> restart: with(liesymm:with(linalg):wth(plots):w th(difforns):

> setup(x,y, z,u):

> def f or m(x=0, y=0, z=0, t =0, u=0, a=const, b=const, c=const, k=const, mu=const, meconst, n=c
onst, p=const);

War ni ng, new definition for close

Warni ng, new definition for norm

Warni ng, new definition for trace

War ni ng, new definition for ~ &\

War ni ng, new definition for d

War ni ng, new definition for ni xpar

War ni ng, new definition for wdegree
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The Instanton Map vs. the Hopf Map
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Lecture Notes http://www22.pair.com/csdc/pdf/defects2.pdf

This work is a start at trying to understand the features of subspaces for which some or all of the Vierbein
structures do not satisfy the equations of integrability. This means that they are not generated by a
simply transitive group.

A frame field will be constructed on A4 {x,y,z,u}, such that the vierbein has three non-integrable 1-forms
and one integrable 1-form. This will be called the Instanton map following Chandia and Zanelli. The
properties of this frame field will be compared to the Hopf map on A4 where the vierbein has three perfect
differentials and one non-integrable 1-form. The Torsion 2-forms and the Curvature 2-forms induced on
the 3-D subspace {x,y,z} will be compared. (Note the Torsion 2-forms and the Curvature 2-forms on A4 are
ZERO by definition.)

> dR =[d(x),d(y),d(z),d(u)];

dR:=[d(x), d(y), d(z), d(u)]
> r2: =subs((x"p+y”*p+z*p+u”p) *(n/p));

r2:=(x"+y"+2+u°)

r2 will be defined as the scaling factor. For p=2, n=1, the scaling factor is the (Euclidean) radius of the 3
sphere.
Next a Frame Field will be defined from a set of Vierbeins. The Vierbeins are a set of independent 1-forms
on the domain of (x,y,z,u), which are assumed to be generated - to within a factor - by the inverse map of
the Frame Field. Hence given the Vierbeins, the Frme Field is determined to within an Expansion, or
renormalization, factor E(x,y,z,u)
The definitions for the vierebiens in this first example are taken out of the blue to agree with the
presentation in Chandia and Zanelli. They called the Vierbein set the Instanton. The determinant of the
Frame field is presumed to be not zero. For the CZ instanton, the value is the reciprocal of the 4th power
of the euclidean radius of the 3 sphere, and corresponds to the choice p=2,n=0

Other scalings can be assumed, by choosing different values for p and n below. A unimodular frame is
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determined form the choice p=2,n=1..The choice causes the CZ Vierbeins to be scaled (divided) by the
length ot the radius of the euclidean 3D sphere.

The example assumes the CZ scaling:
> p:=2;n:=0;

>

>

p:=2

L n:=0

> MAT: =array([[u/r2,-z/r2,y/r2,-x/r2],[-z/r2,-ulr2,xIr2,ylr2],[ylr2,-x/r2,-ulr2,zl
r2],[x/r2,y/r2,z/r2,u/r2]]):

FF: =(i nver se( MAT) ) ; DETFF: =f act or (det (FF) ) ; FFI NV: =si npl i f y(eval m( MAT) ) ;

The FRAME MATRIX

g u z y X U
EX+y+Z7+07° X+y+Z7+0 +y+Z2+0° %+f+£+f;
& z u X y Y
& - - ¥
FF'—g Xy +7+ U X+y +Z7+ U X+y+Z+u0° X +y +Z7+ U2
T g y X u z ¥
§x2+y2+22+u2 X+y +Z7+ U X+yY+Z+05 C+y + 7+ UL
g X y z u ¥
8 X+Y+Z+U0 X+yY+Z7+10  X+y+Z7+0 X +y+ 7+ 00
1

DETFF := -

(C+y+Z+ %)

gu -z Yy -xu

u
FRINV:=8 2 "4 X Yy
gy -Xx -u zU

L €x y z uu

[ The Vierbein

[ > Vierbein: =i nnerprod(FFI NV, dR):

[ > sigmal: =Vi er bei n[ 1] ; si gma2: =Vi er bei n[ 2] ; si gma3: =Vi er bei n[ 3] ; omega: =Vi er bei n[ 4] ;
sl:=ud(x)- zd(y) +yd(z) - xd(u)
s2:=-zd(x)- ud(y) +xd(z) +yd(u)
s3:=yd(x) - xd(y)- ud(z) +zd(u)

L w:=xd(x) +yd(y) +zd(z) +ud(u)

[ The Topological Torsion of each of the Vierbeins will now be checked.

> TTORSI ON1: =f act or (wcol | ect ((si gmal) &\d(signmal))); TTORSI ON2: =f act or (wcol | ect ((sig
ma2) &\ d(si gna2))); TTORSI ON3: =f act or (wcol | ect ((si gna3) & 'd(si gnma3))); TTORSI ON_oneg
a: =(wcol | ect (factor (onmega&d(onega))));

TTORSIONL1 :=
-2u&M(d(x), d(2), d(y)) - 2z&"(d(y), d(u), d(x)) +2y &"(d(z), d(u), d(x)) +2x&"(d(u), d(z), d(y))
TTORSION2 :=
2z&"(d(x), d(u), d(y)) +2u&*(d(y), d(2), d(x)) - 2x&"(d(z), d(u), d(y)) - 2y &"*(d(u), d(z), d(x))
TTORSION3 :=
-2y &™(d(x), d(u), d(2)) + 2x &"(d(y), d(u), d(2)) - 2u&*(d(z), d(y), d(x)) +2z&"*(d(u), d(y), d(x))
TTORSION_omega :=0
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[ The three vierbeins sigma(1,2,3) have nonzero parity, and non-zero topological torsion.
| The last vierbein is integrable (any n any p).
choice of scaling, p=2,n=1

| Next create the induced metric: LUN is the Minkowski metric.
r> LU\ =array([[1,0,0,0],[0,1,0,0],[0,0,1,0],[0,0,0,-111);

[ The determinant never vanishes except at the origin of R4, even p. IT is equal to 1 for the unimodular

r>
' The Instanton FRAME is NOT an element of the Lorentz Group.

IT is an element of the orthogonal Group.

unimodular scaling results in a eucldean metric for the 3D sphere.
The forms sigma (1,2,3) and omega are the 1-forms (dx,dy,dz,du) relative to the basis frame FF.

These 1-forms define the "vierbein" in Chandia and Zanelli to within a factor.

coefficient, r2. Note further that on the 3 sphere, the 1-form small omega is ZERO.
Hence on the 3 Sphere of constant radius there is NO particle AFFINE TORSION (p=2)!
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gl 0 0 08
& 1 0 ou
LUN.—g() 0 1 OE
L € 0 0 -1u
[ >
r>
> GUN: =si nplify(subs(innerprod(transpose(FF), FF)));
g L 0 0 0 E
QCHY +Z+ 1 ¥
g 1 {
e 0 P — 0 0 u
GUN =§ X+y+Z+u° ) E
€ -+ 0
0 0 0
& XY+ 7+ v
€ 0
g 0 0 0 ;t
L & X+ Y+ 7 + Ul
> LGUN: =sinplify(subs(innerprod(transpose(FF), LUN, FF)));
g -U-Z-yV+¥ 0
g w-Z-y x2 ) y X -, Xz - XU .
g (C+y+Z+1%) (C+y+Z+1%) (C+y+Z+1%) (C+y+Z+ %) u
?& y X Z+U+xX- Y yz ) yu y
- - 0
L8 (CHyHZal) (Y RZAw) (CryaZed) (Cry 2 )
LGUN:=§& : u
g Xz ) yz V+X+u- 7 ) uz 0
- - U
§ (><2+y2+zz+u2)2 (x2+y2+zz+u2)2 (x2+y2+zz+u2)2 (x2+y2+zz+u2)zt
(;3? XU ) yu ) uz X+y +7- u
é (x2+y2+zz+u2)2 (x2+y2+zz+u2)2 (x2+y2+zz+u2)2 (x2+y2+zz+u2)2 y

Note that the induced metric is conformal (for any n any p ) which implies that the Frame matrix elements
are orthogonal to one another. The conformality factor is a constant on a 3 sphere of fixed radius. The

Note that for p = 2, the 1-form small omega is exact and equal to a differential of a power of the scaling



The Helicity of the 1-form small omega is always zero. The Helicity of the other vierbeins is never zero.
However, it is remarkable that the 3-forms of sigma”~dsigma are IDENTICAL for each of the three
1-forms. The 3-form is proportional to the contraction of the radius vector in 4D with the 4D volume
element.

