX- chZZY)(d(Y)fc"d(S))
(S+Z2+X2+Y?) (S+Z2+X2+Y?)
(O + Y ch?) (d(Z) &~ d(S))  (-ch S - ZZch) (d(X) &~ d(Y)) (YchZ+SX) (d(X) &~ d(Z))
- (SZ+ZZ+X2+Y2)2 - (S;2+22+X2+Y2)2 - (SZ+ZZ+X2+Y2)2
(YchS- ZX) (d(X) &~ d(S))
- (SZ+ZZ+X2+Y2)2
Q22:=0
023 :=- (-X*- c*'S) (d(Y)&"Zd(Z)) ] (ch*SZ- ch XY) (d(Y) 8;" d(s))
(S +Z2+ X +Y?) (S +Z2+X+Y)
(-chXZ- ch*SY) (d(Z) &2 d(S)) (-YchS- ZX) (d(X) &~ d(Y)) (-ZchS+YX) (d(X)&"d(2))
_ (SZ+ZZ+X2+Y2)2 _ (SZ+ZZ+X2+Y2)2 _ (SZ+ZZ+X2+Y2)2
(Y2ch + Z%ch) (d(X) &~ d(S))
- (SZ+ZZ+X2+Y2)2
Q8L =- (-ch’SZ- chXY)(d(Y)Jzi"d(Z)) ] (X2+ch222)(d(Y)&":j(S))
(S+Z2+X°+Y?) (S+Z2+X°+Y?)
(chSX- ch?ZY) (d(Z) & d(S)) (-YchZ+SX) (d(X) & d(Y)) (chS +Ych) (d(X)&"d(Z))
_ (SZ+ZZ+X2+Y2)2 - (SQ+ZZ+X2+Y2)2 _ (SZ+ZZ+X2+Y2)2
(-ZchS- YX) (d(X) &> d(S))
_ (SZ+ZZ+X2+Y2)2
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— (X - o’ S) (d(Y) &1 d(Z)) | (e SZ- ch X Y) (d(Y) & (S))
(SZ+ZZ+x2+Y2)2 (SZ+ZZ+x2+Y2)2
L (ChXZ- chSY) (d(Z) &"d(S)) | (-YchS- ZX) (d(X) &2 d(Y)) (-ZchS+YX) (d(X) & d(2))
(SZ+ZZ+X2+Y2)2 (SZ+ZZ+X2+Y2)2 (SZ+ZZ+X2+Y2)2
. (Y*ch+Z?ch) (d(X) & d(S))
(SZ+ZZ+X2+Y2)2
Q33:=0

LI e Y O o O e N
V V.V V VYV

NOW RESTART FOR THE INSTANTON CASE

r2:= )(2 +y2 + Z2
dR:=[d(X), d(Y), d(Z), d(S)]

11

>
These fields, to within a factor, lead to an assignment of a global frame field inverse matrix with components

L prportional to :
[ >E3:=[-Y,+X,S,-Z];E2:=[-Z,-S,X,Y];EL:=[S,-Z,Y -X];N1:=[X,Y,Z,S];

E3:=[-V,X S -Z]
E2:=[-Z-S X V]
E1:=[S-ZY,-X]
N1:=[X Y,Z 9]

E Arbitrarily , and for algebraic simplification, each direction field will be divided by the factor X"2+Y"2+Z"2+5"2
[ > FFINV:=evalm(subs(ch”2=1,(array([E1,E2,E3,N1])/(X"2+Y"2+Z"2+S"2)" (1/2)))):

[ > FF:=simplify(evalm(subs(ch”2=1,inverse(FFINV)))); DET:=factor(subs(ch”2=1,det(FF))); Gun:=subs(ch”2=1,innerprod(transpose(
FF),FF));INV:=subs(ch”2=1,(innerprod(FF,FF)));

e S Z Y X

e - - ¥
8«/SZ+ZZ+XZ+Y2 «/SZ+ZZ+X2+Y2 «/SZ+ZZ+X2+Y2 «/SZ+22+X2+Y2:
§ z S X Y v
& «/SZ+ZZ+X2+Y2 «/SQ+ZZ+X2+Y2 «/SZ+ZZ+X2+Y2 «/SZ+ZZ+X2+Y25
Fr=g Y X s z i
& ¥
8«/82+22+X2+Y2 «/SZ+ZZ+X2+Y2 «/SZ+ZZ+X2+Y2 «/SZ+ZZ+X2+Y2L’
g U
& X Y z S v
gp«/SZ+ZZ+X2+Y2 4/SZ+ZZ+XZ+Y2 «/SZ+ZZ+X2+Y2 «/SZ+22+X2+YZE
DET:=-1

gl 00 OH

Gun'—g) 10 OH

'"80 0 1 od

€ 0 0 1u

Page 8



X+Y-S- 7
S+ X+ Y
0
-ZX+SY
S+Z2+ X+ Y
SX+YZ

=z
<
i

(‘D(‘IPFD\’DFDl‘DfDFDfoDFDfDFDfoDw
N N

S+Z2+X*+Y?

