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Devwudfw

Wkh fruuhvsrqghqfh ehwzhhq wkh Vslqru pds dqg wkh Krsi pds lv lq0
yhvwljdwhg/ dqg wkh uhodwlrqvkls ri Vslqru pdsv wr Plqlpdo vxuidfhv lv glv0
fxvvhg1 Lw dsshduv wkdw d srlqw sduwlfoh frxog eh frqvlghuhg dv d plqlpdo
vxuidfh ri }hur uhdo udglxv/ exw ri �qlwh duhd lq 7G1 +Gudiw,

41 Lqwurgxfwlrq

D uh0uhdglqj ri Fduwdq*v errn rq Vslqruv +dqg Fkdgudvhnkdu*v errn rq Eodfn
Krohv, ohdgv wr wkh wkrxjkw wkdw wkhuh lv d frqqhfwlrq ehwzhhq doo ri wkh lghdv lq
wkh deryh wlwoh1 Lw lv uhpdundeoh wr ph wkdw erwk Fduwdq dqg Fkdqguhvhnkdu gr qrw
phqwlrq wkh idfw wkdw dq lvrwurslf +frpsoh{ qxoo, yhfwru lv uhodwhg wr wkh jhqhudwru
ri d Plqlpdo Vxuidfh1 ^4 0Vhh Rvvhupdq s196`1 Wklv lv vxusulvlqj wr ph/ dv Fduwdq
zdv d gl�huhqwldo jhrphwhu zkr nqhz derxw plqlpdo vxuidfhv1 Fduwdq gh�qhg
^5 0 vhh Fduwdq s1 74` wkh Vslqru dv d pdsslqj ri d frpsoh{ sdlu wr d vshfldo 6
frpsrqhqw frpsoh{ yhfwru lq vxfk d zd| wkdw lwv txdgudwlf irup +vxp ri vtxduhv



ri wkh wkuhh frpsrqhqwv, lv }hur1 Wklv uhodwlrqvkls ri Vslqru pdsv wr plqlpdo
vxuidfhv lv ljqruhg e| pdq| rwkhu dxwkruv/ dv zhoo dv Fduwdq dqg Fkdqgudvhnkdu
+D uhfhqw shuvrqdo frppxqlfdwlrq zlwk Ulqgohu dovr lqglfdwhv wkdw kh dovr zdv qrw
dzduh ri wkh frqqhfwlrq ri wkhvh lghdv1,1 Lw zrxog dsshdu wkdw prvw sk|vlflvwv
duh qrw dzduh ri wkh frqqhfwlrq ehwzhhq vslqruv dqg plqlpdo vxuidfhv/ zklfk
|lhogv dq lqwhuhvwlqj dqg xvhixo jhrphwulf lqwhusuhwdwlrq ri vslqruv1 Hylghqwo| wkh
lghd ri frqqhfwlqj Vslqruv dqg plqlpdo vxuidfhv zdv qrwlfhg e| Ghqqlv Vxoolydq
+wkh wrsrorjlvw, derxw 4<;<1 Wklv uhihuhqfh L irxqg +diwhu L kdg vwxpeohg rq
wkh lghd, lq wkh uhfhqw duwlfoh e| Vhh U1 Nxvqhu dqg Q1 Vfkplww/ �Wkh Vslqru
Uhsuhvhqwdwlrq ri Plqlpdo Vxuidfhv� +kwws=22{{{1odqo1jry2dev2gj0jd2<845336 ru
kwws=22zzz1jdqj1xpdvv1hgx2vfkplww,1

Ehvlghv wkh odfn ri uhihuhqfh wr wkh idfw wkdw Fduwdq Vslqru pdsslqjv duh
uhodwhg wr plqlpdo vxuidfhv/ lw lv dovr dssduhqw wkdw wkh uhodwlrqvkls ri Vslqru
Pdsv wr wkh Krsi pds kdv ehhq ljqruhg e| doprvw hyhu|erg|1 Uhfdoo wkdw wkh
Krsi pds lv d pds iurp d yhfwru ri 7 frpsrqhqwv wr d yhfwru +wkh Krsi yhfwru, ri
6 frpsrqhqwv/ vxfk wkdw wkh vxp ri vtxduhv ri wkh wkuhh frpsrqhqwv lv wkh vtxduh
ri wkh vxp ri vtxduhv ri wkh 7 frpsrqhqwv1 Wkh pds lv dpeljxrxv wr zlwklq d
vljq +soxv ru plqxv rqh,1 Li wkh frpsrqhqwv ri wkh Krsi yhfwru lq 6 vsdfh duh
suhvxphg wr eh wkh glphqvlrqohvv udwlrv +{2fw/|2fw2/}2fw,/ wkhq wkh Krsi pds fdq
eh ylhzhg dv d pds iurp U7 wr d surmhfwlyh 60vsdfh1 Il{lqj wkh ydoxh ri wkh vxp
ri vtxduhv ri wkh 7 frpsrqhqwv wr d frqvwdqw +vd| xqlw|, jhqhudwhv wkh htxdwlrq
ri wkh oljkw frqh lq U71 Wkhuh duh wkuhh yhuvlrqv ri wkh +uhdo, Krsi yhfwru/ doo
zlwk wkh vdph ydoxh iru wkh vxp ri vtxduhv/ zklfk fdq eh duudqjhg vxfk wkdw wkh|
duh pxwxdoo| ruwkrjrqdo1 Wkh lpsolfdwlrq lv wkdw wkhuh duh dw ohdvw wkuhh glvwlqfw
frqvwudlqwv wkdw fdq uhsuhvhqw wkh oljkw frqh1

Wkh fruuhvsrqghqfh ehwzhhq wkh Vslqru pds dqg wkh Krsi pds zloo eh lqyhv0
wljdwhg ehorz/ zkhuh lw zloo eh ghprqvwudwhg wkdw wkh uxglphqwdu| Fduwdq Vslqru
pds lv d frpsoh{ wkuhh glphqvlrqdo �yhfwru� zkrvh uhdo dqg lpdjlqdu| frpsr0
qhqwv duh erwk Krsi yhfwruv1 Hdfk ri wkh wzr Krsi yhfwruv wkdw pdnh xs wkh
Fduwdq vslqru duh pxwxdoo| ruwkrjrqdo1 Dv phqwlrqhg deryh/ lw lv srvvleoh wr
frqvwuxfw wkuhh olqhduo| lqghshqghqw Krsi yhfwruv wkdw duh pxwxdoo| ruwkrjrqdo/
dqg zkhq wkhvh ruwkrjrqdo Krsi yhfwruv duh frpelqhg lq frpsoh{ sdluv/ lw lv srv0
vleoh wr frqvwuxfw vl{ lqghshqghqw vslqruv1 Lqwhjudwlrq ri d jlyhq frpsoh{ qxoo
yhfwru ohdgv wr d frpsoh{ �srvlwlrq� yhfwru1 Wkh uhdo dqg lpdjlqdu| sduwv ri wkh
�srvlwlrq� yhfwru vhsdudwho| ghvfuleh d sdlu ri plqlpdo vxuidfhv1 Lq gl�huhqwldo
jhrphwu|/ wkh qxoo vslqru lv fdoohg dq lvrwurslf yhfwru/ dqg wkh sdlu ri plqlpdo
vxuidfhv duh fdoohg frqmxjdwh vxuidfhv1 Olqhdu frpelqdwlrqv ri wkh wzr frqmxjdwh
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frpsrqhqwv ri wkh �srvlwlrq� yhfwru dovr jhqhudwh d plqlpdo vxuidfh1 Wkh dqdorj
lq sk|vlfv fdq eh ghvfulehg lq whupv ri wkh rswlfv ri srodul}dwlrq1 Rqh h{wuhph
plqlpdo vxuidfh lv olqhdu srodul}dwlrq/ zkloh wkh rwkhu h{wuhph lv flufxdou srodu0
l}dwlrq1 D olqhdu frpelqdwlrq ri wkh plqlpdo vxuidfhv lv dqdorjrxv wr hoolswlfdo
srodul}dwlrq1 Hdfkri wkh srodul}dwlrqv lv dpeljxrxv zlwk uhvshfw wr d vljq +uljkw
kdqghg yv ohiw kdqghg/ krul}rqwdo yv1 yhuwlfdo,