For the chosen (Instanton) Frame field, the normal field is integrable, and the tangent fields
are NOT integrable in the sense of Frobenius.

In the Hopf map for the 3 sphere, the tangent fields are integrable, and the normal field is not
integrable.

(See the second example below:

From the given Frame functions, use the standard methods to compute the Cartan Matrix of connection

1-forms.
> dFF: =simplify(array([[d(FF[1,1]),d(FF[1,2]),d(FF[1,3]),d(FF[1,4])],[d(FF[2,1]),d
(FF[2,2]),d(FF[2,3]),d(FF[2,4])],[d(FF[3,1]),d(FF[3,2]),d(FF[3,3]),d(FF[3,4])],[
d(FF[4,1]),d(FF[4,2]),d(FF[4,3]),d(FF[4,4])11)):
[ > cartan: =(eval m FFI NV&* dFF)):

The diagonal elements are zero on the constrained 3 sphere, but vary for the expanding sphere.

The unimodular constraint is non-expanding. The unimodular constrain forces the Frame matrix to be an
element of the orthonormal group. The Cartan matrix for the orthonormal Frame is anti-symmetric
matrix of 1-forms. There is NO symmetric component.

The Shipov connection Delta is related to the Cartan connection by means of a similarity transformation.
It is also completely anti-symmetric for the orthonormal group. When normality is not imposed there
exists a diagonal component.

E > SHI POVDELTA: =i nner pr od( FFI NV, cart an, FF) :
> SHI PTORS: =eval m( SHI POVDELTA-t r anspose( SH POVDELTA) ) ;

SHIPTORS =
[0,-2(-yd(x) U*- d(z) ¥ +d(y)x*- d(x)y’+4xyzd(z) +4xyud(u)- uZd(z)- 3zd(u) x*+zd(u) u’
-ud(z) Y +3ud(z) - yxXd(x)- 3xd(y) Z- 3xd(y) u’+xd(y)y - yd(x)22+d(u)zg+zd(u)y2)/
(x2+y2+22+u2)2,-2(—zd(x)y2+xzzd(z)— 3xd(z) U¥- zd(x) u*- zd(x) X*- yu*d(u) +ud(y) Z
- 3ud(y) X +ud(y)y’ - 3xd(z) Y +3yd(u) X*- yd(u) Z- d(x) Z+d(y) w®+d(z) X*- d(u) Y’ +4zxyd(y)
+4zxud(u))/(x2+y2+22+u2)2,-2(-3xd(u)y2+d(z)y3+d(u)x3- d(x) u’- d(y) Z+4xuyd(y)
+4xuzd(z)- zy’d(y)- 3yd(z) ¥ +yd(z) w+yd(z) Z- ux’d(x) - 3xd(u) Z+xd(u) u*- ud(x) Z
- ud(x) y*- zd(y) u*+3zd(y) Xz)/(X2+y2+22+U2)2]
[2(-yd(x)u*- d(z) B +d(y) - d(x)y*+4xyzd(z) +4xyud(u)- uZd(z)- 3zd(u) ¥’ +zd(u) v
-ud(z) Y +3ud(z) - yxd(x)- 3xd(y) Z- 3xd(y) u’+xd(y)y - yd(x)22+d(u)zg+zd(u)y2)/
(x2+y2+22+u2)2,0,-2(-3xd(u)y2+d(z)y3+d(u)x3- d(x) - d(y) Z+4xuyd(y) +4xuzd(z)
- zyd(y) - 3yd(z) ¥ +yd(z) W +yd(z) Z- uxd(x)- 3xd(u) Z+xd(u) u’- ud(x) Z- ud(x)y’
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- zd(y) u*+3zd(y) xz)/(x2+y2+22+u2)2,2(-zd(x)y2+x22d(z)- 3xd(z) u’- zd(x) u*- zd(x) X
-yuwrd(u)+ud(y) Z- 3ud(y) ¥ +ud(y)y*- 3xd(z) Y +3yd(u) X’ - yd(u) Z- d(x) Z +d(y) u®+d(z) X
- d(u)y3+4zxyd(y)+4zxud(u))/(x2+y2+zz+u2)2]

[2(-zd(X) " +xZ d(z)- 3xd(z) u*- zd(x) U*- zd(x) ¥*- yu*d(u) +ud(y) Z- 3ud(y) *+ud(y)y

- 3xd(z) P +3yd(u) - yd(u) Z- d(x) Z+d(y) & +d(z) - d(u) y*+4zxyd(y) +4zxud(u)) /

(x2+y2+22+u2)2,2(-3xd(u)y2+d(z)y3+d(u)x3- dx)u’- d(y) Z+4xuyd(y) +4xuzd(z)- zy*d(y)
-3yd(2) X +yd(z) P +yd(z) Z- uxtd(x)- 3xd(u)Z+xd(u)u’- ud(x)Z- ud(x)y*- zd(y) u?
+32d(y)x2)/(x2+y2+22+u2)2,O,-2(-yd(x) u- d(z) P +d(y) x¢- d(x) Y’ +4xyzd(z) +4xyud(u)
-uZd(z)- 3zd(u) X +zd(u) u’- ud(z) Y’ +3ud(z) X - yXd(x)- 3xd(y) Z- 3xd(y) i +xd(y) Yy
- yd(x)22+d(u)f+zd(u)y2)/(x2+y2+zz+u2)2]
[2(-3xd(u)y"+d(2) Y’ +d(u)x3- d(x)u’- d(y) Z+4xuyd(y) +4xuzd(z)- zy*d(y) - 3yd(z) X
+yd(z) ¥ +yd(z) Z- uxtd(x)- 3xd(u) Z+xd(u) u*- ud(x) Z- ud(x) y*- zd(y) u2+3zd(y)x2)/
(x2+y2+22+u2)2,-2(-zd(x)y2+x22d(z)- 3xd(z) - zd(x) U?- zd(x) X’ - yu’d(u) +ud(y) Z
- 3ud(y) X +ud(y) Y- 3xd(z) Y +3yd(u) X’ - yd(u) Z- d(x) Z+d(y) u’+d(z) - d(u) Y’ +4zxyd(y)
+4zxud(u))/(x2+y2+22+u2)2,2(—yd(x) u*- d(z) U +d(y) X*- d(x) Y’ +4xyzd(z) +4xyud(u)
-uZd(z)- 3zd(u) X’ +zd(u) U - ud(z) Y +3ud(z) X - yxX d(x)- 3xd(y) Z- 3xd(y) u*+xd(y)y

L -yd(x)22+d(u)z3+zd(u)y2)/(x2+y2+zz+u2)2,O]

T > SHI POVDELTA[ 1, 1] ; SHI POVDELTA[ 2, 2] ; SHI POVDELTA[ 3, 3] ; SHI POVDELTA[ 4, 4] ; SHI POVDELTA[
4, 1] +SH POVDELTA[ 1, 4] ; SHI POVDELTA[ 3, 1] +SHI POVDELTA[ 1, 3] ;

xd(x) +yd(y) +zd(z) +ud(u)
) X+y +7+ U

xd(x) +yd(y) +zd(z) +ud(u)
) X+y +7+ U

xd(x) +yd(y) +zd(z) +ud(u)
) X+y +7+ U

xd(x) +yd(y)+zd(z) +ud(u)
) Xy +7+ U

0

L 0

[ The Shipov Delta for this Frame field has a SYMMETRIC DIAGONAL part, dependent upon the
differential of the radius of the 3 sphere squared. IF there is no "expansion" and the radius of
the 3sphere is a constant, then in Shipov's terms, the entire connection is a pure "torsion" field,

