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Devwudfw

D v|vwhp ri gl�huhqwldo irupv zloo hvwdeolvk d wrsrorj| dqg d wrsrorjlfdo
vwuxfwxuh rq d grpdlq ri lqghshqghqw yduldeohv vxfk wkdw lv srvvleoh wr gh0
whuplqh zklfk hyroxwlrqdu| surfhvvhv dfwlqj rq wkh v|vwhp duh frqwlqxrxv1
Ri sduwlfxodu lqwhuhvw/ wr wkrvh pdq| sk|vlfdo v|vwhpv wkdw fdq eh hqfrghg
e| phdqv ri d vlqjoh 40irup ri Dfwlrq/ lv wkh Fduwdq wrsrorj| jhqhudwhg e|
wkh vlqjoh 40irup/ dqg lwv Sid� vhtxhqfh ri h{whulru gl�huhqwldov dqg wkhlu
lqwhuvhfwlrqv1 Lq wkh Fduwdq wrsrorj|/ wkh h{whulru gl�huhqwldo ehfrphv d
olplw srlqw jhqhudwru lq wkh vhqvh ri Nxudwrzvnl/ dqg wkh qxpehu ri qrq0}hur
whupv lq wkh Sid� vhtxhqfh ghwhuplqhv wkh Sid� wrsrorjlfdo glphqvlrq +uhs0
uhvhqwlqj wkh plqlpxp qxpehu ri ixqfwlrqv uhtxluhg wr ghvfuleh wkh 40irup
jhqhudwru,1 Lq sduwlfxodu/ zkhq wkh Sid� glphqvlrq lv 6 ru pruh wkh Fdu0
wdq wrsrorj| ehfrphv d glvfrqqhfwhg wrsrorj|/ zlwk qrq0}hur wrsrorjlfdo
wruvlrq/ zklfk zkhq frpelqhg zlwk wkh frqvwudlqw ri frqwlqxrxv hyroxwlrq
hvwdeolvkhv d orjlfdo duurz ri wlph1 Wkhvh frqfhswv gr qrw ghshqg xsrq
wkh frqvwudlqwv ri phwulf ru frqqhfwlrq1 Fodvvlfdo grjpd kdv frqvwudlqhg
prvw ghwhuplqlvwlf sk|vlfdo wkhrulhv wr fdvhv zkhuh wkh Sid� glphqvlrq lv
5 ru ohvv/ iru vxfk lv wkh grpdlq ri xqltxh lqwhjudelolw|1 Wkh pruh lqwhu0
hvwlqj grpdlq ri qrq0xqltxh vroxwlrqv dqg Sid� glphqvlrq � 7 ohdgv wr dq
xqghuvwdqglqj ri wkhuprg|qdplfdoo| luuhyhuvleoh surfhvvhv zlwkrxw wkh xvh
ri vwdwlvwlfv1



41 LQWURGXFWLRQ

Lq wklv suhvhqwdwlrq/ d wrsrorjlfdo shuvshfwlyh zloo eh xvhg wr h{wudfw wkrvh surshu0
wlhv ri sk|vlfdo v|vwhpv dqg wkhlu hyroxwlrq wkdw duh lqghshqghqw iurp wkh jhrphw0
ulfdo frqvwudlqwv ri frqqhfwlrqv dqg2ru phwulfv1 Lw lv vxevxphg wkdw wkh suhvhqfh
ri d sk|vlfdo v|vwhp hvwdeolvkhv d wrsrorjlfdo vwuxfwxuh rq d +srvvleo| jhrphwulf,
edvh vsdfh ri lqghshqghqw yduldeohv1 Wklv frqfhsw lv gl�huhqw iurp/ exw vlpl0
odu wr/ wkh jhrphwulf shuvshfwlyh ri jhqhudo uhodwlylw|/ zkhuhe| wkh suhvhqfh ri d
sk|vlfdo v|vwhp lv suhvxphg wr hvwdeolvk d phwulf rq d edvh vsdfh ri lqghshqghqw
yduldeohv1 Qrwh wkdw d jlyhq edvh ri lqghshqghqw yduldeohv pd| vxssruw pdq|
gl�huhqw wrsrorjlfdo vwuxfwxuhv> khqfh d jlyhq edvh pd| vxssruw pdq| gl�huhqw
sk|vlfdo v|vwhpv1 Dpdmru vxffhvv ri wkhru| lv wkdw frqwlqxrxv qrq0krphrprusklf
surfhvvhv ri wrsrorjlfdo hyroxwlrq hvwdeolvk d orjlfdo edvlv iru wkh duurz ri wlph ^B`1
Wklv lghd fdq eh h{sorlwhg wr h{sodlq wkh frqfhsw ri wkhuprg|qdplf luuhyhuvlelolw|
zlwkrxw wkh xvh ri vwdwlvwlfv1

Wkh ixqgdphqwdo d{lrpv xwlol}hg lq wklv duwlfoh duh=

D{lrp 41 Wkh wrsrorjlfdo vwuxfwxuh ri Sk|vlfdo V|vwhpv rq d grpdlq ri lqgh0
shqghqw edvh yduldeohv fdq eh hqfrghg lq whupv ri h{whulru gl�huhqwldo irupv +v|p0
erolfdoo| uhsuhvhqwhg e| D,1

D{lrp 51 Sk|vlfdo Surfhvvhv fdq eh gh�qhg lq whupv ri frqwudyduldqw yhfwru
gluhfwlrq �hogv/ zklfk pd| ru pd| qrw eh jhqhudwruv ri 40sdudphwhu jurxsv/ dqg
lq sduwlfxodu qhhg qrw eh krphrprusklvpv +v|perolfdoo| uhsuhvhqwhg e| Y ,1

D{lrp 61 Htxdwlrqv ri Frqwlqxrxv Hyroxwlrq ghvfulelqj erwk uhyhuvleoh dqg lu0
uhyhuvleoh Surfhvvhv dfwlqj rq Sk|vlfdo V|vwhpv duh hqfrghg e| Fduwdq*v pdjlf
irupxod =

OEV�D ' lEV�gDn gElEV�D� +414,

Lq wkh shulrg iurp 4;<< wr 4<59/ Hol Fduwdq ghyhorshg klv wkhru| ri h{whulru
gl�huhqwldo v|vwhpv ^4/5`/ zklfk lqfoxghg wkh lghdv ri vslqru v|vwhpv ^6` dqg wkh
gl�huhqwldo jhrphwu| ri surmhfwlyh vsdfhv dqg vsdfhv zlwk wruvlrq ^7`1 Wkh wkhru|
zdv dssuhfldwhg e| rqo| d ihz frqwhpsrudu| uhvhdufkhuv/ dqgpdgh olwwoh lpsdfw rq
wkh pdlq vwuhdp ri wkh sk|vlfdo vflhqfhv xqwlo derxw wkh 4<93*v1 Hyhq vshfldolvwv
lq gl�huhqwldo jhrphwu| +zlwk d ihz qrwdeoh h{fhswlrqv ^8` , pdgh olwwoh xvh ri
Fduwdq*v phwkrgv xqwlo wkh 4<83*v1 Hyhq wrgd|/ pdq| sk|vlfdo vflhqwlvwv dqg
hqjlqhhuv kdyh wkh lpsuhvvlrq wkdw Fduwdq*v wkhru| ri h{whulru gl�huhqwldo irupv
lv mxvw dqrwkhu irupdolvp ri idqf|1
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Krzhyhu/ Fduwdq*v wkhru| ri h{whulru gl�huhqwldo v|vwhpv kdv vhyhudo dgydq0
wdjhv ryhu wkh phwkrgv ri whqvru dqdo|vlv wkdw zhuh ghyhorshg gxulqj wkh vdph
shulrg ri wlph1 Wkh sulqflsoh idfw lv wkdw gl�huhqwldo irupv duh zhoo ehkdyhg zlwk
uhvshfw wr ixqfwlrqdo vxevwlwxwlrq ri F4 gl�huhqwldeoh pdsv1 Vxfk pdsv qhhg qrw
eh lqyhuwleoh hyhq orfdoo|/ |hw gl�huhqwldo irupv duh dozd|v ghwhuplqlvwlf lq d uhwur0
glfwlyh vhqvh ^9`/ e| phdqv ri ixqfwlrqdo vxevwlwxwlrq1 Vxfk ghwhuplqlvp lv qrw wr
eh dvvrfldwhg zlwk frqwudyduldqw whqvru �hogv/ li wkh pds lv qrw d gl�hrprusklvp1
Fduwdq*v wkhru| ri h{whulru gl�huhqwldo v|vwhpv frqwdlqv wrsrorjlfdo lqirupdwlrq/
dqg dgplwv qrq0gl�hrprusklf pdsv zklfk fdq ghvfuleh wrsrorjlfdo hyroxwlrq1

Dowkrxjk wkh zrug �wrsrorj|� kdg qrw ehfrph srsxodu zkhq Fduwdq ghyho0
rshg klv lghdv +wrsrorjlfdo lghdv zhuh ghvfulehg dv sduw ri wkh wkhru| ri dqdo|vlv
vlwxv,/ wkhuh lv qr grxew wkdw Fduwdq*v lqwxlwlrq zdv gluhfwhg wrzdugv d wrsrorjlfdo
ghyhorsphqw1 Iru h{dpsoh/ Fduwdq glg qrw gh�qh zkdw zhuh wkh rshq vhwv ri klv
wrsrorj|/ qru glg kh xvh/ lq klv hduo| zrunv/ wkh zrugv �olplw srlqwv ru dffxpx0
odwlrq srlqwv� h{solflwo|/ exw kh glg ghvfuleh wkh xqlrq ri d gl�huhqwldo irup dqg
lwv h{whulru gl�huhqwldo dv wkh �forvxuh� ri wkh irup1 Zlwk wklv frqfhsw/ Fduwdq
h�hfwlyho| xvhg wkh lghd wkdw wkh forvxuh ri d vxevhw lv wkh xqlrq ri wkh vxevhw
zlwk lwv wrsrorjlfdo olplw srlqwv1 Zkdw zdv qhyhu vwdwhg +xqwlo 4<<3, lv wkh lghd
wkdw wkh h{whulru gl�huhqwldo lv lqghhg d olplw srlqw jhqhudwru uhodwlyh wr d Fduwdq
wrsrorj|1 Wkh xqlrq ri wkh lghqwlw| rshudwru dqg wkh h{whulru gl�huhqwldo vdwlvi|
wkh d{lrpv ri d Nxudwrzvnl forvxuh rshudwru ^:`/ zklfk fdq eh xvhg wr gh�qh d
wrsrorj|1 Wkh rwkhu rshudwru ri wkh Fduwdq fdofxoxv/ wkh h{whulru surgxfw/ dovr
kdv wrsrorjlfdo frqqrwdwlrqv zkhq lw lv lqwhusuhwhg dv dq lqwhuvhfwlrq rshudwru1

Lq d shukdsv ryhu vlpsolvwlf frpsdulvrq/ lw pljkw eh vdlg wkdw xeltxlwrxv whq0
vru phwkrgv duh uhvwulfwhg wr jhrphwulf dssolfdwlrqv/ zkloh Fduwdq*v phwkrgv fdq
eh dssolhg gluhfwo| wr wrsrorjlfdo frqfhswv dv zhoo dv jhrphwulfdo frqfhswv1 Fdu0
wdq*v wkhru| ri h{whulru gl�huhqwldo v|vwhpv lv d wrsrorjlfdo wkhru| qrw qhfhvvdulo|
olplwhg e| jhrphwulfdo frqvwudlqwv dqg wkh fodvv ri gl�hrprusklf wudqvirupdwlrqv
wkdw vhuyh dv wkh irxqgdwlrqv ri whqvru fdofxoxv1 D pdmru remhfwlyh ri wklv duwlfoh
lv wr vkrz krz olplw srlqwv/ lqwhuvhfwlrqv/ forvhg vhwv/ frqwlqxlw|/ frqqhfwhgqhvv
dqg rwkhu hohphqwdu| frqfhswv ri prghuq wrsrorj| duh lqkhuhqw lq Fduwdq*v wkhru|
ri h{whulru gl�huhqwldo v|vwhpv1 Wkhvh lghdv gr qrw ghshqg xsrq wkh jhrphwulfdo
lghdv ri vl}h dqg vkdsh1 Khqfh Fduwdq*v wkhru|/ dv duh doo wrsrorjlfdo wkhrulhv/
lv uhqrupdol}hdeoh +shukdsv d ehwwhu fkrlfh ri zrugv lv wkdw wkh wrsrorjlfdo frp0
srqhqwv ri wkh wkhru| duh lqghshqghqw iurp vfdoh,1 Lq idfw wkh prvw xvhixo ri
Fduwdq*v lghdv gr qrw ghshqg h{solflwo| xsrq wkh jhrphwulf lghdv ri d phwulf/
qru xsrq wkh fkrlfh ri d gl�huhqwldo frqqhfwlrq ehwzhhq edvlv iudphv/ dv lq �ehu
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exqgoh wkhrulhv1 Wkh wkhph ri wklv duwlfoh lv wr h{soruh wkh sk|vlfdo xvhixoqhvv
ri wkrvh wrsrorjlfdo ihdwxuhv ri Fduwdq*v phwkrgv zklfk duh lqghshqghqw iurp wkh
frqvwudlqwv dqg uh�qhphqwv lpsrvhg e| d frqqhfwlrq dqg2ru d phwulf1

Lq wklv duwlfoh wkh Fduwdq wrsrorj| zloo eh frqvwuxfwhg h{solflwo| iru dq duel0
wudu| h{whulru gl�huhqwldo v|vwhp/ P= Iru d sduwlfxodu vlpsoh/ exw xvhixo/ v|vwhp
frqvlvwlqj ri d vlqjoh 40irup ri Dfwlrq/ doo hohphqwv ri wkh Fduwdq wrsrorj| zloo
eh hydoxdwhg/ dqg wkh olplw srlqwv/ wkh erxqgdu| vhwv dqg wkh forvxuh ri hyhu|
vxevhw zloo eh frpsxwhg devwudfwo|1 Hduolhu lqwxlwlyh uhvxowv ^:`/ zklfk xwlol}hg wkh
qrwlrq wkdw Fduwdq*v frqfhsw ri wkh h{whulru surgxfw pd| eh xvhg dv dq lqwhuvhf0
wlrq rshudwru/ dqg klv frqfhsw ri wkh h{whulru gl�huhqwldo pd| xvhg dv d olplw srlqw
rshudwru dfwlqj rq gl�huhqwldo irupv/ zloo eh jlyhq irupdo vxevwdqfh lq wklv duwlfoh1
D pdmru uhvxow ri wklv duwlfoh/ zlwk lpsruwdqw sk|vlfdo frqvhtxhqfhv lq ghvfulelqj
wrsrorjlfdo hyroxwlrqdu| surfhvvhv/ lv wkh ghprqvwudwlrq wkdw wkh Fduwdq wrsrorj|
lv qrw qhfhvvdulo| d frqqhfwhg wrsrorj|/ xqohvv wkh surshuw| ri wrsrorjlfdo wruvlrq
ydqlvkhv/ dqg wkdw wkhuprg|qdplf luuhyhuvlelolw| lv d frqvhtxhqfh ri 7 glphqvlrqv
ru pruh1

4141 D Srlqw Vhw Wrsrorj| H{dpsoh

Dv dq h{dpsoh ri d wrsrorjlfdo lghdv/ frqvlghu wkh vhw ri 7 hohphqwv ru srlqwv/

[ G id> e> f> gj= +415,

dqg doo srvvleoh vxevhwv=

>> +416,

idj> iej> ifj> igj> +417,

id> ej> id> fj> id> gj> ie> fj> ie> gj> if> gj> +418,

id> e> fj> id> f> gj> ie> f> gj> id> e> gj> +419,

id> e> f> gj ' [ +41:,

Vhohfw wkh iroorzlqj vxevhw hohphqwv dv d wrsrorjlfdo edvlv/

edvlv vhohfwlrq idj> id> ej> ifj> if> gj> +41;,

dqg wkhq frpsrvh d wrsrorj| We ri rshq vhwv iurp doo srvvleoh xqlrqv ri wkh
vhohfwhg edvlv hohphqwv=
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Weirshqj G >> idj> ifj> id> ej> if> gj> id> fj> id> e> fj> id> f> gj> id> e> f> gj +41<,

Wkh forvhg vhwv duh wkh frpsolphqwv ri wkh rshq vhwv=

Weiforvhgj G id> e> f> gj> ie> f> gj> id> e> gj> if> gj> id> ej> ie> gj> igj> iej> > +4143,

Lw lv dq hdv| h{huflvh wr ghprqvwudwh wkdw wkh froohfwlrqv deryh lqghhg vdwlvi| wkh
d{lrpv ri d wrsrorj|1 +Wklv lv qrw wkh rqo| wrsrorj| wkdw fdq eh frqvwuxfwhg ryhu
7 hohphqwv,1

Wklv vlpsoh h{dpsoh ri d srlqw vhw wrsrorj| shuplwv h{solflw frqvwuxfwlrq ri
doo wkh wrsrorjlfdo frqfhswv/ zklfk lqfoxgh olplw vhwv/ lqwhulruv/ erxqgdulhv/ dqg
forvxuhv/ iru wkh doo ri vxevhwv ri [/ uhodwlyh wr wkh wrsrorj|/ We1 Wkh vwdqgdug
gh�qlwlrqv duh=

41 D olplw srlqw ri d vxevhw D lv d srlqw s vxfk wkdw doo rshq vhwv wkdw frqwdlq
s dovr frqwdlq d srlqw ri D qrw htxdo wr s1

51 Wkh forvxuh ri d vxevhw D lv wkh xqlrq ri wkh vxevhw dqg lwv olplw srlqwv/ dqg
lv wkh vpdoohvw forvhg vhw wkdw frqwdlqv D1

61 Wkh lqwhulru ri d vxevhw lv wkh odujhvw rshq vhw frqwdlqhg e| wkh vxevhw1

71 Wkh h{whulru ri d vxevhw lv wkh lqwhulru ri lwv frpsolphqw1

81 D erxqgdu| ri d vxevhw lv wkh vhw ri srlqwv qrw frqwdlqhg lq wkh lqwhulru ru
h{whulru1

91 Wkh forvxuh ri d vxevhw lv dovr htxdo wr wkh xqlrq ri lwv lqwhulru dqg lwv
erxqgdu|1

Wkh uhvxowv ri dsso|lqj wkhvh gh�qlwlrqv wr wkh We wrsrorj| ri 7 srlqwv duh=
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Wdeoh 41 D W7 Wrsrorj| ri 7 srlqwv

[ ' id> e> f> gj
Edvlv vxevhwv idj> id> ej> ifj> if> gj

Weirshqj G >> idj> ifj> id> ej> if> gj> id> fj> id> e> fj> id> f> gj> [
Weiforvhgj G [> ie> f> gj> id> e> gj> if> gj> id> ej> ie> gj> igj> iej> >

Vxevhw Olplw Swv Lqwhulru Erxqgdu| Forvxuh

> > > > >
idj iej idj iej id> ej
iej > > iej iej
ifj igj ifj igj if> gj
igj > > igj igj
id> ej
id> fj
id> gj
ie> fj
ie> gj
if> gj

iej
iej> igj
iej
igj
>
igj

id> ej
id> fj
idj
ifj
>

if> gj

>
ie> gj
ie> gj
ie> gj
ie> gj
>

id> ej
[

id> e> gj
ie> f> gj
ie> gj
if> gj

id> e> fj iej> igj id> e> gj igj [
ie> f> gj igj if> gj iej ie> f> gj
id> f> gj iej> igj id> f> gj iej [
id> e> gj iej id> ej igj ie> f> gj
id> e> f> gj iej> igj [ > [

+4144,

Wklv We wrsrorj| lv txlwh lqwhuhvwlqj iru pdq| ghprqvwudeoh uhdvrqv1 Iluvw
qrwh wkdw wkh doo ri wkh vlqjohwrqv ri wkh wrsrorj| duh qrw forvhg1 Wklv lpsolhv
wkdw wkh wrsrorj| lv QRW d phwulf wrsrorj|/ QRW d Kdxvgrui wrsrorj|/ dqg hyhq
grhv QRW vdwlvi| wkh vhsdudwlrq d{lrpv wr eh d W� wrsrorj|1 Qrwh wkdw doo
forvhg vhwv frqwdlq doo ri wkhlu olplw srlqwv1 Vrph rshq vhwv fdq frqwdlq olplw
srlqwv/ exw vrph rshq vhwv gr qrw frqwdlq wkhlu olplw srlqwv1 Vrph vxevhwv kdyh
erxqgdulhv wkdw duh frpsrvhg ri wkhlu olplw srlqwv1 Vrph vxevhwv kdyh olplw
srlqwv zklfk duh qrw erxqgdu| srlqwv1 Fhuwdlq vxevhwv kdyh d erxqgdu|/ exw gr
qrw kdyh olplw srlqwv/ dqg lq rwkhu fdvhv wkhuh duh vxevhwv wkdw kdyh olplw srlqwv/
exw gr qrw kdyh d erxqgdu|1 Wkhuh duh fhuwdlq vxevhwv zlwk d erxqgdu|/ exw
zlwkrxw dq lqwhulru1 Wkhuh duh fhuwdlq vxevhwv zlwk dq lqwhulru/ exw zlwkrxw d
erxqgdu|1 Wkhvh vlwxdwlrqv/ wkrxjk wrsrorjlfdoo| fruuhfw/ duh qrw dozd|v lqwxlwlyh
wr wkrvh dffxvwrphg wr phwulf edvhg wrsrorjlfdo frqfhswv/ zklfk lpsrvh d qxpehu
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ri dgglwlrqdo frqvwudlqwv rq wkh vhwv ri lqwhuhvw1 \hw doo ri wkhvh wrsrorjlfdo lghdv/
lqfoxglqj wkh qrq0lqwxlwlyh rqhv/ duh hdv| wr judvs iurp wkh vlpsoh h{dpsoh ri wkh
We srlqw vhw wrsrorj|1

Rqh rwkhu yhu| lpsruwdqw revhuydwlrq lv wkdw wkhuh duh vxevhwv ri wkh We
wrsrorj|/ id> ej dqg if> gj> +rwkhu wkdq > dqg [, zklfk duh erwk rshq dqg forvhg1
Wkh xqlrq ri wkhvh wzr vxevhwv id> ej dqg if> gj lv [1 Wrsrorjlhv zlwk wklv
surshuw| duh vdlg wr eh glvfrqqhfwhg wrsrorjlhv1 Zkdw lv lpsruwdqw lv wkdw
lw lv srvvleoh wr frqvwuxfw d frqwlqxrxv pds iurp d glvfrqqhfwhg wrsrorj| wr
d frqqhfwhg wrsrorj|/ exw lw lv lpsrvvleoh wr frqvwuxfw d frqwlqxrxv pds iurp
d frqqhfwhg wrsrorj| wr d glvfrqqhfwhg wrsrorj|1 Li wkh pdsslqj surfhvv lv
lqwhusuhwhg dv dq hyroxwlrqdu| surfhvv/ wkhvh idfwv hvwdeolvk d orjlfdo ru wrsrorjlfdo
edvlv iru wkh duurz ri wlph ^B`1 Wklv lghd zloo eh h{sorlwhg wr h{sodlq wkh frqfhsw
ri wkhuprg|qdplf luuhyhuvlelolw| zlwkrxw wkh xvh ri vwdwlvwlfv1

Zkdw lv hyhq pruh uhpdundeoh lv wkdw surshuwlhv ri wkh We wrsrorj| fdq eh
uhsolfdwhg lq whupv ri wkh Sid� vhtxhqfh ri h{whulru gl�huhqwldo vhwv/