Wkh Krsi pds dovr dsshduv hpehgghg lq wkh fodvvlfdo sk|vlfv olwhudwxuh1 Lw
lv odwhqw lq wkh fodvvlfdo rswlfv wkhru| ri sduwldo srodul}dwlrq ^60 R*Qhloo`> lq wkh
fodvvlfdo hohfwurpdjqhwlf wkhru| ri Edwhpdq dqg Zklwwdnhu ^70 Edwhpdq `> lq wkh
wkhru| ri k|gurg|qdplf zdnhv ^80 Nlhkq`/ lq wkh h{dpsohv ri hohfwulf zdyh vlqjxodu
vroxwlrqv wkdw jlyh wkh dsshdudqfh ri euhdnlqj wlph uhyhuvdo v|pphwu| ^9 0 Nlhkq`1
\hw wkhvh fodvvlf h{dpsohv/ dqg pdq| rwkhuv/ gr qrw irfxv dwwhqwlrq rq wkh idfw
wkh wkh Krsi yhfwru �hogv/ vr frqvwuxfwhg lq whupv ri rughuhg frpsoh{ sdluv/ duh
uhodwhg wr vslqruv/1 Lw wrrn uhodwlylvwlf txdqwxp wkhru| wr irfxv srsxodulw| rq
vslqruv/ ohdglqj wr d +idovh, srsxodu rslqlrq wkdw vslqruv zhuh vrphwklqj ri d
�txdqwxp phfkdqlfdo�ruljlq1

4141 Krsi Pdsv dqg Krsi Yhfwruv

Frqvlghu wkh pds iurp U7+[/\/]/V, wr U6+x/y/z, jlyhq e| wkh irupxodv

O� ' dx�> y�> z�o ' d2E[] n \ V�> 2E[V � \ ]�> E[2 n \ 2�� E]2 n V2�o +414,

Wkhvh irupxodv gh�qh wkh irupdw ri d Krsi pds1 Wkh Krsi yhfwru O� lv uhdo dqg
kdv wkh surshuw| wkdw

O� �O� ' Ex��2 n Ey��2 n Ez��2 ' E[2 n \ 2 n ]2 n V2�2= +415,

Khqfh d uhdo 7 glphqvlrqdo vskhuh pdsv wr d uhdo 6 glphqvlrqdo vskhuh1 Li wkh
ixqfwlrqv dx�> y�> z�o duh gh�qhg dv d{@fw> |@fw> }@fwo> wkhq wkh 7G vskhuh E[2 n
\ 2n]2nV2�2 ' �/ lpsolhv wkdw wkh Krsi pds irupxodv duh htxlydohqw wr wkh 7G
oljkw frqh1

Wkh Krsi pds fdq dovr eh uhsuhvhqwhg e| d pds iurp F5 wr U6/ dv jlyhq e|
wkh irupxodv

O� ' dx�> y�> z�o +416,

' d� � �W n � � �W> lE� � �W � � � �W�> � � �W � � � �W
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Wkh yduldeohv � dqg � dovr fdq eh ylhzhg dv wzr glvwlqfw frpsoh{ yduldeohv gh�qlqj
rughuhg sdluv ri wkh irxu yduldeohv d[>\> ]> Vo= Iru h{dpsoh/ wkh fodvvlf irupdw
jlyhq deryh iru O� fdq eh rewdlqhg iurp wkh h{sdqvlrq/

� ' [ n l\ � ' ] n lV= +417,

Rwkhu vhohfwlrqv iru wkh rughuhg sdluv ri E[>\>]> V� +dorqj zlwk shupxwdwlrqv ri
wkh 6 yhfwru frpsrqhqwv, jlyh glvwlqfwo| gl�huhqw Krsi yhfwruv1 Iru h{dpsoh/ wkh
rughuhg sdluv/

� ' [ n l] > � ' \ n lV> +418,

jlyh

O2 ' dx2> y2> z2o +419,

' d� � �W n � � �W> � � �W � � � �W> lE� � �W � � � �W�o

' d2E\ [ � V]�> [2 n ]2 � \ 2 � V2>�2E]\ n V[�o

zklfk lv dqrwkhu Krsi yhfwru/ d pds iurp U7 wr U6/ exw zlwk wkh surshuw| wkdw
O2 lv ruwkrjrqdo wr O� G

O2 �O� ' f= +41:,

Vlploduo|/ d wklug olqhduo| lqghshqghqw ruwkrjrqdo Krsi yhfwru O� fdq eh irxqg

O� ' dx�> y�> z�o +41;,

' d� � �W � � � �W>�E� � �W n � � �W�>�lE� � �W � � � �W�o

' d[2 n \ 2 � ]2 � V2>�2E\ [ n V]�> 2E�][ n V\ �o

vxfk wkdw

O2 �O� ' O� �O2 ' O2 �O� ' f= +41<,

O� �O� ' O2 �O2 ' O� �O� ' E[2 n \ 2 n ]2 n V2�2= +4143,

Wkh wkuhh olqhduo| lqghshqghqw Krsi yhfwruv fdq eh xvhg dv d edvlv ri U6 h{foxglqj
wkh ruljlq1

Hdfk Krsi yhfwru fdq eh gl�huhqwldwhg zlwk uhvshfw wr wkh yduldeohv E[>\> ]> V�
iruplqj d judglhqw �hog rq U71 Wkdw lv/ wkh pdsslqj ixqfwlrqv Ex> y> z� fdq eh
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gl�huhqwldwhg zlwk uhvshfw wr E[>\> ]> V� wr surgxfh d vhw ri wkuhh h{dfw 40 irupv1
Wkh h{whulru surgxfw gEx��	gEy��	gEz�� surgxfhv d 6 irup/ zkrvh gxdo zklfk
jhqhudwhv wkh �dgmrlqw� �hog1 Wkh frpsrqhqwv ri wkh dgmrlqw �hog fdq eh xvhg wr
frqvwuxfw d qrq0lqwhjudeoh 40irup1 Wkh wkuhh h{dfw 40irupv dqg wkh qrq0lqwhjudeoh
40irup fdq eh xvhg dv d edvlv iudph iru wkh vsdfh1 Wkh h{whulru ghulydwlyhv ri wkh
edvlv iudph surgxfh wkh xvxdo Fduwdq frqqhfwlrq zklfk lv qrw wruvlrq iuhh1 E|
wklv phfkdqlvp wkh gl�huhqwldo vwuxfwxuh ri U7 dv lqgxfhg e| wkh Krsi pds lv
ghwhuplqhg1

Iurp dqrwkhu srlqw ri ylhz/ hdfk ri wkh irxu ixqfwlrqv [>\>]> V fdq eh frq0
vlghuhg dv frpsoh{ yduldeohv/ vr wkdw wkh Krsi pds kdv d uhdol}dwlrq iurp F7 wr
F61