L and is related directly to the anti-symmetric portions of the Cartan matrix.
> Gamuall: =wcol | ect (factor(wcol l ect(sinplify(cartan[1,1]))));

x d(x) yd(y) zd(2) ud(u)
x2+y2+zz+u2_ x2+y2+zz+u2_ x2+y2+zz+u2_ X+y +7+ 1
> Ganmal2: =factor(wcol l ect (cartan[1,2]));

-yd(x) +xd(y) +ud(z) - zd(u)
) X+y+Z7+0°
> Ganmul3: =factor(wcol l ect(cartan[1,3]));
-zd(x) - ud(y) +xd(z) +yd(u)
X+ +Z+ U

Gll:=-

Gl2 =

Gl3:=-

Page 5



> Gamma2l: =factor(wcol l ect (cartan[2,1]));
_ -y d(x) +xd(y) + ud(z) - zd(u)
- X +y + 7+ U
> Gamm22: =factor (wcol l ect (cartan[2,2]));
xd(x) +y d(y) +2d(2) +ud(u)
Xy + 2+
> Gamma23: =factor(wcol l ect (cartan[2,3]));
-ud(x) +zd(y) - yd(z) +xd(u)
X+y+Z7+0°
> Gamma31l: =factor (wcol l ect (cartan[ 3, 1]));
_-zd(x) - ud(y) +xd(z) +yd(u)
B X+ P+ 2+
> Gamma32: =factor(wcol l ect (cartan[3,2]));
_-ud(x) +zd(y) - yd(z) +xd(u)
G&32:= I
> Gamma33: =factor (wcol l ect (cartan[ 3, 3]));
xd(x) +yd(y) +zd(z) +ud(u)
X+y+Z+ 0

G21:

Q22 =-

G23:=-

G31:

&33:=-

[ The "Space-S" components are:
> hl:=factor(wcollect(cartan[4,1]));
>

_-ud(x) +zd(y) - yd(z) +xd(u)

- X+y +Z7+u°

> ganmal: =fact or (wcol | ect (factor(wcol l ect(cartan[1,4]))));

-ud(x) +zd(y) - yd(z) +xd(u)
Xty + 7+ U

hi:

> h2: =factor(wcol l ect(cartan[4,2]));
-zd(x) - ud(y) +xd(z) +yd(u)
X+y +Z7+ U
> ganme2: =factor (wcol l ect (cartan[2,4]));
__-zd(x) - ud(y) +xd(z) +yd(u)
a X+ Y+ 2+ U

h2 :=-

> h3: =factor(wcol l ect(cartan[4,3]));
_ -yd(x) +xd(y) +ud(z)- zd(u)
- X+y +Z7+u
> ganmme3: =f act or (wcol | ect (cartan[3,4]));
_-yd() +xd(y) +ud(z) - zd(u)

B:=- X+ P+ 2+
> Orega: =wcol | ect (fact or (subs(p=p, sinplify(wcollect(cartan[4,4]))))); TTORSI ON_Oreg
a: =Onega&*d( Orega) ;

h3:

>
Wis xd(x) y d(y) zd(2) ud(u)
TRV HZH R Ky rZ+l Ry A2+l A2
L TTORSION_Omega := 0
r>

( Note that the Big Omega term is a perfect differential, and is zero if n=1,p=2.
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That is - off the sphere r2 = constant the Omega term does not vanish, unless n=1, p=2. Hence if the
radius of the two sphere is "expanding", then r2 is not constant and one has a dilatation. (The source of
dilatons?)

There are in general two sets of torsion two forms.

The Particle Affine torsion 2-forms, big Sigma, which depend upon the product of little omega and the
connection components, little gamma.

The second set or Wave Affine torsion 2-forms, Big Phi, depends upon big Omega and the connection
components, little gamma.

The two species of Torsion 2-forms are related as they have the same common factor (the vector of 1-forms,
small gamma) . However, in the example (with the unimodular scaling) there is a difference, for in the
neighborhood of the 3D sphere of constant radius little omega is proportional to the gradient of the sphere
implicit function, and is not zero identically. However, Big Omega vanishes identically for the unimodular
scaling.

It follows that the Particle Affine Torsion 2-forms are not Zero, but the Wave Affine Torsion 2-forms are
identically zero.

AFFINE TORSION 2-forms Big Sigma

> "onega :=onega; d(onega) ;
w:=xd(x) +yd(y) +zd(z) +ud(u)

CARTAN TORSION AND CURVATURE

Next compute the induced Cartan Torsion 2-forms and the Cartan Curvature 2-forms on the 2D subspace

> Signal: =wcol | ect (onmega& gammal) ; Si gma2: =wcol | ect (onega&*gammma?2) ; Si gna3: =wcol | ect
(onega&*ganmel) ;

(Y- Z) (dy) & d(z)) (¥X+u)(d(x) & d(u)) (-yx+uz)(d(x)&"d(z))

Sti=- X+y+Z+u X+y +7+ U X+y +7+ U
_(yx-uz) (d(y) &"d(u)) (xz+yu)(d(z) &"d(u)) (xz+yu) (d(x) &"d(y))
X+y +7Z+U X+y +7+ 0 X +y +7+ U

<= (yx+uz) (d(y) & d(z)) . (yx+uz) (d(x)&"d(u)) . (X +7) (d(x) & d(2))
' X+y+ 7+ X4y + 7+ U X4y + 7+ U
. (y° +u*) (d(y) &~ d(u)) . (-xu+yz)(d(z) &"d(u)) . (-xu+yz) (d(x) &"d(y))

X+y +7+ U X+y+Z7+ U X+y +Z+ U
s3=. (yu- x2) (d(y) &"d(z)) (yu- x2z)(d(x) &*d(u)) (xu+yz)(d(x) &"d(z))
' X+ Y+ + U XY+ 2+ U X+ Y+ 2+ U
~(-yz- xu) (d(y) & d(u)) (-Z- ) (d(2) &~ d(u)) ) (Y° +) (d(x) & d(y))
X+y +7+ 1 X+y +7+ U X+y +7+ U

> Phi 1: =wcol | ect (si npli fy(Orega&*hl)); Phi 2: =wcol | ect (si npl i fy(Orega&h2)); Phi 3: =wc
ol Il ect(sinplify(Orega& h3));
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(Y- 2)(dy) &2 d(z)) (X +u7) (d(x) &M d(u))  (-yx+uz)(d(x) & d(2))

F1:=

(C+y+ 2+ 1) (C+y+Z+17) (C+y+Z+17)
(yx- u2) (dy) &0 d(u)  (xz+yu) (d(2) &M d(u))  (xz+yu) (d(x) &M d(y))
(C+y+Z+17) (C+y+Z+07) (R +y+Z+ 1)
. YX-un ()@ d@)  (yx- uz) (0 &Ndw) (X~ 7) (d3) 82 d(z))
(C+y+Z+17) (R+y+ 2+ 1) (C+y+Z+1)
(Y- W) (dy) &M d(u))  (xu- y2) (d(z) &M d(u)  (xu- y2) (d(x) & d(y))
(C+y+ 2+ 1) (C+y+Z+ 1) (R+y+Z+1)
. DU XD (A &N d@)  (yu- x2) (d0 &M W) (xu+y2) (d(9) & d(2))
(C+y+Z+ 1) (C+y+Z+ 1) (R +y+Z+ 1)
CCyz-xu) (dy) &hdu)) (7~ W) (d(2) &M d(w) (¥ +X) (d(x) &M d(y))
i (C+y+Z+ 1) (C+y+Z+17) (C+y+Z+ 1)

[ As the frame group is orthogonal, the Torsion 2-forms are proportional to each other.

| However if normality is assumed, then the Wave Affine torsion forms vanish

[ >

[ > CURV2FORMS: =eval n(array([[wecol | ect (h1& gammal), weol | ect (h1& gamma?2), weol | ect (h1&
Agamma3) ], [weol | ect (h2& gammal), weol | ect (h2& gamma?2), weol | ect (h2& gamma3) ], [ wcol
| ect (h3& gammal), weol | ect (h3& ganma?2), weol | ect (h3& ' gamma3)]]));