SY+ZX -SX+YZ U
S+Z2+X+Y S+ 722+ X+ Y2
U

0 0 U
Yo X S+ 22 ZS+YX E
S+Z2+X+Y S+Z2+X+Y
YX-ZS X+Y -2+ S Y
S+Z2+X*+Y? S+22+X°+Y? lf

Note that the Determinant never vanishes (except at the origin of R4) and is positive definite, an indication of an

orientable structure.

The induced metric as defined by the Frame Field is conformal.

> subs(ch”2=1,innerprod(FF,FFINV));

0 Ou

0 oﬁ

1 oy

00 1H

[ Now use the Cartan method to evaluate the stuctural equations

> DR:=innerprod(FFINV,[d(X),d(Y),d(Z),d(S)]):sigmal:=wcollect(factor(wcollect(DR[1])));sigma2:=wcollect(factor(wcollect(DR[2])));
sigma3:=wcollect(factor(wcollect(DR[3])));omega:=factor(wcollect(DR[4]));hdsigmal:=wcollect(factor(sigmal&”~d(sigmal)));hds
igma2:=factor(sigma2&”d(sigma2));hdsigma3:=factor(sigma3&”~d(sigma3));domega:=d(omega);

The rescaling of all the basis elements by the non-negative number yields a simple algebra:

0
1
0

CiSieciyty

Sd(X) Zd(Y) Yd(2) X d(S)
sl:= - + -
«/SZ+ZZ+X2+Y2 «/S}2+ZZ+X2+Y2 «/S}2+ZZ+X2+Y2 «/S}2+22+X2+Y2
Zd(X) sd(Y) X d(2) Yd(S)
s2:=- - + +
«/SQ+ZZ+X2+Y2 «/SZ+ZZ+X2+Y2 «/SZ+ZZ+X2+Y2 «/SZ+ZZ+X2+Y2
Y d(X) X d(Y) Sd(2) Zd(S)
s3:=- + + -
«/SZ+ZZ+x2+Y2 «/SZ+ZZ+x2+Y2 «/SZ+ZZ+x2+Y2 «/SZ+ZZ+x2+Y2
_Xd(X) + Yd(Y) +Zd(Z) +Sd(S)
NSH+HZZ+XP+Y
hdsigmal :=
, S&NA(X). d(Y), d(2)) | Y&N(A(X). d(2).d(S) ) Z&Nd(X). d(Y).d(S)) ) X&~d(Y),d(Z). d(S))
S+Z+X+Y S+Z2+X+Y S+Z2+X+Y S+Z2+X+Y
hdsigma2 :=
S&A(X), d(Y), d(Z)) + Y &A(d(X), d(Z), d(S)) - Z&™(d(X), d(Y), d(S)) - X &A(d(Y), d(Z), d(S))
S+Z2+X°+Y
hdsigma3 :=
S&A((X), d(Y), d(Z)) + Y &A(d(X), d(Z), d(S)) - Z&™d(X), d(Y), d(S)) - X &A(d(Y), d(Z), d(S))
S+Z2+X°+Y
domega :=0

The forms sigma (1,2,3) and omega are the 1-forms relative to the basis frame FF

In the example, the 1-forms sigmal sigma2 and sigma3 are exact differentials equal to the differentials of the
mapping functions defined by the Hopf map giving x,y,z in terms of X,Y,Z,T

The in-exact 1-form of Action is proportional to the 1-form small omega.

For a parametrized surface, small omega vanishes, and such subspaces have Zero Torsion of the Affine type.
From the Frame use the standard methods to compute the Cartan Matrix of connection 1-forms.