4151 Lvrwurslf Yhfwruv dqg Plqlpdo vxuidfhv

Frqvlghu wkh wzr ohppdv jlyhq lq U1 Rvvhupdq*v errn � D Vxuyh| ri Plqlpdo
Vxuidfhv� Gryhu

Wkhruhp 4141 Ohppd ;14 +Rvvhupdq, Ohw G eh d grpdlq lq wkh frpsoh{ }0

sodqh/ jE}� dq duelwudu| phurprusklf ixqfwlrq lq G dqg iE}� dq dqo|wlf ixqfwlrq

lq G kdylqj wkh surshuw| wkdw dw hdfk srlqw zkhuh jE}� kdv d sroh ri rughu p/

iE}� kdv d }hur ri rughu dw ohdvw 5p1 Wkhq wkh ixqfwlrqv

}� ' iE�� j2�@2 +4144,

}2 ' l iE� n j2�@2> +4145,

}� ' 
ij> +4146,

zloo eh dqdo|wlf lq G dqg vdwlvi| wkh htxdwlrq ri dq �lvrwurslf� qxoo yhfwru=

E}��2 n E}2�2 n E}��2 ' f= +4147,

Wkh rqo| h{fhswlrq lv iru }� ' f> }� ' l }21

Lw lv xqiruwxqdwh wkdw wkh klvwrulf zrug lvrwurslf lv xvhg wr ghvfuleh wkh �qxoo
� yhfwru/ iru lq hqjlqhhulqj sudfwlfh/ wkh zrug lvrwurslf lv xvxdoo| lqwhusuhwhg dv
phdqlqj wkh vdph lq doo gluhfwlrqv1 Whfkqlfdoo| wkh zrug lvrwurslf xvhg iru wkh
qxoo yhfwru lv fruuhfw/ iru qr pdwwhu zkdw gluhfwlrq wkh qxoo yhfwru srlqwv lq F6/
lwv txdgudwlf irup/ dv d vxp ri vtxduhv ri wkh wkuhh frpsrqhqwv/ lv }hur1
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Dq htxlydohqw irupxodwlrq iru dq lvrwurslf +qxoo, yhfwru zdv jlyhq e| Fduwdq
lq whupv ri �E}� dqg �E}�> dv iroorzv1

}� ' �2 � �2 +4148,

}2 ' l E�2 n �2�> +4149,

}� ' 
2��> +414:,

Hylghqwo| G1 Vxoolydq qrwlfhg wkdw wkhvh irupxodv ri Fduwdq frxog eh uhodwhg wr
plqlpdo vxuidfhv lq 4<;< +khqfh suhgdwhv p| rzq uhfhqw lqghshqghqw dssuhfldwlrq
ri wklv idfw,1 Wkh irupxodv fdq dovr eh lqwhusuhwhg lq whupv ri wkh vhtxhqfh ri
pdsv iurp wkh 5G vsdfh i' ' xn lyj wr wkh ;G vsdfh i� ' [E'� n l\ E'�> � '
]E'� n lVE'�j wr wkh 9G vsdfh ~}�E'�> }2E'�> }�E'�j= Wkh txdgudwlf irup ri
dq duelwudu| yhfwru rq F6/ E}��2 n E}2�2 n E}��2> fdq eh frpsoh{/ uhdo/ ru }hur1
Krzhyhu/ wkh vslqru frqvwuxfwlrq jlyhq deryh dozd|v surgxfhv dq lvrwurslf ru
qxoo yhfwru= wkh txdgudwlf irup ydqlvkhv1 Wkh pdsslqj ghvfulehg deryh lv wkh
ruljlqdo gh�qhlwlrq ri d Fduwdq Vslqru1 D Fduwdq Vslqru lv lq idfw/ qrw wkh sdlu ri
ixqfwlrqv/ �E'� dqg �E'�> exw wkh pds wr wkh lvrwurslf frpsoh{ 6 yhfwru/ vxfk
wkdw

E}��2 n E}2�2 n E}��2 ' f= +414;,

Wkh lvrwurslf +qxoo, frqglwlrq lpsrvhv wzr frqvwudlqwv rq wkh 9G vsdfh ri 6 frp0
soh{ yduldeohv uhgxflqj wkh glphqvlrq wr d 7G vsdfh ri wzr frpsoh{ yduldeohv1

Wkhruhp 4151 Ohppd ;15 +Rvvhupdq, Hyhu| vlpso| frqqhfwhg plqlpdo vxu0

idfh lq H6 fdq eh uhsuhvhqwhg lq wkh irup ri d srvlwlrq yhfwru

+hi@* ' d[�Ex> y�> \ �Ex> y�> ]�Ex> y�o> +414<,

zkhuh ' ' Ex n l y�= D frqmxjdwh plqlpdo vxuidfh fdq eh frqvwuxfwhg iurp wkh

lpdjlqdu| frpsrqhqwv ri wkh lqwhjudo irupxodwlrq/

+lpdj ' d[2Ex> y�> \ 2Ex> y�> ]2Ex> y�o= +4153,

Wkh srvlwlrq yhfwru lv frpsxwhg iurp dq lvrwurslf frpsoh{ 6 yhfwru e| phdqv ri

wkh irupxodv=
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[�Ex> y� ' +i

]
}�E'�g'nfrqvwdqw [2Ex> y� ' W4

]
}�E'�g'nfrqvwdqw

+4154,

\ �Ex> y� ' +i

]
}2E'�g'nfrqvwdqw \ 2Ex> y� ' W4

]
}2E'�g'nfrqvwdqw

+4155,

]�Ex> y� ' +i

]
}�E'�g'nfrqvwdqw ]2Ex> y� ' W4

]
}�E'�g'nfrqvwdqw

+4156,
Hlwkhu +uhdo, frpsrqhqw ri wkh frpsoh{ srvlwlrq yhfwru/ ru dq| olqhdu frpelqdwlrq
ri wkh frpsrqhqwv/ pd| eh xvhg wr lqgxfh d 5G uhdo phwulf/ zkrvh Jdxvvldq
fxuydwxuh lv qhjdwlyh dqg zkrvh phdq fxuydwxuhv lv }hur1 Khqfh lw iroorzv wkdw
d Fduwdq Vslqru +lvrwurslf 6 yhfwru, jhqhudwhv +wzr, plqlpdo vxuidfhv1 Lq wkh
h{dpsohv ehorz/ iru d vlpsoh fkrlfh ri wkh ixqfwlrqv � dqg �> wkh fdwhqrlg ri
uhyroxwlrq rffxuv dv wkh uhdo sduw ri wkh lqwhjudwlrq dqg wkh khol{ lv ghwhuplqhg
iurp wkh lpdjlqdu| sduw ri wkh lqwhjudwlrq1 D olqhdu frpelqdwlrq ri wkh wzr
�frqmxjdwh� frpsrqhqwv lv xvhg wr irup wkh kholfdw/ zklfk lv |hw dqrwkhu plqlpdo
vxuidfh1 Hdfk ri wkh ixqfwlrqv gh�qhg deryh lv dpeljxrxv wr d idfwru ri 	�= Wkh
phdq fxuydwxuh ydqlvkhv +wkh plqlpdo vxuidfh frqglwlrq, iru doo frpelqdwlrqv ri
soxv ru plqxv vljqv1