CURV2FORMS :=
go (xz- yu) (d(y) &"d(z))  (xz- yu) (d(x) &"d(u)) (-yz- xu) (d(x) &"d(z))

g (R4 +Z+107) (R+y+Z+17) (R+y+Z+17)
Lxu+yz) (dly) &7 d(u)) (-X - ¥°) (d(2) & d(u)) . (U +2) (d(x) &~ d(y))
(¢ +y+ 7+ 1) (¢ +y+Z+UE) (C+y +Z 417
(yx+uz) (d(y) & d(z)) (yx+uz)(d(x) & d(u)) (-y*- ) (d(x) &"d(2))
(4 +yP+Z+u2) (C+y +Z 417 (< +y +Z 417
C(X-Z)(d(y) &M d(u))  (-xu+y2)(d(z) & d(u)) (-xu+y2) (d(x) &"d(y))a
(x2+y2+zz+u2)2 (x2+y2+zz+u2)2 (x2+y2+zz+u2)2 i
E(yu- x2) (d(y) &" d(2)) Lyu- x2) (d(x) &7 d(u)) | (xu+yz) (d(x) &"d(z))
g (x2+y2+zz+u2)2 (x2+y2+22+u2)2 (x2+y2+zz+u2)2
LLoyze xu) (diy) &7 d(w)) | (¥ +X) (d(2) &~ d(u)) . (-Z- ) (d(x) &~ d(y)) 0
¢4y 4 7o) (¢+y 4 7o) (EryeZenty
(-u- %) (d(y) &"d(2)) . (Y +2Z) (d(x) &~ d(u)) L lyx- uz) (d(x) &7 d(z))  (-yx+uz)(dly) & d(u))
(€ 4y +Z+1e) (€ 4y +Z 41y (€+y+Z+1e) (€ 4y +Z+1e)
L oxz- yu) (d(z) &7 d(u))  (-xz- yu) (d(X)&"d(Y))ﬂ
(x2+y2+zz+u2)2 (x2+y2+22+u2)2 i
€ (-yx-uz)(d(y)&"d(z)) (-yx-uz)(d(x)&" du)) (¥+u’)(d(x)&"d(2))
g (x2+y2+22+u2)2 (x2+y2+zz+u2)2 (x2+y2+zz+u2)2
_(X+2) (dy) & d(u)) (xu-yz)(d(z) & d(u)) (xu-yz)(d(x) & d(y)) (¢+u)(dy) & d(2))
(< +y*+Z 40P (K +yP+ 7+ ue) (C+y+Z+id) Py rZa)
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. (-y’- Z) (d(x) & d(u)) L Lyx+uz) (dx) &7d(z))  (yx- uz) (dy) & d(u))

(RHy+Z+10) (RHy+Z+10) (RHy+Z+10)
Lxzryu) (d(z) &rd(w)) | (xz+yu) (d(x) &rdy))  H
L (x2+y2+zz+u2)2 (x2+y2+22+u2)2 " H

THE HOPF MAP in A4

In this example, the Hopf map will be used to fabricate the Frame field. The Hopf map is a map from
{x,y,z,u} to {X,Y,Z} such that the square of the radius of the Euclidean Sphere in 3D is equal to the 4th
power of the radius of the Euclidean Sphere in 4D. Hence, 3 of the "Vierbiens" are perfect differentials to
within a factor.

The Hopf map has both a right and a left handed version, depending upon a choice of a vaiable herein
called rot. rot = plus 1 or rot = minus 1. The fact leads to differences in the computable results.

> restart: with(liesymm:with(linalg):with(plots):w th(difforns):
> setup(x,y, z,u):
> def f or m(x=0, y=0, z=0, t =0, u=0, a=const, b=const, c=const, k=const, nu=const, nFconst, n=c
onst, p=const, rot =const);
War ni ng, new definition for close
War ni ng, new definition for norm
Warni ng, new definition for trace
War ni ng, new definition for ~ &\’
War ni ng, new definition for d
War ni ng, new definition for mnixpar
L Warning, new definition for wdegree
[ > #rot:=1;
> sigmal: =-d(rot*x*z+u*y);
sl:=-rotzd(x)- rotxd(z)- yd(u)- ud(y)
> sigma2: =d(-rot*x*u+z*y);
s2:=-rotud(x)- rotxd(u) +yd(z) +zd(y)
> sigma3: =d( (- x"2+y"2+rot *(ur2+z°2))/2);
s3:=-xd(x)+yd(y) +rotud(u) +rotzd(z)
> onmega: =innerprod([(-y),x, (-rot*u),rot*z],[d(x),d(y),d(z),d(u)]);
w:=-yd(x) +xd(y)- rotud(z) +rotzd(u)
> FFINVWV: =array([-[rot*z,u,rot*x,y],[-rot*u,z,y,-rot*x],[-X,y,rot*z, rot*u],[-Yy, +X,
-rot*u, +rot*z]]); DETI NW: =si npl i fy(subs(rot~2=1, det (FFI NVV))); DETRH: =subs(r ot =1,
DETI NVV) ; DETLH: =subs(r ot =- 1, DETI NW) ;

g-rotz -u -rotx -y H
grotu z -rotxu
FFINVV = & y v
g-x y rotz rotul
€ -y X -rotu rotzU

DETINVV =
-rot? - 2rot Z WP+ 2y - rot? 23 - roP Ut + Py - ot Ui - XU X2 - X - yrotu’- yYrot Z +y*
DETRH:=-7Z'- 2Z2u*- 2X°7Z- u*- 2Xu*- X' +y

L DETLH =Z+2Z U +2Z7y +u'+2U0°y*- X' +y*
> FF:=(inverse( FFI NvW/ ( DETI NW)~(0/ 4))) : DETFF: =f act or (det (FF) ) ; FFI NV: =(i nver se( FF)
) : DETRH: =f act or (subs(rot =1, DETFF) ) ; DETLH: =f act or (subs(rot =-1, DETFF));
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1

DETFF =~ (UProt + Z rot +x - y?) (rot®> Z + rot® u? + rot” X2 + y*)
1
DETRe = - o e ) (Ze TR ey
1

DETLH::(UZ+ZZ_X2+y2)(22+uz+xz+y2)

> Vi erbein: =(i nnerprod(FFI NV, [d(x),d(y),d(z),d(u)])): sigml :=factor(Vierbein[1l])

; "sigma2’:=factor(Vierbein[2]); sigm3 :=factor(Vierbein[3]); onega :=factor(Vie
rbein[4]);
sl:=-rotzd(x)- rotxd(z)- yd(u)- ud(y)
s2:=-rotud(x)- rotxd(u) +yd(z) +zd(y)
s3:=-xd(x)+yd(y) +rotud(u) +rotzd(z)
w:=-yd(x)+xd(y)- rotud(z) +rotzd(u)

[ Indeed the Viebeins are to within a factor as stated initially.
> TTORSI ON1: =f act or (wcol | ect ((si gmal) & d(signmal))); TTORSI ON2: =f act or (wcol I ect ((sig

ma2) &\ d(si gna2))); TTORSI ON3: =f act or (wcol | ect ((si gna3) &' d(si gnma3))); TTORSI ON_oneg
a: =(wcol | ect (fact or (onega& d(onega)))): PARI TY onega: =(wcol | ect (factor(d(onega) &
d(onega)))): TTORSI ON_onegalH =

subs(rot=-1, TTORSI ON_onega) ; PARI TY onmegalH:. =subs(r ot =-1, PARI TY onega) ; PARI TY one
gaRH: =subs(rot =1, PARI TY_onega) ; qqqRH: =(f act or (get coef f (PARI TY_onegaRH) *2) )" (1/ 2)
; qqqLH: =(fact or (get coef f (PARI TY_onegalH) ~2))"(1/2); RATI G =(gqqqRH qqqLH) *2; MULT: =
get coef f (TTORSI ON_onega&*d(u)): SQOVMILTRH=f act or (subs(rot =1, MILT/ u) *2) ; SQMILTLH=f a

ctor(subs(rot=-1, MULT/ u)”"2);
TTORSION1:=0
TTORSON2:=0
TTORSION3:=0
TTORSION_omegalH =
-2&7(d(x), d(u), d(2)) y + 2&"(d(y), d(u), d(2)) x- 2u&™(d(z), d(y), d(x)) +2&"(d(u), d(y), d(x)) z
PARITY_omegalH := - 8 &*(d(u), d(z), d(y), d(x))
PARITY_omegaRH := 8 &"(d(u), d(z), d(y), d(x))
qaaRH =+/64
qoqLH :=+/64
RATIO =1
SQMULTRH =4
SQMULTLH =4

[ The first three vierbeins sigma are integrable.
The last vierbein is NOT integrable, and its Topological Parity depends upon the choice of a RH or LH

. THE LH AND RH RESULTS ARE NOT REAL OVER THE SAME DOMAINS!