See http://www.uh.edu/~rkiehn/pdf/defects2.pdf
L for details of the Cartan method for an arbitrary Repere Mobile.
( > dFF:=array([[d(FF[1,1]),d(FF[1,2]),d (FF[1,3]),d (FF[1,4])],[d (FF[2,1]),d (FF[2,2]),d (FF[2,3]),d (FF[2,4])].[d (FF[3,1]),d (FF[3,2]),d (FF[3,3]),
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L d(FF[3,4])].1d(FF[4,1]),d(FF[4,2]),d (FF[4,3]),d (FF[4,4])]]):

> cartan:=(evalm(FFINV&*dFF)):

Evaluate each component of the connection coefficients on transverse space of E1,E2,E3.
> Gammall:=factor(wcollect(cartan[1,1]));

111

Gl1:=0
> Gammal2:=factor(wcollect(cartan[1,2]));
_Yd(X)- Xd(Y) - Sd(Z) +Zd(S)
B S+Z2+X+Y

Gl2:
> Gammal3:=factor(wcollect(cartan[1,3]));
_-Zd(X)- Sd(Y) +Xd(Z) +d(S) Y
- S+Z2+X2+Y

Gl3:
> Gammaz2l:=factor(wcollect(cartan[2,1]));
Yd(X)- Xd(Y)- Sd(Z) +Zd(S)
S+7Z2+ X+ VY

Q21 :=-

> Gammaz22:=factor(wcollect(cartan[2,2]));
&2:=0
> Gammaz23:=factor(wcollect(cartan[2,3]));
Sd(X)- d(Y)Z+Yd(Z)- Xd(S)
S+Z2+X+Y

&3 :=-
> Gamma3l:=factor(wcollect(cartan[3,1]));
-Zd(X) - Sd(Y)+Xd(Z) +d(S) Y
S+Z2+X+Y

G31:=-
> Gamma32:=factor(wcollect(cartan[3,2]));
_Sd(X) - d(Y) Z+Yd(2) - Xd(S)
- S+Z2+X2+Y

G32:

> Gamma33:=factor(wcollect(cartan[3,3]));
L &33:=0
[ The "Space-S" components are:

[ > hhl:=factor(wcollect(cartan[4,1]));
>

Sd(X) - d(Y) Z+Yd(Z) - Xd(S)
F+72+ X+ Y

hhl :=-

> ggl:=factor(wcollect(factor(wcollect(cartan[1,4]))));

_Sd(X)- d(Y) Z+Yd(Z) - Xd(S)

L 9ol : S+Z2+X*+Y?
> hh2:=factor(wcollect(cartan[4,2]));
-Zd(X)- Sd(Y)+Xd(Z)+d(S) Y
hh2 := - R IRVIRY:
> gg2:=factor(wcollect(cartan[2,4]));
, . 224X) - Sd(Y) +Xd(Z) +d(S) ¥
| 992= S+Z22+ X+ Y
> hh3:=factor(wcollect(cartan[4,3]));
Yd(X)- Xd(Y)- Sd(Z) +Zd(S)
hh3 = S+Z2+X+Y
> gg3:=factor(wcollect(cartan[3,4]));
. Yd(X) - Xd(Y)- Sd(Z) +Zd(S)
i 99s:= S+Z2+X+Y
> Omega:=factor(simplify(wcollect(cartan[4,4])));
W:=0
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Note that the Big Omega term is a perfect differential, and is zero only when the arguement R4 is a constant.
That is - off the sphere R4 = constant the Omega term does not vanish. Hence if the radius of the two sphere is
expanding, then R4 is not constant and one has a dilatation. (The source of dilatons?)

There are in general two sets of torsion two forms.

The affine two forms, big Sigma, which depend upon the product of litle omega and the connection
components, little gamma.

The second set of torsion 2-forms is related to Big Omega and the connection components, little gamma.

See http://www.uh.edu/~rkiehn/pdf/defects2.pdf
AFFINE TORSION 2-forms Big Sigma
> Sigmal:=(wcollect(factor(omega&”ggl)));

ds3:=wcollect(factor(d(sigma3)));Sigma2:=wcollect(factor(omega&”gg2)); Sigma3:=omega&”gg3;
(Z2+Y?) (d(Y) &7 d(2)) L (ZS-YX) (d(V) &1 d(S)) (-SY- ZX) (d(Z) &" d(S))