Dv phqwlrqhg deryh/ wkh uhdo dqg lpdjlqdu| sduwv ri wkh plqlpdo vxuidfh
srvlwlrq yhfwru fruuhvsrqg wr h{wuhphv lq �srodul}dwlrq�1 Wkh lqwhuhvwlqj idfw lv
wkdw li # lv d frpsoh{ �frqvwdqw� ri wkh w|sh # ' D i TEl��> wkhq hdfk frpsrqhqw
ri wkh frpsoh{ srvlwlrq yhfwru

+ ' D i TEl��d+hi@* n l+lpdjo +4157,

dovr jhqhudwhv d plqlpdo vxuidfh +ri pl{hg srodul}dwlrq,

415141 H{dpsoh 41 Wkh fdwhqrlg

Gh�qh wkh frpsoh{ ixqfwlrqv dv ehorz dqg ghgxfh wkh iroorzlqj uhvxowv=

� ' �@'> � ' �> +4158,

O� ' d�@'2 � �> lE�@'2 n �� > 2 @'o > +4159,

+ ' d��@' �'> lE�@' n'�> 2 *?' +415:,

:



Iljxuh 414=

Vxevwlwxwh ' ' i TExn ly� wr rewdlq

+hi@* ' d�frvEy�Eh{sE�2x� n ��h{sEx�>�vlqEy�Eh{sE�2x� n ��h{sEx�> 2xo�=
+415;,

dqg

+lpdj ' dvlqEy�Eh{sE�2x����h{sEx�>�frvEy�Eh{sE�2x����h{sEx�> 2yo�= +415<,

Sorwwlqj wkh Uhdo srvlwlrq yhfwru iru x dqg y ydu|lqj iurp 0� wr .�> |lhogv wkh

fdwhqrlg=

415151 H{dpsoh 5 Wkh khol{

Sorwwlqj wkh Lpdjlqdu| sduw ri wkh srvlwlrq yhfwru |lhogv wkh khol{= +Wkhuh duh
dfwxdoo| 7 kholflhv1 Uljkw kdqghg xs/ Ohiw kdqghg xs/ Uljkw kdqghg grzq/ Ohiw
kdqghg grzq1,

;



Iljxuh 415=

415161 H{dpsoh 6 Wkh kholfdw

Frpelqlqj wkh wzr frqmxjdwh irupv ri wkh plqlpdo vxuidfh srvlwlrq yhfwru +uhdo260
5Lpdj26, |lhogv wkh grxeoh od|huhg kholfdw1Qrwh wkdw wkhuh duh wzr glvwruwhg plq0
lpdo vxuidfhv lqwhuzryhq wrjhwkhu1 Dqrwkhu ylhz lv jlyhq ehorz zklfk ghprq0
vwudwhv wkh vsludo dupv dvvrfldwhg zlwk frqvwdqw } volfhv1

Qrwh wkh frqwrxu olqhv irup Vsludo Dupv zklfk frqyhujh wr flufohv iru wkh
fdwhqrlg dqg wr vwudljkw olqhv iru wkh kholfrlg1

4161 Wkh Fduwdq Pds dv Vslqruv dqg wkh Krsi pds

Wkh lvrwurslf Frpsoh{ srvlwlrq yhfwru/ ^}4/}5/}6` fdq eh ghfrpsrvhg lqwr d uhdo
dqg lpdjlqdu| sduw/ vxfk wkdw erwk kdyh wkh vdph vxp ri vtxduhv/ dqg duh ru0
wkrjrqdo1 Lq rwkhuzrugv/ wkh Fduwdq Vslqru fdq eh uhsuhvhqwhg dv

m��2l ' mO�ln l mO2l zlwk k��2m � m��2l ' f +4163,

Wzr rwkhu Fduwdq vslqruv duh uhsuhvhqwhg e| wkh frpelqdwlrqv1

<



Iljxuh 416=

Iljxuh 417=
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m�2�l ' mO2ln l mO�l zlwk k�2�m � m�2�l ' f +4164,

m���l ' mO�ln l mO�l zlwk k���m � m���l ' f +4165,

Wkhvh irupxodv fdq eh rewdlqhg iurp wkh Fduwdq uhsuhvhqwdwlrq iru wkh lvrwurslf
6 yhfwru1 Dv dq h{dpsoh frqvlghu wkh shupxwhg irup/1

}� ' �2 � �2 +4166,

}2 ' �2��> +4167,

}� ' l E�2 n �2�> +4168,

Pdnh wkh vxevwlwxwlrqv i� ' [ n l]> � ' \ � lVj wr rewdlq wkh htxdwlrqv

m���l '

������
[2 n V2 � \ 2 � ]2 n l 2E][ n V\ �
�2E\ [ n V]� n l 2E�]\ n V[�
2E�][ n V\ � n l E[2 n \ 2 � ]2 � V2�

.
' mO�ln l mO�l +4169,

4171 Wkh Dgmrlqw �hog wr wkh Krsi Pds

Wkh Krsi Pds/ dv fkdudfwhul}hg e| wkh htxdwlrqv=

dx�> y�> z�o ' d2E[] n \ V�> 2E[V � \ ]�> E[2 n \ 2�� E]2 n V2�o> +416:,

fdq eh xvhg wr jhqhudwhg 6 olqhdu lqghshqghqw 40irupv rq U7/ e| iruplqj wkh
judglhqw zlwk uhvshfw wr d[>\> ]> Vo ri hdfk ri wkh wkuhh ixqfwlrqv wkdw gh�qh wkh
pds1 Wkhvh wkuhh fryduldqw 7 frpsrqhqw yhfwruv pd| eh xvhg lq wkh frqvwuxf0
wlrq ri d iudph pdwul{ rq U71 D irxuwk olqhduo| lqghshqghqw yhfwru lv qhhghg/
wr frpsohwh wkh edvlv iudph1 Wklv irxuwk yhfwru fdq eh frqvwuxfwhg iurp wkh
dgmrlqw rshudwlrq +rq pdwulfhv ru gl�huhqwldo irupv, wr zlwklq dq duelwudu| vfdolqj
idfwru/�@�1 Wkh olqhduo| lqghshqghqw 40irupv duh wkhuhiru/

gEx�� ' 2]gE[� n 2VgE\ � n 2[gE]� n 2\ gEV� +416;,
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gEx2� ' 2VgE[�� 2]gE\ �� 2\ gE]� n 2[gEV� +416<,

gEx�� ' 2[gE[� n 2\ gE\ �� 2]gE]�� VgEV� +4173,

D ' i�\ gE[� n[gE\ �� VgE]� n ]gEV�j@� +4174,

Wkh Iudph Pdwul{ vr jhqhudwhg lv jlyhq e| wkh h{suhvvlrq=

I '

5
997

] V [ \
V �] �\ [
[ \ �] �V
�\@� [@� �V@� ]@�

6
::8 > GhwdI o '

�
]2 n V2 n \ 2 n[2

�2
@�

+4175,
Lw lv vrph lqwhuhvw wr h{dplqh wkh surshuwlhv ri wkh dgmrlqw 40irup/ D>gh�qhg
khuhdiwhu dv wkh Krsi 40irup1 Iru � ' �/ lw iroorzv wkdw wkh Krsi 40irup lv ri
Sid� glphqvlrq 71

Lw lv dovr ri lqwhuhvw wr frqvlghu idfwruv � wkdw duh ri wkh irupdw ri wkh Kroghu
qrup/ zkhuh q dqg s duh lqwhjhuv/ dqg +d/e/n/p, duh duelwudu| frqvwdqwv1

� ' Ed[s n e\ s n n]s npVs�q@s +4176,

Wkh h{srqhqwv q dqg s ghwhuplqh wkh krprjhqhlw| ri wkh uhvxowlqj 40irup/ zklfk
lv jlyhq ehorz dq dpeljxrxv irupdw +wkh soxv ri plqxv vljq,