Sid� Vhtxhqfh = iD> gD>D	gD> gD	gD===j> +4145,

jhqhudwhg iurp dq| jlyhq 40irup ri Dfwlrq/ D/ rq d Q glphqvlrqdo ydulhw|1 Wkh
Sid� vhtxhqfh lv uhdglo| frpsxwhg/ dqg zloo frqwdlq P � Q hohphqwv/ zkhuh P
lv gh�qhg dv wkh Sid� wrsrorjlfdo glphqvlrq +ru fodvv, ri wkh jlyhq 40irup/ D1
Wkh uhdol}dwlrq ri d We wrsrorj| lq whupv ri h{whulru gl�huhqwldo irupv lv khuhlq
gh�qhg dv wkh �Fduwdq wrsrorj|�/ dqg lv ghwdlohg lq wkh qh{w vhfwlrq1 Wkh Fduwdq
wrsrorj| kdv idu uhdfklqj frqvhtxhqfhv lq dssolfdwlrqv wr sk|vlfdo sureohpv1

4151 Dojheudlf dqg Gl�huhqwldo Forvxuh

Wkh frqfhsw ri forvxuh lv rqh ri wkh prvw lpsruwdqw lghdv lq Fduwdq*v wkhru|1 Klv
phwkrgv fhqwhu rq wzr surfhgxuhv ri forvxuh/ rqh dojheudlf/ dqg rqh gl�huhqwldo1
Erwk surfhvvhv duh forvhg lq wkh vhqvh wkdw zkhq wkh| rshudwh rq d vxevhw ri d
vhw ri h{whulru gl�huhqwldo irupv/ wkh remhfwv fuhdwhg duh dovr vxevhwv ri wkh vhw ri
h{whulru gl�huhqwldo irupv1 Wkhuh duh qr vxusulvhv1 Fduwdq xwlol}hg wkh h{whulru
dojheud ryhu d ydulhw| ri glphqvlrq Q wr frqvwuxfw d yhfwru vsdfh ri h{whulru
gl�huhqwldo irupv ri glphqvlrq 5Q 1 Wkh Q vxevsdfhv ri wklv +Judvvpdqq, vsdfh
duh yhfwru vsdfhv ri glphqvlrq htxdo wr Q wklqjv wdnhq s dw d wlph1 Wkh hohphqwv
ri wkh vxevsdfhv duh fdoohg s0irupv1 Lq 7 glphqvlrqv/ wkh vxevsdfh vhwv duh 4
glphqvlrqdo/ Q@7 glphqvlrqdo/ Q+Q.4,25@9 glphqvlrqdo/ Q@7 glphqvlrqdo/ dqg
4 glphqvlrqdo1 Wkh hohphqwv ri wkh vxevsdfhv duh riwhq fdoohg vfdoduv +30irupv,/
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yhfwruv +40irupv,/ whqvruv +50irupv,/ svhxgryhfwruv +60irupv,/ svhxgr0vfdoduv +70
irupv, lq uhodwlylvwlf sk|vlfdo wkhrulhv1 Wkh H{whulru +Judvvpdqq, dojheud kdv d
�qlwh 5Q edvlv +htxdo wr 49 hohphqwv lq d vsdfh ri 7 lqghshqghqw yduldeohv,1 Wkh
frqfhsw ri forvxuh phdqv wkdw wkh rshudwlrqv rq hohphqwv ri wkh 5Q glphqvlrqdo
vsdfh |lhog uhvxowv wkdw duh frqwdlqhg zlwklq wkh 5Q glphqvlrqdo vsdfh1 Zkhq
wkh rshudwlrqv duh dssolhg wr hohphqwv ri d vxevsdfh/ wkh uhvxowv xvxdoo| duh qrw
frqwdlqhg lq wkh vdph vxevsdfh/ exw wkh| duh frqwdlqhg zlwklq wkh 5Q glphqvlrqdo
yhfwru vsdfh ri s irupv1

Wkh h{whulru surgxfw +zlwk v|pero 	, wdnhv hohphqwv ri wkh 5Q edvh vsdfh
dqg pxowlsolhv wkhp wrjhwkhu lq d pdqqhu vxfk wkdw wkh uhvxow lv frqwdlqhg dv dq
hohphqw ri wkh 5Q edvh vsdfh1 Wklv surfhvv ri h{whulru pxowlsolfdwlrq lv forvhg/
iru wkh dfwlrq ri wkh surfhvv rq dq| vxevhw ri wkh 5Q edvh vsdfh surgxfhv dqrwkhu
vxevhw ri wkh 5Q edvh vsdfh1 Krzhyhu/ wkh h{whulru surgxfw wdnhv d s0irup wlphv
d t0irup lqwr d s.t irup1 Wkh hohphqwv ri wkh surgxfw fdq eh iurp gl�huhqw ru
iurp wkh vdph yhfwru vxevsdfhv/ exw wkh uhvxowdqw lv dozd|v d olqhdu frpelqdwlrq
ri wkh vxevsdfhv ri wkh H{whulru dojheud1

Vlploduo| wkh frqfhsw ri h{whulru gl�huhqwldwlrq +zlwk v|pero g, lv gh�qhg vxfk
wkdw wkh rshudwlrq surgxfhv d s.4 irup iurp d s0irup1 Wklv surfhvv ri h{whulru
gl�huhqwldwlrq lv �forvhg�/ iru wkh dfwlrq ri wkh surfhvv rq dq| vxevhw ri wkh 5Q

edvh vsdfh surgxfhv dqrwkhu vxevhw ri wkh 5Q edvh vsdfh1 D gl�huhqwldo lghdo lv
gh�qhg dv wkh xqlrq ri d froohfwlrq ri jlyhq s0irupv dqg wkhlu h{whulru ghulydwlyhv1

Dq �lqwhulru� surgxfw zlwk uhvshfw wr d gluhfwlrq �hogV +zlwk v|pero lEV� dqg
ri glphqvlrq Q, fdq eh gh�qhg rq wkh Judvvpdqq dojheud ri h{whulru gl�huhqwldo
irupv1 Wkh lqwhulru surgxfw wdnhv d s0irup wr d s04 irup/ dqg lq wklv vhqvh lv
dqrwkhu rshudwlrq zklfk lv forvhg zlwklq wkh Judvvpdq dojheud1 Wkh uhvxowdqw
surgxfw lv vwloo dq hohphqw ri wkh 5Q edvh vsdfh1 Zkhuh wkh h{whulru gl�huhqwldo
udlvhv wkh udqn ri d s0irup wr d s.4 irup/ wkh lqqhu surgxfw orzhuv wkh udqn ri
d s0irup wr d s04irup1 +Wkhuh duh rwkhu xvhixo rshudwruv wkdw orzhu wkh udqn ri
wkh h{whulru gl�huhqwldo s0irup/ dqg lqyroyh lqwhjudwlrq1,

E| frpsrvlwlrq ri wkh h{whulru ghulydwlyh dqg wkh lqqhu surgxfw rshudwruv/ wkh
Olh gl�huhqwldo rshudwru +zlwk v|pero OEV� ' lEV�gn glEV�, fdq eh frqvwuxfwhg/
vxfk wkdw zkhq wkh Olh gl�huhqwldo rshudwhv rq dq h{whulru s0irup/ wkh uhvxowdqw
remhfw lv dqrwkhu s0irup1 Iru d 40irup ri Dfwlrq/ D/ wkh surfhvv uhdgv=

OEV�D ' lEV�gDn gElEV�D� ' T= +4146,

Wkh uhvxowdqw lv qrw rqo| forvhg uhodwlyh wr wkh Judvvpdqq dojheud/ lw dovr
uhpdlqv zlwklq wkh vdph Judvvpdq yhfwru vxevsdfh1 Wkh Olh gl�huhqwldo grhv
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qrw ghshqg xsrq d phwulf qru xsrq d frqqhfwlrq1 Zkhq wkh Olh gl�huhqwldo
dfwlqj rq d s0irup ydqlvkhv/ wkh s0irup lv vdlg wr eh dq lqyduldqw ri wkh surfhvv/
V= Zkhq wkh Olh ghulydwlyh ri d s0irup grhv qrw ydqlvk/ wkh wrsrorjlfdo ihdwxuhv
ri wkh uhvxowdqw s0irup shuplw wkh surfhvvhv/ V/ wkdw surgxfh vxfk d uhvxow/ wr
eh sxw lqwr htxlydohqfh fodvvhv/ ghshqglqj rq wkh Sid� glphqvlrq ri wkh uhvxowdqw
irup1 Iru h{dpsoh/ li lq wkh irupxod jlyhq deryh iru d 40irup/ D/ |lhogv d
uhvxow T vxfk wkdw gT ' f/ wkhq wkh surfhvv V ehorqjv wr wkh fodvv ri surfhvv
nqrzq dv Kdplowrqldq surfhvvhv lq phfkdqlfv/ dqg wr wkh Khopkrow} fodvv ri
surfhvvhv wkdw frqvhuyh yruwlflw| lq K|gurg|qdplfv1 Ri sduwlfxodu lqwhuhvw wr
wklv duwlfoh duh surfhvvhv zkhuh T lv ri Sid� glphqvlrq juhdwhu wkdq 51 Wkh Sid�
vhtxhqfh frqvwuxfwhg iurp T frqwdlqv wkuhh ru pruh hohphqwv1 Vxfk surfhvvhv
duh wkhuprg|qdplfdoo| luuhyhuvleoh1

Wkh Olh gl�huhqwldo zloo eh xvhg h{whqvlyho| lq sk|vlfdo dssolfdwlrqv ri Fduwdq*v
wkhru|/ hvshfldoo| wr wkh vwxg| ri surfhvvhv wkdw lqyroyh wrsrorjlfdo hyroxwlrq1 Wkh
shukdsv pruh idploldu fryduldqw ghulydwlyh/ kljko| frqvwudlqhg e| frqqhfwlrq ru
phwulf dvvxpswlrqv/ lv d vshfldo fdvh ri wkh Olh gl�huhqwldo1 Wkh xvh ri wkh
fryduldqw ghulydwlyh ohdgv wr xvhixo/ exw olplwhg/ sk|vlfdo wkhrulhv iru zklfk wkh
ghvfulswlrq ri wrsrorjlfdo hyroxwlrq lv dznzdug/ li qrw lpsrvvleoh1

4161 Wkh H{whulru Surgxfw dqg Vhw Lqwhuvhfwlrq

Fduwdq*v wkhru| ri h{whulru gl�huhqwldo v|vwhpv kdv lwv irxqgdwlrqv lq wkh Judvv0
pdqq dojheud/ zkhuh wkh wzr frpelqdwruldo surfhvvhv duh gh�qhg wr surgxfh do0
jheudlf dqg gl�huhqwldo forvxuh1 Wkh dojheud lv edvhg xsrq wkh frqfhswv ri yhfwru
vsdfh dgglwlrq/ dqg dq dojheudlf forvxuh pxowlsolfdwlrq surfhvv qrz fdoohg wkh h{0
whulru surgxfw ^;`1 Wkh Fduwdq fdofxoxv lv gh�qhg lq whupv ri wkh dqrwkhu forvxuh
rshudwru qrz fdoohg wkh h{whulru gl�huhqwldo41 Lq wkdw zklfk iroorzv wkh rshudwruv
ri wkh h{whulru surgxfw dqg h{whulru gl�huhqwldo zloo eh dssolhg wr remhfwv gh�qhg
dv h{whulru gl�huhqwldo s0irupv1

Dq h{whulru gl�huhqwldo s0irup lv d ixqfwlrq ri lqghshqghqw yduldeohv/ { > dqg
wkhlu gl�huhqwldov/ g{�= Dq h{whulru gl�huhqwldo 40irup/ D/ lv jlyhq e| wkh h{suhv0
vlrq/

D ' D�E{
 �g{�= +4147,

4Fduwdq ruljlqdoo| gh�qhg wkh fdofxoxv rshudwlrq dv wkh h{whulru ghulydwlyh1 Wkhq lq wkh

odwhu |hduv gh�qhg fdofxoxv rshudwlrq dv wkh h{whulru gl�huhqwldo1
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Wkh Fduwdq rshudwlrqv ri h{whulru surgxfw +v|pero 	, dqg h{whulru gl�huhqwldo
+v|pero g,/ zkhq rshudwlqj rq 40irupv/ D dqg E> reh| wkh uxohv

D	D ' f> +4148,

D	E ' �E	D= +4149,

dqg

gD ' gED� g|
�� ' EgD��	g|

� nD� gEg|
�� +414:,

' EgD��	g|
� n f +414;,

gED	E� ' gD	E � D	gE= +414<,

Wkh qrq0}hur surgxfw/ D	E/ gh�qhv dq h{whulru gl�huhqwldo 50irup> wkh surgxfw
ri wkuhh 40irupv gh�qhv d 60irup> hwf11 Iru pruh ghwdlo frqvxow Iodqghuv ^B` ru
Olhehupdqq ^B`1

Lq vlpsoh fdvhv/ d 40irup fdq eh frqvwuxfwhg iurp wkh gl�huhqwldo ri dq ruglqdu|
ixqfwlrq1 Lq vxfk fdvhv/ wkh frh!flhqwv ri wkh 40irup duh sursruwlrqdo wr wkh
judglhqw ri wkh ixqfwlrq1

D ' D�g{
� ' u! � gh ' EC !@C{��g{� +4153,

Lq vxuidfh wkhru|/ wkh judglhqw lv fodvvlfdoo| lqwhusuhwhg dv yhfwru gluhfwlrq �hog
ruwkrjrqdo wr wkh lpsolflw vxuidfh/ !E{�� ' f= Frqvlghu wkh vlpsoh fdvh zkhuh wkh
40irupv D dqg E hdfk kdyh frh!flhqwv zklfk irup wkh frpsrqhqwv ri +gl�huhqw,
judglhqw �hogv/

D ' D�g{
� ' u! � gh E ' E�g{

� ' u# � gh= +4154,

Gr wkh wzr lpsolflw +fxuyhg, vxuidfhv lqwhuvhfwB Wkh dqvzhu lv |hv li wkh wzr
vxuidfhv kdyh srlqwv lq frpprq1 Wkh fodvvlf dqdo|vlv lq 6G vd|v wkhuh lv d fxuyh
ri srlqwv lq frpprq gh�qhg e| d qrq0}hur ydoxh ri wkh Jleev furvv surgxfw ri
wkh wzr judglhqw �hogv=

Lqwhuvhfwlrq ri wzr lpsolflw vxuidfhv= a ' u!�u# 9' f= +4155,

Qrwh wkdw + lq 6 glphqvlrqv , wkh h{whulru surgxfw ri wkh wzr 40irupv kdv frh!0
flhqwv h{dfwo| htxdo wr wkh Jleev furvv surgxfw=

D	E ' a}g{	g| n a{g|	g} n a|g}	g{= +4156,
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Wklv uhvxow slfwruldoo| fhphqwv wkh qrwlrq wkdw wkh h{whulru surgxfw +dfwlqj rq
40irupv, lv dq rshudwru uhodwhg wr wkh frqfhsw ri lqwhuvhfwlrq1 Li wkh wzr vxuidfhv
gr qrw lqwhuvhfw/ wkh h{whulru surgxfw ydqlvkhv/ dqg wkhq wkh gluhfwlrq �hogv ri wkh
judglhqwv ri ! dqg " duh sursruwlrqdo wr rqh dqrwkhu1 Wkh wzr ixqfwlrqv/ ! dqg
"> duh qrw ixqfwlrqdoo| lqghshqghqw li wkh h{whulru surgxfw ydqlvkhv1

Wkhvh frqfhswv h{whqg wr 40irupv zklfk duh qrw uhsuhvhqwdeoh e| judglhqw
�hogv/ dqg wr s0irupv ri kljkhu udqn1 Li wkh h{whulru surgxfw ri wzr s0irupv lv
qrw }hur/ wkhq wkh s0irupv kdyh qrq0}hur lqwhuvhfwlrqv1 Wkh frh!flhqw ixqfwlrqv
duh ixqfwlrqdoo| lqghshqghqw1

Dq h{whulru gl�huhqwldo 40irup D lv ghwhuplqlvwlf/ dv d suhglfwlyh + ru uhwur0
glfwlyh , lqyduldqw/ zlwk uhvshfw wr doo whqvru gl�hrprusklvpv1 Wkh frh!flhqw
ixqfwlrqv/ D�E{

 �/ duh suhvxphg wr ehkdyh dv d fr0yduldqw yhfwru/ dqg wkh gl�hu0
hqwldov/ g{�> ehkdyh dv d frqwudyduldqw yhfwru/ zlwk uhvshfw wr whqvru gl�hrpru0
sklvpv1 +H{whulru gl�huhqwldo irup ghqvlwlhv zloo eh glvfxvvhg odwhu1, Krzhyhu/
wkh h{whulru gl�huhqwldo 40 irup/ dqg khqfh doo s0irupv/ duh dovr zhoo ehkdyhg zlwk
uhvshfw wr d odujhu fodvv ri wudqvirupdwlrqv/ zklfk frqwdlq wkh whqvru gl�hrpru0
sklvpv dv vshfldo fdvhv1 Wkh h{whulru gl�huhqwldo 40 irup lv ghwhuplqlvwlf lq d
uhwurglfwlyh vhqvh +exw qrw lq d suhglfwlyh vhqvh, zlwk uhvshfw wr F4 pdsslqjv
wkdw gr qrw kdyh d orfdo ru d joredo lqyhuvh1 Wkhvh F4 pdsslqjv gr qrw suh0
vhuyh doo wrsrorjlfdo ihdwxuhv/ zkhuh gl�hrprusklvpv ri whqvru wkhru|/ duh vshfldo
fdvhv ri krphrprusklvpv/ zklfk gr suhvhuyh doo wrsrorjlfdo surshuwlhv1 Wkhvh
h{wudruglqdu| ihdwxuhv ghprqvwudwh wkdw Fduwdq*v wkhru| lv qrw mxvw dqrwkhu iru0
pdolvp ri idqf|/ dqg jrhv zhoo eh|rqg wkh wkhru| ri whqvru dqdo|vlv1 Lq idfw/
wkhvh ihdwxuhv ri h{whulru gl�huhqwldo irupv fdq eh h{sorlwhg wr ghyhors vrphwklqj
wkdw kdv volsshg wkurxjk wkh qhw ri whqvru dqdo|vlv= d qrq0vwdwlvwlfdo wkhru| ri
wkhuprg|qdplf luuhyhuvlelolw|1

4171 Wkh H{whulru Gl�huhqwldo dqg Olplw Srlqwv

Wkh vhfrqg forvxuh rshudwru irxqg lq Fduwdq*v wkhru| ri h{whulru gl�huhqwldo v|v0
whpv lv wkh h{whulru gl�huhqwldo1 Wkh h{whulru gl�huhqwldo/ olnh wkh h{whulru surgxfw/
dovr kdv wrsrorjlfdo frqqrwdwlrqv zkhq dssolhg wr gl�huhqwldo irupv/ exw wkh uh0
vxowv duh vrphwlphv vxusulvlqj dqg xqidploldu1 Zkhuh wkh h{whulru surgxfw lv
uhodwhg wr wkh wrsrorjlfdo frqfhsw ri vhw lqwhuvhfwlrq/ wkh h{whulru gl�huhqwldo lv
uhodwhg wr wkh wrsrorjlfdo lghd ri olplw srlqwv1 Lw zloo eh ghprqvwudwhg wkdw=

Wkhruhp 4141 Zlwk uhvshfw wr wkh Fduwdq wrsrorj|/ wkh h{whulru gl�huhqwldo lv d
olplw srlqw jhqhudwru1
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Wkh h{whulru gl�huhqwldo lv d gl�huhqwldo rshudwru zklfk wdnhv wkh s0irupv lqwr
s.4 irupv1 Khqfh/ olnh wkh h{whulru surgxfw/ wkh h{whulru gl�huhqwldo jhqhudwhv d

yhfwru lq d gl�huhqw yhfwru vxevsdfh ri wkh h{whulru dojheud1

gE$s� , $sn�= +4157,

Wkh h{whulru gl�huhqwldo ri d ixqfwlrq +30irup, lv htxlydohqw wr wkh wrwdo gl�huhqwldo
ri d vfdodu ixqfwlrq/ dqg |lhogv d 40irup zlwk frh!flhqwv sursruwlrqdo wr wkh
judglhqw �hog1 Wkh h{whulru gl�huhqwldo ri d 40irup lv gh�qhg dv

g$� ' gEDe g|
e� ' EgDe�	g|

e nDe gEg|
e� +4158,

' ECDe@C|
h g|h�	g|e n f

' ECDe@C|
h � CDh@C|

e� g|h 	 g|e

' Idheo g|
dheo ' IdKog|

dKo=

Lw kdv ehhq dvvxphg wkdw ggE$s� ' f= Wkh froohfwlyh lqgh{ qrwdwlrq dKo ' dheo
shuplwv wkh irupxod gh�qlqj h{whulru gl�huhqwldwlrq wr eh jhqhudol}hg=

g$s ' gEDK g|K� ' EgDK�	g|
K +4159,

' EiCDK@C|
hj g|h�	g|K +415:,

Rwkhu surshuwlhv ri wkh h{whulru gl�huhqwldo zloo eh h{hpsol�hg e| wkh uxohv iru
glvwulexwlqj wkh rshudwru ryhu d surgxfw ri 40irupv/ D dqg E/

gED	E� ' gD	E � D	gE= +415;,

Lw fdq eh vkrzq wkdw wkh rshudwru NFo ' L ^ g> zkhuh L lv wkh lghqwlw| dqg
g lv wkh h{whulru gl�huhqwldo/ dfwlqj rq d v|vwhp ri gl�huhqwldo irupv vdwlv�hv wkh
�Nxudwrzvnl forvxuh� d{lrpv ^B`/ dqg wkhuhiru fdq eh xvhg wr gh�qh d wrsrorj|1
Vwduwlqj iurp d vlqjoh 40irup/ D/ rq d 7 glphqvlrqdo vsdfh/ lw lv srvvleoh wr jhqhudwh
wkh Sid� Vhtxhqfh

Sidii Vhtxhqfh G iD> gD>D	gD> gD	gDj +415<,

' iD>I>K>Nj= +4163,

Wkh vxevhwv ri wkh Fduwdq wrsrorjlfdo vsdfh frqvlvw ri doo srvvleoh xqlrqv ri wkh
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vxevhwv wkdw pdnh xs wkh Sid� vhtxhqfh1 Wkh Fduwdq wrsrorj| zloo eh frqvwuxfwhg
iurp d wrsrorjlfdo edvlv zklfk frqvlvwv ri wkh rgg hohphqwv ri wkh Sid� vhtxhqfh/
dqg wkhlu forvxuhv=

wkh Fduwdq wrsrorjlfdo edvh G iD>NFoED�> D	gD>NFoED	gD�j= +4164,

Zkhq dssolhg wr wkh Sid� vhtxhqfh jhqhudwhg e| d vlqjoh 40irup ri Dfwlrq/ D/ rq
d vsdfh ri 7 glphqvlrqv/ wkh edvh hohphqwv fruuhvsrqg wr wkh vhw

wkh Fduwdq wrsrorjlfdo edvh G iD>D ^ I>K>K ^Nj +4165,

frpsduh wr wkh srlqw vhw h{dpsoh deryh � id> e> f> gj 1 +4166,

Zkhq lw lv uhdol}hg wkdw wkh h{whulru gl�huhqwldo dfwv d olplw srlqw jhqhudwru/ lw
ehfrphv dssduhqw zk| Fduwdq uhihuuhg wr wkh xqlrq ri P dqg gP dv wkh forvxuh
ri P>