S1:=

(SZ+ZZ+X2+Y2)(3/2) (SZ+ZZ+X2+Y2)(3/2) (SZ+ZZ+X2+Y2)(3/2)
LLSY-ZX) (d(X) &7 d(Y)) | (YX- ZS) (d(X) & d(2)) (- - X) (d(X) & d(S))
2 2 2. (3/2) > 5 2\ (3/2) 2 2 2\ (3/2)
(S+Z2+ X2+ Y?) (S+Z2+ X2+ Y?) (S+Z2+X2+Y)
_(ZX-SY)(d(Y) &M d(Z)) | (SX+YZ)(d(Y)&"d(S))  (-2X*-2Y*- Z2- S) (d(Z) & d(S))
ds3:= N EYE) + S, L) + —
(S+Z2+ X2+ Y?) (S+Z2+ X2+ Y?) (S+Z2+X+Y)
. (2 +2 72+ Y+ X2) (d(X) & d(Y)) L (YZ- SX) (dX) &2 d(2)) | (ZX- SY) (d(X) &" d($))
(SZ+ZZ+X2+Y2)(3/2) (SZ+ZZ+X2+Y2)(3/2) (SZ+ZZ+X2+Y2)(3/2)
_(Z8+YX) (V) &1 d(2)) (S+Y) (d(Y) &"d(S)) (-SX+YZ)(d(Z) & d(S))
(SZ+ZZ+X2+Y2)(3/2) (SZ+ZZ+X2+Y2)(3/2) (SZ+ZZ+X2+Y2)(3/2)
(-SX+YZ) (d(X) & d(Y)) (ZZ+X2) (d(X) &7 d(2)) (ZS+YX) (d(X) & d(S))
* 2 2 2\ (3/2) + 2 5 2\(3/2) + 2 2 2. (312)
(S+Z2+ X2+ Y?) (S+22+X +Y) (S+Z2+ X2+ Y?)
& XZ SY .
SS::g ., Lot L (3/2)_(d(Y)& d(2))
(S+Z2+ X2+ Y?) (S+Z2+X2+Y)
& XS ZY ) .
+§ 2 y2 2 3D 2 w2 2 a1z +(d(Y) &"d(S))
(§+Z+x+Y) (S+Z22+X2+Y) B
; Z Q(d(Z)& d(s))
+ _ T A
é (§+ZZ+X2+Y2) o (Sz+22+x2+y2)‘3’2)5
& NG y2 6
+§ VIV 2 2.2 12 =(d(X) &*d(Y))
(SZ+Z + X +Y) (§+Z +X2+Y?) 2
F— + = 2(d(x) &7 d(2))
§(SZ+ZZ+X2+Y2)(3/2) (§+Zz+x2+Y2)(3’2’*
& XZ SY ) .
+§_ 2 1 y2 4 282 * 2 U2 2 (3/2) (d(X)& d(s))
(S+Z2+X+Y) (S+Z2+X2+Y)

>

> Phil:=wcollect(factor(Omega&”gg1l));Phi2:=wcollect(factor(Omega&”gg2));Phi3:=wcollect(factor(Omega&” gg3));
F1:=0
F2:=0
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]

11T

>

F3:=0

> factor(Phil&”"Sigmal+Phi2&" Sigma2+Phi3&" Sigma3);

>
>
The two vector two forms are not independent

[ > Theta:=([ggl&*hh1l,gg1&*hh2,091&"hh3],[gg2&"hh1,gg2&"*hh2,092&"hh3],[gg3&"hh1,gg3&"hh2,gg3&"hh3]);

£ YZ 6
Q:= SOE > Zg(d(Z)&"d(X))
g (Z +82+X +Y2) (ZZ+82+X2+Y2) B
@ ZX 6
E(d(S)&"d(X))
(z +32+x +Y2) (ZP+S+X+Y) b
& SX 0
E 2E(d(s) &™d(Y))
(Z +52+x +Y2) (22+52+x2+Y2) P
& $ 0
g 5 2(d(Y) 8 d00)
(2 +sz+x +Y2) (22+52+x2+Y2) P
& NG 0
g -+ SH(d(S) &4 d(2)
(z +32+x +Y2) P+ L+x+YD) b
& ZX 0
E = 2(d(Y) &~ d(2)),
(Z2+P+%° +Y2) 2+ +X%+Y) b
& s v 0
g S+ 5(d(2) 8 d(X))
(22+82+X2+Y2) (Z+F+X2+Y) &
Y X 6
g ~2(d(9) &2 d0)
(Z +82+x +Y2) (Z2+SL+x2+Y?) b
® X2 0
g S+ SH(d(S) &7 (v))
(z +32+x +Y2) P+ L+x+YD) b
& SX o]
E 2t £(d() &~ d(X))
(z +52+x +Y2) (ZP+S+X°+Y) b
=) SX o]
E 2t z(d(s) &"d(2))
(22 + L+ %P +Y2) (ZP+S+X°+Y) b
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+

:

:

e

g_

@ YX sz 5 S
E >t E(d(Y)&" d(z)4 &
(ZZ+32+X2+Y2) (ZZ+82+X2+Y2) f+a Eg

YZ SX

6
£ (d(2) &™d(X))