D� ' D�@� ' i	E\ gE[��[gE\ ��� VgE]� n ]gEV�j@�= +4177,

Iru h{dpsoh/ iru q@s@5/ wkh vfdolqj idfwru ehfrphv uhodwhg wr wkh fodvvlf txdgudwlf
irup1 Wkh vfdohg Krsi 40irup/ D> lv wkhq krprjhqhrxv ri ghjuhh }hur1

Iru duelwudu| q dqg s/ wkh 60irup ri wrsrorjlfdo +Krsi, wruvlrq

Wrsrorjlfdo Wruvlrq ' ED��	gED�� ' lE	Ae�gE[�	gE\ �	gE]�	gEV� +4178,

jhqhudwhv d gluhfwlrq �hog gh�qhg dv wkh 7 frpsrqhqw Wruvlrq yhfwru/ Ae=

Ae ' 	d[>\>]> Vo@�= +4179,

Wkh idfwru � ghshqgv xsrq wkh lqwhjhuv q dqg s dv zhoo dv wkh frqvwdqwv + d/e/n/p,1
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Wkh Wrsrorjlfdo Sdulw| 70irup/ zkrvh frh!flhqw lv wkh 7 glyhujhqfh ri wkh
Wruvlrq yhfwru/ Ae>ehfrphv

Wrsrorjlfdo Sdulw| ' gED��	EgED�� +417:,

' �eE	��E32q@s��Eq� 2�gE[�	gE\ �	gE]�	gEV�+417;,

Lw lv prvw uhpdundeoh wkdw iru q@5/ dq| s dqg dq| +d/e/n/p,/ wkh wrsrorjlfdo
sdulw| ydqlvkhv dqg wkh vfdohg Krsi 40irup lv ri Sid� glphqvlrq 6/ qrw 71 Lq
vxfk fdvhv wkh udwlrv ri wkh lqwhjudov ri wkh wrsrorjlfdo wruvlrq 6 irup ryhu ydulrxv
forvhg pdql�rogv duh udwlrqdo/ dqg wkh forvhg lqwhjudov ri wkh 60irup duh wrsrorjlfdo
ghirupdwlrq lqyduldqwv1 +frkhuhqw vwuxfwxuhv,1

Dovr qrwh wkdw li wkh vfdolqj idfwru lv uhvwulfwhg wr ydoxhv vxfk wkdw q ' e> s '
2> d ' e ' n ' p ' �> wkhq wkh Iudph pdwul{ lv xqlprgxodu/ dqg wkh vfdohg Krsi
40irup lv krprjhqhrxv ri ghjuhh 05/ uhodwlyh wr wkh vxevwlwxwlrq [ , �[> hwf= +D
vrphzkdw gl�huhqw gh�qlwlrq ri krprjhqhlw| uhodwlyh wr wkh yroxph hohphqw zloo
eh jlyhq ehorz1, Iru wklv frqvwudlqw/ wkh 50irup/ I ' gD kdv wzr frpsrqhqwv lq
dqdorj wr wkh , dqg � �hogv ri hohfwurpdjqhwlvp1 Wkh wzr 6 frpsrqhqw �eodghv�
duh lghqwlfdo rqo| zkhq doo ri wkh frh!flhqwv duh htxdo wr xqlw|1 D �qlwh ydoxh
iru wkh txdgudwlf irup ohdgv wr d vskhuh lq 6G ri frruglqdwhv x4/x5/x61

417141 Hohfwurpdjqhwlvp ri Lqgh{ }hur Krsi 40irupv

Jxlghg e| sulru lqyhvwljdwlrqv/ lw lv ri lqwhuhvw wr xvh wkh vfdohg Krsi 40irup dv
wkh jhqhudwru ri hohfwurpdjqhwlf �hog lqwhqvlwlhv1 Wkh frh!flhqwv ri wkh vfdohg
Krsi 40irup fdq eh sxw lqwr fruuhvsrqghqfh zlwk wkh fodvvlf yhfwru dqg vfdodu
srwhqwldov/ d�> !o +xvlqj V ' FW �= Wkh Dfwlrq iru wkh �uvw h{dpsohv lv wkhq ri wkh
irupdw/

D�>f ' D�@�f ' i	En\ gE[��[gE\ ��� FWgE]� n F]gEW �j@�f +417<,

Zkhq wkh qxpehu ri plqxv vljqv lq wkh txdgudwulf irup lv }hur +lqgh{ 3,/ dqg
wkh h{srqhqwv duh q@7/ s@5/ vxfk wkdw

�f ' E[2 n \ 2 n ]2 n V2�2> +4183,

wkhq lw lv uhpdundeoh wkdw wkh ghulyhg 50irup kdv frh!flhqwv E, dqg �� wkdw duh
sursruwlrqdo wr wkh vdph Krsi Pds zlwk wkh wkh fodvvlf uhvxow wkdw ,2 ' F2

�
2>
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Xvlqj wkh plqxv dpeljxlw| +sdulw|, vljq/ wkh , �hog lv dqwl0sdudooho wr wkh � �hog=
Li wkh srvlwlyh dpeljxlw| +sdulw|, vljq lv xvhg/ wkh , dqg � �hogv duh sdudooho=

I ' gD > +4184,

� ' fxuo� ' +4185,

d2EFW\ n[]�>�2E�\ ] n FW[�> E�[2 � \ 2 n ]2 n EFW �2�oE2@E�f�
�@2�

, ' �judg!� C�@CW ' +4186,

d�2EFW\ n[]�> 2E�\ ] n FW[�>�E�[2 � \ 2 n ]2 n EFW �2�oE2F@E�f�
�@2�

Lw lv qdwxudo wr dvn li wkhvh , dqg � �hogv dgplw d Oruhqw} v|pphwu| frqvwlwxwlyh
frqvwudlqw vxfk wkdw ydfxxp vwdwh lv fkdujh fxuuhqw iuhh1 Uhfdoo wkdw d frqvwlwxwlyh
frqvwudlqw lv d uhodwlrqvkls ehwzhhq d 50irup/ I> dqg d 50irup ghqvlw| J> vxfk
wkdw wkh frh!flhqwv ri JE#>O� duh uhodwhg wr wkh frh!flhqwv ri I E,>��= D
Oruhq} ydfxxp frqglwlrq lpsolhv wkdw wkh �hogv duh vroxwlrqv ri wkh yhfwru zdyh
htxdwlrq1 Wkh txhvwlrq ehfrphv/ �Li lv suhvxphg wkdw # ' %, dqg � '�O/
gr wkh Pd{zhoo Dpshuh htxdwlrqv jhqhudwh d }hur 6 irup ri fkdujh fxuuhqwB �1
Gluhfw frpsxwdwlrq ri wkh lqgh{ }hur Krsi 40irup lqglfdwhv wkdw gJ ' M 9' f>
xqohvv %�F2 n � ' f= Khqfh wkh vfdohg Krsi Dfwlrq/ zkhuh wkh vfdolqj lv ri
vljqdwxuh }hur/ grhv qrw ghvfuleh d fkdujh fxuuhqw iuhh ydfxxp/ iru uhdo srvlwlyh
ydoxhv ri %> �> dqg F= Rq wkh rwkhu kdqg/ li lw lv suhvxphg wkdw wkh grpdlq
lv vxfk wkdw vd| �>ru %> lv qhjdwlyh/ wkhq wkh Krsi Pds/ vfdohg dv deryh/ grhv
jhqhudwh fkdujh0fxuuhqw iuhh zdyh vroxwlrqv1 Qhjdwlyh % dsshduv wr krog lq phwdov
dqg wkh Hduwk*v lrqrvskhuh1 Uhfhqw dqqrxqfhphqwv lqglfdwh frqvwuxfwlrqv wkdw
|lhog qhjdwlyh �= +Sk|vlfv Wrgd|/ s4: Pd| 5333,1 Krzhyhu/ iru vlwxdwlrqv zkhuh %
ru� duh qhjdwlyh/ wkh Krsi zdyh vroxwlrqv lpso| wkdw wkh Vslq dqjxodu prphqwxp
D	J lv qrw d ghirupdwlrq lqyduldqw +khqfh Vslq dqjxodu prphqwxp ri wkh �hog lv
qrw frqvhuyhg1,