Forvxuh @ ENFo� � P ' EL ^ g� � P ' Pn gP ' vxevhw . olplw srlqwv1 +4167,

Lq wkh qh{w vhfwlrq/ wkh wrsrorjlfdo ihdwxuhv ri wkh Fduwdq wrsrorj|/ edvhg rq
wkh Fduwdq wrsrorjlfdo edvh/ zloo eh zrunhg rxw lq ghwdlo1 Lw zloo wxuq rxw wkdw
wkh Fduwdq wrsrorj| fdq eh sxw lqwr fruuhvsrqghqfh zlwk wkh W7 wrsrorj| ri 7
srlqwv glvsod|hg lq d suhylrxv vhfwlrq1 Lw zloo eh hylghqw/ lqghhg/ wkdw wkh h{whulru
gl�huhqwldo lv d olplw srlqw jhqhudwru iru dq| vxevhw uhodwlyh wr wkh Fduwdq wrsrorj|1
Wklv lv d uhpdundeoh uhvxow/ iru dv zloo eh ghprqvwudwhg ehorz/ doo F5 yhfwru �hogv
dfwlqj wkurxjk wkh frqfhsw ri wkh Olh gl�huhqwldo rq d vhw ri gl�huhqwldo irupv/ zlwk
F5 frh!flhqwv/ jhqhudwh frqwlqxrxv wudqvirupdwlrqv zlwk uhvshfw wr wkh Fduwdq
wrsrorj|1 Pruhryhu/ wkh Fduwdq wrsrorj| lv glvfrqqhfwhg li D	gD 9' f1 Dv wkh
frqglwlrqv iru xqltxh lqwhjudelolw| ri wkh 40irup D duh jlyhq e| wkh Iurehqlxv
wkhruhp/ zklfk uhtxluhv D	gD ' f> lw vkrxog eh h{shfwhg wkdw rqh ri wkh ihdwxuhv
ri wkh glvfrqqhfwhg Fduwdq wrsrorj| lv wkdw li vroxwlrqv h{lvw/ wkh| duh qrw xqltxh1

51 Wkh Fduwdq �Srlqw Vhw� Wrsrorj|1

Fduwdq exlow klv wkhru| durxqg dq h{whulru gl�huhqwldo v|vwhp/ P/ zklfk frqvlvwv
ri d froohfwlrq ri 30 irupv/ 40irupv/ 50irupv/ hwf1 ^45`1 Kh gh�qhg wkh forvxuh
ri wklv froohfwlrq dv wkh xqlrq ri wkh ruljlqdo froohfwlrq zlwk wkrvh irupv zklfk
duh rewdlqhg e| iruplqj wkh h{whulru gl�huhqwldov ri hyhu| s0irup lq wkh lqlwldo
froohfwlrq1 Lq jhqhudo/ wkh froohfwlrq ri h{whulru gl�huhqwldov zloo eh ghqrwhg e|
gP/ dqg wkh forvxuh ri P e| wkh v|pero/ NFoEP�/ zkhuh
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Nxudwrzvnl Forvxuh rshudwru= NFoEP� ' P ^ gP +514,

Iru qrwdwlrqdo vlpsolflw| lq wklv duwlfoh wkh v|vwhpv ri s0irupv zloo eh dvvxphg
wr frqvlvw ri wkh vlqjoh 40irup/ D1 Wkhq wkh h{whulru gl�huhqwldo ri D lv wkh 50irup
I ' gD/ dqg wkh forvxuh riD lv wkh xqlrq riD dqg I G NFoED� ' D^I 1 Wkh rwkhu
orjlfdo rshudwlrq lv wkh frqfhsw ri lqwhuvhfwlrq/ vr wkdw iurp wkh h{whulru gl�huhqwldo
lw lv srvvleoh wr frqvwuxfw wkh vhw D	I gh�qhg froohfwlyho| dv K G K ' D	I= Wkh
h{whulru gl�huhqwldo ri K surgxfhv wkh vhw gh�qhg dv N ' gK/ dqg wkh forvxuh ri
K lv wkh xqlrq ri K dqg N G NFoEK� ' K ^N1

Wklv odgghu surfhvv ri frqvwuxfwlqj h{whulru gl�huhqwldov/ dqg h{whulru
surgxfwv/ pd| eh frqwlqxhg xqwlo d qxoo vhw lv surgxfhg/ ru wkh odujhvw s0irup
vr frqvwuxfwhg lv htxdo wr wkh glphqvlrq ri wkh vsdfh xqghu frqvlghudwlrq1 Wkh
vhw vr jhqhudwhg lv gh�qhg dv d Sid� vhtxhqfh1 Wkh odujhvw udqn ri wkh vhtxhqfh
ghwhuplqhv wkh Sid� glphqvlrq ri wkh grpdlq +ru fodvv ri wkh irup/ ^46`,/ zklfk
lv d wrsrorjlfdo lqyduldqw1 Wkh lghd lv wkdw wkh 40irup D +lq jhqhudo wkh h{whulru
gl�huhqwldo v|vwhp/ P, jhqhudwhv rq vsdfh0wlph irxu htxlydohqfh fodvvhv ri srlqwv
wkdw dfw dv grpdlqv ri vxssruw iru wkh hohphqwv ri wkh Sid� vhtxhqfh/ D>I>K>N
1 Wkh xqlrq ri doo vxfk srlqwv zloo eh ghqrwhg e| [ ' D ^ I ^ K ^ N1 Wkh
ixqgdphqwdo htxlydohqfh fodvvhv duh jlyhq vshfl�f qdphv=

Wrsrorjlfdo DFWLRQ= D ' D�g{
� +515,

Wrsrorjlfdo YRUWLFLW\= I ' gD ' I��g{
� 	g{� +516,

Wrsrorjlfdo WRUVLRQ= K ' D	gD ' K���g{
� 	g{�	g{� +517,

Wrsrorjlfdo SDULW\= N ' gD	gD ' N����g{
� 	g{�	g{�	g{� = +518,

Wkh Fduwdq wrsrorj| lv frqvwuxfwhg iurp d edvlv ri rshq vhwv/ zklfk duh gh�qhg
dv iroorzv= �uvw frqvlghu wkh grpdlq ri vxssruw ri D1 Gh�qh wklv �srlqw� e| wkh
v|pero D1 D lv wkh �uvw rshq vhw ri wkh Fduwdq wrsrorj|1 Qh{w frqvwuxfw wkh
h{whulru gl�huhqwldo/ I ' gD/ dqg ghwhuplqh lwv grpdlq ri vxssruw1 Qh{w/ irup
wkh forvxuh ri D e| frqvwuxfwlqj wkh xqlrq ri wkhvh wzr grpdlqv ri vxssruw/
NFoED� ' D ^ I 1 D ^ I irupv wkh vhfrqg rshq vhw ri wkh Fduwdq wrsrorj|1
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Qh{w frqvwuxfw wkh lqwhuvhfwlrq K ' D	I / dqg ghwhuplqh lwv grpdlq ri vxs0
sruw1 Gh�qh wklv �srlqw� e| wkh v|pero K/ zklfk irupv wkh wklug rshq vhw ri
wkh Fduwdq wrsrorj|1 Qrz iroorz wkh surfhgxuh hvwdeolvkhg lq wkh suhfhglqj sdud0
judsk1 Frqvwuxfw wkh forvxuh ri K dv wkh xqlrq ri wkh grpdlqv ri vxssruw ri K
dqg N ' gK1 Wkh frqvwuxfwlrq irupv wkh irxuwk rshq vhw ri wkh Fduwdq wrsro0
rj|1 Lq irxu glphqvlrqv/ wkh surfhvv vwrsv/ exw iru Q A 7/ wkh surfhvv pd| eh
frqwlqxhg1

Qrz frqvlghu wkh edvlv froohfwlrq ri rshq vhwv wkdw frqvlvwv ri wkh vxevhwv/

E ' iD> NFoED�> K> NFoEK�j ' iD> D ^ I> K> K ^Nj +519,

Wkh froohfwlrq ri doo srvvleoh xqlrqv ri wkhvh edvh hohphqwv/ dqg wkh qxoo vhw/ >>
jhqhudwh wkh Fduwdq wrsrorj| ri rshq vhwv=

W Ershq� ' i[> >> D> K>D ^ I> K ^N> D ^K> D ^K ^N> D ^ I ^Kj= +51:,

Wkhvh qlqh vxevhwv irup wkh rshq vhwv ri wkh Fduwdq wrsrorj| frqvwuxfwhg iurp
wkh grpdlqv ri vxssruw ri wkh Sid� vhtxhqfh frqvwuxfwhg iurp d vlqjoh 40irup/
D> lq 7 glphqvlrqv1 Wkh frpsolphqwv ri wkh rshq vhwv duh wkh forvhg vhwv ri wkh
Fduwdq wrsrorj|1

W Eforvhg� ' i>> [> I ^K ^N> D ^ I ^N>D ^ I> K ^N>I ^N>I> Nj= +51;,

Iurp wkh vhw ri 7 �srlqwv� iD>I>K>Nj wkdw pdnh xs wkh Sid� vhtxhqfh lw lv
srvvleoh wr frqvwuxfw 49 vxevhw froohfwlrqv e| wkh surfhvv ri xqlrq1 Lw lv srvvleoh
wr frpsxwh wkh olplw srlqwv iru hyhu| vxevhw uhodwlyh wr wkh Fduwdq wrsrorj|1 Wkh
fodvvlfdo gh�qlwlrq ri d olplw srlqw lv wkdw d srlqw s lv d olplw srlqw ri wkh vxevhw
\ uhodwlyh wr wkh wrsrorj| W li dqg rqo| li iru hyhu| rshq vhw zklfk frqwdlqv s
wkhuh h{lvwv dqrwkhu srlqw ri \ rwkhu wkdq s ^47`1 Wkh uhvxowv ri wklv dqg rwkhu
vwdqgdug gh�qlwlrqv duh suhvhqwhg lq Wdeoh 5/ dqg duh wr eh frpsduhg wr Wdeoh 41
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Wdeoh 51 Wkh Fduwdq W7 Wrsrorj|

D 40irup lq 7G= D ' DnE{�g{
n

[ ' iD> I ' gD> K ' D	I> N ' I	Ij
Edvlv vxevhwv ~D/ NFoED�/ K/ NFoEK�� ' iD>D ^ I>K>K ^Nj

W Ershq� ' i[> >> D> K>D ^ I> K ^N> D ^K> D ^K ^N> D ^ I ^Kj
W Eforvhg� ' i >> [> I ^K ^N>D ^ I ^N> K ^N> D ^ I> I ^N> I>Nj
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D ^ I ^N I D ^ I N D ^ I ^N

[ I>N [ > [
+51<,

E| h{dplqlqj wkh vhw ri olplw srlqwv vr frqvwuxfwhg iru hyhu| vxevhw ri wkh
Fduwdq v|vwhp/ dqg suhvxplqj wkdw wkh ixqfwlrqv wkdw pdnh xs wkh irupv duh F5
gl�huhqwldeoh +vxfk wkdw wkh Srlqfduh ohppd lv wuxh/ gg$ ' f> dq| $,/ lw lv hdv|
wr vkrz wkdw iru doo vxevhwv ri wkh Fduwdq wrsrorj| hyhu| olplw vhw lv frpsrvhg ri
wkh h{whulru gl�huhqwldo ri wkh vxevhw/ wkhuhe| surylqj wkh fodlp wkdw wkh h{whulru
gl�huhqwldo lv d olplw srlqw rshudwru uhodwlyh wr wkh Fduwdq wrsrorj|1 Iru h{dpsoh/
wkh rshq vxevhw/ D^K/ kdv wkh olplw srlqwv wkdw frqvlvw ri I dqgN= Wkh olplw vhw
frqvlvwv ri I ^N zklfk fdq eh ghulyhg gluhfwo| e| wdnlqj wkh h{whulru gl�huhqwldov
ri wkh hohphqwv wkdw pdnh xs D ^ K> wkdw lv/ EI ^ D ' gED ^ K� ' EgD ^ gK�1
Qrwh wkdw wklv rshq vhw/ D^K/ grhv qrw frqwdlq lwv olplw srlqwv1 Vlploduo| iru wkh
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forvhg vhw/ D^I / wkh olplw srlqwv duh jlyhq e| I zklfk pd| eh ghgxfhg e| gluhfw
dssolfdwlrq ri wkh h{whulru gl�huhqwldo wr ED^I � G EI � ' gED^I � ' EgD^gI � '
EI ^ >� ' EI �1

61 Wrsrorjlfdo Wruvlrq dqg Frqqhfwhg yv1 Qrq0frqqhfwhg

Fduwdq wrsrorjlhv1

Wrsrorjlfdo wruvlrq ri d 40irup lv gh�qhg dv wkh h{whulru surgxfw ri wkh 40irup dqg
lwv h{whulru ghulydwlyh1 Wrsrorjlfdo wruvlrq lv gl�huhqw iurp/ exw fdq eh uhodwhg
wr/ wkh Iuhqhw wruvlrq ri d vsdfh fxuyh dqg wkh d!qh wruvlrq ri d frqqhfwlrq1 Li
qrq0}hur/ Wrsrorjlfdo wruvlrq kdv lpsruwdqw wrsrorjlfdo surshuwlhv1 Wkh Fduwdq
wrsrorj| dv jlyhq lq Wdeoh 5 lv frpsrvhg ri wkh xqlrq ri wzr vxe0vhwv zklfk duh
erwk rshq dqg forvhg/

E[ ' NFoED� ^NFoEK� ' iD ^ Ij ^ iK ^Nj�> +614,

d uhvxow wkdw lpsolhv wkdw wkh Fduwdq wrsrorj| lv qrw qhfhvvdulo| d frqqhfwhg
wrsrorj|1 Dq h{fhswlrq h{lvwv li wkh wrsrorjlfdo wruvlrq/ K/ dqg khqfh lwv forvxuh/
ydqlvkhv/ iru wkhq wkh Fduwdq wrsrorj| lv frqqhfwhg1 Wklv h{wudruglqdu| uhvxow kdv
eurdg sk|vlfdo frqvhtxhqfhv1 Wkh frqqhfwhg Fduwdq wrsrorj| edvhg rq d ydqlvk0
lqj wrsrorjlfdo wruvlrq lv dw wkh edvlv ri prvw sk|vlfdo wkhrulhv ri htxloleulxp1 Lq
pdwkhpdwlfv/ wkh frqqhfwhg Fduwdq wrsrorj| fruuhvsrqgv wr wkh Iurehqlxv lqwh0
judelolw| frqglwlrq iru Sid!dq irupv1 Lq wkhuprg|qdplfv/ wkh frqqhfwhg Fduwdq
wrsrorj| lv dvvrfldwhg zlwk wkh Fdudwkhrgru| frqfhsw ri lqdffhvvleoh wkhuprg|0
qdplf vwdwhv ^48`/ dqg wkh h{lvwhqfh ri dq htxloleulxp wkhuprg|qdplf vxuidfh1 Li
wkh qrq0h{dfw 40irup/ T/ ri khdw jhqhudwhv d Fduwdq wrsrorj| ri qxoo wrsrorjl0
fdo wruvlrq/ K ' T	gT ' >> wkhq wkh Fduwdq wrsrorj| exlow rq T lv frqqhfwhg1
Vxfk v|vwhpv duh �lvrodwhg� lq d wrsrorjlfdo vhqvh/ dqg wkh khdw 40irup kdv d
uhsuhvhqwdwlrq lq whupv ri wzr dqg rqo| wzr ixqfwlrqv/ frqyhqwlrqdoo| zulwwhq dv=
T ' WgV1 Qrwh djdlq wkdw d ixqgdphqwdo sk|vlfdo frqfhsw/ lq wklv fdvh wkh lghd
ri htxloleulxp/ lv d wrsrorjlfdo frqfhsw lqghshqghqw iurp jhrphwulfdo surshuwlhv
ri vl}h dqg vkdsh1 Surfhvvhv wkdw jhqhudwh wkh 40irup T vxfk wkdw T	gT ' >
duh wkhuprg|qdplfdoo| uhyhuvleoh1 Li T	gT 9' >> wkh surfhvv wkdw jhqhudwhv T lv
wkhuprg|qdplfdoo| luuhyhuvleoh1

Zkhq wkh Fduwdq wrsrorj| lv frqqhfwhg/ lw pljkw eh vdlg wkdw doo irufhv duh
h{whqgleoh ryhu wkh zkroh ri wkh vhw/ dqg wkdw wkhvh irufhv duh ri �orqj udqjh�1
Frqyhuvho| zkhq wkh Fduwdq wrsrorj| lv glvfrqqhfwhg/ wkh �irufhv� fdqqrw eh
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h{whqghg lqgh�qlwho| ryhu wkh zkroh grpdlq ri lqghshqghqw yduldeohv/ exw shukdsv
rqo| ryhu d vlqjoh frpsrqhqw1 Wkh frpsrqhqwv duh qrw duf frqqhfwhg1 Lq wklv
vhqvh/ vxfk irufhv duh vdlg wr eh ri vkruw udqjh/ dv wkh| duh frq�qhg wr d vshfl�f
frpsrqhqw1 Qrwh wkdw wklv qrwlrq ri vkruw ru orqj udqjh irufhv grhv qrw ghshqg
xsrq jhrphwulfdo vl}h ru vfdoh1 Wkh sk|vlfdo lghd ri vkruw ru orqj udqjh irufhv lv
d wrsrorjlfdo lghd ri frqqhfwlylw|/ dqg qrw d jhrphwulfdo frqfhsw ri krz idu1

Lq dq hduolhu duwlfoh/ wkhvh lghdv zhuh irupxodwhg lqwxlwlyho| lq rughu wr jlyh
dq h{sodqdwlrq ri wkh �irxu irufhv� ri sk|vlfv1 Wkh hduolhu zrun zdv edvhg xsrq
h{shulhqfh zlwk gl�huhqwldo jhrphwu| ^49`1 Wkh ihdwxuhv ri wkh Sid� vhtxhqfh
zhuh xvhg wr hvwdeolvk htxlydohqfh fodvvhv iru 40irupv frqvwuxfwhg iurp nqrzq
h{dpsoh phwulf �hog vroxwlrqv/ j� > wr wkh Hlqvwhlq �hog htxdwlrqv1 Wkh ruljlqdo
lghdv/ edvhg xsrq h{shulhqfh zlwk v|vwhpv lq gl�huhqwldo jhrphwu|/ fdq qrz eh
jlyhq fuhghqfh edvhg xsrq gl�huhqwldo wrsrorj|1 Wkh frqvwuxfwlrq ri d 40irup/
D ' j�eg{

�> zkrvh frh!flhqwv duh wkh vsdfh wlph frpsrqhqwv ri d phwulf whqvru/
zloo glylgh wkh wrsrorj| lqwr htxlydohqfh fodvvhv ghshqglqj xsrq wkh qxpehu ri
qrq0}hur hohphqwv ri lwv Sid� vhtxhqfh1 Wklv qxpehu kdv ehhq gh�qhg deryh
dv wkh Sid� wrsrorjlfdo glphqvlrq1 Orqj udqjh sdulw| suhvhuylqj irufhv gxh wr
judylw| +Sid� glphqvlrq 4, dqg hohfwurpdjqhwlvp +Sid� glphqvlrq 5, duh wr eh
dvvrfldwhg zlwk d Fduwdq Wrsrorj| wkdw lv frqqhfwhg EK ' D	I ' D	gD ' f�=
Erwk wkh vwurqj irufh +Sid� glphqvlrq 6, dqg wkh zhdn irufh +Sid� glphqvlrq 7,
duh �vkruw� udqjh EK 9' f� dqg duh wr eh dvvrfldwhg zlwk d glvfrqqhfwhg Fduwdq
wrsrorj|1 Wkh vwurqj irufh lv sdulw| suhvhuylqj EN ' f� dqg wkh zhdn irufh lv
qrw EN 9' f�= Wkh idfw wkdw wkh Fduwdq wrsrorj| lv qrw qhfhvvdulo| frqqhfwhg lv
wkh wrsrorjlfdo +qrw phwulfdo, edvlv wkdw pd| eh xvhg wr glvwlqjxlvk ehwzhhq vkruw
dqg orqj udqjh irufhv1

Lq pxfk ri rxu sk|vlfdo h{shulhqfh zlwk qdwxuh/ lw dsshduv wkdw wkh glvfrq0
qhfwhg grpdlqv ri Sid� glphqvlrq 6 ru pruh duh riwhq lvrodwhg dv qxfohl/ zkloh
wkh vxuurxqglqj frqqhfwhg grpdlqv ri Sid� glphqvlrq 5 ru ohvv dsshduv dv �hogv
ri fkdujhg ru qrq0fkdujhg prohfxohv dqg dwrpv1 Krzhyhu/ sduw ri wkh wkuxvw
ri wklv duwlfoh lv wr ghprqvwudwh wkdw vxfk glvfrqqhfwhg wrsrorjlfdo skhqrphqd
duh qrw frq�qhg wr plfurvfrslf v|vwhpv/ exw dovr dsshdu lq d vxfk pxqgdqh skh0
qrphqd dv wkh  rz ri d wxuexohqw  xlg1 Sk|vlfdo h{dpsohv ri wkh h{lvwhqfh ri
wrsrorjlfdo wruvlrq +dqg khqfh d qrq0frqqhfwhg Fduwdq wrsrorj|, duh jlyhq e| wkh
h{shulphqwdo dsshdudqfh ri zkdw dsshdu wr eh frkhuhqw vwuxfwxuhv lq d wxuexohqw
 xlg  rz1

Wr suryh wkdw d wxuexohqw  rz pxvw eh d frqvhtxhqfh ri d Fduwdq wrsrorj|
wkdw lv qrw frqqhfwhg/ frqvlghu wkh iroorzlqj dujxphqw= Iluvw frqvlghu d  xlg dw
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uhvw dqg iurp d joredo vhw ri xqltxh/ v|qfkurqrxv/ lqlwldo frqglwlrqv jhqhudwh d
yhfwru �hog ri  rz1 Vxfk  rzv pxvw vdwlvi| wkh Iurehqlxv frpsohwh lqwhjudelolw|
wkhruhp/ zklfk uhtxluhv wkdw D	gD ' f1 Wkh Fduwdq wrsrorj| iru vxfk v|vwhpv
lv frqqhfwhg/ dqg wkh Sid� glphqvlrq ri wkh grpdlq lv 5 ru ohvv1 Vxfk grpdlqv
gr qrw vxssruw wrsrorjlfdo wruvlrq +wkh Kholflw| ydqlvkhv,1 Vxfk joredoo| odplqdu
 rzv duh wr eh glvwlqjxlvkhg iurp  rzv wkdw uhvlgh rq vxuidfhv/ exw gr qrw dgplw d
xqltxh vhw ri frqqhfwhg v|fkurql}hdeoh lqlwldo frqglwlrqv1 Qh{w frqvlghu wxuexohqw
 rzv zklfk/ dv wkh dqwl0wkhvlv ri odplqdu  rzv/ fdq qrw eh lqwhjudeoh lq wkh vhqvh
ri Iurehqlxv> vxfk wxuexohqw grpdlqv vxssruw wrsrorjlfdo wruvlrq ED	gD 9' f�/
dqg wkhuhiruh d glvfrqqhfwhg Fduwdq wrsrorj|1 Wkh frqqhfwhg frpsrqhqwv ri
wkh glvfrqqhfwhg Fduwdq wrsrorj| fdq eh gh�qhg dv wkh +wrsrorjlfdoo|, frkhuhqw
vwuxfwxuhv ri wkh wxuexohqw  rz1