> LUN: =array([[21,0,0,0],[0,1,0,0],[0,0,1,0],[0,0,0,-111);
1 0 0 08
_ 1 0 ou
LUN=& 0 1 of
0

0 -1

S Site oyt
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| Next create the induced metric:

[ > GUN: =sinplify((innerprod(transpose(FF),LUN, FF))):

[ > GUNL1RH =(factor(subs(rot=1, GUN 1, 1]))"2)"(1/2); GUN11LH =(factor (subs(rot=-1, GUN
[1,1]))72)~(1/2); GUNL2RH: =(factor (subs(rot=1, GUN[ 1, 4]))"2)~(1/2); GUNL2LH: =(facto
r(subs(rot=-1,GUN 1, 4]))"2)"(1/2); DETGUN: =f act or (subs(rot=-1, det ( GUN) ));

GUNIIRH =sgrt((6 X U’y - 6X ZYy +3X U +3Xy' - Y +3X - 3X'V+2+6 U ZX +3U 7 - 3y 7
+Y U +3U 2 +3Z7y - Y +3X A +3X 2+ X+ UV 2+ UY) /((u +Z+X- yz) (Z+ U +X +y2)4))
GUNIILH = sgrt((2 X YV +6 X 2y - X u'+ 3y - vV - X' UP- 3X* Y+ - 6 P Z2 X +3UW A +y 2 +y U
+3U'Z- 8xuUlyz- 2y - Py +3X¢ 7 +3xX' Z+x°- 8zy*xu- 8xz3uy+8x3uyz+2u2y222+u6)2/(
(Z+E X +y) (C+Z- X +y)))

PV 22 P42y Rz X2 22+ ZU Ay U+ AUYZX)
GUN12RH :=4/4 Y(-Z-y'z+2y7+2y Y yzx)
2 4 2,2 4
(F+Z+X- ) (Z+F 4R +y)
GUN12LH :=«/qurt((yz'5+y52+2y323+2yz3u2— 2y x+2y zui+2uxZ+3yxiz+yzut+2xuPZ
-2XxuZ+2y"x%u- 2y*xu- 4x2u22y)2/((22+u2+x2+yz)4(u2+22- x2+y2)4))
1
(Z+E++y) (E+2- X +y?)
The Hopf Frame is not an element of the Lorentz group.
L Nor is it a member of the orthogonal group.
[ >
[ The induced UNIMODULAR metrics are not the same for the LH or the RH Hopf maps.!!!
They also have different domains of reality.

DETGUN := -

[
[ In the Hopf map for the 3 sphere, the tangent fields are exact, and the normal field is not integrable.
This 1s diffferent form the Instanton map above.

From the given Frame functions, use the standard methods to compute the Cartan Matrix of connection
| 1-forms.
> dFF: =sinmplify(array([[d(FF[1,1]),d(FF[1,2]),d(FF[1,3]),d(FF[1,4])],[d(FF[2,1]),d
(FF[2,2]),d(FF[2,3]),d(FF[2,4])],[d(FF[3,1]),d(FF[3,2]),d(FF[3,3]),d(FF[3,4])].,1
d(FF[4,1]),d(FF[4,2]),d(FF[4,3]),d(FF[4,4])11)):
[ > cartan: =(eval n{ FFI NV&* dFF)):
[ Evaluate each component of the connection coefficients on transverse space of E1,E2,E3.

The diagonal elements are zero on the constrained 3 sphere, but vary for the expanding sphere
Ganmeall: =wcol | ect (factor (weol l ect(sinplify(cartan[1,1])))):

Ganmal2: =f act or (wcol l ect (cartan[1,2])):

Gammal3: =fact or (wcol I ect (cartan[ 1, 3])):

Ganma21: =f act or (wcol | ect (cartan[2,1])):

Ganma22: =f act or (wcol | ect (cartan[2,2])):

Gamma23: =fact or (wcol | ect (cartan[ 2, 3])):

Ganma31: =f act or (wcol | ect (cartan[3,1])):

Gamma32: =f act or (wcol | ect (cartan[3,2])):

Gamua33: =fact or (wcol | ect (cartan[ 3, 3])):

e O e O e T e e e B e B e B
VVVVVYVYVYVYV
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[ The "Space-S" components are:
> hl:=(wcollect(sinplify(cartan[4,1])));