417151 Hohfwurpdjqhwlvp ri Lqgh{ rqh Krsi 40irupv

Zkhq wkh qxpehu ri plqxv vljqv lq wkh txdgudwulf irup lv rqh +lqgh{ 4,/ dqg wkh
h{srqhqwv duh q@7/ s@5/ vxfk wkdw +xvlqj orzhu fdvh ohwwhuv iru Lqgh{ rqh Krsi
40irupv,

�� ' E{2 n |2 n }2 � f2w2�2> +4187,

wkhq lw lv uhpdundeoh wkdw wkh ghulyhg 50irup kdv frh!flhqwv E, dqg �� wkdw duh
sursruwlrqdo wr gl�huhqw Krsi Pdsv1 Wkh Dfwlrq 40irup lv wkh vdph dv deryh/
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exw zlwk d gl�huhqw ghqrplqdwru1

D�>� ' DE��@�� ' i	E|gE{�� {gE|��� FwgE}� n }FgEw�j@�� +4188,

Wkh idfw ohdgv wr wkh fodvvlf uhvxow wkdw ,2 ' F2
�

2> exw qrz wkh , �hog lv qrw
froolqhdu zlwk wkh � �hog1 Xvlqj wkh qhjdwlyh dpeljxlw| +sdulw|, vljq ohdgv wr
wkh �hogv=

I ' gD +4189,

� ' fxuo� ' +418:,

d2EFw| n {}�>�2E�|} n Fw{�> E�{2 � |2 n }2 n EFw�2�oE2@E���
�@2�

, ' �judg!� C�@Cw ' +418;,

d2EFw| � {}�> 2E�|} � Fw{�>�E�{2 � |2 n }2 n EFw�2�oE2F@E���
�@2�

Lqghshqghqw iurp dq| rwkhu frqvwudlqwv/ lw lv srvvleoh wr frqvwuxfw wkh 60irup ri
Wrsrorjlfdo Wruvlrq/ dqg lwv h{whulru ghulydwlyh gh�qhg dv Wrsrorjlfdo Sdulw|1 Wkh
Wrsrorjlfdo sdulw| fdq eh hlwkhu srvlwlyh/ }hur/ ru qhjdwlyh1 Iru wkh h{dpsoh Krsi
40irup jlyhq deryh +xvlqj wkh qhjdwlyh dpeljxlw| vljq,/ wkh Wrsrorjlfdo Wruvlrq
lv uhsuhvhqwhg wr zlwklq d idfwru e| d srvlwlrq yhfwrud�{>�|>�}>�wo lqerxqg lq
7 glphqvlrqv/ dqg kdylqj d qhjdwlyh glyhujhqfh ru sdulw|1 Li wkh srvlwlyh vljq ri
wkh dpeljxlw| idfwru lv fkdqjhg/ wkhq wkh sdulw| ri wkh irup fkdqjhv vljq1 Iru
h{dpsoh/ iru wkh 40irup/

D� ' D�n@�� ' in|gE{�� {gE|�� FwgE}� n }FgEw�j@��> +418<,

wkh 7 0irup ri wrsrorjlfdo sdulw| lv srvlwlyh/ dqg wkh wrsrorjlfdo wruvlrq lv uhsuh0
vhqwhg e| dq rxwerxqg srvlwlrq yhfwru +wr zlwklq d idfwru,1

Vlplodu wr wkh lqyhvwljdwlrq ghvfulehg deryh/ lw lv qdwxudo wr dvn li wkhvh ,

dqg � �hogv dgplw d Oruhqw} v|pphwu| frqvwlwxwlyh frqvwudlqw vxfk wkdw ydfxxp
vwdwh lv fkdujh fxuuhqw iuhh1 Djdlq/ vxfk d frqglwlrq lpsolhv wkdw wkh �hogv duh
vroxwlrqv ri wkh yhfwru zdyh htxdwlrq1 Gluhfw frpsxwdwlrq ri wkh Pd{zhoo Dpshuh
htxdwlrqv lqglfdwhv wkdw gJ ' M ' f li wkh skdvh yhorflw| frqvwudlqw ydqlvkhv/
%�F2 � � ' f= Khqfh wkh vfdohg Krsi Dfwlrq/ zkhuh wkh vfdolqj lv ri lqgh{ rqh/
grhv ghvfuleh d fkdujh fxuuhqw iuhh ydfxxp/ iru uhdo srvlwlyh ydoxhv ri %> �> dqg
F=

Lw lv vrph lqwhuhvw wr jlyh wkh fkdujh fxuuhqw vroxwlrqv wr vkrz krz wkh �skdvh
idfwru � E%�F2 � �� , f hvwdeolvkhv wkh ydfxxp fkdujh iuhh frqglwlrqv1
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M{ ' �E|{2 n |}2 n D|F2w2 � S}Fw{n |��E%�F2 � ��e@�2 +4193,

M| ' E{� n {|2 n {}2 n D{F2w2 n S}Fw|�E%�F2 � ��e@�2 +4194,

M} ' �E2{2 n 2|2 � }2 n F2w2�E%�F2 � ��HFw@�2 +4195,

� ' f +4196,

Qrwh wkdw wkhuh duh srvvleoh fkdujh fxuuhqw iuhh +zdyh vroxwlrqv, wkdw duh jryhuqhg
e| fxuyhv lq vsdfh wlph jhqhudwhg e| wkh lqwhuvhfwlrq ri wkh wkuhh vxuidfhv fuhdwhg
e| vhwwlqj wkh frh!fhqwv ri wkh fxuuhqw ghqvlw| htxdo wr }hur1 Wkhvh vroxwlrqv
duh ydolg iru dq| skdvh yhorflw|1

Wkh jlyhq vroxwlrq deryh lv qrw iuhh ri Wrsrorjlfdo Wruvlrq/ D	I> dqg wkhuh
lv d qrq0}hur ydoxh ri wkh vhfrqg Srlqfduh lqyduldqw/ , �� 9' f= Krzhyhu/ wkh
Vslq 60irup D	J lv dovr qrq0}hur/ exw lw kdv/ vxemhfw wr wkh skdvh frqvwudlqw/
d }hur 70glyhujhqfh1 +Wkh �uvw Srlqfduh lqyduldqw lv }hur1, Wkh glyhujhqfh ri
wkh Vslq 60irup/ kdv 5 sduwv1 Wkh �uvw sduw lv wzlfh wkh frqyhqwlrqdo Odjudqjh
ghqvlw| ri wkh �hogv/ E� �O�# � ,�= Wkh vhfrqg sduw lv wkh lqwhudfwlrq ehwzhhq
wkh srwhqwldov dqg wkh fkdujh fxuuhqwv/ E� � a � �!�= Zkhq wkh glyhujhqfh ri
wkh 60irup lv }hur/ wkhq wkh forvhg lqwhjudov ri Wrsrorjlfdo Vslq duh ghirupdwlrq
lqyduldqwv/ dqg kdyh forvhg lqwhjudov zlwk udwlrqdo +txdqwl}hg, udwlrv1 Wkdw lv/
zlwk uhjdug wr dq| vlqjo| sdudphwul}hg yhfwru �hog/ Y / ghvfulelqj dq hyroxwlrqdu|
surfhvv/