Qrwh wkdw d grpdlq fdq vxssruw d krprjhqhrxv wrsrorj| ri rqh frpsrqhqw
dqg wkhq xqghujr frqwlqxrxv wrsrorjlfdo hyroxwlrq wr d grpdlq zlwk vrph lqwhulru
krohv1 Wkh grpdlq lv vlpso| frqqhfwhg lq wkh lqlwldo vwdwh/ dqg pxowlso| frqqhfwhg
lq wkh �qdo vwdwh/ exw vwloo frqqhfwhg1 Krzhyhu/ frqvlghu wkh gxdo srlqw ri ylhz
zkhuh wkh ruljlqdoo| frqqhfwhg grpdlq frqvlvwv ri d krprjhqhrxv vsdfh wkdw eh0
frphv vhsdudwhg lqwr pxowlsoh frpsrqhqwv1 Wkh hyroxwlrq wr d wrsrorjlfdo vsdfh
ri pxowlsoh frpsrqhqwv lv qrw frqwlqxrxv1 Lw iroorzv wkdw wkh fdvh ri d wudqvlwlrq
iurp dq lqlwldo odplqdu vwdwh +K ' f, wr wkh wxuexohqw vwdwh +K 9' f, lv d wudqvlwlrq
iurp d frqqhfwhg wrsrorj| wr d glvfrqqhfwhg wrsrorj|1 Wkhuhiruh wkh wudqvlwlrq
wr wxuexohqfh lv QRW frqwlqxrxv1 Krzhyhu/ qrwh wkdw wkh ghfd| ri wxuexohqfh
fdq eh ghvfulehg e| d frqwlqxrxv wudqvirupdwlrq iurp d glvfrqqhfwhg wrsrorj|
wr d frqqhfwhg wrsrorj|1 Frqghqvdwlrq lv frqwlqxrxv/ jdvl�fdwlrq lv qrw1 Lw lv
ghprqvwudwhg ehorz wkdw uhodwlyh wr wkh Fduwdq wrsrorj| doo F5 gl�huhqwldeoh/ V/
dfwlqj rq F5 s0irupv e| phdqv ri wkh Olh gl�huhqwldo duh frqwlqxrxv1 Wkh frq0
foxvlrq lv uhdfkhg wkdw wkh wudqvlwlrq wr wxuexohqfh pxvw lqyroyh wudqvirupdwlrqv
wkdw duh qrw F5/ khqfh fdq rffxu rqo| lq wkh suhvhqfh ri vkrfnv ru wdqjhqwldo
glvfrqwlqxlwlhv1

71 Wkh Fduwdq Wrsrorjlfdo Vwuxfwxuh

D wrsrorjlfdo vwuxfwxuh lv gh�qhg wr eh hqrxjk lqirupdwlrq wr ghflgh zkhwkhu
d wudqvirupdwlrq lv frqwlqxrxv ru qrw ^4;`1 Wkh fodvvlfdo gh�qlwlrq ri frqwlqxlw|
ghshqgv xsrq wkh lghd wkdw hyhu| rshq vhw lq wkh udqjh pxvw kdyh dq lqyhuvh
lpdjh lq wkh grpdlq1 Wklv phdqv wkdw wrsrorjlhv pxvw eh gh�qhg rq erwk wkh
lqlwldo dqg �qdo vwdwh/ dqg wkdw vrphkrz dq lqyhuvh lpdjh pxvw eh gh�qhg1 Qrwh
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wkdw wkh rshq vhwv ri wkh �qdo vwdwh pd| eh gl�huhqw iurp wkh rshq vhwv ri wkh
lqlwldo vwdwh/ ehfdxvh wkh wrsrorjlhv ri wkh wzr vwdwhv fdq eh gl�huhqw1

Wkhuh lv dqrwkhu gh�qlwlrq ri frqwlqxlw| wkdw lv pruh xvhixo iru lw ghshqgv
rqo| rq wkh wudqvirupdwlrq/ dqg qrw lwv lqyhuvh/ h{solflwo|1 D wudqvirupdwlrq lv
frqwlqxrxv li dqg rqo| li wkh lpdjh ri wkh forvxuh ri hyhu| vxevhw lv lqfoxghg lq
wkh forvxuh ri wkh lpdjh1 Wklv phdqv wkdw wkh frqfhsw ri forvxuh dqg wkh frqfhsw
ri wudqvirupdwlrq pxvw frppxwh iru frqwlqxrxv surfhvvhv1 Vxssrvh wkh iruzdug
lpdjh ri d 40irup D lv T> dqg wkh iruzdug lpdjh ri wkh vhw I ' gD lv ]1 Wkhq li
wkh forvxuh/ NFoED� ' D^I lv lqfoxghg lq wkh forvxuh ri NFoET� ' T^gT/ iru
doo vxe0vhwv/ wkh wudqvirupdwlrq lv gh�qhg wr eh frqwlqxrxv1 Wkh lghd ri frqwlqxlw|
ehfrphv htxlydohqw wr wkh frqfhsw wkdw wkh iruzdug lpdjh ] ri wkh olplw srlqwv/
gD/ lv dq hohphqw ri wkh forvxuh ri T ^4;`=

D ixqfwlrq wkdw surgxfhv dq lpdjh i dDo ' T lv frqwlqxrxv l� iru hyhu|
vxevhw D ri wkh Fduwdq wrsrorj|/ ] ' i dgDo � NFoET� ' ET ^ gT�1

Wkh Fduwdq wkhru| ri h{whulru gl�huhqwldo v|vwhpv fdq qrz eh lqwhusuhwhg dv
d wrsrorjlfdo vwuxfwxuh/ iru hyhu| vxevhw ri wkh wrsrorj| fdq eh whvwhg wr vhh li
wkh surfhvv ri forvxuh frppxwhv zlwk wkh surfhvv ri wudqvirupdwlrq1 Iru wkh
Fduwdq wrsrorj|/ wklv hpskdvlv rq olplw srlqwv udwkhu wkdq rq rshq vhwv lv d pruh
frqyhqlhqw phwkrg iru ghwhuplqlqj frqwlqxlw|1 D vlpsoh hyroxwlrqdu| surfhvv/
[ , \ / lv gh�qhg e| d pds x1 Wkh pds/ x/ pd| eh ylhzhg dv d sursdjdwru
wkdw wdnhv wkh lqlwldo vwdwh/ [/ lqwr wkh �qdo vwdwh/ \ 1 Iru pruh jhqhudo sk|vlfdo
vlwxdwlrqv wkh hyroxwlrqdu| surfhvvhv duh jhqhudwhg e| yhfwru �hogv ri  rz/V1 Wkh
wudmhfwrulhv gh�qhg e| wkh yhfwru �hogv pd| eh ylhzhg dv sursdjdwruv wkdw fduu|
grpdlqv lqwr udqjhv lq wkh pdqqhu ri d frqyhfwlyh  xlg  rz1 Wkh hyroxwlrqdu|
sursdjdwru ri lqwhuhvw wr wklv duwlfoh lv wkh Olh gl�huhqwldo zlwk uhvshfw wr d yhfwru
�hog/ V/ dfwlqj rq gl�huhqwldo irupv/ P ^4<`1

Wkh Olh gl�huhqwldo kdv d qxpehu ri lqwhuhvwlqj dqg xvhixo surshuwlhv1
41 Wkh Olh gl�huhqwldo grhv qrw ghshqg xsrq d phwulf ru d frqqhfwlrq1
51 Wkh Olh gl�huhqwldo kdv d vlpsoh dfwlrq rq gl�huhqwldo irupv surgxflqj d

uhvxowdqw irup wkdw lv ghfrpsrvhg lqwr d wudqvyhuvdo dqg dq h{dfw sduw=

OEV�$ ' lEY �g$ n glEY �$= +714,

Wklv irupxod lv nqrzq dv �Fduwdq*v pdjlf irupxod�1 Iru wkrvh yhfwru �hogv Y
zklfk duh �dvvrfldwhg� zlwk wkh irup $> vxfk wkdw lEY �$ ' f> wkh Olh gl�huhqwldo

53



ehfrphv htxlydohqw wr wkh fryduldqw gl�huhqwldo ri whqvru dqdo|vlv1 Rwkhuzlvh wkh
wzr gl�huhqwldo frqfhswv duh glvwlqfw1

61 Wkh Olh gl�huhqwldo pd| eh xvhg wr ghvfuleh ghirupdwlrqv dqg wrsrorjlfdo
hyroxwlrq1 Qrwh wkdw wkh dfwlrq ri wkh Olh gl�huhqwldo rq d 30irup +vfdodu ixqfwlrq,
lv wkh vdph dv wkh gluhfwlrqdo ru frqyhfwlyh gl�huhqwldo ri ruglqdu| fdofxoxv/

OEV�x ' lEY �gxn glEY �x ' lEY �gxn f ' V � judgx= +715,

Lw pd| eh ghprqvwudwhg wkdw wkh dfwlrq ri wkh Olh gl�huhqwldo rq d 40irup zloo
jhqhudwh htxdwlrqv ri prwlrq ri wkh k|gurg|qdplf w|sh1 Lq idfw Duqrog fdoov wkh
Olh gl�huhqwldo wkh �frqyhfwlyh� ru �Ilvkhupdq*v� gl�huhqwldo1

71 Zlwk uhvshfw wr yhfwru �hogv dqg irupv frqvwuxfwhg ryhu F5 ixqfwlrqv/ wkh
Olh gl�huhqwldo frppxwhv zlwk wkh forvxuh rshudwru1 Khqfh/ wkh Olh gl�huhqwldo
+uhvwulfwhg wr F5 ixqfwlrqv, jhqhudwhv wudqvirupdwlrqv rq gl�huhqwldo irupv zklfk
duh frqwlqxrxv zlwk uhvshfw wr wkh Fduwdq wrsrorj|1 Wr suryh wklv fodlp=

Iluvw frqvwuxfw wkh forvxuh/ iP ^ gPj 1 Qh{w sursdjdwh P dqg gP e| phdqv
ri wkh Olh gl�huhqwldo wr surgxfh wkh ghfuhphqwdo irupv/ vd| T dqg ]/

OEV�P ' T dqg OEV�gP ' ]= +716,

Qrz frpsxwh wkh frqwulexwlrqv wr wkh forvxuh ri wkh �qdo vwdwh dv jlyhq e| iT ^
gTj1 Li ] ' gT/ wkhq wkh forvxuh ri wkh lqlwldo vwdwh lv sursdjdwhg lqwr wkh
forvxuh ri wkh �qdo vwdwh/ dqg wkh hyroxwlrqdu| surfhvv gh�qhg e|V lv frqwlqxrxv1
Krzhyhu/

gT ' gOEV�P ' glEY �gPn ggElEY �P� ' glEY �gP +717,

dv ggElEY �P� ' f iru F5 ixqfwlrqv1 Exw/

] ' OEV�gP ' gElEY �gP� n lEY �ggP ' glEY �gP +718,

dv lEY �ggP ' f iru F5 s0irupv1 Lw iroorzv wkdw ] ' gT/ dqg wkhuhiruh V

jhqhudwhv d frqwlqxrxv hyroxwlrqdu| surfhvv uhodwlyh wr wkh Fduwdq wrsrorj|1 THG
Lw lv wr eh qrwlfhg wkdw wklv frqfhsw ri d wrsrorjlfdo vwuxfwxuh lv ghyhorshg lq
whupv ri wkh dfwlrq ri wkh Olh gl�huhqwldo dfwlqj rq d 40irup1 Wkh phwkrg grhv
qrw ghshqg xsrq phwulf ru frqqhfwlrq1

Fhuwdlq vshfldo fdvhv dulvh iru wkrvh vxevhwv ri yhfwru �hogv wkdw vdwlvi| wkh
htxdwlrqv/ gElEV�P� ' f1 Lq wkhvh fdvhv/ rqo| wkh ixqfwlrqv wkdw pdnh xs wkh
s0irup/ P/ qhhg eh F5 gl�huhqwldeoh/ dqg wkh yhfwru �hog qhhg rqo| eh F41
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Vxfk surfhvvhv zloo eh ri lqwhuhvw wr v|psohfwlf surfhvvhv/ zlwk Ehuqrxool0Fdvlplu
lqyduldqwv1

E| vxlwdeoh fkrlfh ri wkh 40irup ri dfwlrq lw lv srvvleoh wr vkrz wkdw wkh dfwlrq ri
wkh Olh gl�huhqwldo rq wkh 40irup ri dfwlrq fdq jhqhudwh wkh Qdylhu Vwrnhv sduwldo
gl�huhqwldo htxdwlrqv ^53`1 Wkh dqdo|vlv deryh lqglfdwhv wkdw F5 gl�huhqwldeoh
vroxwlrqv wr wkh Qdylhu0Vwrnhv htxdwlrqv fdq qrw eh xvhg wr ghvfuleh wkh wudqvlwlrq
wr wxuexohqfh1 Wkh F5 vroxwlrqv fdq/ krzhyhu/ ghvfuleh wkh luuhyhuvleoh ghfd| ri
wxuexohqfh wr wkh joredoo| odplqdu vwdwh1

81 DSSOLFDWLRQV

8141 Pd{zhoo Htxdwlrqv

Pd{zhoo*v SGH*v duh wrsrorjlfdo vwdwhphqwv ghgxfhg iurp dq h{whulru gl�huhqwldo
v|vwhp1 Wkh wzr srvwxodwhv duh

Wkh Srvwxodwh ri Srwhqwldov= I � gD ' f= +814,

Wkh Srvwxodwh ri frqvhuyhg Fkdujh Fxuuhqw ghqvlwlhv= M � gJ ' f= +815,

Qr frqvwudlqwv ri jhrphwulfdo frqqhfwlrq ru phwulf duh uhtxluhg1 Vxfk jhrphwulf
frqvwudlqwv uh�qh wkh Pd{zhoo wrsrorj|/ dqg duh xvhixo iru xqghuvwdqglqj frqvwl0
wxwlyh htxdwlrqv wkdw glvwlqjxlvk/ iru h{dpsoh/ eluhiulqjhqw phgld iurp rswlfdoo|
dfwlyh phgld1 Wkh Pd{zhoo0Idudgd| SGH*v duh qrw uhvwulfwhg wr vsdfhv ri wrsr0
orjlfdo glphqvlrq Q @ 71 Iru dq h{whulru gl�huhqwldo v|vwhp I�gD ' f rq d vsdfh
ri dq| glphqvlrq QA6/ wkh forvxuh frqglwlrqv/ ggD ' gI ' f> dozd|v |lhog wkh
vdph lghqwlfdo Pd{zhoo0Idudgd| SGH*v iru wkh �uvw 7 yduldeohv1 Dgglwlrqdo SGH*v
duh dovr jhqhudwhg iru QA7/ exw wkh v|vwhp ri SGH*v fuhdwhg irupv d qhvwhg vhw/
zlwk wkh Pd{zhoo0Idudgd| htxdwlrqv dv wrsrorjlfdo nhuqho/ ri lqyduldqw irupdw iru
dq| glphqvlrq Q1 D uhpdundeoh uhvxow lv wkdw Idudgd| lqgxfwlrq lv d wrsrorjlfdo
lghd/ dqg grhv qrw ghshqg xsrq phwulf ru frqqhfwlrq1 Wkh frqfhsw ri Idudgd|
lqgxfwlrq dssolhv wr dq| v|vwhp wkdw vdwlv�hv wkh Srvwxodwh ri Srwhqwldov1

Dv ghprqvwudwhg ehorz/ wkh Srvwxodwh ri Srwhqwldov hvwdeolvkhv wkh �hog lq0
whqvlwlhv/ , dqg �/ +wklqn irufhv,/dqg wkh Srvwxodwh ri Frqvhuyhg Fkdujh fxuuhqw
ghqvlwlhv hvwdeolvkhv wkh �hog h{flwdwlrqv/ # dqg O/ +wklqn vrxufhv,1 Wkh wrsr0
orjlfdo shuvshfwlyh vxevxphv wkdw wkh wzr vshflhv duh lqghshqghqw lghdv1 Wkh
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h{shulphqwdo mxvwl�fdwlrq ri vxfk lghdv fdq eh ghprqvwudwhg zlwk d vlpsoh sdudo0
oho sodwh fdsdflwru h{shulphqw1 Iluvw frqqhfw wkh sodwhv wr d edwwhu| ri frqvwdqw
srwhqwldo dqg ohw lw uhpdlq frqqhfwhg1 Lqvhuw d vode ri sodvwlf glhohwulf kdoizd|
ehwzhhq wkh sodwhv1 Uhohdvh wkh sodvwlf vode1 Grhv wkh vode uhpdlq prwlrq0
ohvv/ ru lv wkh prwlrq vxfk wkdw wkh vode lv h{shoohg ru dwwudfwhgB Iru d vhfrqg
h{shulphqw/ dwwdfk wkh sodwhv ri wkh fdsdflwru wr d edwwhu| dqg wkhq glvfrqqhfw
wkh edwwhu| diwhu fkdujlqj wkh fdsdflwru1 Qrz lqvhuw wkh sodvwlf vode kdoizd|/
dqg uhohdvh lw1 Grhv wkh vode uhpdlq prwlrqohvv/ ru lv wkh prwlrq vxfk wkdw wkh
vode lv h{shoohg ru dwwudfwhgB Lq wkh �uvw fdvh/ wkh , �hog uhpdlqv frqvwdqw +wkh
srwhqwldo grhv qrw fkdqjh,/ dqg prwlrq ri wkh glhohfwulf vode fdxvhv wkh# �hog wr
fkdqjh +wkh edwwhu| dgmxvwv wkh fkdujh glvwulexwlrq,1 Lq wkh vhfrqg h{shulphqw/
wkh fkdujh glvwulexwlrq lv frqvwdqw/ vr wkdw wkh # �hog uhpdlqv frqvwdqw/ exw wkh
, �hog fkdqjhv1 Frqvlghu wkh vlpsoh frqvwlwxwlyh frqvwudlqw/# ' %,= Lq wkh �uvw
h{shulphqw/ lqvhuwlrq zrxog fdxvh wkh dyhudjh % wr lqfuhdvh/ khqfh hyhq wkrxjk ,
uhpdlqv frqvwdqw/ wkh # �hog zrxog lqfuhdvh1 Krzhyhu/ wkh wrwdo hqhuj| ghqvlw|
# � , zrxog ghfuhdvh li wkh vode zdv h{shoohg/ dqg wkdw lv zkdw kdsshqv1 Lq wkh
vhfrqg h{shulphqw/ prwlrq ri wkh vode zrxog fdxvh wkh , �hog wr fkdqjh/ dv wkh
# �hog uhpdlqv frqvwdqw/ dqg wkh plqlpxp hqhuj| ghqvlw| rffxuv zkhq wkh vode
lv ixoo| lqvhuwhg1

Fxuuhqw hohfwurpdjqhwlf grjpd suhvhqwv wkh lghd wkdw iurp d jlyhq fkdujh
fxuuhqw ghqvlw| glvwulexwlrq/ da> �o>lw lv srvvleoh wr ghgxfh wkh , dqg � �hogv1
Krzhyhu/ wkh Srvwxodwh ri frqvhuyhg Fkdujh0Fxuuhqw ghqvlwlhv lqglfdwhv wkdw lw lv
# dqgO wkdw duh wkh uhodwhg txdqwlwlhv/ qrw, dqg�1 Wkh Srvwxodwh ri Srwhqwldov
lqglfdwhv wkdw wkh �hog lqwhqvlwlhv , dqg � duh ghgxfhg iurp wkh srwhqwldov d�> !o=
Lw wdnhv vrph frqvwlwxwlyh frqvwudlqw wr frqyhuw # dqg O lqwr , dqg �> ru da> �o
lqwr d�> !o= Erwk w|shv ri frqvwudlqwv dsshdu lq wkh olwhudwxuh lq juhdw ghwdlo dqg
ydulhw|1 Vxfk dvvxpswlrqv revfxuh wkh wrsrorjlfdo edvlv dqg gl�huhqfhv ehwzhhq
h{whulru gl�huhqwldo irupv dqg h{whulru gl�huhqwldo irup ghqvlwlhv1

Wkh srvwxodwh ri srwhqwldov lqglfdwhv wkdw wkh grpdlq ri vxssruw iru wkh 50irup
I lv qrw frpsdfw zlwkrxw erxqgdu|51 Wkh srvwxodwh dovr ghprqvwudwhv wkdw pdj0
qhwlf prqrsrohv duh qrw frpsdwleoh zlwk wkh dvvxpswlrq ri F5 gl�huhqwldelolw|1
Vxfk d vwdwhphqw grhv qrw dsso| wr wkh ghqvlw| Q05 irup J/ zklfk fdq kdyh forvhg
dqg qrq0forvhg frpsrqhqwv1 Wkh forvhg exw qrw h{dfw frpsrqhqwv ri J ohdg wr
wkh txdqwl}dwlrq ri fkdujh dv d wrsrorjlfdo uhvxow1 Dv J lv d ghqvlw|/ lw dovr iroorzv
wkdw txdqwl}hg fkdujh lv d svhxgr0vfdodu ^BSrvw`1 Wkh klvwrulfdo dvvxpswlrqv ri
fkdujh dv d vfdodu duh qrw frpsdwleoh zlwk wkh wrsrorjlfdo irupdw1 H{shulphqwv

5Wkhuh duh wzr h{fhswlrqv= wkh Nohlq erwwoh dqg wkh wruxv1
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zlwk slh}r hohfwulf fu|vwdov lqglfdwh wkdw yroxph ghirupdwlrqv fdq fdxvh hohfwulfdo
skhqrphqd1 Li J zdv qrw d ghqvlw|/ wkhuh zrxog eh qr Slh}r hohfwulflw|1

814141 Wkh G K �hog h{flwdwlrqv= gl�huhqwldo Q05 irup ghqvlwlhv1

Iru h{dpsoh frqvlghu wkh h{whulru gl�huhqwldo ri wkh Q04 irup ghqvlw|6/ G/ lq wkuhh
glphqvlrqv/ jlyhq e| wkh h{suhvvlrq/

gG ' gEG
{
g|	g} �G

|
g}	g{nG

}
g{	g|� +816,

' gly�EG�g{	g|	g} , �E{> |> }�g{	g|	g}

zkhuh � kdv ehhq gh�qhg dv wkh uhvxowdqw ri wkh dfwlrq ri wkh h{whulru gl�huhqwldo/
gly�E#�1 Wkh xvxdo lqwhusuhwdwlrq ri Jdxvv* odz lv wkdw wkh �hog olqhv ri wkh yhfwru
+ghqvlw|, # whuplqdwh +ru kdyh d olplw ru dffxpxodwlrq srlqw, rq wkh fkdujhv/ T1
Jdxvv* odz jhqhudwhv erwk wkh lqwxlwlyh lghd wkdw vrxufhv duh uhodwhg wr olplw srlqwv/
dqg ghprqvwudwhv wkh qryho frqfhsw wkdw wkh h{whulru gl�huhqwldo lv d olplw srlqw
rshudwru1 Wkh h{whulru gl�huhqwldo fuhdwhv olplwv srlqwv zkhq wkh rshudwlrq lv
dssolhg wr d gl�huhqwldo irup1 Krzhyhu/ dv ghprqvwudwhg deryh/ wkh frqfhsw wkdw
wkh h{whulru gl�huhqwldo lv d olplw srlqw rshudwru uhodwlyh wr wkh Fduwdq wrsrorj|
lv d jhqhudo lghd/ dqg lv qrw uhvwulfwhg wr Jdxvv* odz1

Pd{zhoo*v SGH*v duh wrsrorjlfdo vwdwhphqwv ghgxfhg iurp dq h{whulru gl�hu0
hqwldo v|vwhp1 Wkh wzr srvwxodwhv duh

Wkh Srvwxodwh ri Srwhqwldov= I � gD ' f= +817,

Wkh Srvwxodwh ri frqvhuyhg Fkdujh fxuuhqw ghqvlwlhv= M � gJ ' f= +818,

H{whqglqj wklv lghd wr irxu glphqvlrqv iru wkh Q05 irup ghqvlw|/ J/ ri Pd{zhoo
h{flwdwlrqv +#>O,/