>

hil:=rot(urot® Z+rot® u’- xzy+rotxX’u+uy’+xyrotz) d(x)/(rot3z4+2rot322u2— rot? Zy* +rot> 7 X
+rottut- ro? Ly +rot U xC +rot? X U+ rot? X2 Z +rot? Xt + X2y + Y rot P + Y rot Z - yProt? X - yt) +
rot(-zrotu’- xyrotu- rotZ - xuy+zy - rotx’ z) d(y)/(r0t3z4+2r0t322u2- rot? Z y* + rot®* Z X + rot’ u’
- rof Y+ rot X +rot’ X W+ rot? X Z + rot’ X+ Xy +yProt U +yProt Z - yerot’ X2 - y') +
rot (-rot? Wy - uro? xz+xzrotu+yrotZ +yx - y°)d(z) / (rot? 2 + 2 rot* Z @ - rot? 2 y* + rot® 7 X + rot’ u*
- rof wP Y Hrott Wl +rot’ XUt +rot? X Z + rot? X+ Xy + Y rot U +yerot Z - yrot’ X - y') +
rot (rot xy*- rot>xu’- xZrot+urot’zy- rot x>+ uyrot z) d(u)/(rot3z4+2rot322u2— rot? Zy* +rot> 7 X
L +rot?u’- rof Wy +rot P xC +rot? P Ul +rot? X Z +rot’ X+ Xy + Y rot W+ yProt Z - Y rot’ X2 - y')
> gamml: =(wcol | ect (sinplify(wcollect(cartan[1,4]))));
gl:=- ((rot®Zu+xyrot’z+rot’ u’- rot” uy” + rot’ x’ u+ xy rot z) d(x))/(rot324+2rot3zzu2- rot’ Z y?
+rot’ ZxC+rot’u’ - rof U’y +rot U xC + rot’ X P+ rot? X Z + rot? X'+ X yP + Y rot i +yrot Z - yrot’ X -y
Y- ((-rot*Z+y’rotz- zrot? U +yrot xu+xuy- rotx z) d(y))/(rot3z4+2rot322u2— rot? Zy* +rot> 7 X
+rotu’- rof Wy +rot W xC +rot? P Ut +rot? X Z +rot’ X+ Xy + Y rot W+ yProt Z - yrot’ X - y') - (
(ro? 'y +rot? Zy- yrot® X’ - y’rot) d(z))/(r0t324+2rot3zzu2- rot? Zy* +rot> Z x* + rot? u* - rot’ u’y?
+rot® Ut +rot? X uw +rot’ X2 Z +rot’ X'+ X yP + Y rot P+ yProt Z - yrot? X - v - (
(-rot? Z x- rot? U’ x- rot® x%- xy?) d(u))/(rot3z4+2rot3zzu2— rot> Z y* +rot®> Z x% + rot* u* - rot® U’ y?
. +rof? U5+ rot? e U2+ rot? X2 Z +rot? X* + X2y + Y rot U2 + y? rot Z - y?rot? 2 - y*)
> h2:=(wcol l ect(sinplify(cartan[4,2])));
h2:=- rot (rot? Z+ zrot’ W +rot X z+ xuy + zy* - xyrotu)d(x)/(r0t3z4+2rot3zzu2- rot? Zy* +rot* 2 x°
+rot’ut- rof Py +rot U xC +rot’ X ur +rot’ X Z +rot’ X' + XX yP + Y rot U + yProt Z - yerot” X2 - y*) -
rot (urotZ+rotu’- xyrotz- uy- xzy+rotxzu)d(y)/(rot324+2rot322u2- rot> Z y* + rot®* Z x* + rot® u*
- rof Py Hrot X +rot’ X W+ rot? X Z + rot’ X+ Xy +yProt U + yProt Z - yerot’ X - ) -
rot(-uyrotz- rot?xZ - rotxX’- urot”zy+rotxy’ - xu’rot) d(z)/(rot3z4+2rot322u2- rot? Z y* + rot> 72 X
+rot’ut- rof Py +rot’ U xC +rot’ e Ut + rot” X Z + rot’ X' + XX yP + Y rot U’ + P rot Z - yerot® 2 - y*) -
rot (-urot’xz- yx° - yrotu’+rot’>Zy+xzrotu+y’) d(u)/(rot3z4+2rot322u2- rot’ Z y* + rot®> Z ¢ + rot® u’
L -rof Uy Hrott WG+ rot’ XUt +rot’ X Z + rot? X+ Xy + Y rot u +yProt Z - yerot’ X - )
> gamm2: =(wcol l ect (sinplify(cartan[2,4])));
@ :=((rot?zu’- urot’xy- xyrotu+rot® Z - rot* zy* + rot’ X’ z) d(x))/(r0t3z4+2rot322u2- rot’ 7 y?
+rot’ ZxC+rot’u’ - rof U’y +rot XX+ rot’ X Ut +rot? X Z + rot? X'+ X yP + Y rot i +yrot Z - yrot’ X -y
Y+ ((urot®Z+yrot’xz+rot? u’- yrotu+rot X’ u+xzy) d(y))/(rot3z4+2rot3zzu2— rot? Z y* +rot> 72 X
+rot® u* - ro? P y? + rot® U + rot? X2 U2 + rot? X2 Z + rot? X* + X2y + Y rot U2 + Y2 rot Z - Y2 rot? X2 - y*) + (
(-rot* Z x- ro? > x- rot” X - xy?) d(z))/(rot3z4+2rot3zzu2— rot? Zy* + rot* Z x + rot® u* - rot’ U’ y?
+rof U +rot? X U +rot’ X Z +ro? X'+ Xy + Y rot i+ yrot Z - yrot? X - v + (
(-rot? U’y +yrot®x*- rot? Zy+y’rot) d(u))/(rot324+2rot322u2- rot? Zy* +rot> Z x° + rot’ u* - rot’ u’y?
L +rot’ Ut +rot’ X+ rot’ XX Z +rot’ X'+ Xy + Y rot U + y'rot Z - yerot’ X - )
> h3:=(wcol l ect(sinplify(cartan[4,3])));
y d(x) xd(y) rot ud(z) N zd(u) rot

h3:= - -
Wrot+Zrot+x - y* urot+Zrot+x -y  Wrot+Zrot+x -y  urot+Zrot+x -y
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> gama3: =(wcol | ect (sinplify(cartan[3,4])));
B = ((-yrot?+yrot? - yrotZ+y*) d(x)) / (rot 2" + 2rof 2 12 - rot? Zy? + rot* Z>¢ + rot* u - rot? u?y?
+rof Xl +rot? X U +rot’ X Z +ro? X'+ Xy + Y rot i +y rot Z - yrot? X - v + (
(-rot* Z x- ro? U’ x- rot” x3- xy?) d(y))/(rot3z4+2r0t322u2- rot? Zy* + rot* Z x* + rot® u* - rot® v’ y?
+rof G +rot? X P +rot? 2 Z +ro? X' + 2y + Y rot P + y’ rot Z - yrot? X2 - y*) + (
(rof Zu+xyrof z+rot? u*- ro? uy? +rot? X2 u+xyrotz) d(z)) / (rof 2 + 2rot Z 12 - rot? Zy? + rot* 2 2
+rot® ut - ro? P y? + rot® U + rot? X2 U2 + rot? X2 Z + rot? X* + X2y + Y rot U2 + P rot Z - Y2 rot? x2 - y*) + (
(-rotzu?+urot® xy+xyrotu- rot® 2 +rot’ zy* - rot’ X’ z) d(u))/(rot324+2rot322u2— rot? Z y? +rot* 2 X
L +rot?u’- rof Wy +rot P xC +rot? P Ul +rot? X Z + rot’ X+ Xy + Y rot W+ yProt Z - Y rot? X2 - y')
> Orega: =wcol | ect (factor (subs(sinplify(wcollect(cartan[4,4])))));
_ (rot* Z x + rot® u* x + rot” X2 + x y?) d(x)
T (WProt+ Zrot+ X - V?) (rof 2+ rof? U2 + rof? X + y?)
(yrotu>+yrotZ- yrot? x* - y*) d(y)
(Wrot+Zrot+32- V) (rof2 Z + rof U + rot? 2 + )
(rotzu?- urot*xy- xyrotu+rot®Z - rot? zy* + rot’ X* z) d(z)
(UProt + Zrot+x - y?) (rot® Z + rot® u? + rot” X2 + y*)
(ro? Zu+xyrot® z+rot* U’ - rot? uy? +rot? x* u+ xyrot z) d(u)

L (Wrot+Zrot+ X - y?) (rot®> Z + rot® u” + rot® x° + y°)

> TTORSI ON_Onega: =wcol | ect (sinplify((Orega)&'d(Orega))): TTORSI ONRH: =subs(rot =1, TTO
RSI ON_Orega) ; TTORSI ONLH: =subs(rot =-1, TTORSI ON_Onega) ;

>

TTORSONRH :=
(4xy4+4x22u2+2x22y2+2xu2y2+2X3u2+4x3yz+2xz4+2xu4+2x322)&"(d(y),d(u),d(z))+
(u2+22+x2-y2)2(22+u2+x2+y2)2
(2 P +8yxZ+8yxz- 2y U’- 2y uZ+2XuZ+8xzyw?+2x' u+2uy’- 4uy’xd)
&N(d(x), d(2), d(y))) / (U2 + 2+~ V) (Z+F+X+y))
. (-2yZX+AyZ - 2y X - 4yxX'+2yZ - 2y Z- 2y P+ 2y Ut - 4P X)) &M(d(X), d(u), d(2)) .
(F+Z+%- P) (Z+ X+
(Byxu+2zy’ UP- 2X°zWP+4y’' X z- 2X'2- 22X +8yXCu+8uyZx- 2y' z+ 2y’ 7)
&N(d(x), d(u), d(y))) / (W +Z X - ¥) (Z+ 0+ X +y))
TTORSONLH :=
(AxY'- AxZ P +2XZ YV +2xU Y +2X WP +4XC Y- 2x7- 2xu*+2x3 Z) &Md(y), d(u), d(2)) (
(U= 24X ) (Z+E+R+Y)
(-2X P +8yxZ+2y U +2yuZ- 2XuZ+8xzy+2x' u+8xzy’ +2uy'- 4uy’x)
&N(d(X), d(2), d())) / (1P - 2+ ) (Z+ 1+ +y?))
(-2yZX%- Ay Z - 2y Xe- 4yx'- 2yZ - 23 Z- 2y P - 2y ut- 4y*C) &N(d(X), d(u), d(2)) (
(- 24X ) (Z+ U+ X +y)
(8yxul- 2zyP WP +2XzWP3+4y’' X z- 2X'z+22 X +8uyZx- 2y'z- 2y? 2+ 8y*xu)

L &Nd(X), d(u), d(Y) /(-2 Z+X- ) (PR +Y))
> TPARI TY_QOrega: =wcol | ect (si nplify(d(Orega) & d(Orega)));

TPARITY _Omega :=0

(

(
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L

>

Note that the Big Omega term is NOT a perfect differential, and is zero if n=1,p=2. That is - off the
sphere r2 = constant the Omega term does not vanish, unless n=1, p=2. Hence if the radius of the two
sphere is expanding, then r2 is not constant and one has a dilatation. (The source of dilatons?)