OE�Y �

]
}�

ED	J� '

]
}�

lE�Y �gED	J� n

]
}�

gElE�Y �D	J� +4197,

' f n f � hyroxwlrqdu| lqyduldqfh=

Wkh ixqfwlrq � lv dq duelwudu| ghirupdwlrq sdudphwhu1

417161 Wzlvwruv frpsrvhg e| vxshusrvlqj wzr lqgh{ 4 Krsi 40irupv

E| vxshusrvlqj +dgglqj ru vxewudfwlqj, wzr gl�huhqw/ lqgh{ 4/ Krsi 40irupv +zklfk
zloo eh vkrzq ehorz wr eh htxlydohqw wr d Shqurvh wzlvwru vroxwlrq, lw lv srvvleoh
wr frqvwuxfw d ydfxxp +fkdujh fxuuhqw iuhh zdyh, vroxwlrq wr wkh Pd{zhoo v|vwhp/
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vxemhfw wr wkh frqvwudlqw wkdw wkh skdvh vshhg vdwlv�hv wkh skdvh yhorflw| htxdwlrq/
E%�F2 � �� ' f1

Dv dq h{dpsoh frqvlghu dqrwkhu Krsi 40irup ri lqgh{ 4 irupxodwhg dv

D2 ' D2n@�� ' iFwgE{� n }gE|�� |gE}�� {FgEw�j@�� +4198,

Vlplodu irupxodv iru wkh �hog lqwhqvlwlhv fdq eh ghwhuplqhg dv deryh1 Qrwh wkdw
wkh sdulw| ri wkh Krsi irupv wr eh vxshusrvhg fdq eh wkh vdph ru gl�huhqw1 Li
wkh sdulw| ri wkh wzr vxshusrvhg Krsi 40irupv duh rssrvlwh/ wkhq zlwkrxw frqvlg0
hudwlrq ri wkh skdvh frqvwudlqw/ wkh Wrsrorjlfdo Wruvlrq ri wkh �wzlvwru� 40irup
ydqlvkhv/ D	I ' f1 \hw wkh txdqwl}hg wrsrorjlfdo vslq60irup D	J grhv qrw
ydqlvk/ dqg pruhryhu/ vxemhfw wr wkh skdvh frqvwudlqw/ wkh forvhg lqwhjudov ri wkh
Vslq 6 irup duh frqvhuyhg1 Wklv uhvxow lpsolhv wkdw vxfk d frqvwuxfwlrq |lhogv
�txdqwl}hg� ydoxhv iru wkh Vslq lqwhjudov1

Lq wklv �wzlvwru� fdvh/ qrwh wkh yhfwru uhsuhvhqwhg e| wkh yhfwru U ' d{> |> }> wo
lq U7/ lv ruwkrjrqdo wr wkh 40irup ri Dfwlrq1 Lw iroorzv wkdw iru d wzlvwru Dfwlrq/

D ' D�3 nD2n +4199,

lEU�D ' f> dqg OEU�D ' 2D +419:,

lEU�gD ' 2D> dqg OEU�gD ' 2gD +419;,

Qrwh wkdw wkh Krsi 4 irup/ D dqg wkh ghulyhg 50irup/ I ' gD> duh erwk
krprjhqhrxv ri ghjuhh 5/ zlwk uhvshfw wr U=

Wkh �wzlvwru� Dfwlrq fuhdwhg e| vxshusrvlqj Krsi 40irupv ri gl�huhqw sdulw|
+exw qrw wkh jhqhudo Krsi dfwlrq, lv lqwhjudeoh lq wkh vhqvh ri Iurehqlxv/

Wrsrorjlfdo Wruvlrq K ' D	I ' f= +419<,

Wkh lpsolfdwlrq lv wkdw wkh 7 irupv ri Wrsrorjlfdo Sdulw|/ ru wkh vhfrqg Srlqfduh
lqyduldqw/ +zklfk grhv qrw ghshqg xsrq frqvwlwxwlyh surshuwlhv, lv dovr }hur iru
wkh wzlvwru 40irup=

VhfrqgSrlqfduh lqyduldqwS2 G' gED	I � ' I	I ' 2, ��g{	g|	g}	gw , f
+41:3,

Fodvvlfdoo|/ rqh zrxog vd| wkdw wkh vhfrqg Srlqfduh lqyduldqw ydqlvkhv iru wklv
wzlvwru Dfwlrq1

Iurp wkh frqvwlwxwlyh uhodwlrqv/ wkhuh h{lvwv d 60irup +ghqvlw|, V> +Nlhkq 4<:9,
gh�qhg dv wkh Vslq 60irup/
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V G' D	J vxfk wkdw D	V ' f= +41:4,

Wkh Dfwlrq ri wkh Olh Ghulydwlyh rq wkh Vslq 40irup/ V> lv vxfk wkdw

OEU�V ' EOEU�D�	JnD	OEU�J ' 2D	JnD	E2J� ' eV +41:5,

dqg

OEU�gV ' egV= +41:6,

Wkh Vslq 60irup/ V/ dqg lwv glyhujhqfh 7 irup/ gV duh krprjhqhrxv ri ghjuhh 7
uhodwlyh wr wkh yhfwru U= Vxemhfw wr wkh skdvh frqvwudlqw/ wkh glyhujhqfh ri wkh
Vslq 60irup ydqlvkhv/ zklfk lqglfdwhv wkdw wkh forvhg lqwhjudov ri wkh vslq 60irup
duh frqvhuyhg dv shulrg lqwhjudov1

Wkhvh uhvxowv duh wr eh frpsduhg zlwk wkh Shqurvh wzlvwru gh�qlwlrqv lq whupv
ri gl�huhqwldo irupv +U1 Shqurvh/ �Wkh Fhqwudo Surjudpph ri Wzlvwru Wkhru| �/
Fkdrv/Vrolwrqv/ dqg Iudfwdov/ 43/ 506/ s8;40944/ 4<<<,

Wkh hqhuj|  rz ,�O ri vxfk d vroxwlrq lv froolqhdu zlwk wkh vsdwldo frpsr0
qhqwv ri wkh Vslq/ 5=