6Wkhuh duh wzr vshflhv ri gl�huhqwldo irupv frqvlghuhg lq wklv duwlfoh1 Wkh �uvw vshflh

wudqvirupv dv d vfdodu zlwk uhvshfw wr gl�hrprusklvpv1 Wkh vhfrqg vshflh wudqvirupv dv d

vfdodu ghqvlw|/ dqg lv sursruwlrqdo wr wkh ghwhuplqdqw ri wkh gl�hrprusklvp1 Wkh frh!flhqwv

sxoo edfn zlwk uhvshfw wr wkh wudqvsrvh ri d gl�huhqwldo Mdfreldq pdsslqj/ zkhwkhu lw lv d

gl�hrprusklvp ru qrw1 Wkh vhfrqg vshflhv/ wkh gl�huhqwldo irup ghqvlwlhv/ sxoo edfn zlwk

uhvshfw wr wkh dgmrlqw ri d gl�huhqwldo Mdfreldq pdsslqj1
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J ' �G{g|	g} nG|g}	g{�G}g{	g| nK{g{	gwnK|g|	gwnK}g}	gw> +819,

wkh h{whulru gl�huhqwldo gJ ri J |lhogv d wkuhh irup/ M / gh�qhg dv wkh hohfwurpdj0
qhwlf fxuuhqw 60irup/

M ' M{g|	g}	gw� M|g{	g}	gwn M}g{	g|	gw� �g{	g|	gw +81:,

zkhuh lq 60yhfwru odqjxdjh/

fxuo O� C#@Cw ' f gly# ' �= +81;,

Wkh fkdujh fxuuhqw ghqvlw| dfw dv wkh �olplw srlqwv� ri wkh Pd{zhoo �hog h{flwd0
wlrqv1 Qrwh wkdw gM ' f iru F5 ixqfwlrqv e| Srlqfduh*v ohppd1

Krzhyhu/ frqvlghu wkh Q04 fxuuhqw/ F +qrw qhfhvvdulo| htxdo wr M dv gh�qhg
deryh, lq irxu glphqvlrqv

F ' �iY {g|	g}	gw� Y |g{	g}	gwn Y }g{	g|	gw� �g{	g|	gwj +81<,

dqg lwv h{whulru gl�huhqwldo dv jlyhq e| wkh h{suhvvlrq/

gF ' igly�E�V� n C�@Cwjg{	g|	g}	gw= ' Ug{	g|	g}	gw ' Ulebyro +8143,

Zkhq wkh 70irup U ydqlvkhv/ wkh uhvxowdqw h{suhvvlrq lv sk|vlfdoo| lqwhusuhwhg
dv wkh �htxdwlrq ri frqwlqxlw|� ru dv d �frqvhuydwlrq odz�1 Ryhu d forvhg erxqgdu|/
wkdw zklfk jrhv lq lv htxdo wr wkdw zklfk jrhv rxw +zkhq gF ' f,1 Qrwh wkdw wkh
frqfhsw ri wkh frqvhuydwlrq odz lv d wrsrorjlfdo frqvwudlqw= wkh �olplw srlqwv� ri
wkh �fxuuhqw 60irup� lq irxu glphqvlrqv pxvw ydqlvk li wkh frqvhuydwlrq odz lv wr
eh wuxh1 Li wkh UKV ri wkh deryh h{suhvvlrq lv qrw }hur/ wkhq wkh fxuuhqw 60irup
lv vdlg wr kdyh dq �dqrpdo|�/ ru d vrxufh +ru vlqn, 1 Wkh dqrpdo| dfwv dv wkh
vrxufh ri wkh rwkhuzlvh frqvhuyhg txdqwlw|1 Wkh olplw srlqwv/ U/ ri wkh 60irup/
F/ duh jhqhudwhg e| lwv h{whulru gl�huhqwldo/ gF ' igly�E�V� n C�@Cwjle= Zkhq
wkh UKV lv }hur/ wkh fxuuhqw �olqhv� gr qrw vwrs ru vwduw zlwklq wkh grpdlq1 +Lw
lv srvvleoh iru wkhp wr eh forvhg rq wkhpvhoyhv lq fhuwdlq wrsrorjlhv,1
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814151 Wkh H E Ilhog Lqwhqvlwlhv= gl�huhqwldo 50irupv

Rq d irxu glphqvlrqdo vsdfh0wlph ri lqghshqghqw yduldeohv/ E{> |> }> w� wkh 40irup
ri Dfwlrq +frqvwudlqhg e| wkh srvwxodwh ri srwhqwldov/ I � gD ' f, fdq eh zulwwhq
lq wkh irup

D ' P�
n'�DnE{> |> }> w�g{

n � !E{> |> }> w�gw ' ��gh�!gw= +8144,

Vxemhfw wr wkh frqvwudlqw ri wkh h{whulru gl�huhqwldo v|vwhp/ wkh 50irup ri �hog
lqwhqvlwlhv/ I> ehfrphv=

I ' gD ' iCDn@C{
m � CDm@C{

njg{m	g{n ' Imng{
m	g{n +8145,

' �}g{	g| n�{g|	g} n�|g}	g{n,{g{	gwn,|g|	gwn,}g}	gw=

zkhuh lq xvxdo hqjlqhhulqj qrwdwlrq/

, ' �C�@Cw� judg!> � 'fxuo � � CDn@C{
m � CDm@C{

n= +8146,

Wkh forvxuh ri wkh h{whulru gl�huhqwldo v|vwhp/ gI ' f> ydqlvkhv iru F5 gl�huhq0
wldeoh s0irupv/ wr |lhog

gI ' ggD ' ifxuo ,nC�@Cwj{g|	g}	gw� ==n ==�gly�g{	g|	g}j , f= +8147,

Htxdwlqj wr }hur doo irxu frh!flhqwv ohdgv wr wkh Pd{zhoo0Idudgd| sduwldo ghuly0
dwlyh htxdwlrqv/

ifxuo ,n C�@Cw ' f> gly� ' fj= +8148,

Wklv wrsrorjlfdo ghyhorsphqw ri wkh Pd{zhoo0Idudgd| htxdwlrqv kdv pdgh qr xvh
ri d frqqhfwlrq qru ri d phwulf1

Wkh frpsrqhqw ixqfwlrqv +, dqg �� ri wkh 50irup/ I> wudqvirup dv fryduldqw
whqvru ri udqn 51 Wkh wrsrorjlfdo frqvwudlqw wkdw I lv h{dfw/ lpsolhv wkdw wkh
grpdlq ri vxssruw iru wkh �hog lqwhqvlwlhv fdqqrw eh frpsdfw zlwkrxw erxqgdu|/
xqohvv wkh Hxohu fkdudfwhulvwlf ydqlvkhv1 Wkhvh idfwv glvwlqjxlvk fodvvlfdo hohfwur0
pdjqhwlvp iurp \dqj0Ploov �hog wkhrulhv1 Pruhryhu/ wkh idfw wkdw I lv vxevxphg
wr eh h{dfw dqg F4 gl�huhqwldeoh h{foxghv wkh frqfhsw ri pdjqhwlf prqrsrohv iurp
fodvvlfdo hohfwurpdjqhwlf wkhru| rq wrsrorjlfdo jurxqgv1
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Wklv qrz doprvw fodvvlf jhqhudwlrq ri wkh Pd{zhoo �hog htxdwlrqv ^<` kdv dq0
rwkhu ohvv idploldu lqwhusuhwdwlrq= Wkh , dqg � �hog lqwhqvlwlhv duh wkh wrsrorjlfdo
olplw �srlqwv� ri wkh 40irup ri srwhqwldov/ i�> !j/ uhodwlyh wr wkh Fduwdq wrsro0
rj|$ Wkh olplw srlqwv ri wkh 50irup ri �hog lqwhqvlwlhv/ I / duh wkh qxoo vhw1 Iru
F5 yhfwru �hogv/ wkh Fduwdq wrsrorj| dgplwv  x{ txdqwd/ fkdujh txdqwd/ dqg
vslq txdqwd/ exw h{foxghv pdjqhwlf prqrsrohv ^43`1 Zkhq wkh gl�huhqwldo v|vwhp
ri lqwhuhvw lv exlow xsrq wkh irupv D/ I dqg J/ lw lv srvvleoh wr vkrz wkdw vx0
shufrqgxfwlylw| lv wr eh dvvrfldwhg zlwk wkh frqvwudlqwv rq wkh olplw srlqw vhwv ri
D> D	I> dqg D	J ^44`1 Wkdw lv/ vxshufrqgxfwlylw| kdv lwv ruljlqv lq wrsrorjlfdo/
qrw jhrphwulfdo/ frqfhswv1 Wklv uhpdundeoh lghd wkdw wkh h{whulru gl�huhqwldo lv d
olplw srlqw rshudwru lv edvhg xsrq Nxudwrzvnl*v forvxuh rshudwru lv htxlydohqw wr
wkh xqlrq ri wkh lghqwlw| dqg wkh h{whulru gl�huhqwldo1

8151 Iur}hq 0 lq Ilhogv/ wkh Pdvwhu Htxdwlrq

D vwduwlqj srlqw iru pdq| glvfxvvlrqv ri wkh pdjqhwlf g|qdpr dqg doolhg sureohpv
lq k|gurg|qdplfv vwduwv zlwk zkdw kdv ehhq fdoohg wkh �pdvwhu htxdwlrq� ^54`/

FxuoEV ��� ' C�@Cw= +8149,

Xvlqj wkh Fduwdq phwkrgv lw pd| eh vkrzq wkdw wklv htxdwlrq lv htxlydohqw wr
wkh frqvwudlqw ri �xqlirup� frqwlqxlw| uhodwlyh wr wkh Fduwdq wrsrorj|1 Pruhryhu/
lw lv hdv| wr vkrz wkhvh frqvwudlqwv jhqhudwh v|psohfwlf surfhvvhv zklfk lqfoxgh
Kdplowrqldq hyroxwlrqdu| v|vwhpv/ vxfk dv Hxohu  rzv/ dv zhoo dv d qxpehu ri
rwkhu hyroxwlrqdu| surfhvvhv zklfk duh frqwlqxrxv/ exw qrw krphrprusklf1 Lq
dgglwlrq d fulwhuld fdq eh irupxodwhg wr ghyhors dq h{whqvlrq ri wkh �kholflw|�
frqvhuydwlrq odz wr d pruh jhqhudo vhwwlqj1

Wkh surri ri wkhvh uhvxowv surgxfhv d qlfh h{huflvh lq xvh ri wkh Fduwdq wkhru|1
Frqvlghu d 40irup D wkdw vdwlv�hv wkh h{whulru gl�huhqwldo v|vwhp

I � gD ' f> +814:,

zkhuh D lv d 40irup ri Dfwlrq/ zlwk wzlfh gl�huhqwldeoh frh!flhqwv +srwhqwldov
sursruwlrqdo wr prphqwd, zklfk lqgxfh d 50irup/ I> ri hohfwurpdjqhwlf lqwhqvlwlhv
+, dqg � > uhodwhg wr irufhv�1 Wkh h{whulru gl�huhqwldo v|vwhp lv d wrsrorjlfdo
frqvwudlqw wkdw lq h�hfw gh�qhv �hog lqwhqvlwlhv lq whupv ri wkh srwhqwldov1

Qrz vhdufk iru doo yhfwru �hogv wkdw ohdyh wkh 50irup I dq devroxwh lqyduldqw
ri wkh  rz> wkdw lv/ vhdufk iru doo yhfwruv wkdw vdwlvi| Fduwdq*v pdjlf irupxod
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OEV�I ' lEY �gI n glEY �I ' f n glEY �I ' f= +814;,

Iru F5 ixqfwlrqv/ wkh whup lqyroylqj gI ydqlvkhv/ ohdylqj wkh h{suhvvlrq/

OEV�I ' glEY �I +814<,

' giE,nV��� � gh� E, �V�gwj +8153,

' ifxuoE,nV���j}g|	g}=== +8154,

n iCE,nV ���@Cwn judgE, �V�j � gh	gw +8155,

' f= +8156,

Vhwwlqj wkh �uvw wkuhh idfwruv wr }hur |lhogv

fxuoE,nV��� ' f +8157,

Iurp wkh Pd{zhoo Idudgd| htxdwlrqv iru F5 ixqfwlrqv/ fxuo, ' �C�@Cw/ dqg
zkhq wklv h{suhvvlrq lv vxevwlwxwhg lqwr wkh deryh htxdwlrq/ wkh �pdvwhu� htxdwlrq
jlyhq deryh lv wkh uhvxow1 Qrz uhfdoo wkdw gI jhqhudwhv wkh olplw srlqwv ri D/ dqg
li I ' gD lv d  rz lqyduldqw/ wkhq doo olplw srlqwv duh  rz lqyduldqwv uhodwlyh wr
wkh Fduwdq wrsrorj|1 Wklv uhvxow lpsolhv wkdw wkh yhfwru �hogv/ V/ wkdw vdwlvi|
wkh frqvwudlqwv ri wkh �pdvwhu htxdwlrq� duh xqlirupo| frqwlqxrxv hyroxwlrqdu|
surfhvvhv/ dv wkh olplw srlqwv/ I ' gD> ri wkh 40irup D duh  rz lqyduldqwv/ dqg wkh
olqhv ri yruwlflw| duh �iur}hq0lq� wkh  rz1 Qrq0xqlirup frqwlqxlw| zrxog lpso|
wkdw wkh olplw srlqwv duh qrw lqyduldqwv ri wkh surfhvv/ exw wkdw wkh forvxuh ri wkh
olplw srlqwv ri wkh wdujhw udqjh lqfoxghv wkh olplw srlqwv ri wkh lqlwldo grpdlq1
Vxfk surfhvvhv zrxog fruuhvsrqg wr d iroglqj ri wkh �olqhv� ri yruwlflw|/ zklfk
suhvhuyh wkh olplw srlqwv/ exw qrw wkhlu vhtxhqwldo rughu1 D vhfrqg fulwhuld iru
olplw srlqw lqyduldqfh lv jlyhq e| wkh htxdwlrq/

iCE,nV ���@Cwn judgE, �V�j ' f= +8158,

Wkh irupxod lqglfdwhv wkdw olplw srlqw lqyduldqfh fdq rffxu lq wkh suhvhqfh ri
lqsxw0rxwsxw srzhu/ , �V 9' f=

Wkh fulwhuld iru iur}hq0lq �hogv lv hvwdeolvkhg dv d frqvwudlqw ri xqlirup frqwl0
qxlw| rq wkh dgplvvdeoh yhfwru �hogv/

Xqlirup Frqwlqxlw|= glEY �gD ' glEY �I ' f= +8159,
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Wkh vroxwlrq yhfwru �hogv/ Y> vxemhfw wr wklv frqvwudlqw fdq eh sxw lqwr wkuhh
joredo fdwhjrulhv=

41 H{wuhpdo +Kdplowrqldq, lEY �I ' f=
51 Ehuqrxool0Fdvlplu +Kdplowrqldq, lEY �I ' gX=
61 V|psohfwlf lEY �I ' gxn �kduprqlf

Wkh �uvw fdwhjru| fdq h{lvw rqo| rq grpdlqv ri vxssruw ri I zklfk duh ri rgg
Sid� glphqvlrq/ exw wkhq wkh vroxwlrq yhfwru lv xqltxh wr zlwklq d idfwru1 Lq
wkh rwkhu fdwhjrulhv/ wkh vroxwlrq yhfwru qhhg qrw eh xqltxh1 Yhfwru �hogv wkdw
vdwlvi| wkh htxdwlrq iru xqlirup frqwlqxlw| duh vdlg wr eh v|psohfwlf uhodwlyh wr
wkh 40irup/ D= Yhfwru �hogv wkdw ehorqj wr fdwhjrulhv 4 dqg 5 kdyh d Kdplowrqldq
uhsuhvhqwdwlrq1 Yhfwru �hogv wkdw ehorqj wr fdwhjru| 4/ duh vdlg wr eh �h{wuhpdo�
uhodwlyh wr wkh 40irup/ D=

Zkhq wkh frqfhswv duh dssolhg wr wkh lqwhjudov ri wkh 50irup I / wkhq wkh ful0
whuld iru lqyduldqfh ri wkh  x{ lqwhjudo ghshqgv rq wkh wrsrorj| ri wkh lqwhjudwlrq
grpdlq1 Li wkh lqwhjudwlrq duhd ri wkh 50irup lv d erxqgdu| ru d f|foh ri d 6
glphqvlrqdo grpdlq/ wkh  x{ lqwhjudo ryhu wkh forvhg erxqgdu| ru f|foh lv dozd|v
d  rz lqyduldqw1 Li wkh lqwhjudwlrq duhd lv erxqghg/ wkhq e| Vwrnhv wkhruhp wkh
 x{ lqwhjudo ghshqgv rqo| rq wkh erxqgdu| frqglwlrqv= I ru lEY �I pxvw ydqlvk
rq wkh erxqgdu|/ ru zkhq lqwhjudwhg ryhu wkh erxqgdu|1

8161 Hxohu  rzv dqg Kdplowrqldq v|vwhpv1

Lq 4<55 Fduwdq hvwdeolvkhg wkh lghd wkdw wkh qhfhvvdu| dqg vx!flhqw frqgl0
wlrqv iru d v|vwhp wr dgplw d xqltxh Kdplowrqldq uhsuhvhqwdwlrq iru lwv hyroxwlrq/
V/ rq d vsdfh ri 5q.4 glphqvlrqv lv jlyhq e| wkh fdwhjru| 4 frqvwudlqw/

H{wuhpdo surfhvv Y = Z ' lEY �gD ' lEY �I ' f= +815:,

Lq wkh odqjxdjh ri phfkdqlfv rq vwdwh vsdfh is> t> wj> wkh 40irup ri Dfwlrq lv jlyhq
e| dq h{suhvvlrq ri wkh irup/

D ' s�gt
� �KEs> t> w�gw= +815;,

Iru d jlyhq 40irup/ wkrvh yhfwru gluhfwlrq �hogv/ Y ' d
u

s�>
u

t�> �o>wkdw vdwlvi| wklv
frqvwudlqw duh vdlg wr eh h{wuhpdo yhfwru �hogv1 Wkh zrug h{wuhpdo frphv iurp
wkh wkhru| ri wkh fdofxoxv ri yduldwlrqv1 E| gluhfw frpsxwdwlrq/
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gD ' gs�	gt
� � gKEs> t> w�	gw> +815<,

lEY �gD '
u

s�gt
� �

u

t�gs� n gKEs> t> w�� ilEY �gKjgw> +8163,

'
u

s�igt
� � ECK@Cs��gwj �

u

t�igs� n ECK@Ct��gwj +8164,

�ECK@Cs�
u

s� n CK@Ct�
u

t��gw +8165,

Lw iroorzv wkdw wkh h{wuhpdo frqglwlrq lEY �gD ' lEY �I ' f> li wkh h{wuhpdo yhfwru
h{lvwv/ lv vdwlv�hg e|

Kdplowrqldq htxdwlrqv
u

s� ' �CK@Ct�>
u

t
�
' nCK@Cs�= +8166,

Zkhq wkh vsdfh lv ri rgg Sid� wrsrorjlfdo glphqvlrq/ wkhq wkh h{wuhpdo �hog lv
wkh xqltxh qxoo hljhq yhfwru ri wkh dqwlv|pphwulf pdwul{ ri ixqfwlrqv wkdw pdnh
xs wkh 50irup/ I ' gD1 Iru dq hyhq glphqvlrqdo vsdfh ri pd{lpxp wrsrorjlfdo
glphqvlrq/ wkh dqwl0v|pphwulf pdwul{/ I> kdv qr qxoo hljhq yhfwruv 0 wkh h{wuhpdo
�hog grhv qrw h{lvw dv wkhuh duh qr qxoo hljhqydoxhv1 Krzhyhu/ iru fdwhjru| 5
vlwxdwlrqv/ d ixqfwlrq fdq eh irxqg/ K � ' K n �> vxfk wkdw wkh Kdplowrqldq
htxdwlrqv duh ydolg xvlqj wkh yduldeoh/ K � lqvwhdg ri K1

Lw lv dssduhqw wkdw wklv h{wuhpdo frqglwlrq lv pruh vwulqjhqw wkdq wkdw jlyhq
lq wkh suhfhglqj vhfwlrq iru xqlirup frqwlqxlw|/ glEY �I ' f1 Vxfk h{wuhpdo
yhfwru �hogv duh lqghshqghqw ri sdudphwhul}dwlrq1 Wkdw lv/ iru h{wuhpdo surfhvvhv/
lE�Y �gD ' f li lEY �gD ' f> iru dq| ixqfwlrq/ �= H{wuhpdo yhfwru �hogv gr qrw
h{lvw rq grpdlqv zkhuh wkh Sid� glphqvlrq ri wkh Fduwdq 40irup lv hyhq1 Lq
fodvvlfdo phfkdqlfv/ wkh 40irup Z lv gh�qhg dv wkh 40irup ri Yluwxdo Zrun/ dqg
wkh Fduwdq frqvwudlqw lv w|slfdo ri sureohpv lq wkh yduldwlrqdo fdofxoxv zkhuh lw lv
suhvxphg wkdw wkh Yluwxdo Zrun ydqlvkhv1

Dv dq h{dpsoh/frqvlghu d 40irup ri Dfwlrq gh�qhg dv

D ' � gh� E� � �@2 n [�gw> +8167,

zkhuh g[ ' gS@�1 Dssolfdwlrq ri wkh h{wuhpdo frqvwudlqw |lhogv wkh uhvxowlqj
qhfhvvdu| v|vwhp ri sduwldo gl�huhqwldo htxdwlrqv lv jlyhq e| nqrzq dv wkh Hxohu
htxdwlrqv ri k|gurg|qdplfv1

C�@Cwn judgE� � �@2�� � �� ' �judgS@�> +8168,
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Lw dovr iroorzv wkdw wkh Pdvwhu htxdwlrq lv ydolg/ zlwk wkh rqo| gl�huhqfh ehlqj
wkdw fxuo� lv gh�qhg dv $/ wkh yruwlflw| ri wkh k|gurg|qdplf  rz1 Wkh pdvwhu
htxdwlrq ehfrphv/

fxuoE� � $� ' C$@Cw> +8169,

dqg wklv htxdwlrq lv wr eh uhfrjql}hg dv Khoprow}* htxdwlrq iru wkh frqvhuydwlrq
ri yruwlflw|1 Lq wkh k|gurg|qdplf vhqvh/ frqvhuydwlrq ri yruwlflw| lpsolhv xqlirup
frqwlqxlw|1 Lq rwkhu zrugv/ wkh Hxohuldq  rz lv qrw rqo| Kdplowrqldq/ lw lv dovr
xqlirupo| frqwlqxrxv/ dqg vdwlv�hv wkh pdvwhu htxdwlrq dqg wkh frqvhuydwlrq ri
yruwlflw| frqvwudlqwv1 Lq dgglwlrq/ lw pd| eh ghprqvwudwhg wkdw vxfk v|vwhpv duh dw
prvw ri Sid� glphqvlrq 6/ dqg dgplw d uhodwlyh lqwhjudo lqyduldqw zklfk jhqhudol}hv
wkh k|gurg|qdplf frqfhsw ri lqyduldqw kholflw|1 Lq wkh hohfwurpdjqhwlf wrsrorj|/
wkh Kdplowrqldq frqvwudlqw lv htxlydohqw wr wkh vwdwhphqw wkdw wkh Oruhqw} irufh
ydqlvkhv/ d frqglwlrq wkdw kdv ehhq xvhg wr gh�qh wkh �lghdo� sodvpd ru �irufh0
iuhh� sodvpd vwdwh1

8171 Frqvhuydwlrq ri Wrsrorjlfdo Wruvlrq

D voljkwo| pruh jhqhudo fodvv ri hyroxwlrqdu| surfhvvhv + rzv, lv jlyhq e| wkh frq0
vwudlqwv zklfk duh jdxjh htxlydohqw wr wkh Kdplowrqldq h{wuhpdo fdvh> d vhdufk lv
pdgh iru wkrvh  rzv wkdw vdwlvi| wkh +qrq0h{wuhpdo/ exw Kdplowrqldq, frqvwudlqw=

lE�Y �gD ' lE�Y �I ' gX= +816:,

Vxfk  rzv dgplw wzr wrsrorjlfdo lqyduldqwv ri wkh uhodwlyh lqwhjudo lqyduldqw irup1
Wkh �uvw lqwhjudo lqyduldqw lv 40glphqvlrqdo=