The Big Omega is not a perfect differential in the Hopf case, and its topological torsion is senstive to the
chiral factor rot. The topological torsion of Big Omega vanishes.

There are in general two sets of torsion two forms.

The Particle Affine torsion 2-forms, big Sigma, which depend upon the product of little omega and the
connection components, little gamma.

The second set or Wave Affine torsion 2-forms, Big Phi, dependes upon big Omega and the connection
components, little gamma.

For the ORTHOGONAL FRAME FIELD the two sets of torsion 2-forms are the same to within a factor.
The result because small omega and Big omega are proportional.

See http://www.uh.edu/~rkiehn/pdf/defects2.pdf

AFFINE TORSION 2-forms Big Sigma

[ > ~onega :=onega,; d(onega);

w:=-yd(x) +xd(y)- rotud(z) +rotzd(u)
-2rot (d(u) & d(z))- 2(d(y) & d(x))

CARTAN TORSION AND CURVATURE

Next compute the induced Cartan Torsion 2-forms and the Cartan Curvature 2-forms on the 2D subspace

> Sigmal: =wcol | ect (onega&*ganmal); Si gma2: =wcol | ect (onega&*ganmmme?) ; Si gma3: =wcol | ect

(onega&*ganme3) ;

S1:=- rot
(-yrotu’- yrot Z+yrot? X’ +y' +rot’ Zu* +urot’ zxy + rot’ u* - rot’ u*y* + rot’ X’ U + ux y rot z)
(d(x) &"d(z))/(rot3z4+2rot3zzu2- rot> Z y* +rot®> Z 2 + rot* u* - rot® u’ y? + rot® u* ¢ + rot® X’ u° + rot’ X 7
+rot? X' + Xy +yrot W +yProt Z - yrot’ X% - y') +rot
(-yxu’rot- yxZrot+yxrot? +y x+urot’ Z- zy’rotu+zrot® u®- yrot? x u>- xu’y+ zrot x’ u)
(d(y) &"d(z))/(rot3z4+2rot3zzu2— rot> Z y* +rot®> Z xC + rot* u* - rot® u’ y? + rot® u* X% + rot® X’ u° + rot’ X* 7
+rot? X'+ Xy +yrot W +yProt Z - yrot’ X - y') +(
(-yxrot®Z- yxrot u*- yx’rot’- y’x+ Zrot*u+ Zrot'yx+ zrot' u’- zrot’ Y u+zrot’> X’ u +yrot’ x 7)
(d(x) &"d(u)))/(rot324+2rot322u2- rot? Z y* + rot> Z X2 + rot® u* - rot® u*y? + rot® u? x* + rot’ X u® + rot’ X’ 7
+rot? X'+ Xy +yProt P +y’rot Z - yrot’ X - y') - (
(-rot? Z - rotP WX - rot? X' - X yP+rot’ 2 - rot? Zy* +rot’ Z U’ - urot® zxy - uxyrot z+rot’ x* 2)
(d(y) &"d(u)))/(rot324+2rot322u2- rot? Z y* + rot> Z X2 + rot® u* - rot® u*y? + rot® u? x* + rot’ X2 u® + rot’ X’ 7
+rot? X'+ Xy +y rotu’ +y’rot Z - yrot’ X - y*) -
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rot (uxrot’Z+u’xrot® +rot’ X u+uxy - rot’ v’y z- rot223y+rotszyx2+y3rotz)(d(z)&"d(u))/(rotaz4
+2rot Z - rot? Zy* +rot’ Z X +rot’ u* - rot’ U y? + rot’ u* X + rot’ X2 uP + rot? X2 Z + rot’ X' + X2 yP + yP rot u?
+y'rotZ - yrot? X’ - y*') +(
(uxrof Z+ W xrot + rot? P u+uxy?- rof Py z- rot? 2y +rot’ zy ¢ +y* rot z) (d(x) &~ d(y))) / (rot*
+2rot? Z - rot? Zy* +rot’ Z 3¢ +rot’ u* - rot’ U y? + rot’ u* X + rot’ X2 uP + rot? X2 Z + rot’ X' + X2 yP + yP rot u?
+y’rotZ- yrot’ X2 - y')

S2:=(
(yxrot? Z+yxrot® v +yx’ro? +y*x+ Zrot*u- zrot’y u+zrot* u®- rot* >y x- yrot’ x u* + zrot’ x° u)
(d(x) &"d(z)))/(r0t3z4+2rot322u2- rot? Z y* + rot> Z X2 + rot® u* - rot® u*y? + rot® u? x* + rot’ X u® + rot’ X’ 7
+rot? X'+ Xy +yrot i +y rot Z - yrot? x° - y') +(
(-rot? Z - rotP > X - rot? X' - X yP+rot Z U +urot’ zxy +rot* u® - rot’ U’y + rot” x* u’ + u Xy rot z)
(d(y) &" d(z)))/(rot3 Z+2rot’ Z2u- rot? Zy* +rot’ Z X +rot’ u* - rot® u*y? + rot® u? X° + rot’ X2 u* + rot” X* 7
+rot’ X'+ Xy +y rot  +y’rot Z - yrot’ x*- y') - rot
(-yrotu’- yrotZ+yro? X’ +y' +rot’ ' - ro? 2y +rot? Zu*- urot’ zxy- uxyrotz+rot’ X’ 7)
(d(x) &"d(u))/(rot3z4+2rot3zzu2— rot> Z y* +rot®> Z 2 + rot* u* - rot® u’ y? + rot® u* X2 + rot® X’ u° + rot’ X 7
+rot’ X'+ Xy +y rot w +y’rot Z - yrot’ x*- y') - rot
(yxulrot+yxZrot- yxrot’- y’x+urot? Z+yrot’ xZ + zrot” u®- zy’rotu+zrot XX u+x2zy)
(d(y) &"d(u))/(rot3z4+2rot322u2- rot? Zy* +rot> Z X2 + rot® u* - rot® >y + rot® u? X + rot’ X2 > + rot’ X’ 7
+rot? X' + Xy +yrot i +y'rot Z - yrot? x° - y') +
rot (ro u’y+rot? Zuy- urot’yx*- y3rotu+z3xrot3+zxrot3u2+><3'zrot2+y2xz)(d(z)&"d(u))/(rotsz4
+2rot’ Z U - roP 2y +rot® Z2xC +rot’ u’ - rot? u?y? +rot® u? 3¢ + rot’ X2 u? + rot’ X* Z + rot* X' + XC Y2 + Y rot u?
+yrotZ - yrot? X’ - y') - (
(rot® By+rot? Zuy- urot’yx’ - y’rotu+2Z xrot® + zxrot> u” + x° zrot” + y* x z) (d(x) &"d(y)))/(rotsz4
+2rot Z - rot? Zy* +rot’ Z X +rot’ u* - rot’ U y? + rot’ u* X + rot’ X2 uP + rot? X2 Z + rot’ X' + X2 yP + yP rot u?
+y’rotZ- yrot’ X - y')