4181 Srlqw Sduwlfohv dv Uhdo dqg Frpsoh{ Vskhuhv ri �}hur udgll�

D srlqw sduwlfoh lv w|slfdoo| prghohg dv d 6 glphqvlrqdo hxfolghdq uhdo edoo zlwk d
ydqlvklqjo| vpdoo udglxv yhfwru1 Wkh ohqjwk ri wkh udglxv yhfwru vtxduhg lv gh�qhg
e| wkh vxp ri vtxduhv ri lwv uhdo frpsrqhqwv1 Wkh vxuidfh duhd ri wkh uhdo edoo
whqgv wr }hur dv wkh ohqjwk ri wkh udglxv vkulqnv1 Krzhyhu li d �srlqw� sduwlfoh
lv gh�qhg dv d +frpsoh{, vskhuh ri ydqlvklqjo| vpdoo udglxv/ wkhq frpsoh{ srlqw
sduwlfohv frxog eh uhsuhvhqwhg e| dq lvrwurslf qxoo yhfwru/ zkrvh ohqjwk vtxduhg
lv gh�qhg/ lq wkh vdph hxfolghdq pdqqhu dv iru uhdo yhfwruv/ dv wkh vxp ri wkh
vtxduhv ri lwv frpsrqhqwv1 Lq d Hxfolghdq vsdfh +zkhuh wkh vljqdwxuh ri wkh
ixqgdphqwdo txdgudwlf irup lv }hur, wkh lvrwurslf yhfwru lv qrw uhdol}hg lq whupv
ri uhdo yduldeohv1 Lq Plqnrzvnl vsdfh/ zkhuh wkh vljqdwxuh ri wkh ixqgdphqwdo
irup lv 4/ wkh lvrwurslf yhfwruv +ri qxoo ohqjwk, fdq eh uhsuhvhqwhg e| uhdo yhfwruv1
uhodwlyh wr wkh svhxgrphwulf1 Lw lv vxjjhvwhg khuhlq wkdw d sk|vlfdo �srlqw� lq
uhdo Hxfolghdq vsdfh eh h{whqghg wr lqfoxgh frpsoh{ hxfolghdq vsdfh/ dqg2ru
Plqnrzvnl vsdfh1 Wkh vxuidfh duhd ri d uhdo �srlqw� lv }hur lq uhdo hxfolghdq
vsdfh/ exw wkh vxuidfh duhd ri d frpsoh{ �srlqw� fdq eh �qlwh/ hyhq wkrxjk lwv
�ohqjwk� lv }hur1 Wklv uhvxow iroorzv iurp wkh idfw wkdw dq lvrwurslf qxoo yhfwru fdq
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eh xvhg dv wkh jhqhudwru ri d plqlpdo vxuidfh +vhh ehorz,1 Wkh plqlpdo vxuidfh
lv qrw ri }hur duhd1 Wkh lghd lv wr vwxg| d �srlqw� yroxph ri �}hur� uhdo udglxv
wkdw lv erxqghg e| wzr plqlpdo +shukdsv frqmxjdwh, plqlpdo vxuidfhv1

51 Pruh rq Plqlpdo Vxuidfhv

Lw lv h{wudruglqdu| wkdw wkh Krsi Dgmrlqw yhfwru/ zkhq vxlwdeo| qrupdol}hg wr
kdyh frh!flhqwv krprjhqhrxv ri ghjuhh }hur/ fdq eh xvhg wr gh�qh d plqlpdo
vxuidfh lq 7G/ zkhuh wkh Jdxvv fxuydwxuh +vxpv ri surgxfw sdluv ri fxuydwxuhv, lv
uhdo dqg srvlwlyh1 Uhdo plqlpdo vxuidfhv lq 6G kdyh d Jdxvv fxuydwxuh +vxpv ri
surgxfw sdluv ri fxuydwxuhv, zklfk lv qhjdwlyh1

Frqvlghu wkh Krsi Dgmrlqw yhfwru lv ri wkh irup

Df ' eE|g{� {g|� n dEwg} � }gw�= +514,

Wkh 40irup ri Srwhqwldov ghshqgv rq wkh frh!flhqwv d dqg e zklfk duh suhvxphg
wr wdnh rq ydoxhv 	�= Wkhuh duh wzr fdvhv fruuhvsrqglqj wr ohiw dqg uljkw kdqghg
�srodul}dwlrqv�= d ' e ru d ' �e1 +Wkhuh dfwxdoo| duh 9 fdvhv wr frqvlghu/ e|
f|folfdoo| shupxwlqj wkh yduldeohv/ dqg wkhvh fdq eh frpelqhg wr uhsuhvhqw vslqru
vroxwlrqv1,

Qh{w qrupdol}h wkh 40irup e| glylglqj wkurxjk e| d Kroghu qrup vxfk wkdw
wkh frh!flhqwv ri wkh uhqrupdol}hg 40irup duh krprjhqhrxv ri ghjuhh }hur1 Wkhq
frqvwuxfw wkh vlplodulw| lqyduldqwv ri wkh Mdfreldq pdwul{ ghwhuplqhg iurp wkh
frh!flhqwv ri wkh uhqrupdol}hg 40irup1 Zkdw lv uhpdundeoh iru wklv h{dpsoh/ lv
wkdw erwk wkhPhdq fxuydwxuh +vxp ri fxuydwxuhv,/ wkh Dgmrlqw +Nxelf fxuydwxuh @
vxp ri doo fxuydwxuh wulsohv,/ dqg txdgudwlf fxuydwxuh +ghwhuplqdqw ri wkh Mdfreldq
pdwul{ @ surgxfw ri doo fxuydwxuhv, ri wkh lpsolflw k|shuvxuidfh lq 7G ydqlvk/ iru
dq| fkrlfh ri d ru e1 Wkh Jdxvv fxuydwxuh +vxp ri doo sdluv ri fxuydwxuhv, lv
qrq0}hur/ srvlwlyh/ uhdo dqg lv htxdo wr wkh vtxduh ri wkh udglxv ri d 7G hxfolghdq
vskhuh1 Wkh fxelf lqwhudfwlrq hqhuj| ghqvlw| lv }hur1

Phdq ' f> +515,

Jdxvv A f +516,

Nxelf ' f +517,

WrsbWruvlrq 9' f +518,

Mv 9' f +519,

4<



Wklv vlwxdwlrq rffxuv zkhq wkh wkuhh fxuydwxuhv ri wkh lpsolflw 60vxuidfh duh
if>nl$>�l$�=1 Wklv Krsi vxuidfh lv wkhuhiruh d 6G lpdjlqdu| plqlpdo wzr gl0
phqvlrqdo k|shu vxuidfh lq 7G dqg kdv wzr qrq0}hur sxuh lpdjlqdu| fxuydwxuhv$
Vwudqjho| hqrxjk wkh fkdujh0fxuuhqw ghqvlw| lv qrw }hur/ exw lw lv sursruwlrqdo wr
wkh wrsrorjlfdo Wruvlrq yhfwru wkdw jhqhudwhv wkh 6 irup D	I= Wkh wrsrorjlfdo
Sdulw| 7 irup lv qrw }hur/ dqg ghshqgv rq wkh vljq ri wkh frh!flhqwv d dqg e1 Lq
rwkhu zrugv wkh *kdqghgqhvv* ri wkh gl�huhqw 40irupv ghwhuplqhv wkh rulhqwdwlrq
ri wkh qrupdo �hog zlwk uhvshfw wr wkh lpsolflw vxuidfh1

Lw lv dovr srvvleoh wr ghgxfh d forvhg 60irup ri �Fkdujh0Fxuuhqw ghqvlw|�/ Mv/
iru vxfk 6G k|shuvxuidfhv1 Wkh frh!flhqwv ri D	Mv duh h{dfwo| htxdo wr wkh
�Nxelf� fxuydwxuh vlplodulw| lqyduldqw1 Wkh vsdwldo vfdodu surgxfw ri D dqg M lv
edodqfh e| �!= Lw lv nqrzq wkdw d surfhvv ghvfulehg e| d yhfwru sursruwlrqdo wr
wkh wrsrorjlfdo wruvlrq yhfwru lq d grpdlq zkhuh wkh wrsrorjlfdo sdulw| Eeed� lv
qrq0}hur lv wkhuprg|qdplfdoo| luuhyhuvleoh1

61 Uhihuhqfhv

^4` Rvvhupdq
^5` Fduwdq
^6` R*Qhloo
^7` Edwhpdq
^8` Nlhkq
^9`
^:` Shqurvh
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