OE�V�

L
�gbforvhg

D '

L
�gbforvhg

lE�Y �gDn glE�Y �D ' +816;,L
�gbforvhg

gXn glE�Y �D '

L
�gbforvhg

giX� lE�Y �Dj , f> +816<,

h{suhvvlqj wkh uhodwlyh lqwhjudo lqyduldqfh ri flufxodwlrq +Nhoylq*v wkhruhp,1 Wkh
vhfrqg lqwhjudo lqyduldqw lv 60glphqvlrqdo=

OE�V�

L
�gbforvhg

D	gD '

L
�gbforvhg

giX� lE�Y �Dj	gD , f> +8173,
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d uhvxow h{suhvvlqj wkh jhqhudol}dwlrq ri wkh odz zklfk lq k|gurg|qdplfv lv fdoohg
wkh frqvhuydwlrq ri Kholflw|1 Wkh lqwhjudwlrqv duh ryhu forvhg 4 dqg 6 glphqvlrqdo
grpdlqv1 Wkhvh forvhg lqwhjudwlrq grpdlqv fdq eh hlwkhu f|fohv ru erxqgdulhv1
Iru h{dpsohg wkh 40glphqvlrqdo forvhg fxuyh lq wkh sxqfwxuhg glvf wkdw hqflufohv
wkh fhqwudo kroh lv d f|foh exw qrw d erxqgdu|1 Dv wkh lqwhjudqgv duh h{dfw
gl�huhqwldov/ wkh forvhg lqwhjudov ydqlvk1

Qrwh wkdw rq wkh grpdlq i{> |> }> wj/ wkh 60irup ri wrsrorjlfdo wruvlrq/ D	gD/
kdv wkh jhqhudo uhsuhvhqwdwlrq zlwk frh!flhqwv/ ]���/ wkdw wudqvirup dv d frydul0
dqw whqvru �hog ri wklug udqn1 Rq d 7 glphqvlrqdo vsdfh/ wkh frpsrqhqwv ri
D	gD duh sursruwlrqdo wr d frqwudyduldqw whqvru ghqvlw| ri udqn 4/ zkrvh irxu
frpsrqhqwv kdyh d yhfwru sduw gh�qhg dv/ A/ wkh wruvlrq +svhxgr, fxuuhqw/ dqg d
+svhxgr, ghqvlw| sduw/ k1 Wkh 60irup D	gD lv qrw dq lpsdlu irup +ghqvlw|,1 Lq
hohfwurpdjqhwlf hqjlqhhulqj odqjxdjh/ wkh jhqhudo irupxod iru wkh wruvlrq 60irup
kdv d frpsrqhqw h{suhvvlrq jlyhq e|=

W ' dA> ko ' d,��n !�>� ��o= +8174,

Iru wkh frqvwudlqwv ri dq Hxohuldq  rz/ wkh 7 frpsrqhqwv ri wkh Wruvlrq wkuhh
irup uhgxfh wr

W ' dA> ko ' dE� �$��� E� � �@2 n [�$>� � $o= +8175,

Uhfdoo wkdw wkh forvhg lqwhjudwlrq grpdlq xvhg wr hydoxdwh wkh uhodwlyh lq0
whjudo lqyduldqw lv qrw qhfhvvdulo| uhvwulfwhg wr d vsdwldo yroxph lqwhjudo zlwk d
erxqgdu| xsrq zklfk wkh qrupdo frpsrqhqw ri � ydqlvkhv1 Dovr qrwh wkdw wkh
kholflw| ghqvlw| ri k|gurg|qdplf idph lv wkh irxuwk frpsrqhqw/ k ' � � $> ri d
frqwudyduldqw yhfwru ghqvlw|/ htxlydohqw wr d fryduldqw whqvru ri wklug udqn1 Fduh
pxvw eh xvhg lq lwv wudqvirupdwlrq zlwk uhvshfw wr gl�hrprusklvpv/ vxfk dv wkh
Jdolohdq wudqvirupdwlrq1 Ixuwkhupruh/ iru wkh frqvwudlqwv ri dq Hxohuldq  rz +dq
h{wuhpdo �hog, ghvfulehg deryh/ wkh wrsrorjlfdo sdulw| 70irup ydqlvkhv joredoo|/
vxfk wkdw wkhuh h{lvwv d srlqwzlvh frqvhuydwlrq odz ri wkh 60irup/ htxlydohqw wr
wkh h{suhvvlrq/

gly�An Ck@Cw ' f= +8176,

8181 Wrsrorjlfdo Lqyduldqwv dqg Shulrg Lqwhjudov

Ehvlghv wkh lqyduldqw vwuxfwxuhv frqvlghuhg deryh/ wkh Fduwdq phwkrgv pd| eh
xvhg wr jhqhudwh rwkhu vhwv ri wrsrorjlfdo lqyduldqwv1 Uhdol}h wkdw ryhu d grpdlq ri
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Sid� glphqvlrq q ohvv wkdq ru htxdo wrQ / wkh Fduwdq fulwhuld dgplwv d vxephuvlyh
pds wr eh pdgh iurp Q wr d vsdfh ri plqlpdo glphqvlrq q1 Wkh pds pd| eh
ylhzhg dv d yhfwru �hog ri ixqfwlrqdo frpsrqhqwv/

dY {E{> |> }==�> Y |E{> |> }==�> Y }E{> |> }==�> ===o>

ri glphqvlrq q/ dqg zloo kdyh d uhsuhvhqwdwlrq lq wkh surmhfwlyh jhrphwu| ri q.4
krprjhqhrxv frruglqdwhv1 Wkh q.4 frpsrqhqw zloo eh jhqhudwhg e| d ixqfwlrq
�> uhodwhg wr wkh Kroghu qrup/

� ' �@� ' �@idEY {�s n eEY |�s n fEY }�s n =====jq@s= +8177,

Iru dq| yhfwru �hog/ frqvwuxfw wkh q glphqvlrqdo yroxph hohphqw/

Y ro ' �EY � gY {	gY |	gY }=== +8178,

dqg wkh q04 irup ghqvlw| +fxuuhqw, M dv=

M ' lEY {> Y |> Y }> ===�Y ro '

�iY { gY |	gY }=== � Y | gY {	gY }===n Y } gY {	gY |===� ===j = +8179,

Lw lv uhpdundeoh wkdw wkh fxuuhqw M vr gh�qhg kdv d ydqlvklqj h{whulru gl�huhqwldo/
lqghshqghqw ri wkh ydoxh ri s iru d jlyhq q/ dqg iru doo ydoxhv ri wkh frqvwdqwv/
soxv ru plqxv d/e/f111,1 Doo vxfk fxuuhqwv gh�qh d �frqvhuydwlrq odz�1 Dv wkh
pds gh�qlqj wkh frpsrqhqwv ri wkh yhfwru �hog lq whupv ri wkh edvh ~{/|/}11� lv
suhvxphg wr eh gl�huhqwldeoh/ wkhq wkh q04 irup/ M> kdv d zhoo gh�qhg sxoo edfn
rq wkh edvh vsdfh +doprvw hyhu| zkhuh,/ dqg lwv h{whulru gl�huhqwldo rq wkh edvh
vsdfh dovr ydqlvkhv hyhu|zkhuh prg wkh ghihfwv1 Wkdw lv/ wkh irup M lv orfdoo|
h{dfw1

Lq wkh h{suhvvlrq iru �> wkh idfwruv id> e> f> g===j duh duelwudu| frqvwdqwv ri hlwkhu
vljq1 Wkh prvw idploldu irupdw lv zkhq s ' 2> dqg wkhq wkh ixqfwlrq � kdv d qxoo
vhw zklfk lv d frqlf1 Iru srvlwlyh lvrwurslf vljqdwxuh/ wkh rqo| ghihfw lv wkh ruljlq
lq wkh vsdfh gh�qhg e| wkh ixqfwlrqv/ Y= Wkh frqvwuxfwlrq surgxfhv wkh dojheudlf
gxdo ru dgmrlqw yhfwru �hog iurp wkh ixqfwlrqdo frpsrqhqwv ri wkh ruljlqdo yhfwru
�hog zlwk lqwhjudwlqj idfwruv � ' �@� wkdw fuhdwh frqvhuydwlrq odzv iru sk|vlfdo
v|vwhpv1 Wkh lqwhjudov ri wkhvh forvhg fxuuhqwv zkhq lqwhjudwhg ryhu forvhg Q04
glphqvlrqdo fkdlqv irup ghirupdwlrq lqyduldqwv/ zlwk uhvshfw wr dq| hyroxwlrqdu|
surfhvv wkdw fdq eh ghvfulehg e| d yhfwru �hog/ iru
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OE�V�

L
q3�

M '
K
q3�

lE�V�gM n
K
q3�

gElE�V��M� ' f n f ' f +817:,

Wkhvh lqwhjudo remhfwv dsshdu dv �wrsrorjlfdo frkhuhqw� vwuxfwxuhv/ zklfk pd|
kdyh ghihfwv ru dqrpdorxv vrxufhv/ zkhq wkh lqwhjudwlqj idfwru �@� lv qrw gh�qhg1

Wkh frpsolphqw wr wkh }hur vhwv ri wkh ixqfwlrq � ghwhuplqh wkh grpdlq ri
vxssruw dvvrfldwhg zlwk wkh vshfl�hg yhfwru �hog1 Wkh forvhg q04 irup/ M / wkdw
vdwlv�hv wkh frqvhuydwlrq odz/ gM ' f/ kdv lqwhjudov ryhu forvhg grpdlqv wkdw
kdyh udwlrqdo iudfwlrq udwlrv1 Dv wklv q04 fxuuhqw lv forvhg joredoo|/ lw pd| eh
ghgxfhg rq d frqqhfwhg orfdo grpdlq iurp d q05 irup/ J1 Lq hyhu| fdvh M
kdv d zhoo gh�qhg sxoo0edfn wr wkh edvh ydulhw|/ {/|/}/w1 Qrwh wkdw wkh q ixqf0
wlrqv dY { E{> |> }==�> Y |E{> |> }==�> Y }E{> |> }==�> ===o uhsuhvhqw wkh plqlpxp qxpehu
ri Fohevfk yduldeohv wkdw duh htxlydohqw wr wkh ruljlqdo dfwlrq/ D/ ryhu wkh grpdlq
ri vxssruw1 Dv hdfk ri wkhvh lqwhjudov lv lqwulqvlfdoo| forvhg/ wkh Olh gl�huhqwldo
zlwk uhvshfw wr dq| F5 yhfwru �hog/ V/ lv d shuihfw gl�huhqwldo/ vxfk wkdw +zkhq
lqwhjudwhg ryhu forvhg grpdlqv wkdw duh s04 erxqgdulhv, wkh hyroxwlrqdu| yduld0
wlrq ri wkhvh forvhg lqwhjudov ydqlvkhv1 Wkhvh q04 lqwhjudov duh uhodwlyh lqwhjudo
lqyduldqwv iru dq| F5 hyroxwlrqdu| surfhvvhv/ ru  rzv1 Wkh ydoxhv ri wkh lqwhjudov
duh }hur li wkh forvhg lqwhjudwlrq grpdlqv duh erxqgdulhv/ ru frpsohwho| hqforvh
d vlpso| frqqhfwhg uhjlrq1 Li wkh forvhg lqwhjudwlrq grpdlqv hqflufoh wkh }hurv
ri wkh ixqfwlrq �/ wkhq wkh ydoxhv ri wkh lqwhjudov duh sursruwlrqdo wr wkh lqwh0
jhuv> l1h1/ wkhlu udwlrv duh udwlrqdo1 Qrwh wkdw hdfk vljqdwxuh pxvw eh lqyhvwljdwhg1
Iru wkh hoolswlf +srvlwlyh gh�qlwh, vljqdwxuh/ wkh vlqjxodu srlqwv duh wkh vwdjqdwlrq
srlqwv/ dqg wkh grpdlq ri vxssruw h{foxghv wkrvh vlqjxodulwlhv1 Iru wkh k|shuerolf
vljqdwxuhv/ wkh grpdlq ri vxssruw h{foxghv wkh k|shuerolf vlqjxodulwlhv ri orzhu
glphqvlrq/ vxfk dv wkh oljkw frqh1 Ixuwkhu qrwh wkdw d jlyhq yhfwru �hog pd| qrw
jhqhudwh uhdo grpdlqv ri vxssruw iru doo srvvleoh vljqdwxuhv ri wkh txdgudwlf irup/
�1

8191 Wkh Iox{ ru Flufxodwlrq Lqwhjudo 40irup

Iru wkh Fduwdq wrsrorj| frqvwuxfwhg iurp d ixqgdphqwdo 40irup ri Dfwlrq
dqg d ixqgdphqwdo Q04 irup ri Fxuuhqw/ vhyhudo shulrg lqwhjudov ri forvhg irupv
lqwhjudwhg ryhu forvhg fkdlqv dsshdu lq d qdwxudo pdqqhu1 Lq sduwlfxodu rq dq
Q@7 glphqvlrqdo grpdlq/ wkh irxu shulrg lqwhjudov ri prvw lqwhuhvw duh wkh sh0
ulrg lqwhjudov ri  x{ +flufxodwlrq,/ fkdujh/ vslq dqg wruvlrq ^<`1 Wkh ixqgdphqwdo
shulrg lqwhjudo ryhu d forvhg 40irup zloo eh gh�qhg dv wkh �Flufxodwlrq� ru � x{�
lqwhjudo1 Zkhq wkh Sid� glphqvlrq lv 5/ wkhuh h{lvwv d vxephuvlyh pds wr wzr
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glphqvlrqv/ dqg wkh yhfwru �hogv rq wklv grpdlq zloo kdyh wzr luuhgxfleoh frp0
srqhqwv/ vd| ^xE{> |> }> w�>[E{> |> }> w�o= Iroorzlqj wkh surfhgxuh ri wkh suhfhglqj
vhfwlrq/ frqvwuxfw wkh 50glphqvlrqdo yroxph hohphqw gh�qhg dv l ' �gx	g[> dqg
wkh q � � ' 2 � � ' 4 irup D ' Exg[ � [gx�@i	dxs 	 e[sj2@s= Wkh h{whulru
gl�huhqwldo ri vxfk d 40irup lv h{dfwo| }hur iru doo srlqw vhwv wkdw h{foxgh wkh qxoo
vhw ri wkh ghqrplqdwru1 Wkh fodvvlf fkrlfh lv iru s ' 2>dqg d ' �> e ' �> +./.,
vljqdwxuh1 Wkh forvhg lqwhjudov ri wkhvh forvhg 40irupv wkhq fdq eh h{suhvvhg dv

Flufxodwlrq K '
K
�

D '
K
�

Exg[�[gx�@ix2 n[2j +817;,

E| vxevwlwxwlqj wkh ixqfwlrqdo irupv lq whupv ri +{/|/}/w, wkh flufxodwlrq lqwh0
judo fdq eh zulwwhq lq whupv ri ixqfwlrqv rq +{/|/}/w, dqg wkhlu gl�huhqwldov/
ig{> g|> g}> gw===j

Dv dq h{dpsoh/ vxssrvh wkdw wkh grpdlq lv wkuhh glphqvlrqdo/ Q@61 Wkhq
wkh }hur vhwv ri xE{> |> }� ' f dqg [E{> |> }� ' f> uhsuhvhqw wzr 5 glphqvlrqdo
vxuidfhv zklfk pd| ru pd| qrw kdyh rqh ru pruh olqhv ri lqwhuvhfwlrq1 Li wkh
vxuidfhv lqwhuvhfw/ wkhq

Lqwhuvhfwlrq ' gx	g[ 9' f= +817<,

Li wkh forvhg lqwhjudwlrq sdwkv fdqqrw eh frqwudfwhg wr d srlqw/ ehfdxvh wkh|
hqflufoh wkhvh olqhv ri lqwhuvhfwlrq/ wkh ydoxhv ri wkh lqwhjudov kdyh udwlrqdo udwlrv
ghshqglqj rq krz pdq| olqhv duh hqflufohg dqg krz pdq| wlphv wkh lqwhjudwlrq
sdwk hqflufohv d olqh1 Wkh olqhv ri lqwhuvhfwlrq pxvw kdyh }hur glyhujhqfh +dqg
wkhuhiruh pxvw vwrs ru vwduw rq erxqgdu| srlqwv/ ru duh forvhg rq wkhpvhoyhv,1
Rwkhuzlvh wkh lqwhjudwlrq fkdlqv fdq eh ghiruphg dqg wkhq frqwudfwhg wr d srlqw1
Wkh fodvvlf h{dpsoh lv jlyhq e| wkh 40irup/ D ' E|g{ � {g|�@En{2 n |2� lq
wkuhh glphqvlrqv1 Iru lqwhjudwlrq frqwrxuv wkdw hqflufoh wkh } d{lv/ wkh ydoxh ri
K '

K
�
D ' 2�= Lq k|gurg|qdplfv/ wklv yhfwru �hog lv fdoohg d srwhqwldo �yruwh{�/

hyhq wkrxjk wkh yruwlflw| $ 'fxuo� ' f= Vwrnhv wkhruhp grhv qrw dsso| dv wkh
forvhg lqwhjudwlrq fkdlq lv d f|foh wkdw lv qrw d erxqgdu|1

Dq lqwhuhvwlqj dssolfdwlrq ri wkh flufxodwlrq lqwhjudo lv jlyhq zkhq wkhuh
h{lvwv d pds wr wkh frpsoh{ grpdlq1 Wkhq [ , xW dqg wkh flufxodwlrq lqwh0
judo kdv wkh irup ri wkh lqwhjudo ri wkh suredelolw| fxuuhqw lq vwdqgdug txdqwxp
phfkdqlfv1

Shulrg ' E�@2l�
K
�

ExgxW � xWgx�@ix � xWj= +8183,
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81:1 Wkh Jdxvv Olqnlqj ru Fkdujh Lqwhjudo 50irup

Pdq| gl�huhqw rswlrqv h{lvw iru frqvwuxfwlrq ri wkhvh lqyduldqw wrsrorjlfdo
vwuxfwxuhv iurp forvhg s0irupv1 Wkh lghd lv wr �qg d irupxodwlrq iru d forvhg
irup rq d grpdlq/ dqg wkhq wr vshfli| d forvhg dqg frpsdwleoh lqwhjudwlrq fkdlq1
Wkh lqwhjudwlrq fkdlq qhhg qrw eh d erxqgdu|/ exw rqo| d forvhg f|foh1 Iru
h{dpsoh/ iurp wkh frpsrqhqwv ri wkh vshfl�hg yhfwru/ D� / wkh Mdfreldq pdwul{/
dCD�@C{

�o fdq eh frqvwuxfwhg1 Wkh urzv ru froxpqv ri wkh pdwul{ ri fridfwruv
ri wkh Mdfreldq +wkh dgmrlqw pdwul{, irupv d vhw ri yhfwru �hogv wkdw kdyh }hur
glyhujhqfh ^54`/ dqg wkhuhiruh wkhvh yhfwruv frxog eh xvhg wr frqvwuxfw uhodwlyh
lqwhjudo lqyduldqwv1 Lq hyhu| fdvh wkhuh h{lvwv dq dojheudlf frqvwuxfwlrq zklfk
surgxfhv d yhfwru wkdw lv glyhujhqfh iuhh dqg zkrvh olqh ri dfwlrq lv xqltxho|
uhodwhg wr ruljlqdo yhfwru wkdw zdv xvhg wr frqvwuxfw wkh Fduwdq wrsrorj|1 Wkdw
yhfwru pd| eh frqvwuxfwhg e| pxowlso|lqj wkh ruljlqdo yhfwru D� e| wkh pdwul{
ri fridfwruv dqg wkhq glylglqj e| wkh ixqfwlrq � gh�qhg deryh1 Wkh frqvwuxfwlrq
uhsolfdwhv wkh suhylrxv surfhgxuh1 Dv dq dssolfdwlrq iru q @ 6/ s@5/ frqvlghu
wkh yhfwru wkdw uhsuhvhqwv wkh gl�huhqfh ehwzhhq wzr vsdfh fxuyhv/ 3 ' +2�+�1
Wkhq frpsxwh wkh wzr irup JE}� iurp wkh �yroxph� hohphqw l ' g}�	g}2	g}�@�>
wr jlyh

Jq'� ' i}�g}2	g}� � }2g}�	g}� n }�g}�	g}2j@� +8184,

zkhuh

� ' E	E}��2 	 E}2�2 	 E}��2��@2= +8185,

Qh{w dvvhuw wkdw wkh glvsodfhphqwv ri lqwhuhvw duh frqvwudlqhg e| wzr sdudphw0
ulf fxuyhv jlyhq e|

g+� ' V�gw dqg g+2 ' V2gw
�> +8186,

zkhuh wkh sdudphwhuv gw dqg gw3 duh qrw ixqfwlrqdoo| uhodwhg +zklfk zrxog lpso|
wkdw gw	gw3 ' f,1

Lw lv lpsruwdqw wr uhdol}h wkdw nlqhpdwlf frqvwudlqwv duh wrsrorjlfdo frq0
vwudlqwv wkdw uh�qh wkh Fduwdq wrsrorj|/ d wrsrorj| edvhg vroho| xsrq wkh vshfl�hg
40irup ri dfwlrq/ D1 Iurp d sk|vlfdo srlqw ri ylhz/ wkhvh frqvwudlqwv fdq eh lq0
whusuhwhg dv frqvwudlqwv ri qxoo  xfwxdwlrqv dqg lq fhuwdlq flufxpvwdqfhv fdq eh
dvvrfldwhg sk|vlfdoo| zlwk wkh olplw ri }hur whpshudwxuh1 Wr ghprqvwudwh wkh xwlo0
lw| ri vxfk frqvwudlqwv/ vxevwlwxwh wkhvh gl�huhqwldo h{suhvvlrqv lqwr wkh h{suhvvlrq
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iru wkh 50irup J ri �fxuuhqw� lq Q@6 glphqvlrqv/ dqg fduu| rxw wkh h{whulru surg0
xfwv/ xvlqj gw	gw� 9' f> exw gw	gw ' f dqg gw3	gw3 ' f= Wkh uhvxow lv wkh yhfwru
wulsoh surgxfw uhsuhvhqwdwlrq iru wkh Jdxvv lqwhjudo/

T '
K
2

J '
K
2

i3 �V� �V2jgw	gw
�@E+� �+� � 2+� �+2� n+2 �+2�

�@2= +8187,

Wkh lqwhjudwlrq grpdlq lv wkh forvhg �50glphqvlrqdo duhd� iruphg e| wkh glv0
sodfhphqwv dorqj wkh qrq0lqwhuvhfwlqj fxuyhv gh�qhg e| wkh wzr glvwlqfw sdudph0
whuv/ gw/ dqg gw�= Wklv grxeoh lqwhjudo lv wr eh uhfrjql}hg dv wkh Jdxvv olqnlqj
lqwhjudo ri Nqrw Wkhru| ^:`1 +Zlwkrxw wkh nlqhpdwlf vxevwlwxwlrqv/ lw pd| dovr eh
lqwhusuhwhg dv wkh fkdujh lqwhjudo ri hohfwurpdjqhwlf wkhru|1, Zkhq lqwhjudwlrqv
duh frpsxwhg dorqj forvhg fxuyhv zkrvh wdqjhqw yhfwruv duh V� dqg V2/ wkhq wkh
lqwhjhu ydoxhv ri wkh forvhg lqwhjudo pd| eh lqwhusuhwhg dv krz pdq| wlphv wkh
wzr fxuyhv duh olqnhg1 Qrwh wkdw wkh vdph lqwhjhu uhvxow lv rewdlqhg zkhq wkh
yhfwru 3 lv lqwhusuhwhg dv wkh vxp ri wkh wzr yhfwruv/ 3 ' +2 n+�/ dowkrxjk wkh
ydoxhv ri wkh lqwhjudov kdyh gl�huhqw vfdohv1