S3:=-
yrot(urot’Z+yrot? xz+rot’ u®- yrotu+rotxX*u+xzy+rotul+urotZ- rot’ x u- uyz)(d(x)&"d(z))/(
rot’ Z' + 2rot’ Z u?- rot? Zy* +rot? Z2 X + rot’ u* - rot® u?y* + rot® u? X2 + rot’ X u” + rot’ X* Z + rot> x* + X y*
+yrotu’+y'rotZ - yrot! X’ - y*) -
rotx(-urot?Z - yrot’xz- rot u>+y*rotu- rot X u- xzy+rot>Z u+rot’ u’ + rot’ x* u + uy?’) (d(y) & d(z))
/(r0t324+2rot322u2- rot? Zy* +rot> Z X2 +rot® u* - rot® U’y + rot® u? X2 + rot? X2 u* + rot’ X’ Z + rot’ x* + xX° y?
+yrotu’+y’rotZ - yrot? x’ - y') +
yrot (rot? Z- y'rotz+zrot u’- yrot”xu- xuy+rotxX z+zrotu+rotZ - rot x’ z- zyz)(d(x)&"d(u))/(
rot’ 2+ 2rot> Z u? - rot? Zy? + rot> Z ¢ + rot® u* - rot® u*y? + rot® u? x° + rot’ X° u? + rot’ xX* Z + rot’ x* + x° y?
+y’rotu’+y’rot Z - yrot? X - y') +
rotx (-rot’ Z+y’rotz- zrot > +yrot’ xu+xuy- rotx’ z+rot’ 22 + rot’ zu? + rot’ X’ z+ zy?) (d(y) &” d(u))
/(rot3z4+2rot322u2— rot? Z y* +rot®> Z x2 + rot* u* - rot’ u? y? + rot® U X + rot® X’ U’ + rot’ X Z + rot’ X' + Xy
+y’rotu’+y’rot Z - yrot? x - y*) - rotzxy(rot2u2+u2+rot222+22)(d(z)&"d(u))/(rot3z“+2r0t322u2
-rotf 2y +rot’ ZxC +rot’ U’ - rot’ u? Y +rot’ U xE + rot’ X Ut + rot? X Z + rot? X'+ Xy + Y rot uP + ye rot 7
- yrot’ X - y“)+xyrot(rot2u2+u2+rot222+zz)(d(x)&"d(y))/(rot3z4+2rot322u2- rot> Z y* + rot® Z x*
+rotu’- rof Wy +rot e +rot? P Ul +rot? X Z + rot’ X+ Xy + Y rot W+ yProt Z - Y rot’ X2 - y')
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> Phi 1: =wcol | ect (si npl i fy(Orega&'hl)); Phi 2: =wcol | ect (si npl i fy(Orega&*h2)); Phi 3: =wc
ol Il ect(sinplify(Orega& h3));

F1:=rot(urot?z- xy) (d(x) & d(z)) / (rot* 7 + 2rot Z - rot? Zy? +rot* Z>¢ + rot* u' - rot? u?y?
+rof U +rot? X2 P +rot? e Z +ro? X' + 2y +yrot P + y rot Z - yrot? X2 - y') +
rot (- Zrot +y?) (d(y) & d(z)) / (rof ' + 2rot* Z 12 - rot? Zy? + rot> 2% +rot® u* - rot? u?y? + rot® 1 2
+ro? W +rot? X Z +rot’ X + Xy +yProt W+ yProt Z - yProt® X2 - y*) +rot (rot” u? + X rot) (d(x) & d(u))
/(1o 2 + 210t 2 12 - 1ot Zy? + 1ot Z5¢ +rot® u* - rot? i?y? + rot® 12 5¢ + rot? X 12 + rot? X2 Z + rot2 ' + X2 y?
+yrotu’+y’rotZ - yrot? X’ - y) +rot (-zrotu- xyrot) (d(y) & d(u))/ (rot> Z* + 2rot> Z u* - rot* Z y*
+rot? Zx+rot’ut- rot? Uy +rot? i X +rot? X U+ rot’ X2 Z +rot? X'+ Xy + Y rot i+ y rot Z - yrot? X - y*
) +rot (-ro uy +rotxz) (d(z) &~ d(u)) / (roff 7 + 2 rot* Z W - rot? 2y + rof Z X2 + rot’ u* - rot? u? y?
+rof G +rot? X2 P +rot? e Z +ro? X' + Xy +yrot P +y rot Z - yrot? X2 - y') +
rot (rotxz+uy) (d(x) & d(y))/ (rot? 2 + 2rot? Z u? - rot? Zy* +rot® Z ¢ + rot® u* - rot® u? y* + rot® u* 3
+rot? e +rot? X Z+rot’ X +xC Y +yProt P+ yProt Z - Y rot’ X2 - yt)
F2:=- rot(r0t222+x2r0t)(d(x)&"d(z))/(rot3z4+2r0t322u2- rot? Zy* + rot* Z x* + rot® u* - rot® u’y?
+rof U +rot? X P +rot? 2 Z +ro? X' + 2y + Y rot P + y rot Z - yrot? X2 - y*) -
rot (zrotu- xyrot) (d(y) & d(z))/ (rot® 2+ 2rot> Z u? - rot? Z y* + rot* Z x* + rot’ u* - rot? u*y? + rot® u? %
+1o2 2 P+ 1ot X2 Z + rot? X + X2 Y2 + Y rot i + Y2 rot - y2rot?sé - y*) - rot (urot? z+xy) (d(x) & d(u)) /
(rot® 2+ 2rot* Z u?- rot? Zy* +rot* Z X2 + rot® u* - rot® u*y? + rot® u? ¢ + rot® X2 u + rot’ X2 Z + rot” x* + X% y?
+y’rotu’+y’rot Z - yrot’ x* - y*) - rot (u’rot - y?) (d(y) &"d(u))/(rot3z4+2rot3zzu2- rot’ Z y*
+ro? Zx2 +rot’ut- ro? ¥y’ +rotf U x¢ +rot? X2 U + rot? e Z +rot? X' + 2y + Y rot P +y rot Z - yrot? X - y*
)- rot(-rotxu- rot’zy) (d(z) & d(u))/(rot324+2r0t322u2- rot? Zy* +rot* Z x* + rot? u* - rot® U’y
+rof U +rot? X P +rot? 2 Z +ro? X' + 2y + P rot P + y rot Z - yrot? X2 - y*) -
rot (-rotxu+zy) (d(x) & d(y))/ (ro? 2 + 2rot? Z \* - rot? Zy* +rot> Z 2 + rot® u* - rot® u” y? + rot® u? X
+ro? @ +ro? X Z+rot’ X + Xy +yProt i+ yProt Z - Y rot’ X2 - yt)
. (rot®xu+rot’zy) (d(x) & d(z))
©(rot? Z +rot? U? + rot? @ +y?) (UProt + Zrot + X - y?)
. (uyrot- zxrot’) (d(y) &*d(z))
(rot? Z +rot® u? + rot> X2 + y*) (W rot + Z rot + X2 - y*)
. (rot?uy- rot®xz) (d(x) & d(u))
(rot? Z +rot® u? + rot> X + y*) (W rot + Z rot + X2 - y*)
.\ (-urot®x- zyrot) (d(y) &* d(u))
(rot? Z +rot® u? + rot> X + y*) (W rot + Z rot + X2 - y*)
(-rot® u? - rot*Z) (d(z) & d(u))
(rot? Z +rot® u? + rot> X + y*) (W rot + Z rot + X2 - y*)
N (rot*x* +y?) (d(x) &" d(y))
L (rot? Z +rot? u? + rot? X2 + y?) (U2 rot + Z rot + ¢ - y?)
[ > CURV2FORMS: =eval n(array([[wcol | ect (factor(hl& gamml)), wecol | ect (factor(hl& gamma

2)),wcol | ect (hi& ' gamma3)], [wcol | ect (fact or (h2& ganmal)), wecol | ect (fact or (h2& ganm

a2)),wcol |l ect (factor (h2& gammma3) )], [wcol | ect (h3& gammmal), wcol | ect (h3& ganma2), wc
ol l ect (h3& gamma3)]])):
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All of the 2-forms of the x,y,z subspace are dependent upon the chirality factor, rot.
The long printouts have been eliminated for the non-zero curvature 2-forms.

COMMENT:

The result that Big Omega is not integrable is a feature of the Hopf map not to be found in the instanton
| map. Hence, Wave Affine Torsion 2-forms are to be expected, and cannot be mapped away.

[ >
[ > SHI POVDELTA: =i nner pr od( FFI NV, cart an, FF) :

[ The Shipov Torsion field is not ZERO, and depends on the chirality rot:
| The long formulas have not been printed

r >

L > SHI PTORS: =eval n( SHI POVDELTA-t r anspose( SH POVDELTA) ) :
[ >

[ >

[ Copyright CSDC Inc. 1999
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