2 2%
(ZZ+SZ+X2+Y2) (ZZ+SZ+X2+Y2) P

& ZX

g >t _(d(S) &"d(X))
(z +SZ+X +Y2) (Z +SZ+X +Y2) a

& YZ 0

g . 2;(d(S)&“O'(Y))

(Z +52+X +Y2) (22+82+X2+Y2) 3

e 72 0

é S(d(Y) &7 d(X)

(Z +32+X +Y2) (Z +52+X +Y2) 5

® )

E S(d(5) &2 d(2))
(Z 2+ P x? +Y2) (ZZ+SZ+X2+Y2) o

S ZX

S2((Y) & 2)), 0.

2 +
§(22+52+X2+Y2) (Z2+L+X°+Y) B

57 YX 6
. z(d(2) & d(X))

(ZZ+SZ+X2+Y2) (Z2+L+X°+Y2) B

@ 6

g -+ S(d(S) &2 d(X)

(z +32+x ) (PSP b

& Y X 0

E E(d(s)&"d(Y))

(z +32+x +Y2) (zz+52+x2+vz) 5

& ZX 0

E 2E(d(\() &~ d(X))
(z +52+x +Y2) (Z+S+X2+Y) &

& ZX 0

E E(d(S) &™d(2))
(Z +52+x +Y2) (22+52+x2+Y2) P

: 2
- ‘(d(Y)&"d(Z))Hg
(Z2+ L+ X2 +Y2) (ZP+ L+ X2 +Y) 5 HE
7 g
5" E(d(z) & d(X))
(Z+SL+X%+Y) (PP +XP +Y2) P
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& Y X SZ 0
+§ 2+ 2E(d(S)&"d(X))
(ZZ+32+X2+Y2) (ZZ+SZ+X2+Y2) 3
& ZZ 9
g S(d(S) & d(V))
(z +SZ+X +Y2) (ZZ+SZ+X2+Y2) E
S YZ 0
g + 2;(d(Y) &"d(X))
(Z +SZ+X +Y2) (ZZ+SZ+X2+Y2) E
& YZ o]
g 2t z(d(s) &"d(2))
(z +SZ+X +Y2) (ZZ+SZ+X2+Y2) E
S Y X 0
g E(d(Y) & d(2)),
(Z +sz+x +Y2) (22+52+x2+Y2) P
Y X o]
g 5" 5 2(d(Z) &~ d(X))
(22+82+X2+Y2) (ZP+L+X°+Y2) B
2 0

Z

S 2(d(S) & d(X))

g (Z +52+x +Y2) (Z+L+X24V%) &

& Y X .
E > 2:(d(S) &™d(Y))
(Z +52+x +Y2) 2+ +X%+Y) b
oS SY 0
E ~ S 2(d(Y) &" (X))
(Z +32+x +Y2) (Z2+L+X°+Y2) B
& SY 0
E 5t 2Z(d(S)&“d(Z))
(22 + L+ X° +Y2) (Z2+S+X%+Y2) B
& S X2 9 i
+ g - T(d(Y) &~ d(Z)), 0U
(Z2+SL+x2+¥2)  (Z2+L X%+ b i
[ > factor(subs(ch=1,HSigmal&”Sigmal));factor(subs(ch=1,HSigma2&”"Sigma?2));factor(subs(ch=1,HSigma3&” Sigma3));
0
0
0

[ Torsions are proportional!!!
L >
[ >wecollect(factor(wcollect((subs(ch=1,HSigmal)+Sigmal))));

(ZS- XY+Y- S)(d(Z) & d(X)) . (X2- XY+S +ZS) (d(S) & d(X))

(Z+S+x2+v0)"" (Z+S+x2+v)"”
L (CHXY-2S- Z)(d(S) &M d(Y)) | (-YZ+SY+SX+2ZX) (d(Y) &"d(X))
(Z+F+x+v)"? (Z+F+x2+v) 7
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(-SX+YZ+SY+ZX)(d(S)& d(Z)) (XY- ZS+Y*+2Z) (d(Y)&"d(Z))
* 2 2 2. (3/2) + > 2 2\ (3/2)
(ZZ+S+X+Y?) (ZZ+S+X+Y?)

>
> factor(wcollect((subs(ch=1,HSigmal)-Sigmal)&"d(S)&"d(Y)));

(-ZS+XY+Y- ) &Ad(S), d(Y), d(Z), d(X))
(Z+S+x+v) 7
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