Wkh frqvwudlqw wkdw gw	gw� 9' f lpsolhv wkdw wkh �prwlrq� dorqj wkh fxuyh
jhqhudwhg e| +� lv lqghshqghqw ri wkh �prwlrq� dorqj wkh fxuyh jhqhudwhg e| +2=
Li wkh fxuyh jhqhudwhg e| +� lv d frqlf lq wkh {| sodqh dqg wkh fxuyh jhqhudwhg
e| +2 lv d frqlf lq wkh {} sodqh/ wkhq wkh vxuidfh vzhsw rxw e| wkh yhfwru 3 lv
d Gxslq f|folgh1 Vxfk vxuidfhv kdyh dssolfdwlrq wr wkh sursdjdwlrq ri zdyhv lq
hohfwurpdjqhwlf v|vwhpv1

Iurp dqrwkhu srlqw ri ylhz/ frqvlghu wkh uxohg vxuidfh ^55` gh�qhg e| wkh
yhfwru �hog ri wzr sdudphwhuv/

3E�> w� ' +Ew�	 �VEw�= +8188,

Yhfwru �hogv ri wklv w|sh duh sulplwlyh w|shv ri �vwulqjv� iru �{hg ydoxhv ri wkh
sdudphwhu/ w/ dqg vwulqj sdudphwhu/ �= Gluhfw vxevwlwxwlrq ri wkh sk|vlfdo frq0
vwudlqwv/ g+ � Vgw ' f/ dqg gEV� � �gw ' f ohdgv wr wkh wrsrorjlfdo Jdxvv
lqwhjudo/

T '
K
2

J '
K
2

i+��V��j@�'K
2

i� �+��Vjgw	g�@E+ �+	 2�+ �V n �V � �V��@2= +8189,
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Lw lv dssduhqw wkdw wkh lqwhudfwlrq ri wkh �dqjxodu� prphqwxp/ w '
+ � �V/ dqg wkh dffhohudwlrq/ �/ surgxfhv d wrsrorjlfdo lqyduldqw zkrvh ydoxhv
duh �txdqwl}hg� + lq wkh vhqvh wkdw wkh udwlrv ri wkh lqwhjudov duh udwlrqdo,1 Qrwh
wkdw iru wkh fodvvlfdo fhqwudo �hog sureohp zkhuh wkh irufh +dffhohudwlrq, dqg wkh
dqjxodu prphqwxp duh ruwkrjrqdo/ wkh ruelwv duh lq d sodqh dqg wkh Jdxvv�olqnlqj
qxpehu lv }hur1 Ixuwkhu qrwh wkdw wkh wulsoh yhfwru surgxfw ri wkh lqwhjudqg lv
sursruwlrqdo wr wkh Iuhqhw wruvlrq ri wkh ruelw1 Dq ruelw wkdw lv sodqdu kdv Iuhqhw
wruvlrq }hur hyhu|zkhuh1 Wkh Jdxvv olqnlqj lqwhjudo lv d vshfldo fdvh ri wkh Jdxvv
wzr glphqvlrqdo shulrg lqwhjudo ri hohfwurpdjqhwlf wkhru| zkhq wkh lqwhjudwlrq
grpdlqv fdq eh idfwruhg lqwr lqghshqghqw surgxfwv/ gw	gw3 9' f=

81;1 Fkdrv dqg wkh Xqnqrw

Pxfk lqwhuhvw ri odwh kdv ehhq vkrzq lq nqrw wkhru| dqg lwv dssolfdwlrq wr dq
xqghuvwdqglqj ri wkh wudmhfwrulhv ri g|qdplfdo v|vwhpv1 Wkh frqmhfwxuh lv wkdw
vrphkrz dq xqghuvwdqglqj ri nqrw wkhru| zloo jlyh d ehwwhu xqghuvwdqglqj ri
fkdrv1 Frxqwhu lqwxlwlyho| lv wkh lghd wkdw fkdrv lv wr eh uhodwhg wr wkh xqnqrw1
Ri sduwlfxodu lqwhuhvw zloo eh wkrvh fdvhv zkhuh olqhv ri yruwlflw| kdyh dq rvfloodwru|
Iuhqhw wruvlrq zlwk d shulrg htxdo wr 526 ri wkh ixqgdphqwdo shulrg ri forvxuh1 Wkh
wrsrorjlfdo Jdxvv lqwhjudo zloo dyhudjh wr }hur iru vxfk v|vwhpv> exw wkhvh v|vwhpv
fdq eh fuhdwhg e| frqwlqxrxv ghirupdwlrqv ri iroglqj dqg wzlvwlqj d forvhg orrs
ri yruwlflw|/ surgxflqj d shulrg 6 v|vwhp zklfk lv nqrzq wr eh uhodwhg wr fkdrv
^56`1 Lq wkh xqghiruphg flufxodu vwdwh/ wxexodu qhljkerukrrgv jxlghg e| wkh
yruwh{ olqhv fdq frqwlqxrxvo| hyroyh lqwr grpdlqv zlwkrxw vwdjqdwlrq srlqwv ru
wdqjhqwldo vlqjxodulwlhv/ ru nqrwv/ ru wzlvwv1 Krzhyhu/ zkhq wkh forvhg yruwh{ olqh
lv lq wkh ghiruphg shulrg 6 frq�jxudwlrq/ wdqjhqwldo +k|shuerolf, vlqjxodulwlhv duh
fuhdwhg e| wkh  rz olqhv ri wkh yhorflw| �hog/ dqg wkh hyroxwlrq ehfrphv kljko|
frqyroxwhg dqg fkdrwlf1 Vhh Iljxuh 41

Wkhvh wrsrorjlfdo ihdwxuhv pd| eh ghprqvwudwhg ylvxdoo| e| wdnlqj d orqj vwuls
ri sdshu dqg zudsslqj wkh vwuls wkuhh wlphv durxqg |rxu �qjhuv1 Forvh wkh vwuls
e| jrlqj xqghu rqh vwudqg dqg ryhu wkh qh{w ehiruh sdvwlqj wrjhwkhu1 Wkh vwuls lv
ri reylrxv shulrg wkuhh1 Qrz volgh wkh forvhg vwuls iurp wkh �qjhuv dqg qrwh wkdw
lw fdq eh ghiruphg <frqwlqxrxvo| lqwr d f|olqgulfdo vwuls zlwkrxw wzlvwv ru nqrwv
+Vslq 3,1 Li wkh vdph surfhgxuh lv xvhg/ h{fhsw wkdw d grxeoh ryhu ru d grxeoh
xqghu furvvlqj lv xvhg ehiruh sdvwlqj wkh vwuls hqgv wrjhwkhu/ wkh uhvxowlqj forvhg
orrs zloo kdyh d frqwlqxrxvo| luuhgxfleoh e� wzlvw +Vslq 5,1 Erwk wkh Vslq 5 dqg
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wkh Vslq 3 vwulsv kdyh d }hur Hxohu fkdudfwhulvwlf1 Krzhyhu/ wkh Vslq 5 vwuls fdq
eh frqwlqxrxvo| ghiruphg lqwr d Nohlq erwwoh/ ru d grxeoh odsshg Prelxv edqg/
dqg lv qrw krphrprusklf wr wkh vslq }hur vwuls ^57`1

Li d prgho ri wkh Vslq3 dqg Vslq 5 v|vwhpv +ghiruphg wr wkhlu shulrg 6 frq�j0
xudwlrqv, lv pdgh iurp d frsshu wxeh/ dqg li  h{leoh edqgv duh fuhdwhg wr olqn dq|
sdlu ri qhljkerulqj wxexodu vwudqgv/ wkhq lw lv uhdglo| revhuyhg wkdw wkh sdluhg
grpdlq wzlvwv dqg irogv dv lw lv sursdjdwhg xqlgluhfwlrqdoo| dorqj wkh yruwh{ olqhv1
Iru wkh vslq 5 v|vwhp wkh  h{leoh edqgv zloo uhwxuq wr wkhlu ruljlqdo vwdwh lq 6
uhyroxwlrqv1 Krzhyhu/ wkh sdluhg grpdlq frqwlqxhv wr wzlvw dqg irog/ ehfrplqj
hyhu pruh frpsolfdwhg dv lw iroorzv wkh hyroxwlrq durxqg wkh Vslq 3 frq�jxudwlrq1
Wkh iroghg vslq 3 v|vwhp kdv fkdrwlf qhljkerukrrgv1 Wklv uhvxow lqglfdwhv wkdw
wkh vrxufh ri fkdrv lq g|qdplfdo v|vwhpv pd| eh gxh wr wkh xqnqrw/ dqg qrw wkh
nqrw$ Wkh Fduwdq wkhru| wkhuhe| suhglfwv wkdw wkh vrxufh ri fkdrv lq wxuexohqw
v|vwhpv grhv qrw uhtxluh d glvfrqwlqxrxv fxw dqg frqqhfw surfhvv/ exw pd| eh
lqgxfhg e| yruwh{ olqhv wkdw frqwlqxrxvo| hyroyh e| wzlvwlqj dqg iroglqj lqwr d
forvhg/ vslq 3/ shulrg wkuhh frq�jxudwlrq1

81<1 Wkh Wruvlrq 60irup dqg wkh Eudlg lqwhjudo

Iru q @ 7 wkh vdph surfhgxuhv xvhg deryh fdq eh xvhg wr surgxfh d shulrg lqwhjudo
ryhu d forvhg 60glphqvlrqdo grpdlq1 Lq idfw/ wkh vdph yhfwru �hog wkdw lv xvhg wr
gh�qh wkh Fduwdq 40irup ri Dfwlrq pd| eh xvhg wr frqvwuxfw d gxdo Q04 irup wkdw
lv forvhg1 Wkh dojrulwkp lv wr vxevwlwxwh iru wkh ixqfwlrqv ri wkh yhfwru �hog/ Y>
wkh ixqfwlrqv wkdw pdnh xs wkh fryduldqw 40irup ri Dfwlrq/ D1 Wklv frqvwuxfwlrq
lv htxlydohqw wr frqvwuxfwlqj wkh Mdfreldq pdwul{ ri wkh ruljlqdo yhfwru �hog rq
wkh Q0glphqvlrqdo yhorflw| vsdfh/ frpsxwlqj lwv fridfwru pdwul{/ pxowlso|lqj wkh
ruljlqdo yhfwru e| wkh fridfwru pdwul{/ dqg wkhq glylglqj e| wkh txdgudwlf irup/
�1 Zkhq wkhvh rshudwlrqv duh frpsohwhg/ ixqfwlrqdo vxevwlwxwlrq zloo ohdg wr dq
frqvhuyhg d{ldo yhfwru fxuuhqw ghqvlw| rq +{/|/}/w,1 Dqrwkhu irup ri wkh wrsrorjlfdo
lqwhjudo lqyduldqw lv frqvwuxfwhg lq wkh iroorzlqj zd|1 Iluvw/ iru wkh fodvvlf Fduwdq
dfwlrq/ D ' Sng{

n � Hgw@f/ frqvwuxfw wkh Q0yroxph/ l ' �gS{	gS|	gS}	gH@f=
Qh{w frqwudfw l zlwk wkh yhfwru/ ES{> S|> S}>�H@f�/ dqg wkhq glylgh e| � '
i	S � S 	 EH@f�2j2= Iru vdnh ri vlpsolflw|/ dvvxph wkdw H@f lv d frqvwdqw vxfk
wkh gH ' f1 Wkhq wkh forvhg 60irup ru fxuuhqw ehfrphv htxlydohqw wr

M ' EH@f�gS{	gS|	gS}@� zlwk gM ' f +818:,

Qrz lqyrnh wkh vdph Fduwdq wulfn ri lqglylgxdo sdudphwul}dwlrq dv xvhv deryh1
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Frqvlghu d wrwdo prphqwxp yhfwru frpsrvhg ri wkuhh lqglylgxdo yhfwru frpsr0
qhqwv/ � ' T

�
nT

2
nT

�
= Dvvxph wkdw wkh Fduwdq wrsrorj| lv frqvwudlqhg lq vxfk d

zd| wkdw iru hdfk yhfwru frpsrqhqw d Qhzwrqldq nlqhpdwlf odz ri sdudphwul}dwlrq
lv pdlqwdlqhg vxfk wkdw

gT��u�gw ' f> gT2�u2gw
� ' f> gT��u�gw

�� ' f= +818;,

Dovr qrwh wkdw gw	gw�	gw�� 9' f( wkdw lv/ wkh sdudphwhuv xvhg lq wkh Qhzwrqldq
nlqhpdwlf ghvfulswlrqv duh qrw v|fkurql}hdeoh1 Li wkh| zhuh ixqfwlrqdoo| uhodwhg
wkh ydoxh ri M pxvw eh }hur1 Vxevwlwxwh wkhvh h{suhvvlrqv lqwr wkh htxdwlrq iru wkh
forvhg fxuuhqw M dqg lqwhjudwh ryhu d forvhg 6 glphqvlrqdo fkdlq wr |lhog d wulsoh
Eudlg lqwhjudo/

Eudlg '
K
�

M '
K
�

EH@f�gS{	gS|	gS}@�

'
K
�

EH@f�i u� � Eu2 � u��j gw	gw
�	gw��@ i	� ��	 EH@f�2j2 +818<,

Wkh lqwhjudwlrqv duh qrz ryhu wkuhh forvhg fxuyhv zkrvh wdqjhqwv duh wkh Qhz0
wrqldq irufhv/ u / rq wkuhh �sduwlfohv�1 Zkhuh lq wkh wzr glphqvlrqdo Jdxvv lqwh0
judo/ ri wkh suhylrxv vhfwlrq/ wkh hydoxdwlrq zdv dorqj wkh forvhg fxuyhv ri wzr
sduwlfohv wkdw iruphg wkh hqgv ri d vwulqj/ lq wklv fdvh wkh lqwhjudwlrqv duh dorqj
wkh forvhg wudmhfwrulhv ri wkuhh �sduwlfohv� zklfk irup wkh yhuwlfhv ri d wuldqjoh1
Lq hyhu| fdvh/ wkh wudmhfwrulhv duh wkh wudmhfwrulhv ri d v|vwhp ri olplw srlqwv1

Wkh lghd wkdw wkuhh �olqhv� duh xvhg wr irup wkh lqwhjudo +zkrvh ydoxhv irup
udwlrqdo udwlrv, lv wkh uhdvrq wkdw wklv wrsrorjlfdo lqwhjudo lq wkh irupdw jlyhq
deryh lv gh�qhg dv wkh eudlg lqwhjudo1 Ri frxuvh wkh wkuhh irup ri wrsrorjlfdo
wruvlrq lv d yduldqw ri wkh eudlg lqwhjudo/ exw dssolhv wr wkrvh wrsrorjlhv zkhuh
wkh v|vwhp lv qrw uhgxfleoh wr wkuhh idfwruv gw> gw3 dqg gw� +vxfk v|vwhpv duh vdlg
wr kdyh wruvlrq f|fohv,1 Dq h{dpsoh ri d shulrg 6 eudlg zlwk Eudlg lqwhjudo }hur
+fkdrwlf, dqg Eudlg lqwhjudo 5 +qrq0fkdrwlf, lv jlyhq lq Iljxuh 4

Wkh htxlydohqw wr wklv Iljxuh/ dqg wkh idfw wkdw wkhuh duh wzr glvwlqfw shulrg
6 frq�jxudwlrqv/ rqh fkdrwlf dqg rqh qrq0fkdrwlf/ zdv eurxjkw wr wkh dwwhqwlrq
ri wkh suhvhqw dxwkruv gxulqj d vwlpxodwlqj ohfwxuh jlyhq e| M1 Orv dw wkh Dxjxvw/
4<<4/ Shgdjrjlfdo Zrunvkrs rq Wrsrorjlfdo Ioxlg Phfkdqlfv khog dw wkh Lqvwlwxwh
iru Wkhruhwlfdo Sk|vlfv/ Vdqwd Eduedud XFVE1

Lw lv wr eh qrwhg wkdw wkh 60irup ri wrsrorjlfdo wruvlrq lv uhodwhg wr wkh eudlg
lqwhjudo/ d wkuhh glphqvlrqdo wklqj lq irxu glphqvlrqv/ dqg qrw wkh Jdxvv olqndjh
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lqwhjudo/ zklfk lv d wzr glphqvlrqdo wklqj lq wkuhh glphqvlrqv1 Wkh olwhudwxuh
ri kholflw| lv vrphwlphv frqixvhg rq wklv srlqw/ dqg riwhq dwwhpswv wr uhodwh wkh
kholflw| lqwhjudo wr wkh olqndjh lqwhjudo1

81431 Qdylhu Vwrnhv  rzv dqg Sid� Glphqvlrq 7

Dv d odvw h{dpsoh frqvlghu d v|vwhp zkhuh wkh vwurqj nlqhpdwlf +wrsrorjlfdo,
frqvwudlqw g �Vgw ' f lv qrw lpsrvhg dsulrul1 Lq rwkhu zrugv/ wkh dgplvvdeoh
hyroxwlrqdu| surfhvvhv/ V/ pd| kdyh dqkrorqrplf  xfwxdwlrqv derxw nlqhpdwlf
shuihfwlrq1

{ ' g �Vgw 9' f +8193,

Wkh sk|vlfdo v|vwhp zloo eh exlow rq wkh Fduwdq wrsrorj| ri wkh 40irup/ D/ jlyhq
suhylrxvo| iru wkh Hxohu  rz1 Krzhyhu/ wkh Fduwdq wrsrorj| zloo eh frqvwudlqhg/
qrw e| wkh Kdplowrqldq frqglwlrqv uhtxluhg wr jhqhudwh dq h{wuhpdo v|vwhp + zklfk
lv iuhh ri nlqhpdwlf  xfwxdwlrqv,/ exw e| d pruh uhod{hg vhw ri frqglwlrqv wkdw
shuplw �qlwh nlqhpdwlf  xfwxdwlrqv/ g �Vgw 9' f1 Dv lw lv nqrzq wkdw lEY �gD
pxvw eh wudqvyhuvdo wr wkh yhfwru �hog/ Y / lw iroorzv wkdw d zhdnhu wrsrorjlfdo
frqvwudlqw pljkw h{lvw lq wkh irup/

lEY �gD ' inEg{
n � Y ngw� n g�> +8194,

zkhuh wkh ixqfwlrqv � duh Ehuqrxool0Fdvlplu �uvw lqwhjudov lq wkh vhqvh wkdw lEY �g� '
f=

Zkhq in ' f/ wkhvh  xfwxdwlrq frqvwudlqwv uhgxfh wr wkh pruh vwulqjhqw
Kdplowrqldq frqglwlrqv iru dq h{wuhpdo  rz/ ru lq wkh fdvh zkhuh g� 9' f> wr wkh
Ehuqrxool0Fdvlplu v|psohfwlf frqglwlrqv1 Li lv dvvxphg wkdw

in ' yEfxuofxuoV� n> +8195,

lw iroorzv wkdw wkh h{suhvvlrq jlyhq deryh/ lEy�gD ' inEg{
n � Y ngw�> lv h{dfwo|

htxlydohqw wr wkh Qdylhu0Vwrnhv sduwldo gl�huhqwldo v|vwhp ^58` iru dq lqfrpsuhvv0
leoh ylvfrxv  rz rq wkh ydulhw| {> |> }> w1

iCV@Cwn judgEV �V@2��V � fxuoVj 'i�u2Vj�judgS@� +8196,
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Wkhvh uhod{hg wrsrorjlfdo frqvwudlqwv/ zklfk dgplw hyroxwlrqdu|  xfwxdwlrqv
lq wkh Fduwdq v|vwhp/ shuplw wkh Wrsrorjlfdo Sdulw| 70irup wr eh frpsxwhg iru
wkh Qdylhu Vwrnhv  xlg> wkh uhvxow lv=

N ' I	I ' �2� EfxuoV � fxuofxuoV�g{	g|	g}	gw= +8197,

Iurp wklv uhvxow lw lv dssduhqw wkdw wkh Sid� glphqvlrq ri wkh grpdlq lv 7/ xq0
ohvv wkh ylvfrvlw| lv }hur/ ru wkh yruwlflw| �hog vdwlv�hv wkh frqglwlrqv ri Iurehqlxv
lqwhjudelolw|1 Wkh Wruvlrq fxuuhqw dqrpdo| lv htxdo wr �2� EfxuoV � fxuofxuoV�1
Wkh wruvlrq olqhv fdq vwrs ru vwrs zlwklq wkh grpdlq surgxflqj ghihfw vwuxfwxuhv
wkdw h�hfw wkh frkrprorj| ri wkh Fduwdq wrsrorj|1

Dq lqwhuhvwlqj uhvxow lv wkh surri wkdw wkh forvhg lqwhjudo ri wrsrorjlfdo
Wruvlrq0Kholflw| lv d uhodwlyh lqwhjudo lqyduldqw iru wkh ylvfrxv/ frpsuhvvleoh  xlg/
li wkh Fduwdq vhtxhqfh kdv d Sid� glphqvlrq htxdo wr 61 Uhfdoo wkdw wkh hyroxwlrq
ri wkh 60irup K ' D	gD lv jlyhq e| wkh Olh gl�huhqwldo h{suhvvlrq/

OE�Y �

K
�

K '
K
�

ilE�Y �gK n gElE�Y �Kj '
K
�

ilE�Y �gKjn f +8198,

Exw li fxuoV � fxuofxuoV ydqlvkhv +iru dq| ylvfrvlw|, wkhq gK ' gD	gD ' f/
dqg wkh UKV ri wkh deryh h{suhvvlrq ydqlvkhv/ iru dq| uhsdudphwhul}dwlrq/ �1
Wkhuhiruh/ wkh forvhg lqwhjudo ri wkh Wrsrorjlfdo Wruvlrq wkuhh irup lv d ghirupd0
wlrq lqyduldqw qrw rqo| ri Hxohuldq  rzv/ exw dovr ri ylvfrxv  rzv iru zklfk wkh
yruwlflw| �hog lv ri Sid� glphqvlrq 5 +wkh yhorflw| �hog lv Sid� glphqvlrq 6,1 Wkh
ironoruh frqfhsw wkdw ylvfrvlw| ghvwur|v wkh kholflw| lqyduldqw lv qrw qhfhvvdulo|
wuxh1

91 DSSHQGL[

9141 Glvwulexwlrqv dqg wkh Dgmrlqw Ilhog

Dowkrxjk wkh hpskdvlv lq wklv duwlfoh lv rq frqfhswv wkdw duh lqghshqghqw iurp
wkh fkrlfh ri phwulf ru frqqhfwlrq7/ lw lv xvhixo wr ghprqvwudwh krz d 40irup ri
Dfwlrq/ D/ pd| eh xvhg wr jhqhudwh d frpsdwleoh Iudph �hog dI o dqg d Fduwdq
frqqhfwlrq dFo rq wkh ydulhw|1 Wkh v|pphwu| ihdwxuhv ri dI o ohdg wr phwulf lghdv/
dqg fhuwdlq dqwl0v|pphwu| ihdwxuhv ri dFo ohdg wr wkh frqfhsw ri D!qh wruvlrq

7Wkh hyroxwlrqdu| surfhvvhv ri sulpdu| lqwhuhvw khuhlq duh wkrvh ghvfulehg e| rshudwlqj rq

gl�huhqwldo irupv zlwk wkh Olh gl�huhqwldo zlwk uhvshfw wr d gluhfwlrq �hog1
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+zklfk lv qrw wkh vdph dv Wrsrorjlfdo wruvlrq/ ru Iuhqhw wruvlrq,1 Wkh frqfhsw ri
d gl�huhqwldo frqqhfwlrq dovr ohdgv wr wkh idprxv jhrphwulfdo vwuxfwxudo htxdwlrqv
ri Fduwdq/ zklfk duh gl�huhqw iurp wkh wrsrorjlfdo vwuxfwxuh frqfhsw xwlol}hg lq
wklv duwlfoh1 Wkh wrsrorjlfdo vwuxfwxuh frqfhswv xvhv khuhlq duh lqghshqghqw iurp
wkh fkrlfh ri frqqhfwlrq ru phwulf1 Wkh ghwdlov ri wkh uh�qhg wrsrorjlfdo ihdwxuhv
ri vxevsdfhv edvhg xsrq wkh frqvwudlqwv ri d joredo Fduwdq frqqhfwlrq ru phwulf
zloo eh wkh wrslf ri dqrwkhu duwlfoh1

Wkh frqvwuxfwlrq ri wkh Iudph �hog dI o fdq eh grqh lq vxfk d pdqqhu wkdw
lw dgplwv gl�huhqwldo forvxuh ri d yhfwru edvlv ryhu wkh grpdlq ri vxssruw +ghwdI o
9' f�1 Wkdw lv/ wkh gl�huhqwldo ri dq| edvlv yhfwru +frqwud0yduldqw froxpqv ri
ixqfwlrqv, ri wkh pdwul{ Iudph �hog fuhdwhv d glvsodfhg yhfwru zklfk fdq eh olq0
hduo| frpsrvhg ri wkh yhfwruv ri wkh edvlv iudph/ hdfk pxowlsolhg e| gl�huhqwldo
40irupv1 Wkh Q2 gl�huhqwldo 40irupv wkdw pdnh xs wkh frh!flhqwv ri wkh yhfwru
gl�huhqwldov fdq eh xvhg wr gh�qh wkh Fduwdq uljkw frqqhfwlrq pdwul{/ dFo 1 Wkh
gl�huhqwldo forvxuh frqglwlrq fdq eh h{suhvvhg e| wkh htxdwlrq/

gdI o ' dI o	dFo= +914,

Wkh gl�huhqwldo forvxuh surfhvv rq d Iudph ri lqghshqghqw yhfwruv zklfk lv edvhg
rq d frqqhfwlrq lv qrw wkh vdph dv wkh rshudwlrq ri iruplqj wkh h{whulru gl�huhqwldo
ri d s0irup1 Wkh h{whulru gl�huhqwldo ri d s irup wdnhv d s irup lqwr d s.4 irup/
zkhuh wkh s0irup lv dq hohphqw ri rqh yhfwru vxevsdfh/ dqg wkh s.4 irup lv dq
hohphqw ri d gl�huhqw yhfwru vxevsdfh ri wkh 1 Judvvpdq dojheud ri glphqvlrq 5Q 1
Wkh gl�huhqwldo surfhvv frqvwudlqhg e| d frqqhfwlrq wdnhv d yhfwru ri glphqvlrq Q
lqwr d yhfwru ri glphqvlrq Q1 Lq rwkhu zrugv wkh frqqhfwlrq edvhg forvxuh surfhvv
lv d surfhvv zkhuh wkh lqlwldo dqg �qdo vwdwh duh zlwklq wkh vdph yhfwru vxevsdfh1

Lw vkrxog eh uhdol}hg iurp wkh rxwvhw wkdw Iudph �hogv duh qrw xqltxho| ghwhu0
plqhg e| d jlyhq 40irup ri Dfwlrq1 Zkhq d Iudph �hog h{lvwv/ wkh gl�huhqwldo
frqqhfwlrqv dFo zklfk jhqhudwh gl�huhqwldo forvxuh fdq eh sodfhg lqwr htxlydohqfh
fodvvhv/ ghwhuplqhg e| wkh jurxs surshuwlhv ri wkh pdwulfhv lqyroyhg1 Wkh lqyhv0
wljdwlrq ri wkh surshuwlhv ri wkhvh ydulrxv jurxs htxlydohqfh fodvvhv kdv ehfrph
nqrzq dv wkh vwxg| ri �jdxjh wkhrulhv�/ dqg wkh phwkrg hqmr|v juhdw srsxodulw|
dw suhvhqw1 Krzhyhu/ wkh fkrlfh ri d jdxjh jurxs lq sk|vlfv lv riwhq mxvw wkdw/ d
fkrlfh pdgh e| jxhvvlqj/ iroorzhg e| dwwhpswv wr sxw wkh frqvwudlqhg uhvxowv lqwr
fruuhvsrqghqfh zlwk sk|vlfdo surshuwlhv dqg phdvxuhphqwv1 Lq wklv duwlfoh/ wkh
irfxv lv rq wkrvh wrsrorjlfdo ihdwxuhv wkdw fdq eh sxw lqwr fruuhvsrqghqfh zlwk
h{shulphqw/ dqg |hw duh lqghshqghqw iurp d vshfl�f fkrlfh ri frqqhfwlrq dqg2ru
phwulf1
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Hyhq wkrxjk d Iudph �hog lv qrw qhfhvvdulo| xqltxh/ dqg jrhv eh|rqg wkh
sulplwlyh wrsrorjlfdo frqfhswv wkdw gr qrw ghshqg xsrq phwulf ru frqqhfwlrq/ dq
dojrulwkp iru surgxflqj d Iudph �hog zloo eh glvfxvvhg lq wkh qh{w vhfwlrq1 Iurp
d jlyhq 40irup/ D> wkhuh duh wzr lpsruwdqw w|shv ri surfhgxuhv wkdw fdq eh xvhg
wr frqvwuxfw d xvhixo Iudph �hog1 Rqh surfhgxuh lv gl�huhqwldo/ dqg lv uhodwhg wr
sdudphwulf vxuidfh wkhru|1 Wkh vhfrqg surfhgxuh lv dojheudlf/ dqg lv pruh forvho|
uhodwhg wr lpsolflw vxuidfh wkhru|1 Wkh dojheudlf surfhgxuh zloo eh glvfxvvhg �uvw1

914141 Wkh lpsolflw dojheudlf Iudph �hog

Wr frqvwuxfw wkh Iudph �hog iurp d jlyhq 40irup/ qrwh wkdw dw d uhjxodu srlqw/ i{j/
ri dq Q glphqvlrqdo vsdfh/ dq| jlyhq 40irup/ D> zloo dgplw Q04 olqhduo| lqghshq0
ghqw yhfwru gluhfwlrq �hogv/ VE{�1 Hdfk yhfwru gluhfwlrq �hog kdv Q frpsrqhqw
ixqfwlrqv/ Y �> wr eh ghwhuplqhg dojheudlfdoo| iurp wkh iroorzlqj irupxod=

dojheudlf ruwkrjrqdolw| D�Y
� ' f= +915,

Wkh froohfwlrq ri Q04 yhfwruv ruwkrjrqdo wr wkh 40irup duh fdoohg hohphqwv ri d
glvwulexwlrq gluhfwlrq �hog/ iru pxowlsolfdwlrq ri hdfk yhfwru �hog V e| dq| qrq0
}hur ixqfwlrq �@�E{�� lv dovr d vroxwlrq wr wkh dojheudlf ruwkrjrqdolw| htxdwlrq=

D�EY
�@�E{��� ' f li D�Y

� ' f= +916,

Wklv lqghshqghqfh iurp vfdoh lv w|slfdo ri surmhfwlyh jhrphwulhv1
Rqh srvvleoh +dojheudlf, frqvwuxfwlrq/ xvlqj wkh jlyhq ixqfwlrqdo frh!flhqwv/

D�/ ri wkh 40irup/ D/ |lhogv d Iudph pdwul{ ri wkh irup=

dI o '

5
997

Dq f === D�@�
f Dq === D2@�
=== === === ===
�D� �D2 === Dq@�

6
::8 = +917,

Wkh �uvw Q04 froxpqv vdwlvi| wkh dojheudlf ruwkrjrqdolw| frqvwudlqw/ zklfk lpsolhv
wkdw wkh odvw froxpq yhfwru lv sursruwlrqdo wr wkh dgmrlqw ri wkh pdwul{ dI o= Wkh
ghwhuplqdqw ri wkh Iudph �hog lv jlyhq e| wkh h{suhvvlrq=

ghw dI o ' EDq�
Eq32�iED��

2 n ED2�
2 n ===n EDq�

2j@�2 +918,

Li wkh uhvfdolqj idfwru/ �@�/ lv fkrvhq vxfk wkdw wkh ghwhuplqdqw lv xqlw| ryhu wkh
grpdlq ri vxssruw ri D/ wkhq rq wkdw grpdlq wkh Iudph �hog lv joredoo| gh�qhg
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dqg dozd|v kdv dq lqyhuvh1 Wkh Q04 yhfwru +gluhfwlrq �hogv, zklfk vdwlvi| wkh
ruwkrjrqdolw| uhodwlrqv/ hdfk ri Q frpsrqhqwv/ duh gh�qhg wr eh d edvlv ri wkh
�dvvrfldwhg ru krul}rqwdo� yhfwruv uhodwlyh wr wkh jlyhq 40irup/ D1 Qrwh wkdw lq
wkh frqvwuxfwlrq deryh/ wkh frh!flhqw Dq dsshduv wr kdyh d sulylohjhg srvlwlrq1
Krzhyhu/ lq vsdfhv ri rgg wrsrorjlfdo +Sid�, glphqvlrq/ d fdqrqlfdo +Gduerx{,
irupdw lqglfdwhv wkdw wkhuh lv rqh frh!flhqw +suhvxphg wr eh Dq, wkdw lv htxdo wr
xqlw|1 Wkh gl�huhqwldo 40irup wkhq kdv wkh fdqrqlfdo irupdw/ D ' s�gt

� n �gv=
Iru hyhq wrsrorjlfdo glphqvlrqv/ wkh fdqrqlfdo irupdw lv D ' s�gt

� n Kgw '
Ogwns�Egt

��Y �gw�> zkhuh K lv dq lqghshqghqw ixqfwlrq1 Qrwh wkdw wkh fodvvlfdo
Kdplowrqldq frqvwudlqw wkdw K , KEs> t> w� uhgxfhv wkh wrsrorjlfdo glphqvlrq
5q.5 wr 5q.41

Wkh Fduwdq frqqhfwlrq pdwul{ iru d Iudph �hog frqvwuxfwhg lq dq lpsolflw
dojheudlf pdqqhu fdq dgplw fhuwdlq dqwl0v|pphwulhv ri vxevsdfh wkdw kdyh ehhq
gh�qhg dv D!qh wudqvodwlrqdo wruvlrq1 Wkh sdudphwulf phwkrg ghvfulehg ehorz/
zloo qrw surgxfh d frqqhfwlrq zlwk d!qh wudqvodwlrqdo wruvlrq ri vxevsdfhv1

914151 Wkh sdudphwulf gl�huhqwldo Iudph �hog

Li d sdudphwulf pdsslqj ri Q ixqfwlrqv lq whupv ri Q04 sdudphwhuv lv jlyhq/

�� , {n ' [nE��� E� � n � Q� E� � � � Q � �� +919,

lv jlyhq/ wkhq wkh Q04 dvvrfldwhg yhfwruv fdq eh gh�qhg gl�huhqwldoo|1 Wkdw lv/ wkh
sduwldo ghulydwlyhv ri wkh Q pdsslqj ixqfwlrqv zlwk uhvshfw wr wkh Q04 sdudphwhuv
fdq eh xvhg wr irup wkh �uvw Q04 froxpqv +dvvrfldwhg yhfwruv, ri wkh pdwul{/ dP o1
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in� ' C[nE���@C�� +91;,

Wkh dgmrlqw yhfwru gluhfwlrq �hog wr wklv Q04 v|vwhp ri dvvrfldwhg yhfwruv fdq eh
lqwhusuhwhg dv d �qrupdo ru yhuwlfdo� gluhfwlrq �hog yld wkh dojheudlf ruwkrjrqdolw|
uhodwlrqv1 Jlyhq wkh Q04 dvvrfldwhg yhfwruv/ wkh dgmrlqw yhfwru/ ?> fdq eh frq0
vwuxfwhg dojheudlfdoo| e| dgglqj d froxpq ri }hurv wr wkh Q e| Q04 pdwul{ dP o ri
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frqwudyduldqw dvvrfldwhg yhfwruv/ in�= +Wkh frpsrqhqw lqgh{ n udqjhv iurp 4 wr
Q dqg wkh lqgh{ � udqjhv iurp 4 wr Q04, 1
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Wkh ghwhuplqdqw ri dP o lv }hur/ exw wkhuh dozd|v h{lvwv dq dgmrlqw pdwul{ frqvlvw0
lqj ri d froxpq ri Q04 e| Q04 vxe ghwhuplqdqwv1

wudqvsrvh ri wkh Dgmrlqw ri dP o '
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Wkh sdudphwulf phwkrg shuplwv wkh fuhdwlrq ri wkh +ruwkrjrqdo, Dgmrlqw 40irup
jlyhq wkh Q04 glvwulexwlrq yhfwruv/ zkloh wkh lpsolflw phwkrg shuplwv wkh fuhdwlrq
ri wkh Q04 ruwkrjrqdo glvwulexwlrq yhfwruv iurp d jlyhq 40irup/ wkdw lv dgmrlqw wr
wkh yhfwruv ri wkh glvwulexwlrq1

Wkh dgmrlqw gluhfwlrq �hog/ ?> h{lvwv dojheudlfdoo| zkhwkhu ru qrw wkh glvwul0
exwlrq ri Q04 yhfwruv/ in�> vsdq d vlpsoh k|shuvxuidfh1 E| frqvwuxfwlrq yld wkh
ruwkrjrqdolw| frqvwudlqw/ wkh frh!flhqwv ri wkh jlyhq 40irup D� duh lq h�hfw sur0
sruwlrqdo wr wkh dgmrlqw gluhfwlrq �hog1 Dv glvfxvvhg lq wkh suhylrxv vxevhfwlrq/
lq wkh pruh vlpsoh vlwxdwlrqv wkh frh!flhqwv ri d gl�huhqwldo 40irup/ D/ fdq eh
ylhzhg dv d uhsuhvhqwdwlrq ri wkh qrupdo �hog wr d k|shuvxuidfh1 Lq doo fdvhv wkh
frh!flhqwv ri d gl�huhqwldo 40irup fdq eh ylhzhg dv ehlqj dq dgmrlqw gluhfwlrq
�hog1

Shukdsv hyhq pruh uhpdundeo|/ lw lv srvvleoh wr vfdoh wkh dgmrlqw gluhfwlrq �hog
+khqfh wkh gl�huhqwldo 40 irup, e| d ixqfwlrq � vxfk wkdw wkh ghwhuplqdqw ri wkh
Q { Q pdwul{/

dI o '

5
997
i�� i�� === ?�@�
i2� i2� === ?2@�
=== === === ===
iq� iq� === ?q@�

6
::8 +9144,

lv joredoo| htxdo wr d frqvwdqw1 Wkh surfhgxuh wkhuhe| gh�qhv d Iudph ri Q
edvlv yhfwruv hyhu|zkhuh ryhu wkh Q glphqvlrqdo grpdlq ri vxssruw ri wkh 40
irup/ D= Lw iroorzv wkdw h{whulru gl�huhqwldov ri hdfk ri wkh edvlv yhfwruv ri wkh
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Iudph duh olqhdu frpelqdwlrqv ri wkh vhw ri wkh edvlv yhfwruv1 Wkdw lv/ wkh h{whulru
gl�huhqwldo surfhvv dfwlqj rq wkh edvlv yhfwruv ri wkh Iudph lv forvhg1 Wkh surfhvv
ri h{whulru gl�huhqwldwlrq dfwlqj rq hohphqwv ri wkh vhw fuhdwhv remhfwv wkdw uhpdlq
zlwklq wkh vhw1 Dowkrxjk wklv sdudphwulf surfhgxuh lv vlplodu wr wkh lpsolflw
phwkrg ghvfulehg suhylrxvo|/ wkh sdudphwulf phwkrg qhyhu jhqhudwhv d Iudph
zlwk d frqqhfwlrq wkdw vxssruwv wudqvodwlrqdo D!qh wruvlrq ri vxevsdfhv1

Zkhq dfwlqj rq s0irupv/ wkh h{whulru ghulydwlyh fduulhv d s0irup iurp rqh
yhfwru vsdfh lqwr d s.4 irup lq d gl�huhqw yhfwru vsdfh1 Wkh frqfhsw ri d
frqqhfwlrq frqvwudlqv wkh gl�huhqwldo surfhvv wr wudqvsruw d lqlwldo yhfwru ri rqh
yhfwru vsdfh lqwr d �qdo yhfwru lq wkh vdph yhfwru vsdfh1 Erwk yhfwruv kdyh wkh
vdph edvlv1

914161 Surmhfwlyh Iudphv1

Lq hdfk ri wkh �dgmrlqw� phwkrgv jlyhq deryh/ wkh ruwkrjrqdolw| frqglwlrqv duh
lq h�hfw 5+Q04, frqvwudlqwv rq wkh jhqhudo Q2 yduldeohv ri d Iudph pdwul{1 D
ghwhuplqdqwdo frqvwudlqw ri wkh w|sh ghw dI o ' � dggv rqh pruh frqvwudlqw frqgl0
wlrq1 Txdgudwlf +phwulf, v|pphwu| ihdwxuhv lpsolhv wkdw v|pphwulf surgxfw ri
wkh Iudph �hogv frqvwuxfwhg e| wkh dgmrlqw surfhgxuh deryh |lhogv d pdwul{ zlwk
d �{hg srlqw1

d hI o � dI o '

5
997
}�� }�� === f
}2� }2� === f
=== === === ===
f f === _i|dI o@Dq32

q

6
::8 +9145,

Wkh frh!flhqwv ri d surmhfwlyh iudph zrxog kdyh rqo| rqh frqvwudlqw1
Wkh xwlolw| ri wkh �dgmrlqw� surfhgxuh lv wkdw txdgudwlf jhrphwulf phwulf surs0

huwlhv ri wkh wdqjhqw vsdfh fdq eh ghfrxsohg iurp wkh jhrphwulf surshuwlhv ri wkh
�dgmrlqw� ru �qrupdo� vsdfh zlwk dq dssursuldwh fkrlfh ri �@�=

914171 Uhpdunv

Lq wkuhh glphqvlrqv/ wkh Jleev furvv surgxfw ri hqjlqhhulqj yhfwru fdofxoxv lv
frqvlghuhg wr eh d �yhfwru� iru lw kdv wkh vdph qxpehu ri frpsrqhqwv dv wkh
judglhqw1 \hw lw kdv gl�huhqw ehkdylru xqghu wudqvirupdwlrqv ri wkh edvlv/ dqg lv
wkhuhiru fdoohg d �svhxgryhfwru� ru dq d{ldo yhfwru1 Lq wkh h{whulru fdofxoxv/ wkh
h{whulru surgxfw ri wkh wzr 40irupv/ zlwk frpsrqhqwv sursruwlrqdo wr fryduldqw
whqvru ri udqn 4/ fuhdwhv d 50irup zlwk fryduldqw frpsrqhqwv ri udqn 51 Rqo|
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lq frqvwudlqhg jhrphwulhv/ vxfk dv hxfolghdq wkuhh vsdfh/ gr 50irupv kdyh dq|
uhvhpeodqfh wr wkh Jleev furvv surgxfw +d uxoh zklfk idlov lq glphqvlrq q A
6,1 Wkh svhxgr0yhfwru lv dq remhfw wkdw ehkdyhv olnh d frqwudyduldqw whqvru
ghqvlw| ri udqn 41 Vxfk remhfwv duh xvxdoo| gh�qhg dv �fxuuhqwv�1 Lq jhqhudo/
wkhuh duh wzr vshflhv ri gl�huhqwldo irupv +wkdw duh riwhq gxdo wr rqh dqrwkhu
dqg duh zhoo ehkdyhg zlwk uhvshfw wr ixqfwlrqdo vxevwlwxwlrq dqg wkh sxooedfn
rshudwlrq= s0irupv dqg Q0s irup ghqvlwlhv ru fxuuhqwv1 Rqh vshflhv sxoov edfn
+phdqlqj wkdw wkh irup lv zhoo gh�qhg zlwk uhvshfw wr ixqfwlrqdo vxevwlwxwlrq,
zlwk uhvshfw wr wkh Mdfreldq wudqvsrvh/ zkloh wkh rwkhu sxoov edfn zlwk uhvshfw
wr wkh Mdfreldq dgmrlqw1 Ri frxuvh iru ruwkrjrqdo v|vwhpv/ wkhvh frqfhswv duh
ghjhqhudwh/ iru wkh lqyhuvh dqg wkh dgmrlqw dqg wkh wudqvsrvh ri wkh Mdfreldq
pdwul{ duh wkh vdph1 Uhfdoo wkdw dw d srlqw lw lv dozd|v srvvleoh wr gh�qh d yhfwru
edvlv lq whupv ri dq ruwkrjrqdo v|vwhp +xvh wkh Judp0Vfkplgw surfhvv,/ exw wkh
srvvlelolw| ri h{whqglqj/ ru pdsslqj/ wkh surshuw| ri ruwkrjrqdolw| vprrwko| dqg
xqltxho| +zlwkrxw vlqjxodulwlhv, iurp rqh qhljkerukrrg wr dqrwkhu qhljkerukrrg
lq d joredo vhqvh uhtxluhv wkdw wkh pdsslqj surfhvv eh frqvwudlqhg wr wkh eh dq
hohphqw ri wkh ruwkrjrqdo jurxs1 Vxfk frqvwudlqwv dsso| qlfho| wr uljlg erg|
prwlrq/ exw idlo wr ghvfuleh wkh ghirupdwlrq ri d vrolg1 Khqfh wkh uhdghu lv
dgylvhg wkdw wkh dxwrpdwlf ru lqglvfulplqdwh xvh ri ruwkrqrupdo edvlv iudphv zloo
qrw |lhog d frpsohwh xqghuvwdqglqj ri qdwxuh1

Li wkh qhljkerukrrgv fdq eh frqqhfwhg e| d vlqjo| sdudphwhul}hg yhfwru �hog/
wkhq wkhvh frqfhswv duh dw wkh edvlv ri wkh Iuhqhw0Vhuuhw prylqj iudph dqdo|vlv1
Fduwdq h{whqghg wkhvh lghdv wr grpdlqv wkdw duh qrw vr vlpso| frqqhfwhg/ dqg
ghyhorshg wkh qrwlrq ri wkh prylqj edvlv Iudph/ zklfk kh fdoohg wkh Uhshuh
Preloh1 Lq wkdw zklfk iroorzv/ lw zloo eh ghprqvwudwhg krz wr frqvwuxfw wkhvh
prylqj edvlv iudphv1 Wkhuh zloo eh wzr glvwlqfw sureohpv1 Wkh �uvw sureohp zloo
eh krz wr frqvwuxfw d pdwul{ iudph ri edvlv yhfwruv dw vrph srlqw s ri d vsdfh1
Ghshqglqj rq wkh frqvwudlqwv lqkhuhqw lq wkhlu frqvwuxfwlrq/ wkh edvlv iudphv fdq
eh hohphqwv ri dq htxlydohqfh fodvv1 Wkh htxlydohqfh fodvv fdq eh uh�qhg e|
lpsrvlwlrq ri rwkhu frqvwudlqwv1 Wkh vhfrqg sureohp zloo eh krz wr ghwhuplqh
wkh ruljlq/ R/ vxfk wkdw wkh srlqw s fdq eh gh�qhg1 Wkh lqwxlwlyh lghd lv wkdw
wkh ruljlq fdq eh xqltxho| gh�qhg1 Krzhyhu/ lw zloo vrrq eh glvfryhuhg wkdw wkh
ruljlq qhhg qrw eh xqltxh/ dqg pljkw hyhq lqfrusrudwh  xfwxdwlrqv1

:1 Dfnqrzohgjphqwv
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Wkh edvlv iru wklv duwlfoh zdv suhvhqwhg dv d wdon jlyhq lq Dxjxvw/ 4<<4/ dw wkh
Shgdjrjlfdo Zrunvkrs rq Wrsrorjlfdo Ioxlg Phfkdqlfv khog dw wkh Lqvwlwxwh iru
Wkhruhwlfdo Sk|vlfv/ Vdqwd Eduedud XFVE1
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